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FOREWORD 


P erhaps the most important of the electrical en¬ 
gineering curriculum, the circuits course serves 
many purposes. First and foremost, it presents 
electrical and computer engineering students 
with a subject fundamental to their chosen discipline. 
Circuit theory is a subject of intrinsic beauty, which, if 
properly taught, can excite and motivate the student. Al¬ 
though based on the laws of physics, circuit theory need 
not deal with the non-idealities of practical electrical el¬ 
ements, at least not initially. Rather, circuit theory pro¬ 
vides the abstraction that future electrical engineers need 
to deal with practical circuits and systems at a higher, 
conceptual level, somewhere between physics and math¬ 
ematics. 

Second, the circuits course has an immediate util¬ 
itarian value: It is required to prepare the students for 
the study of electronic circuits. In most electrical and 
computer engineering curricula, the first course in elec¬ 
tronics occurs immediately following the circuits course 
and relies heavily on the techniques of circuit analysis 
learned in the circuits course. 

This dual role of the circuits course—laying one 
of the important theoretical foundations of electrical 
engineering and teaching practical circuit analysis tech¬ 
niques—makes for not just an important subject but also 
one that is somewhat difficult to teach. Sergio Franco’s 
Electric Circuits Fundamentals does an outstanding job 
of fulfilling this role. It strikes an appropriate balance 
between the abstractions necessary for the proper un¬ 
derstanding of circuit theory and the specifics needed 


to master the techniques of circuit analysis. The author 
accomplishes this difficult task by drawing on his ex¬ 
tensive experience both as a circuit designer and as an 
educator of electrical engineering. The result is a pre¬ 
sentation that moves from the practical to the theoretical 
and back to the practical with ease and elegance. It 
does so while keeping the student motivated and eager 
to learn the theory, for the application is always in sight 
and the pay-off appears to be substantial. 

A third purpose of the circuits course is introducing 
the student to the language and symbolism of electri¬ 
cal engineering. Here again Franco does an excellent 
job. He utilizes the pictorial nature of circuits to the ut¬ 
most advantage, illustrating difficult concepts with clear 
and extensive diagrams and instilling in the student the 
habit of sketching correct diagrams to represent various 
circuits situations. 

From the vantage point of a long-time teacher of 
electronic circuits and researcher in theory and design 
of circuits, I found Franco’s text to combine the funda¬ 
mentals of circuit theory with the intuition and insight 
required for circuit design. For this reason, I believe that 
Electric Circuits Fundamentals should make an excellent 
text for the electric circuits course and I am pleased to 
recommend it for this purpose. 

Adel S. Sedra 
Toronto, Canada 
July 1994 
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PREFACE 


T his book is designed to serve as a text for the 
first course or course sequence in circuits in an 
electrical engineering curriculum. The prereq¬ 
uisites or corequisites are basic physics and cal¬ 
culus. Special topics such as differential equations and 
complex algebra are treated in the text as they arise. It 
can be used in a two-semester or a three-quarter course 
sequence, or in a single-semester course. 

The goal of the book is twofold: (a) to teach the 
foundations of electric circuits, and (b) to develop a 
thinking style and a problem-solving methodology based 
on physical insight. This approach is designed to benefit 
students not only in the rest of the curriculum, but also 
in the rapidly changing technology that they will face 
after graduation. 

Since the study of circuits is the foundation for most 
other courses in the electrical curriculum, it is critical 
that we guide the reader in developing an engineering 
approach from the very beginning. Armed, on the one 
hand, with the desire to finally apply the background 
of prerequisite math courses, and overwhelmed, on the 
other, by the novelty and wealth of the subject mat¬ 
ter, students tend to focus on the mathematics govern¬ 
ing a circuit without developing a feel for its physical 
operation. After all, circuit theory has a mathemati¬ 
cal beauty of its own, and many a textbook empha¬ 
sizes its abstract aspects without sufficient attention to 
its underlying physical principles, not to mention appli¬ 
cations. Quite to the contrary, we believe that the role 
of a circuits course is to provide an engineering balance 
between mathematical conceptualization and physical 
insight. Whether analyzing existing circuits or design¬ 
ing new ones, engineers start from a physical basis and 
resort to mathematical tools only to gain a deeper and 
more systematic understanding. But, in the true spirit 


of engineering, results are ultimately checked against 
physical substance, not mere mathematical abstraction. 
This is especially true in computer-aided analysis and 
design, where results must be interpreted in terms of 
kn own physical behavior, Students who are not given 
an early opportunity to develop physical intuition will 
subsequently have to do so on their own in order to 
function as engineers. This book was written to provide 
this early opportunity without necessarily watering down 
the mathematical rigor. 

As an enthusiastic practitioner of circuit theory, the 
author firmly believes that a circuits course should be 
accompanied by a laboratory to provide experimental 
reinforcement of the theory as well as to introduce the 
student to instrumentation and measurement. Whenever 
the opportunity arises we attempt to relate concepts and 
principles to laboratory practice, but we do so without 
disrupting the flow of the material. Lacking a labora¬ 
tory, the use of SPICE should be promoted as a software 
breadboard alternative for trying out the circuits seen 
in class. Moreover, the Probe graphics post-processor 
available with PSpice provides an effective form of soft¬ 
ware oscilloscope for the visualization of waveforms 
and transfer curves. Ultimately, however, the student 
must be stimulated to interpret SPICE results in terms 
of known physical behavior. 


Pedagogy and Approach 

The material covered is fairly standard in terms of topic 
selection. To prevent excessive conceptualization from 
obfuscating the physical picture, we try to be as math¬ 
ematically rigorous as needed. Moreover, to maintain 
student interest and motivation, we attempt, whenever 
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possible, to relate the theory to real-life situations. In 
this respect we introduce ideal transformers and ampli¬ 
fiers early enough to stimulate the reader with a fore¬ 
taste of engineering practice. We also make extensive 
use of the operational amplifier to provide a practical 
illustration of abstract but fundamental concepts such 
as impedance transformation and root location control, 
always with a vigilant eye on the underlying physical ba¬ 
sis. To this end, we often draw analogies to nonelectrical 
systems such as mechanical and hydraulic systems. 

To comply with ABET’s emphasis on integrating 
computer tools in the curriculum, the book promotes 
the use of SPICE as a means for checking the results 
of hand calculations. The features of SPICE are intro¬ 
duced gradually, as the need arises. We have kept SPICE 
coverage separate from the rest of the material, in end- 
of-chapter sections that can be omitted without loss of 
continuity. 

Each chapter begins with an introduction outlining 
its objectives and its relation to the rest of the subject 
matter, and it ends with a summary of its key points. 
Whenever possible, chapters and sections have been de¬ 
signed to proceed from the elementary to the more com¬ 
plex. Subjects preceded by the symbol • are optional 
and may be skipped without loss of continuity. 

The text is interspersed with 351 worked examples, 
402 exercises, and 1000 end-of-chapter problems. The 
goal of the examples is not only to demonstrate the di¬ 
rect application of the theory, but also to develop an 
engineering approach to problem solving based on con¬ 
ceptual understanding and physical intuition rather than 
on rote procedures. We feel that if we help the student 
identify a core of basic principles and a common thread 
of logic, the student will in turn be able to apply these 
principles and logic to the solution of a wide range of 
new and more complex problems. 

In solving the numerous examples, we stress the 
importance of labeling , inspection, physical dimensions , 
and checking , and we highlight critical points by means 
of remarks. Students are continually challenged to ques¬ 
tion whether their findings make physical sense, and to 
use alternative approaches to check the correctness of 
their results. 

The exercises are designed to provide immediate 
reinforcement of the student’s grasp of principles and 
methods, and the end-of-chapter problems are designed 
to offer additional practice opportunities. For the con¬ 
venience of students and instructors alike, the problems 
have been keyed to individual sections. 


To give students a better appreciation for the hu¬ 
man and historical sides of electrical engineering, each 
chapter contains an essay or interview. Subjects include 
biographies of famous inventors, interviews with well- 
established electrical engineers and recent graduates, and 
topics of current interest. 


Content 

Following is a course content description. Additional 
details and rationale considerations can be found in the 
introductions to the individual chapters. 

Chapters 1—4 introduce basic circuit concepts, the¬ 
orems, and analysis techniques for circuits consisting of 
resistances and independent sources. Dependent sources 
and energy-storage elements have been deferred to later 
chapters because we believe that the student should first 
develop an intuitive feel for simpler circuits. To facili¬ 
tate this task we have tried to contain circuit complexity, 
but without sacrificing generality. In fact, many of the 
circuits and procedures are of the type practicing engi¬ 
neers see every day. 

Anticipating a concurrent laboratory, we introduce 
basic signal concepts such as average and rms values 
early in the book. The emphasis on i-v curves to charac¬ 
terize not only individual elements but also one-ports 
is designed to provide a more intuitive framework for 
Thevenin and Norton theorems. Much emphasis is 
placed on the concepts of equivalence, modeling, load¬ 
ing, and the use of test sources to find equivalent re¬ 
sistances. The analytical advantages of circuit theorems 
are demonstrated with one-ports driving linear as well 
as nonlinear loads such as diodes and diode-connected 
BJTs and MOSFETs. However, this brief exposure to 
nonlinear techniques, designed to provide also a foretaste 
of electronics, can be omitted without loss of continuity. 

Chapter 5 discusses dependent sources and their 
application to the modeling of simple two-ports such as 
ideal transformers and amplifiers. This material is de¬ 
signed to motivate the reader with practical applications 
and also to provide further opportunities for practicing 
with the analytical tools of the previous chapters. Ad¬ 
ditional applications are presented in Chapter 6, but 
using the op amp as a vehicle. We have chosen basic 
instrumentation circuits that are of potential interest to 
EE majors and nonmajors alike, and that can easily be 
tried out in the lab or simulated via PSpice. 
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Chapters 7-9 deal with the time-domain analysis 
of circuits containing energy-storage elements. The dis¬ 
cussion of the natural response emphasizes energetic 
considerations. The complete response is investigated 
via the integrating factor method in order to provide a 
rigorous treatment of its natural, forced, transient, dc 
steady-state, and ac steady-state components. Chapter 8 
deals with the transient response of first-order circuits, 
including switched networks and the step, pulse, and 
pulse-train responses of RC and RL pairs; Chapter 9 
investigates transients in RLC and other second-order 
circuits. 

Significant attention is devoted to correlating re¬ 
sponse characteristics to root location in the s plane. In 
this respect, we demonstrate the use of the op amp to ef¬ 
fect root location control both for first-order and second- 
order circuits, and we investigate the physical basis of 
converging, steady, and diverging responses. We feel 
that combining simple physical insight with the pictorial 
immediacy of s -plane diagrams should help demystify 
the material in anticipation of the network functions and 
transform theory of subsequent chapters. However, de¬ 
pending on curricular emphasis, the 5-plane material can 
be omitted without loss of continuity. 

Chapters 10-13 cover ac circuits. After introduc¬ 
ing phasors as graphic means to emphasize amplitude 
and phase angle, we use time-domain techniques to de¬ 
velop a basic understanding of ac circuit behavior, es¬ 
pecially the frequency response and its relationship to 
the transient response. Then, we develop phasor tech¬ 
niques and the concept of ac impedance to investigate 
ac power, polyphase systems, and ac resonance, and to 
illustrate practical applications thereof. To provide the 
reader with a foretaste of electronics, we now use the op 
amp to demonstrate impedance transformations as well 
as resonant characteristics control in inductorless cir¬ 
cuits; but, again, this material can be omitted without 
loss of continuity. 

Recognizing the difficulties encountered by the be¬ 
ginner in trying to reconcile complex variables and phys¬ 
ical circuits, we use the correspondences dxjdt jcoX 
and f xdt ++ X/ja) to introduce phasor algebra from 
a time-domain perspective, and we develop the subject 
from a decidedly circuital viewpoint. Moreover, we give 
equal weight to single-frequency phasor analysis for ac 
power and variable-frequency analysis for communica¬ 
tion and signal processing. 

Chapter 14 generalizes ac techniques to network- 
function techniques in order to provide a unified ap¬ 


proach to the study of the natural, forced , transient, 
steady-state, and complete response, as well as the fre¬ 
quency response. The physical significance of zeros and 
poles is investigated in depth, along with the effect of 
their 5-plane location upon the characteristics of the var¬ 
ious responses. The chapter emphasizes dimensional 
and asymptotic verifications, and provides an exhaustive 
treatment of Bode diagrams, including the use of PSpice 
to generate frequency plots of network functions. 

We have chosen to introduce network functions via 
complex exponential signals, rather than via Laplace 
transforms, to comply with the many curricula that defer 
Laplace to courses other than circuits courses. But, if 
desired, one can rearrange the material by omitting the 
first part of Chapter 14 and appending the remainder to 
the end of Chapter 16, which covers Laplace transforms. 

Chapter 15 discusses two-port networks, and it ap¬ 
plies the two-port concept as well as network-function 
techniques to the study of coupled coils. Two-port mea¬ 
surements and modeling are illustrated via a variety of 
examples, including transistor amplifiers and linear trans¬ 
formers. 

Chapters 16 and 17 provide an introduction to La¬ 
place and Fourier techniques. True to our intent to 
proceed from the elementary to the more complex, we 
present the Laplace approach as a generalization of the 
network-function approach of Chapter 14. Using a va¬ 
riety of examples, we demonstrate its ability to accom¬ 
modate a wider range of forcing functions, to account 
for the initial conditions automatically, and to provide a 
more systematic link between the time-domain and the 
frequency-domain behavior of a circuit via the initial- 
value and final-value theorems, the impulse response, 
and convolution. The treatment stresses the physical ba¬ 
sis of the step and impulse responses, and of the natural 
and forced response components. 

Fourier techniques are presented as a better alterna¬ 
tive to Laplace techniques in those situations in which 
the focus is on the information and energy content of a 
signal as well as the manner in which a circuit processes 
this content. Though some authors introduce Fourier 
before Laplace, our desire to emphasize Laplace as a 
circuit analysis tool and Fourier as a signals processing 
tool has led us to introduce Laplace first, as a general¬ 
ization of the network-function method. Moreover, even 
though the Fourier transform could be introduced on its 
own terms, we find it physically more enlightening—if 
mathematically somewhat less rigorous—to introduce it 
as a limiting case of the Fourier series. 
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Applications of both the Fourier series and trans¬ 
form are demonstrated via a variety of signal and circuit 
examples emphasizing input and output spectra . More¬ 
over, the effects of filtering are illustrated both in the 
time domain and the frequency domain. We conclude 
with practical comparisons of the Laplace and Fourier 
transforms. 

Course Options 

This book can be used in a two-semester or a three- 
quarter course sequence, or in a single-semester course. 

In a two-semester sequence the first semester typi¬ 
cally covers the material up to ac power (Section 12.2), 
and the second semester covers the remainder of the 
text. In a three-quarter sequence the material can be 
subdivided as follows: Chapters 1-8, Chapters 9-14, 
and Chapters 15-17. 

For a single-semester course we identify two op¬ 
tions: An option emphasizing analytical techniques and 
covering approximately the same material as the first 
course of the two-semester sequence; an option empha¬ 
sizing specialized areas and thus including specific chap¬ 
ters or sections. An emphasis in power would include 
Section 5.3, all of Chapter 12, and the second half of 
Chapter 15; an emphasis in electronics would include 
Section 5.4, Chapter 6, and parts of Chapter 14; an em¬ 
phasis in systems would include Chapters 8, 9, 14, 16, 
and 17. To facilitate omissions without loss of conti¬ 
nuity, the optional material identified by the symbol • 
usually appears at the end of sections or chapters. 

Supplements 

The following aids for instructor and student are avail¬ 
able from the publisher. 

Student SPICE Manual by James S. Kang (Cal¬ 
ifornia Polytechnic State University—Ponoma) intro¬ 
duces students to SPICE commands and programming 
and includes numerous examples, exercises, and prob¬ 
lems tied to the text. It is available for purchase by 
students. 

Student Problems Book by Reza Nahvi and 
Michael Soderstrand (University of California—Davis) 
is also available for purchase. It contains about 600 
problems arranged by chapter to help students practice 
and develop their problem-solving skills. About 15% of 
the problems require students to use SPICE. Complete 
solutions for all problems are included. 


Instructor’s Manual contains complete solutions 
for all exercises and end-of-chapter problems in the text. 

Transparency Pack contains transparency masters 
of the most important figures and graphs in the text to 
help instructors prepare their lectures. 
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B efore undertaking a systematic study of electrical engineering principles, 
we review the basic concepts and laws underlying this discipline: charge, 
electric field, voltage, current, energy, and power, as well as electrical 
signal, circuit and circuit element, circuit laws, and element laws. 
Though most of these topics are usually covered in prerequisite courses 
such as sophomore physics, we are devoting an entire chapter to their review 
because they are critical for developing physical insight into the operation of the 
circuits we are about to study. Depending on student background and curricular 
emphasis, parts of this chapter may be covered as reading assignments. 

This chapter also introduces a consistent system of units and notation, and 
familiarizes the student with the style and approach that will be pursued in the 
remainder of the book. Whenever possible, analogies are drawn to nonelectrical 
physical systems (such as mechanical and hydraulic systems). Concepts are 
illustrated by means of practical examples, followed by exercises that you are 
urged to solve before proceeding. 

As you study a worked example, be observant of how the problem is ap¬ 
proached, how the framework for its solution is laid out, and how the results 
are interpreted. You are interested in reaching an answer, but also in develop¬ 
ing a method and a style of doing things. This is an important asset that will 
accompany you throughout your career. 

An integral part of this style is always questioning whether your results 
are correct, or at least whether they make physical sense. As an applied disci¬ 
pline, engineering bears the enviable responsibility of not only finding answers, 
but also ensuring that they are correct. Mercifully, there is always a physi¬ 
cal basis against which engineers can assess the validity of their mathematical 
manipulations and of their numerical results. 


1 



2 Chapter 1 


Basic Concepts 


If finding a solution is fundamental to the engineering discipline, striving 
to minimize the time and effort involved is just as important as the solution 
itself. Thus, as you check the solutions to the exercises and problems provided 
by your instructor, be observant of the mistakes you may have made and of the 
unnecessarily tortuous paths you may have followed. Make note of them; study 
your own way of solving problems. This will help you improve your approach 
the next time around. None of us likes making mistakes, but we can exploit 
them to enhance our understanding and improve our performance. 


1.1 Units and Notation 

Electrical engineering is a quantitative discipline that seeks to describe electrical 
phenomena in terms of mathematical equations. For this task to succeed, the 
quantities appearing in these equations must be expressed in a consistent and 
reproducible system of units. Moreover, it is desirable that the notation be clear, 
consistent, and self-explanatory whenever possible. 


SI Units 

In this book we use the Systems Internationale (SI) d’Unites (International Sys¬ 
tem of Units), which is based on the meter as the unit of length, the kilogram 
as the unit of mass, the second as the unit of time, the kelvin as the unit of 
temperature, the ampere as the unit of current, and the candela as the unit of 
light intensity. Table 1.1 provides a summary of these units (boldfaced), as well 
as other important units. 


TABLE 1.1 SI Units 


Quantity 

Symbol 

Unit 

Abbreviation 

Length 

t 

meter 

m 

Mass 

m 

kilogram 

kg 

Time 

t 

second 

s 

Temperature 

T 

kelvin 

K 

Force 

f 

newton 

N 

Energy 

U) 

joule 

J 

Power 

P 

watt 

W 

Charge 

<1 

coulomb 

c 

Current 

i 

ampere 

A 

Voltage 

V 

volt 

V 

Electric field 

E 

volt/meter 

V/m 

Magnetic flux density 

B 

tesla 

T 

Magnetic flux 

<t> 

weber 

Wb 

Resistance 

R 

ohm 

Q 

Conductance 

G 

siemens 

S 

Capacitance 

C 

farad 

F 

Inductance 

L 

henry 

H 

Luminous intensity 

I 

candela 

cd 
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TABLE 1.2 Magnitude Prefixes 


Prefix 

Abbreviation 

Magnitude 

femto- 

f 

io - 15 

pico- 

P 

10 12 

nano- 

n 

10- 9 

micro- 


10" 6 

milli- 

m 

10“ 3 

kilo- 

k 

10 3 

mega- 

M 

10 6 

giga- 

G 

10 9 

tera- 

T 

10 12 


Unit Prefixes 

Electrical quantities may range in value over many orders of magnitude. To 
simplify notation, it is convenient to use the standard prefixes of Table 1.2, 
which you are encouraged to start applying right away. For example, suppose 
the result of your calculations is 1.5 x 10 -4 A. Since this can be written either 
as 0.15 x 10 3 A or as 150 x 10 6 A, you should learn to express your result 
either as 0.15 mA or as 150 y,A. 

Consistent Sets of Units 

We say that a system of units is consistent if an equation as expressed in the 
SI system remains unchanged when expressed in the new system. For instance, 
shortly we shall study Ohm’s Law, which relates voltage u, resistance R, and 
current i as v = Ri. In SI units this law is expressed as [V] = [£2][A], 
Suppose we now multiply and divide the right-hand side by 10 3 . This yields 
[V] = [10 3 £2][10 “ 3 A], or [V] = [k£2][mA], indicating that if resistance is ex¬ 
pressed in kQ and current in mA, then Ohm’s Law remains unchanged. Thus, 
[V], [k£2], and [mA] form a consistent set of units, just like [V], [£2], and [A]. 
On the other hand, [V], [k£2], and [A] do not form a consistent set because we 
would have to include the term 10 -3 to express Ohm’s Law correctly, namely 
[V] = [Q][A] = 10- 3 [kfi][A], 

The advantage of working with a consistent set is that calculations can be 
speeded up considerably. For instance, suppose R = 2 k£2 and i = 3 mA. 
Then we can write directly u = 2 x 3 = 6 V, which is quicker and less prone 
to error than writing d = 2x 10 3 x 3 x 10 -3 = 6 V. Likewise, if v — 10 V 
and R = 4 k£2, then i must be in mA. In fact, i = 10/4 = 2.5 mA. You are 
encouraged to start working with consistent sets right away. The most frequently 
encountered consistent sets are: 


[V] = [fi][A] 

(1.1a) 

[W] = [V][A] 

(1.1b) 

[V] = [kS2][mA] 

(1.2a) 

[mW] - [V][mA] 

(1.2b) 
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[V] = [MQ][ M A] (1.3a) 

t^W] = [V][M] (1.3b) 

The sets of Equation (1.1) are used in power systems, such as power sup¬ 
plies, electric motors, and power amplifiers, where currents are in the range of 
amperes. The sets of Equation (1.2) are common in low-power electronics, such 
as home entertainment equipment and personal computer circuits, where currents 
are in the range of milliamperes. Finally, the sets of Equation (1.3) are used 
in micropower electronics, such as pocket calculators and digital wristwatches, 
where currents are in the range of microamperes. 


Signal Notation 

Voltages and currents are usually designated as quantities with subscripts. The 
latter may be either uppercase or lowercase, according to the following conven¬ 
tion: 


i-'.V 



Figure 1.1 Signal notation: 

I’S = Vs + i>,.. 


(1) The instantaneous value of a signal is represented by lowercase letters 
with uppercase subscripts, such as i>s, is, v AB , Iab- 

(2) DC signals, that is, signals that are designed to remain constant with 
time, are represented by uppercase letters with uppercase subscripts, 
such as V s , I s , V AB , Iab- 


(3) Often a signal consists of a time-varying or ac component superimposed 
upon a constant or dc component. AC components are represented by 
lowercase letters with lowercase subscripts, such as v s , i s , v at> , and i a b. 
This is illustrated in Figure 1.1 for the case of a voltage signal. 


f s = + v s 


(1.4) 


In this notation, Vs and v s are called, respectively, the dc component and 
the ac component of the signal, and vs is called its total instantaneous 
value. For a current signal, we similarly have i s = I s + i s . 

(4) Special signal values such as maximum or peak values, average values, 
and rms values are represented by uppercase letters with lowercase 
subscripts, such as V m , I m , Vp^, Ipy, V av , / a v> V rms , and / rms . 


1.2 Electric Quantities 

Before embarking upon the study of electric circuits and their laws, let us review 
the basic concepts of charge, electric field, voltage, current, and power. A clear 
understanding of these concepts is critical for developing physical insight into 
the operation of electric circuits. 

Charge 

The fundamental quantity of electricity is the electric charge which we denote 
as q. Its SI unit is the coulomb (C), named for the French physicist Charles A. 
de Coulomb (1736-1806). Charges may be either positive or negative. The most 
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elementary positive charge is that of the proton, whose value is +1.602 x 10“ 19 C. 
The most elementary negative charge is that of the electron, whose value is 
— 1.602 x 10 -19 C. All other charges, whether positive or negative, are integral 
multiples of these basic charges. For instance the hole, a charge carrier found 
in semiconductor materials of the types used to fabricate diodes and transistors, 
has a positive charge of +1.602 x 10“ 19 C. 

An atom contains z protons in the nucleus and z electrons in the surrounding 
electron shells, where z is the atomic number of the element under consideration. 
Since their positive and negative charges balance out, atoms are electrically 
neutral. However, an atom can be stripped of one or more of its outer-shell 
electrons. This leaves a corresponding number of protons uncovered, turning 
the atom into a positive ion. Likewise, a negative ion is an atom having one 
or more excess electrons in its outer shell. 

To make up a charge of 1 C it takes 1/(1.602 x 10~ 19 ) = 6.24 x 10 18 
elementary charges. This is a mind-boggling number. Luckily, matter consists 
of atoms so densely packed that to make up a charge this large is a relatively 
easy task. 

Charge is conservative, that is, it cannot be created or destroyed. How¬ 
ever, it can be manipulated in a variety of different ways, and herein lies the 
foundation of electrical engineering. The most common tool for the manipula¬ 
tion of charge is the electric field, which we denote as £. When exposed to an 
electric field E, a charge experiences a force whose direction is the same as E 
for positive charges, but opposite to E for negative charges. 


Potential Energy 

As a consequence of the force exerted by the electric field, a charge possesses 
potential energy. This energy, denoted as w, depends on the magnitude of the 
charge as well as its location in space. This is similar to a mass exposed to the 
gravitation of earth, Lifting a mass m to a height h above some reference level, 
such as sea level, increases its potential energy by the amount in = mgh, where 
g is the gravitational acceleration. 

If we let the mass go, it will fall in the direction of decreasing potential 
energy and acquire kinetic energy in the process. The same can be said of a 
charge under the effect of an electric field, except that positive charges tend to 
fall in the same direction as E, and negative charges in the opposite direction, 
or against E. 

Recall from physics studies that the reference or zero level of potential en¬ 
ergy can be chosen arbitrarily, the reason being that only differences in potential 
energy have practical meaning. Just as in the gravitational case it is often con¬ 
venient to choose sea level as the zero level of potential energy, in the electrical 
case it has been agreed to regard earth as the zero level of potential energy 
for charges. Home appliances and entertainment equipment are equipped with 
three-prong power cords for connection to the utility line as well to earth, or 
ground. All points of the equipment that are connected to earth are said to be 
grounded, and any charges residing at these points are thus assumed to have 
zero potential energy. In portable equipment lacking an electric connection to 
earth, the chassis is often given the role of ground. 
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Voltage 

The rate at which potential energy varies with charge is denoted as u and is 
called the electric potential, 

a dw 

v ± — (1.5) 

dq 

where the symbol stands for “is defined as.” Potential can also be viewed 
as potential energy per unit charge, or potential energy density. The SI unit 
of potential is the volt (V), named for the Italian physicist Alessandro Volta 
(1745-1827). Since the SI unit of energy is the joule (J), it follows that 
1 V = 1 J/C. 

What matters to us, however, is not potential per se, but potential differ¬ 
ence, or voltage. The physical interpretation of Equation (1.5) is as follows: If 
a charge dq gives up an amount of energy dw in going from one point to another 
in space , then we define the voltage between those points as v — dw/dq. 

Potential difference or voltage is easily created by means of a battery. The 
terminal having the higher potential of the two is identified by the 4 - sign and is 
called positive. The other terminal is by default called negative. Denoting the in¬ 
dividual terminal potentials with respect to ground as vp and i> ( v, a battery yields 

Vp — u/v = Vs (1.6) 

where Vs is the voltage rating of the battery. For example, a 9-V radio battery 
yields vp — vn = Vs = 9 V, that is, it keeps vp higher than vn by 9 V, regard¬ 
less of the individual values of u/v or v P . If we ground the negative terminal so 
that % = 0 V, then the battery will yield v P = 9 V, Conversely, if we ground 
the positive terminal so that vp = 0, the battery yields v N = —9 V. Likewise, 
with djv = 6 V the battery yields v P — 15 V, with = — 6 V it yields vp = +3 
V, with vp = — 5 V it yields vn = —14 V, and so forth. 

Another familiar example is offered by a 12-V car battery, whose negative 
terminal is designed to be connected to the chassis of the car and, hence, to be 
at zero potential by definition. We observe that the terms positive and negative 
bear no relationship to the individual polarities of up and v they only reflect 
the signs preceding v P and v N in Equation (1.6). Clearly, the terms higher and 
lower would be more appropriate than the terms positive and negative. 


Relation Between Electric Field and Potential 


By establishing a potential difference, a battery generates an electric field. Field 
and potential are related by the important law of physics 


E = —grad u 


(17a) 


If we orient the battery terminals so that the direction of E coincides with the x 
axis, this relation simplifies as 


dv 




dx 


(1.7b) 


where E denotes the magnitude or strength of E, and the negative sign indicates 
that E points in the direction of decreasing potential. The SI unit of electric 
field is the volt/meter (V/m). 
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The preceding concepts are illustrated in Figure 1.2, where a battery is 
connected by means of two wires to a bar of conductive material, such as car¬ 
bon composition, to maintain a prescribed voltage V s across its extremes. If the 
material is homogeneous and the bar has uniform cross section, as shown, then 
the electric field produced inside the bar will be constant throughout. We can 
thus replace the differentials of Equation (1.7b) with finite differences and write 


v{l) - u(0) 
l -0 


( 1 . 8 ) 


where t is the length of the bar, and v(£) and u(0) are, respectively, the volt¬ 
ages at its right and left extremes. Since u(0) — v(£) = Vj, by battery action, it 
follows that 

Vs 

E = -j- (1.9) 


Example 1.1 

If a 9-V battery is connected across a 6-cm homogeneous bar of conductive 
material, what is the strength of the electric field inside the bar? 

Solution 

Since = 9 V and l = 6 x 10~ 2 m. Equation (1.9) yields 
E = V s /t = 9/(6 x 1(T 2 ) = 150 V/m. 


Remark You are urged to develop the habit of always expressing your 
results in their correct physical units. Just saying E = 150 in our example 
is not enough. We must also specify V/m. 


j 


Equation (1.7b) can be turned around to calculate u(jr), 

u(x) = f —Edt;+v( 0) (1.10) 

J 0 

where £ is a dummy integration variable. Using Equation (1.9) yields 

u(jc) = — -j-x + u(0) ( 1 . 11 ) 

This represents a straight line with slope dv{x)/dx = —(Vs/f) = — and with 
initial value u(0). As we know, this value can be chosen arbitrarily, and in 
Figure 1.2 we have chosen v(0) = Vs because this yields u(£) = 0 V and makes 
things neater. Substituting u(0) = Vs into Equation (1.11) yields 

- v * 0 - 1) 


■ + Vs - 

Battery 


r(.v) 

/ K 


l’(.v) 

* 



Figure 1.2 Using a battery to establish 
an electric field inside a homogeneous 
bar of conductive material. 


( 112 ) 
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We observe that as we move from the left extreme to the right extreme, 
the voltage inside the bar varies linearly from V s to 0 V. This can be verified 
experimentally by tapping off the voltage at any intermediate point by means 
of a sliding contact, or wiper, as shown. For example, with V s = 9 V and 
with the wiper positioned half-way where x = lj% Equation (1.12) predicts 
v = 9[\ — {t{2)jl\ = 4.5 V; with the wiper two-thirds of the way toward the 
right, where x = (2/3 )£, we obtain v = 3 V, and so forth. It is evident that by 
properly positioning the wiper, we can obtain any voltage between V s and 0 V. 
This principle forms the basis of slide potentiometers, or slide pots, which are 
used, among other things, to effect volume control in modem audio equipment. 


Current 

If charges are free to move, exposing them to an electric field will force them to 
drift either along or opposite to E, depending on charge polarity. The resulting 
stream of charges is called current. The rate at which charge crosses some 
reference plane perpendicular to the stream is denoted as i and is called the 

instantaneous current, 


/ 4 — 

dt 


0 . 13 } 


The SI unit of current is the ampere (A), named for the French physicist 
Andre M. Ampere (1775-1836). Clearly, 1 A = 1 C/s. 

The preceding concepts are illustrated in Figure 1.3 for the case of a bar 
of p-type silicon, a material widely used in the fabrication of integrated circuits 
(ICs) of the type found in digital wristwatches, personal computers, and other 
modem electronic equipment. In this material the mobile charges are positive 
and are called holes. Applying a voltage v across the bar establishes a field E 
inside the bar which, in turn, causes the holes to drift in the direction of the 




Figure 1,3 Illustrating electric current: (a) positive charge flow; (b) negative charge 
flow. 



field to produce a current i. 


As shown in the figure, we indicate current direction by an arrow alongside the 
bar. Note also that to simplify our diagram we are representing the battery in 
terms of its standard circuit symbol. 

One can find i by counting the number of holes that pass in 1 s through 
some reference plane perpendicular to the bar. Multiplying this number by the 
charge of each hole, or +1.602 x 10” 19 C, yields i. This is similar to standing 
atop a bridge and counting the number of cubic feet of water passing under the 
bridge in I s to find the flow rate of the river below. As an example, suppose 
we count 2.5 x 10 15 holes/s. Then i=2.5x 10 15 x 1.602x 10” 19 =4.Ox 10” 4 C/s, 
or 0.4 x 10 -3 A. This is more conveniently expressed as 0.4 mA, 

Figure 1.3(b) illustrates the dual situation, namely, that in which the mobile 
charges are electrons, which are negative. This situation is encountered in or¬ 
dinary conductors like copper as well as in n-type silicon, another widely used 
material in IC fabrication. Since electrons are negative, the direction of flow is 
now opposite to E ; however, the inversion in direction is counterbalanced by 
the inversion in charge polarity, so that the direction of i is again the same as E. 

An alternate way of justifying this is as follows. In Figure 1.3(a), as positive 
charges drift from left to right, they tend to accumulate positive charge on the 
negative terminal while removing positive charge from the positive terminal. 
This is equivalent to accumulating positive charge on the negative terminal, 
and negative charge on the positive terminal. In Figure 1.3(b), as negative 
charges drift from right to left, they tend to accumulate negative charge on the 
positive terminal, and positive charge on the negative terminal. From the battery 
viewpoint the two situations are indistinguishable. Hence, the direction of i must 
be the same in both cases, even though the charges have opposite polarities. 

As we proceed, we shall find it convenient to think of current as due exclu¬ 
sively to positive charge flow, regardless of the actual physical details. When 
studying semiconductor devices such as diodes you will find that hole and elec¬ 
tron currents may coexist within the same device. Denoting these currents, 
respectively, as ip and i#, the net current i is the additive combination of the 
two, or i = ip + itf. For example, suppose we have 2 x I0 15 holes/s flowing 
from left to right and 3 x 10 i5 electrons/s flowing from right to left. Then 
i = (2 + 3) 10 15 x 1.602 x 10” 19 = 0.8 mA flowing from left to right. This is 
the same as if i were due exclusively to (2 + 3) 10 15 holes flowing from left to 
right. 

Equation (1.13) can be turned around to find the amount of charge that 
passes through the reference plane during the time interval from t\ to tj. 


pt2 

Q= i(t ) dt 
Jt\ 


( 1 . 14 ) 


The ability of a battery to store charge is referred to as the battery capacity, 
and is expressed in ampere-hours (Ah), where 1 Ah = (1 C/s) x (3600 s) = 
3600 C. Car batteries have capacities on the order of I0 2 Ah. 
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^Example 1.2 

The current entering a certain terminal is i(t) = 10e -1 ° 6/ mA. 

(a) Find the total charge entering the terminal between t = 0 and 
t — 1 pis. 

(b) Assuming i(t ) is due to electron motion, express the above 
charge in terms of the basic electron charge. Are electrons 
entering or exiting the terminal? 

(c) Repeat, but for the interval between t = 1 /xs and t = 2 /xs. 


Solution 

(a) The charge entering the terminal is 


lOe 


x 10” 3 dt = lO" 2 x 


,-10 6 r 


- 10 6 


= 10” 8 ( e - 10 ‘" - e- 10 *' 1 ) = 10" 8 (e a = 6.321 nC 

(b) This corresponds to 6.321 x 10 -9 /(1.602 x 10~ 19 ) = 3,946 x lO 10 
electrons. Since they are negative, they exit the terminal. 

(c) Repeating the calculations, we find Q = 2.325 nC, or 
1.452 x lO 10 exiting electrons. 




Exercise 1.1 (a) The current entering a certain terminal is 

i(t) = 5 sin 2jz 10V A. Assuming the current is due to hole motion, find 
the net number of holes entering the terminal (a) between / = 0 and 
t — 0.5 ms, and (b) between t = 0 and t — 1 ms. Compare the two cases, 
comment. 

ANSWER (a) 9.935 x 10 15 holes, (b) zero, because the number of holes 
entering between 0 and 0.5 ms equals the number exiting between 0.5 ms 
and 1 ms. 


Power 

To sustain electric current inside a piece of material takes an expenditure of 
energy, or work. In the examples of Figure 1.3 this work is performed by the 
battery. The rate at which energy is expended is denoted as p and is called the 
instantaneous power, 



0-15} 
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The SI unit of power is the watt (W), named for the Scottish inventor James 
Watt (1736-1819). Clearly, 1 W = 1 J/s. 

Writing dwfdt = ( dw/dq) x ( dqjdt ) and using Equations (1.5) and (1.13) 
yields 


p = vi 


(1.16) 


In words, this relation states that whenever a current / flows between two 
points having a potential difference v, the corresponding instantaneous 
power is p — vi. 

Equation (1.15) can be turned around to find the energy expended over the 
time interval from t\ to ti. 


r h 

W= p(t) dt 

Jt\ 


(1.17) 


Since the unit of power is the watt, energy is sometimes expressed in watt- 
seconds. An alternate unit of energy, used especially by electric utility 
companies, is the kilowatt-hour (kWh). This unit represents the amount of 
energy expended in one hour at the rate of 10 3 J/s, or 10 3 W, Thus, 1 kWh = 
(10 3 J/s) x (3600 s), or 


1 kWh = 3.6 x 10 6 J 


(1.18) 


Like energy, power cannot be created or destroyed; however, it can be 
converted from one form to another. A typical example is offered by an or¬ 
dinary flashlight, which is shown in circuit-diagram form in Figure 1.4, using 
the standard symbols for the battery and the bulb. As we know, the battery 
causes current to flow out of its positive terminal, through the bulb and wires, 
and back into its negative terminal, from where the current returns to the posi¬ 
tive terminal to complete the loop. As current flows through the bulb, electric 
energy is converted to light and heat. Electric energy, in turn, comes from the 
battery, where it is generated by conversion from chemical energy. Thus, in a 
flashlight circuit, current serves as a vehicle to transfer power from the battery 
to the bulb. Moreover, we say that the battery releases electric power and that 
the bulb absorbs electric power. For this reason, the battery is said to be an 
active circuit element, the bulb a passive circuit element. 


Battery 



© Lamp 


Figure 1.4 In a flashlight circuit, 
power is transferred from the battery 
to the bulb. 


^Example 1.3 

A 12-V car battery is connected to a 36-W headlight for 1 hr. Find: 

(a) the current passing through the bulb; 

(b) the total energy dissipated in the bulb, in J and in kWh; 

(c) the total charge that has passed through the bulb, both in 
coulombs and in terms of the electron charge. 
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Solution 


(a) i — p/v = 36/12 = 3 A. 

(b) Since p is constant with time, Equation (1,17) yields 

W = p x (f 2 — fi) = 36(60 x 60 — 0) = 129.6 kJ. This can 
also be expressed as W = (129.6 x 10 3 )/(3.6 x 10 6 ) = 

0.036 kWh. 


(c) Since i is constant. Equation (1.14) yields Q — 

i(t 2 — h) = 3(60 x 60 — 0) = 10.8 kC. This is equivalent 
to 10, 800/(1.602 x 10~ 19 ) = 6.742 x 10 22 electrons. 



Exercise 1.2 Assuming the billing rate of your electric utility company 
is $0.10/kWh, estimate the cost of inadvertently leaving your desk light 
on all night each night for the entire semester. {Hint: To solve this 
problem, read the wattage on your lightbulb, and decide how many hours 
it is left on each night.) 

ANSWER Mine would cost $14.40. 


It is worth pointing out that electric current can serve not only as a vehicle 
to convert from one form of energy to another, but also as a vehicle to transport 
energy over long distances. For example, consider the task of transmitting to 
homes and industries the mechanical power produced by turbines at a remote 
power plant. Transmission by means of long rotating shafts would be an un¬ 
realistic proposition. Instead, turbine power is first converted by generators to 
electrical form and then transported over long distances by high-voltage trans¬ 
mission lines. At the destination, electric motors reconvert electrical power to 
mechanical form. You will surely agree that this form of transmission is far 
more efficient and reliable, and certainly cheaper. 



(a) (b) 

Figure 1.5 Relation between 
current direction and voltage 
polarity for a device 

(a) releasing power, and 

(b) absorbing power. 


The Active and Passive Sign Convention 

How can we tell whether a given element in a circuit is absorbing or releasing 
power? To this end, we must examine the direction of i through the element 
relative to the polarity of v across its terminals. Then, we use the following rule: 

Power Rule: If i flows in the direction of increasing v, as in the case of a 
flashlight battery, then power is being released. If i flows in the direction 
of decreasing i>, as in the case of a flashlight bulb, then power is being 
absorbed. 

This important rule, summarized in Figure 1.5, holds for any element X, not 
just for batteries and bulbs. Taking the positive voltage terminal of an element as 



the reference terminal for current entry or exit, we can restate the power rule as: 

(1) In a power-releasing element current exits the element via the positive 
terminal. In this case voltage and current are said to conform to the 
active sign convention. 

(2) In a power-absorbing element current enters the element via the positive 
terminal. Voltage and current are now said to conform to the passive 
sign convention. 

As we proceed we shall find that elements such as resistors and diodes 
never release power, indicating that these devices conform, at all times, to the 
passive sign convention. By contrast, devices such as voltage or current sources, 
capacitors, and inductors may either release or absorb power, depending on 
how they are used. For instance, a car battery releases power when connected 
to the headlights, but it absorbs power when connected to a battery charger. 
Thus, during a charging cycle current enters the battery via the positive terminal 
and exits via the negative terminal; during a discharging cycle current exits the 
battery via the positive terminal and returns via the negative terminal. Keep these 
important observations in mind because we shall use them over and over again. 


1.3 Electric Signals 

Energy and information are the hallmarks of a technological society. Electrical 
engineering plays a prominent role in the development of suitable means to make 
energy and information useful to society. At the end of the previous section we 
pointed out the role of electric quantities such as voltage and current as vehicles 
for the conversion, transmission, and utilization of energy. Broadly speaking, 
this is the domain of the branch of engineering dealing with electrical power 
and electromechanical systems. 

The other most important use of electric quantities is as vehicles to represent, 
manipulate, transmit, and store information. The disciplines dealing with this 
aspect are analog and digital electronics, automatic control and instrumentation, 
and commmuncations. Information is often converted to electrical form to take 
advantage of the great ease with which one can manipulate electric quantities. 
When used as a vehicle for information, an electric quantity such as a voltage, 
a current, or an electromagnetic wave is referred to as a signal. A common 
example is offered by the voltage pulses that are used to represent data and 
programs in computers. The computational power of such systems stems from 
the ability to process, store, transmit, and receive electric signals rapidly, reliably, 
and inexpensively. 

Signals constitute an important ingredient of circuit theory, and an early 
exposure to the subject is especially desirable if the study of circuits is accom¬ 
panied by experimentation in the laboratory, where the student is required to 
become familiar with signal generators and signal-measuring equipment. 

An important feature of a signal is the manner in which it varies with 
time. Patterns of time variation, or waveforms, are usually designed to convey 
information. In the following we shall examine the most common waveforms 
and their properties. In accordance with the notation convention described at 
the end of Section 1.1, we designate the instantaneous value of a signal as x$. 
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A CONVERSATION WITH 

Burks Oakley II 

UNIVERSITY OF ILLINOIS—URBANA-CHAMPAIGN 



B urks Oakley II is a professor and the assistant 
department head in the Department of Elec¬ 
trical and Computer Engineering at the Uni¬ 
versity of Illinois at Urbana-Champaign, as well as 
course director for the "Introduction to Circuit Anal¬ 
ysis" course. He holds a B.S. degree from North¬ 
western University, and M.S. and Ph.D. degrees in 
bioengineering from the University of Michigan. 


Professor Oakley, what got you interested in elec¬ 
trical engineering? 

I was working as a biomedical engineer, designing 
and using electronic instrumentation to study the elec¬ 
trical properties of living cells. I had to learn more 
about electrical engineering to conduct my research 
in biomedical engineering. 

What research areas have you worked in? 

Until the past few years, most of my work was in 
visual electrophysiology. I studied the origin of the 
electroretinogram, or ERG, which is generated by the 
synchronous electrical activity of neurons in the retina 
much as the electrocardiogram is generated by cells 
in the heart or the electroencephalogram by cells in 
the brain. Ophthalmologists use the ERG to diagnose 
retinal disease, and I spent quite a few years learning 
exactly how the various components of the complex 
ERG waveform are generated. 

For the past three years, my main focus has 
switched to computer-assisted education—how to use 
computers to help students learn. Because computers 
have become more powerful while becoming more 
affordable, and because students start using them 
so early in school, computers will soon be replac¬ 
ing textbooks as the main teaching tool. Here in 
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Urbana, the whole campus, including all the dorms, 
is networked. This coming semester, I will have the 
students in my class submit their homework to me 
electronically over the network, from their computer 
to mine, and my computer will grade the homework 


“You may be the smartest 
engineer since Steinmetz, but if 
you cannot communicate your 
solution to a problem, who’s going 
to know how smart you are?” 


and record the scores in a spreadsheet. In the near 
future, I can see students walking into the lecture 
hall with their notebook computers, connecting to a 
wireless network, turning in their homework electron¬ 
ically, and then downloading my multi-media presen¬ 
tation right into their computers. 

Where is the field of EE headed? 

It certainly is getting broader and broader, a revo¬ 
lution made possible by the invention of the tran¬ 
sistor in the 1940s and the integrated circuit in the 
1960s. Think of all the recent developments that have 
changed our lives, ranging from consumer products 
such as VCRs and microwaves to computer networks 
that enable us to communicate all over the world in¬ 
stantly via electronic mail. Many of these advances 
are due to the efforts of electrical engineers. 

Although one engineer sitting at a workstation 
may do the design and analysis that used to occupy 
25 or 30 engineers, that loss is more than balanced by 
the numbers of new products that will need the skills 
of engineers. Cars, for example. Antilock brakes, 
emission controls, computerized fuel injectors, radios 
with CD players—all these systems did not exist a 
few years ago, and they were designed and analyzed 
by EEs. And that’s only one industry. There is now, 
and will be, just as much need for EEs in many other 
industries, too. 


What advice do you have for today’s EE students? 

There’s so much breadth in the field of electrical en¬ 
gineering: control systems, communications, comput¬ 
ers, digital systems, electromagnetics, power, signal 
processing—the list goes on and on. And so much 
new knowledge is generated each year. It’s impos¬ 
sible for our students to understand everything about 
all of these areas. The most important thing today’s 
student can learn in college is how to be a lifelong 
learner. The days are long gone when students took 
what they learned in four years of college and applied 
it for the rest of their working days. The half-life of 
what students learn today is about five years, so the 
best thing that they can do while in school is learn 
how to learn on their own. 

Engineers today work in interdisciplinary teams, 
so students should learn how to communicate well and 
how to work as part of a team. I try to get my stu¬ 
dents working collaboratively on certain assignments, 
such as homework, and I even have them solve new 
problems in lecture by working in groups. 

A major complaint that we hear from people in 
industry is that although they are technically very pro¬ 
ficient, our graduate engineers have a difficult time 


“The most important thing today’s 
student can learn in college is 
how to be a lifelong learner. ” 


communicating their ideas. Think about it: You 
may be the smartest engineer since Steinmetz, but 
if you cannot communicate your solution to a prob¬ 
lem, who’s going to know how smart you are? I 
always recommend that students take a technical writ¬ 
ing course while in college, as well as a public speak¬ 
ing course, in order to learn to present their ideas to 
others. I also think that it is best to take as many so¬ 
cial science and humanities courses as possible. All of 
these courses will help students become well-rounded 
individuals. 
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Figure 1.6 (a) DC signal and (b) time-varying signal. 


DC Signals 

The most basic signal type is a signal whose value is designed to remain constant 
with time. 


= *5 (1.19) 

where X$ represents the contant value of the signal, which may be positive, neg¬ 
ative, or zero. Figure 1.6(a) shows an example of a constant signal. Following 
the convention of Section 1.1, these signals are denoted with uppercase letters 
and uppercase subscripts, such as V s , Is, Vab, I ah, and so forth. This allows 
us to identify the constant nature of a signal just by looking at the notation 
(provided, of course, the notation is used correctly). 

A common example of a constant signal is the current flowing in the flash¬ 
light circuit of Figure 1.4. Such a current is referred to as a direct current, or 
dc for short. Since a direct current is usually the result of a constant voltage, 
a constant voltage is likewise referred to as a direct-current voltage, or a dc 
voltage. A familiar example is the 12-V dc voltage produced by a car battery. 

One of the most common applications of dc signals is to provide power 
to electronic and electromechanical devices and systems such as radios, wrist- 
watches, personal computers, dc motors, and so forth. Instruments specifically 
designed to serve this function are aptly called dc power supplies. 

Time-Varying Signals 

Figure 1.6(b) shows an example of a time-varying signal. Such a signal might 
be, for instance, the voltage produced by a microphone in response to the pres¬ 
sure of a sound wave. Since the time variations of the voltage signal mimic 
those of the sound pressure, voltage in this case is said to be the analog of 
sound and is thus referred to as an analog signal. 

Because it converts energy from one form to another, that is, from acoustical 
to electrical, a microphone is said to be a transducer. A loudspeaker is a 
transducer that converts energy in the opposite direction, that is, from electrical 
back to acoustical. A home audio system offers an excellent example of why it 
is desirable to convert sound to an electric signal and then back to sound. It is 
because of the ease with which such a signal can be (a) amplified to produce, 
via a loudspeaker, a much more powerful sound; (b) stored to be played back 
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at a later time, for instance, by means of a compact disc; (c) transmitted over 
long distances, for instance, via radio waves or fiber-optic cables; (d) processed 
to create a variety of special effects, for instance, through the use of the bass 
and treble controls, graphic equalizers, mixers, and so forth. 

Time-varying signals take on a variety of different names, depending on 
their patterns of time variation as well as the purpose for which they are used. 


The Step Function 

When we flip the switch of a flashlight, the current through and the voltage 
across the bulb undergo an abrupt change from zero to some nonzero value. 
This pattern of time variation is referred to as a step function. Taking t = 0 as 
the instant of switch activation, the instantaneous value of a step signal is 

as = 0 for t < 0 (1.20a) 

as = X m for t > 0 (1.20b) 

where X m is referred to as the step amplitude. The step function is depicted in 
Figure 1.7(a). 
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(a) , (b) 

Figure 1.7 (a) Step function and (b) pulse. 


When we switch the flashlight off, the bulb voltage and current jump back 
to zero. We now have what is referred to as a negative-going step. By contrast, 
the step of Figure 1.7(a) is also called a positive-going step. 


The Pulse 


If a positive-going step at / = 0 is followed by a negative-going step at some later 
instant t = W, the resulting pattern of time variation, depicted in Figure 1.7(b), 
is called a pulse. The parameters X m and W are called, respectively, the pulse 
amplitude and the pulse width. 

A sequence of periodically repeated pulses, depicted in Figure 1.8, is re- 
fered to as a pulse train. Pulses and pulse trains are the kind of signals that 
are found in digital wristwatches, pocket calculators, and personal computers. 
Instruments designed to provide pulse trains for laboratory testing are called 

pulse generators. 
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Figure 1.8 Pulse train. 
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The time intervals T H and 77 are often called, respectively, mark and space. 
The degree of time symmetry of a pulse train is expressed in terms of the duty 
cycle d, which we define as 


( 1 . 21 ) 

Multiplying the right-hand side by 100 yields the duty cycle in percentage form. 
When Tu = 77, we have d = 0.5 (or d = 50%), and we say that the pulse train 
is symmetric with respect to time. 

Periodic Signals 

A signal that repeats itself every T seconds is said to be a periodic signal with 
period T. Mathematically, such a signal satisfies the condition 

( 1 . 22 ) 

for any t and n = 1, 2, 3.The most common periodic signals are those pro¬ 

duced by laboratory instruments called function generators. They include the 
sine, rectangle, triangle, and sawtooth waves shown in Figure 1.9. The signal 
produced by the human heart and visualized by means of electrocardiographs is 
an example of an approximately periodic signal. 

Periodic voltage waveforms are easily observed with an oscilloscope, an 
instrument that automatically displays voltage versus time on a cathode ray tube 
(CRT). The oscilloscope can readily be used to measure the period T. 

The number of cycles of oscillation completed in one second is denoted as 
/ and is called the frequency. 


(1.23) 

The SI unit of frequency is the hertz (Hz), named for the German physicist 
Heinrich R. Hertz (1857-1894). Clearly, 1 Hz represents one cycle of oscil¬ 
lation per second. Common examples of frequencies are those broadcast by 
commercial radio stations. AM stations broadcast over the range of 540 kHz to 
1600 kHz, and FM stations over the range of 88 MHz to 108 MHz. Recall that 
1kHz = 10 3 Hz and 1MHz = 10 6 Hz. 

A dc signal can be regarded as an infinitely slow periodic signal, that is, as 
a periodic signal having T = oo. Consequently, since / = \/T = l/oo = 0, 
the frequency of a dc signal is zero. 

Frequency is readily measured with a frequency counter, an instrument 
that utilizes a digital counter and an electronic timepiece to count the number 
of cycles completed in one second and then displays the result in digital form. 
Once / is known, the period is readily found as T = 1//. 

The degree of time symmetry of a rectangular wave is again expressed in 
terms of the duty cycle d of Equation (1.21). When d = 50%, the rectangular 
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Figure 1.9 Common periodic waveforms: (a) sine, (b) rectangle, (c) triangle, and 
(d) sawtooth. 


wave is symmetric with respect to time and is more properly called a square 
wave. 


AC Signals 

The signal of Figure 1.9(a) alternates sinusoidally between the extremes +X m 
and —X m , Since a sinusoidal signal tends to produce a sinusoidally alternating 
current, or ac for short, we refer to it as an ac signal. Thus, while the term 
dc has come to signify constant over time, the term ac signifies alternating 
sinusoidally. 

The quantity X m is called the amplitude or peak value of the sinusoidal 
wave and is sometimes denoted as X pk , so that X pk = X m . The difference 
between the extremes is called the peak-to-peak value and is denoted as X pk _ pk . 
Clearly, X pk _ pk — 2X pk = IX m . 

The energetic strength of a signal is characterized in terms of a parameter 
called the root-mean-square value, and denoted as X rms . Though this parameter 
will be discussed in greater detail in Section 4.4, suffice it to say here that for 
a sine wave the rms value is related to the peak value as 


y 

rms ~ V2 


(1.24) 
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Note the use of uppercase letters with lowercase subscripts to designate special 
values of a signal. This again conforms to the notation convention of Section 1.1. 

The most common example of an ac signal is the household voltage, whose 
rating in North America is 120 V rms, 60 Hz. This means that the peak value 
is V m = V rms V2 - 170 V, so the utility voltage alternates between +170 V and 
-170 V. Moreover, it does so 60 times per second, indicating that the duration 
of each cycle of oscillation is T = l/f = 1/60 = 16.7 ms. 

It is not difficult to see that the instantaneous value xs of a sinusoidal wave 
can be expressed mathematically as 


. 2 Kt 

x s = X m sin — 


That the argument of the sine function must be 2nt jT follows from the fact that 
as t spans a complete period T, the argument must span In radians. Moreover, 
because the sine function alternates between +1 and — 1 , we must multiply it 
by X m to make .r 5 alternate between +X m and -X m . By Equation (1.23), we 
can also write 

x s = X m sm2nft {1.26} 

For example, the household voltage can be expressed as v s = 120+^2 sin 2jr60f V 
^ 170 sin 377/ V. 

Function generators have provisions to also add a dc component or offset Vs 
to a signal. Thus, when the generator is configured for the sinusoidal waveform, 
its output can be expressed as 

vs = V s + V m sin2n ft (1.27) 

and it oscillates between the extremes (V s +V m ) and (Vs-F m ). Separate controls 
(called, respectively, the amplitude, offset, and frequency controls) allow for the 
individual adjustment of V m , V 5 , and /. Clearly, setting V$ to zero yields a 
purely ac signal, and setting V m to zero yields a purely dc signal. 


Example 1.4 

Write a mathematical expression for a 1-kHz voltage signal that alternates 
sinusoidally between (a) -10 V and +10 V; (b) -1 V and +5 V; 

(c) —2 V and — 1 V. 


Solution 

We find as the mean between the extremes, and V m as the difference 
between the upper extreme and V 5 . 

(a) Vs = (—10 + 10)/2 = 0 and V m — 10 — 0 — 10 V. Thus, 

us = 10sin27r 10 3 t V 






1.3 


Electric Signals 21 


(b) V s = (- 1 + 5)j2 = 2 V, V m = 5 - 2 = 3 V, and 

v s = 2 + 3 sin 2n 10 3 / V 

(c) V s = {-2- l)/2 = -1.5 V, V„ = -l -(-1.5) =0.5 V, and 

vs = — 1.5 4- 0.5 sin 2 tt 10 3 r V 




Exercise 1.3 The output of a sinusoidal function generator is observed 
with an oscilloscope and is found to have a peak-to-peak amplitude of 
10 V, with the lower extreme being —2 V. Moreover, the signal repeats 
itself every 100 fxs. Write a mathematical expression for such a signal. 

ANSWER = 3+5sin2jrl0 4 r V. 


Analog and Digital Signals 

The distinguishing feature of an analog signal such as that produced by a micro¬ 
phone transducer and then magnified by an audio preamplifier is that it can take 
on a continuum of instantaneous values within a certain range. For this reason, 
the terms analog and continuous are used interchangeably when referring to a 
signal of this sort. An example of an analog signal is depicted in Figure 1.6(b). 
Electric systems dealing with the generation and processing of these signals form 
the body of analog electronics. 

By contrast, the signals found in digital computers, pocket calculators, and 
digital wristwatches are allowed to assume only a limited set of values and are 
thus referred to as discrete or digital signals. An example is offered by the 
pulse train of Figure 1.8, which may assume only two values, namely 0 or X m . 
Two-valued signals, commonly referred to as binary signals, form the domain 
of digital electronics, in which computer electronics plays the dominant role. 

A major advantage of representing information in binary form stems from 
the much greater degree of ease and dependability with which binary signals can 
be generated, processed, transmitted, and stored as compared to analog signals. 
The superiority of compact discs over analog tapes and phonograph discs in 
modem audio systems testifies to this advantage. 


Average Value of a Signal 

At times it is of great practical interest to know the average value of a signal. 
We define the average value of a time-varying signal jc (r ) over the time interval 
/[ to t 2 as the steady or dc signal X av that over that time interval would span 
the same area as x(t), or X av x (t 2 — t 1 ) = / f | 3 x(t)dt. Solving for X av yields 


1 f' 2 

X av =- / x(t)dt 

h — 1\ .//, 


(1.28) 
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It is clear that X av depends on the particular waveform x(t) as well as the time 
interval t 2 — h. 

To understand the physical meaning of the average, suppose x(t) is a current 
signal /(f). Then, extending the concept of Equation (1.14), we can say that / av 
is the steady current that over the time interval t\ to t 2 would transfer the same 
amount of charge as i(t). 

Full-Cycle and Half-Cycle Averages 

If x(t) is periodic, the time interval t 2 -1\ is usually made to coincide with the 
period T , and the resulting average value is called the full-cycle average. For a 
time-symmetric waveform such as the sine, triangle, sawtooth, and square wave, 
the areas spanned by the wave above and below the f-axis during each cycle 
cancel each other out, yielding a zero full-cycle average. However, the full-cycle 
average of an asymmetric wave such as the rectangular wave of Figure 1.9(b) 
is generally different from zero. 


E 


Example 


1.5 


For the rectangular wave of Figure 1.9(b), derive an expression for the 
full-cycle average in terms of X m and the duty cycle d. 


Solution 

The area spanned by x s during one cycle is T H X m + T L (-X m ) = 

(Th ~ T L )X m . Hence, X av = [(T H - T L )/(T L + T H )]X m . Using 
Equation (1.21), this is readily expressed as 

X av = (2d-l)X m (1.29) 

indicating that as the duty cycle d is varied from 0%, through 50%, to 
100%, X av varies from —X m , through 0, to +X m . 


Exercise 1.4 For the pulse train of Figure 1.8, derive an expression 
for X av in terms of X m and the duty cycle d. 

ANSWER X av = dX m . 


In the case of time-symmetric periodic waveforms it is often of interest 
to know the half-cycle average, obtained by letting the time interval t 2 - f, 
coincide with the half-period during which x(r) > 0. To avoid confusion with 
the full-wave average, we denote the half-cycle average as X av(h c). 


Example 1.6 

Find the half-cycle average of the sine wave of Figure 1.9(a), 
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Solution 


Letting t\ = 0 anti h — T/2 in Equation (1.28) yields 

-T 


2(av{hc) 

The result is 


-M 


7/2 v . 2 nt , X m (~T\ 2nt 

S ‘ n j c°s — 


77 2 


■^av(hc) — X m 
71 


(1.30) 


or X aV (hc) = 0.637X m . Physically, we can say that if our signal is an ac 
current of peak amplitude I m , the amount of charge it transfers during a 
positive half-cycle is the same as that transferred by a dc current of value 
0.637/,,,. Figure 1.10 illustrates the relationship among X m , X rms , and 

Tfav(hc)- 


J 


x(t) 



Figure 1.10 Relation among X m , 
X rms , and X aV ( hi; > for an ac signal. 


Exercise 1.5 For the triangular and the sawtooth waves of Figure 1.9 
derive an expression for X av(hc) in terms of X„,. 

ANSWER 2 f aV (hc) = in both cases. 


1.4 Electric Circuits 

An electric circuit is a collection of circuit elements that have been connected 
together to achieve a specified goal. A simple and yet eloquent example is 
offered by Figure 1.4, where the circuit elements are the battery and the bulb, 
the interconnections are the wires, and the goal is energy conversion to produce 
light. Note also that we have represented our circuit in diagram form, using 
standard circuit symbols to represent the battery and the bulb, lines to represent 
the leads and connecting wires, and unfilled circles to symbolize the points of 
connection between the leads of the battery and those of the bulb. 

The function of a circuit element is to ensure a prescribed relationship 
between the current and voltage at its terminals. An example of such a relation¬ 
ship is Ohm’s Law, v = Ri. The function of the interconnections is to allow 
circuit elements to share currents and voltages and thus interact with each other 
to achieve a specified goal. 

To facilitate their interconnection, circuit elements are equipped with leads 
or wires of a good electrical conductor like copper. Ideally, wires pose no 
resistance to the flow of current, a condition also expressed as: 

(1) All points of a wire are at the same potential. 

Moreover, wires do not accumulate charge, a condition expressed as: 

(2) All current entering one end of a wire exits at the other end. 
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Practical wires do not satisfy these properties exactly, but we shall assume that 
they do in order to ease our initiation to circuit theory. As you gain experience 
with practical circuits, you will find that the errors due to nonideal wires can be 
neglected in most cases of practical interest to the beginner. 


Circuit Analysis and Synthesis 

Circuit analysis is the process of finding specific voltages and currents in a 
circuit once its individual elements and their interconnections are known. Con¬ 
versely, circuit synthesis is the process of choosing a set of elements and devis¬ 
ing their interconnections to achieve specific voltages and currents in the circuit, 
such as producing a certain voltage in a part of the circuit in response to a voltage 
received in another pan. Also called design, synthesis is usually more difficult 
than analysis. It involves intuition, creativity, and trial and error. Moreover, the 
solution may not be unique, and one must know how to choose the one best 
suited to the particular application. A strong understanding of analysis provides 
the foundation for intelligent and effective synthesis. 

Both analysis and design draw upon two sets of laws: 

(1) The element laws, such as Ohm’s Law, relate the terminal voltages and 
currents of individual elements regardless of how they are connected 
together to form a circuit. 

(2) The connection laws, also called Kirchhoff’s Laws or circuit laws, relate 
the voltages and currents shared at the interconnections regardless of 
the type of elements forming the circuit. 

The connection laws are discussed in Section 1.5. The element laws are dis¬ 
cussed in Section 1.6 and subsequent sections and chapters, as we introduce new 
elements. Once we have both sets of laws in hand, we shall be able to analyze 
moderately complex circuits. 


Branches 

A circuit is visualized as a network in which each element constitutes a branch. 
The network of Figure 1.11 has six branches, labeled X] through X 6 . The 
distinguishing feature of each branch is that at any instant there is some current 



Figure 1.11 Example of an electric circuit with all 
branch voltages and currents explicitly shown. 
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through it, called the branch current, and some voltage across it, called the 

branch voltage. 

It is good practice to always label the voltages and currents of interest. At 
times we shall find it convenient to use the letter symbol of the circuit element 
itself as the subscript. For example, we often denote the current through a 
resistance R as i R and the voltage across R as v R . Likewise, we often denote 
the current through a voltage source its as an d the voltage across a current 
source is as iy ; , and so forth. 

Since voltages and currents are oriented quantities, besides the labels we 
must also use arrows to indicate current directions, and the + and — signs 
to indicate voltage polarities. Using just the label i without the accompany¬ 
ing arrow, or the label v without the accompanying + and — signs would be 
meaningless. 


Nodes 


As the leads of two or more elements are joined together, they form a node. 
The circuit of Figure 1.11 has been redrawn in Figure 1.12 to show that it has 
four nodes labeled A, B, C, and D. If only two leads converge to a node, as 
in the case of node A, then we have a simple node. If the number of leads is 
greater than two, we shall emphasize the connections with dots. 

The distinguishing feature of a node is that all leads converging to it are 
at the same potential called the node potential. Note that the two dots at the 
bottom of Figure 1.12 are at the same potential because they are connected by an 
uninterrupted wire. Hence, they are not separate nodes but are part of the same 
node D. To avoid any possible misunderstandings, think of a node as including 
not only a dot, but also all other points connected to it by wires. In Figure 1.12 
this has been emphasized by surrounding each node with color. 

It is good practice to label all nodes in a circuit before you start analyzing it. 
This will also help identify redundant nodes, as in the case of node D here. When 
in doubt, mark all points you think are nodes. Then, if any of these points are 
connected by an uninterrupted wire, they must be taken to form the same node 
and must thus be labelled with the same symbol. As you draw circuit diagrams, 
neatness and clarity should be foremost in your mind. It is also important to 
realize that identical circuits need not look the same on paper. As long as their 
elements and interconnections are the same, the circuits will also be the same. 
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Figure 1.12 Highlighting the nodes of 
the circuit of Figure 1.11. 


Reference Node 

Because only potential differences or voltages have practical meaning, it is con¬ 
venient to reference all node potentials in a circuit to the potential of a common 
node called the reference or datum node. This node is identified by the sym¬ 
bol 4 and its potential is zero by definition. When referenced to the datum node, 
node potentials are simply referred to as node voltages. 

Given our tendency to visualize potential as height, a logical choice for the 
reference node is the node at the bottom of the circuit diagram, such as node D 
in Figure 1.12. However, at times it may prove more convenient to designate the 
node with the largest number of connections as the reference node because this 
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(a) (b) 

Figure 1.13 (a) Branch voltages and 
(b) node voltages. 


may simplify circuit analysis. This is also consistent with the fact that practical 
circuits include a ground plate to which many elements are connected. 

The reader must be careful not to confuse branch voltages with node volt¬ 
ages. To illustrate the difference and also introduce a simplified voltage notation, 
consider the circuit of Figure 1.13(a), where the bottom node has been desig¬ 
nated as the datum node and the remaining two nodes have been labeled A and 
B. The potentials of these nodes, denoted v A and v B , are referenced to that of 
the datum node and are thus node voltages. By contrast, the branch voltage v AB 
across the element X 2 is not a node voltage, because it is not referenced to the 
datum node. With the polarity shown, this voltage is simply the potential of 
node A referenced to that of node B, or 

vab = v A — v B <1.31) 

Had we chosen the opposite polarity for this branch voltage, then the proper way 
of expressing it would have been vba = v b — v a . To summarize: Va, v b , and 
v A b are all branch voltages; however, only v A and v B are also node voltages. 

Once the datum node has been selected, all node voltages are understood to 
be referenced to this node and the polarity marks can thus be omitted without 
fear of confusion. In fact we can label a node with its node voltage itself, further 
reducing the amount of cluttering in our diagrams. This convention is illustrated 
in Figure 1.13(b). This figure is interpreted by saying that the voltage across 
X| is va, positive at the top; that across X 3 is v B , positive also at the top; and 
that across X 2 is v AB — v A - v B if the polarity is chosen with the positive side 
at the left, or v BA = v b ~ v a if the positive side is specified at the right. It is 
important to realize that no more than one node in a circuit can be selected as 
the reference node, and that branch voltages are unaffected by this choice. 


^Example 1.7 

The circuit of Figure 1.14(a) has five branches, labeled X( through X 5 , 
and four nodes, labeled A through D. The individual branch voltages have 
been measured with a voltmeter, and their magnitudes and polarities are 
as shown. Using the notation of Figure 1.13(b), show all node voltages 
if the datum node is (a) node D; (b) node C. 

Solution 

(a) With D as the datum node, we have Vq = 0 by definition. 
Moreover, we observe that v A , v B , and v c coincide with the 
branch voltages across X ( , X 3 and X 5 . Hence, v A = 1 V, 

vb = 5 V, and v c — 2 V. This is shown in Figure 1.14(b), where 
it is readily seen that in this circuit all node potentials are higher 
than the ground potential. 

(b) Changing the datum node from D to C will decrease all node 
voltages by 2 V. Hence, v A = -1 V, v B = 3 V, v c = 0 V, 
and vd = —2 V. This is shown in Figure 1.14(c). We observe 
that the potential at node B is still higher than ground potential; 
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(a) 



(b) (c) 

Figure 1.14 (a) Branch voltages; (b), (c) dependency of node 
voltages upon the choice of the reference node. 


however, the potentials at nodes A and D are now lower than 
ground potential. 


1 


Exercise 1.6 Repeat Example 1.7, but with the datum node being 

(a) node B; (b) node A. 

ANSWER (a) u A = -4 V, v B = 0 V, v c = -3 V, v D = -5 V; 

(b) v A = 0 V, v B = 4 V, v c = 1 V, v D = -1 V. 


Loops and Meshes 

A loop is a closed path such that no node is traversed more than once. A mesh 
is a loop that contains no other loop. Loops and meshes are identified in terms 
of the branches they traverse. The network of Figure 1.11 has been redrawn in 
Figure 1.15 to show that it has six loops: X]X 2 X 3 , X 3 X 4 X 5 , X 5 X 6 , X 1 X 2 X 4 X 5 , 
X 1 X 2 X 4 X 15 , and X 51 X 4 X 15 . Of these loops, only the first three are meshes. 


0 


Figure 1.15 Highlighting the loops and 
meshes of the circuit of Figure 1.11. 


Series and Parallel Connections 

Two or more circuit elements are said to be connected in series if they carry 
the same current. To be in series, two elements must share a simple node, as 
illustrated in Figure 1.16(a). Indeed, since we have stipulated that all current 
entering one end of a wire exits at the other, it follows that the current leaving 
Xj is the same as that entering X 2 . Hence, we say that Xi and X 2 share the 
same current i via the simple node A. 
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Figure 1.16 Examples of (a) series and 
(b) parallel connections. 



Figure 1.17 Another 
circuit example. 


Looking at the circuit of Figure 1.12, we observe that Xi and X 2 are in 
series because they share the simple node A. By contrast X 2 and X 4 are not in 
series because B is not a simple node. For X 2 and X 4 to be in series, X 3 would 
have to be absent from the circuit. 

Two or more elements are said to be connected in parallel if they are 
subjected to the same voltage. To be in parallel, the elements must share the 
same pair of nodes, as illustrated in Figure 1.16(b). Indeed, because we have 
stipulated that all points of a node are at the same potential, it follows that X f 
and X 2 share the same voltage v across the common node pair A and B. 

Looking again at the circuit of Figure 1.12, we observe that X 5 and X 6 are 
in parallel because they share nodes C and D. By contrast, X 3 and X 5 are not in 
parallel because they only share one node, not a node pair. For X 3 and X 5 to 
be in parallel, X 4 would have to be a wire in order to coalesce nodes B and C 
into a single node. 

An example of a series circuit is a flashlight, where the battery, the switch, 
and the bulb carry the same current. An example of a parallel circuit is provided 
by the various lights and appliances in a home, all of which are subjected to the 
same voltage, namely, that supplied by the utility company. 


Exercise 1.7 In the circuit of Figure 1.17: (a) identify all nodes, and 
state which ones are simple nodes; (b) identify all loops, and state which 
ones are meshes; (c) state which elements are connected in series and 
which in parallel. 


1.5 Kirchhoffs Laws 

Also referred to as the circuit laws or the connection laws, KlrchhofTs laws 
(pronounced kear-kojf), named for the German physicist Gustav Kirchhoff 
(1824-1887), establish a relation among all the branch currents associated with 
a node and a relation among all the branch voltages associated with a loop. 
These laws stem, respectively, from the charge conservation and the energy 
conservation principles. 


L 



Kirchhoff's Current Law (KCL) 

Consider the branch currents associated with a given node n. At any instant 
some of these currents will be flowing into the node, others out of the node. 
These currents obey the following law: 

Kirchhoff's Current Law (KCL): At any instant the sum of all currents entering 
a node must equal the sum of all currents leaving that node. 

Mathematically, KCL is expressed as 

(1.32) 

where *in denotes summation over all currents entering and {"out denotes 
summation over all currents leaving the given node n. 

This law is a consequence of the fact that because charge must be conserved, 
a node cannot accumulate or eliminate charge. Hence, the amount of charge 
flowing into a node must equal that flowing out. Expressing charge flow in 
terms of current, therefore, yields KCL. You may find it helpful to liken an 
electrical node to the junction of two or more water pipes. Clearly, the amount 
of water entering the junction must equal that leaving it. 

To apply KCL successfully, we must first label all the branch currents of 
interest and indicate their reference directions by means of arrows. Figure 1.18 
shows an example of a properly labeled circuit. By KCL, the following current 
relations must hold: 

• Node A: i i = h 

• Node B: *2 = h + U 

• Node C: 14 = 15 4- if, 

• Node D: i '3 + (5 + if, — f 1 



D 


Figure 1.18 Circuit with labeled branch currents. 

If a current is unknown, both its magnitude and direction must be found. 
To this end, we arbitrarily assume a reference direction for the unknown current 
and apply KCL to find its value. If this value turns out positive, our choice of 
the reference direction was indeed correct; if it is negative, the current actually 
flows opposite to the assumed direction. To make a negative current value come 
out positive, simply reverse the arrow in the circuit diagram. 
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^Example 1.8 

In the circuit of Figure 1.18 suppose i 2 and i 3 are given, but 24 is 
unknown. 

(a) If at a certain instant i 2 = 5 A and i 3 = 2 A, what is j' 4 ? 

(b) If at a later instant i 2 = 6 A and t 3 = 7 A, what is 4 ? 

Solution 

We do not know the direction of i 4 , so we arbitrarily assume it flows 
toward the right as shown. 

(a) By KCL at node B, i 2 = i 3 + i 4 . This yields 

14 = i 2 — ( 3=5 — 2 = 3 A 

Since the result is positive, 2: 4 is indeed flowing toward the right. 
We express this by saying that the current through the element 
X 4 is 

ix A ~ 3A (->) 

(b) Now KCL yields 


*4 = h ~~ h = 6 — 7 = — 1 A 

Since the result is negative, / 4 now flows toward the left. 
This makes sense because i 4 must now team up with i 2 to 
counterbalance 23. We express this by writing 

ix A = • A (<-) 


Example 1.9 

In the circuit of Figure 1.18 let i s = 3 A and i 6 = 4 A. Find t 3 so that 
L = 1 A. 

Solution 

By KCL at node C, i 4 = 3 + 4 = 7 A. By KCL at node B, 

*3 = h ~ 4 = 1 — 7 = — 6 A, indicating that the current through X 3 
actually flows upward. We express this as i x?l = 6 A (f). 


Exercise 1.8 If in the circuit of Figure 1.18 i i = 2 A and i 5 = 3 A, 
find / 6 so that i 3 = 0 A. What is ( 2 ? 

ANSWER i 6 = -1 A, or i Xb = 1 A (|); i 2 = 2 A, or = 2 A O). 
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Since current labeling is a guessing process, some engineers systematically 
assume all currents associated with a node flow into the node; other prefer to 
assume all flow out of the node. In either case, after the calculations are done, 
at least one of the current values will have to come out negative in order to 
satisfy the charge conservation principle. This also leads to two alternate forms 
of stating KCL. Rewriting Equation (1.32) as 

^ i'in — ( out = 0 (1.33) 

n n 

we can restate KCL by saying that at any instant the algebraic sum of all 
currents associated with a node must be zero, where the currents entering the 
node are regarded as positive, and those leaving the node as negative. Applying 
this form of KCL to Example 1.8 yields ('2 — h ~ '4 = 0. Substituting the given 
current values it is readily seen that the results are the same as before. 

The other KCL form is obtained by rewriting Equation (1.32) as 

yy 'out — 'in=0 (1.34) 

n n 

In words, at any instant the algebraic sum of all currents associated with a 
node must be zero, where the currents leaving the node are now regarded as 
positive , and those entering the node as negative. For instance, applying this 
form of KCL to Example 1.8 yields i 3 + i 4 - h = 0, and you can readily verify 
that the numerical results are again the same. 

It is important to realize that KCL applies not only to nodes but also to entire 
portions of circuits. Consider, for instance, a home appliance connected to the 
ac power outlet via a three-prong cord. Without knowing the inner workings of 
the appliance, we can state that because it cannot create or destroy charge, the 
algebraic sum of the three currents flowing down the cord must, at all times, be 
zero. 

Which KCL form should you use? The first form is physically more intu¬ 
itive and it offers the advantage that all currents appear in positive form, thus 
reducing the possibility of confusion with signs. By contrast, the other two 
forms make mathematical bookkeeping more straightforward, a feature espe¬ 
cially advantageous in nodal analysis (to be addressed in Section 3.2). It does 
not matter which KCL form you use as long as you are consistent. 


KirchhofFs Voltage Law (KVL) 

Consider the branch voltages associated with a given loop l. As we go around 
the loop, the voltage across each of its branches may appear either as a voltage 
rise or as a voltage drop. For example, if Va = 3 V and v B = 7 V, hopping 
from node A to node B we experience a 4-V rise. Conversely, if = 6 V and 
v B =■ 1 V, hopping from A to B we now experience a 5-V drop. The branch 
voltages around a loop obey the following law: 

Kirchhoffs Voltage Law (KVL): At any instant the sum of all voltage rises 
around a loop must equal the sum of all voltage drops around that loop. 
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Mathematically, KVL is expressed as 


Y ^RISE = Y, U DROP 

t t 


(1.35) 


where u Rise denotes summation over all voltage rises and Yt ^drop denotes 
summation over all voltage drops around the given loop i. 

You may find it convenient to liken a circuit loop to a mountain trail. In this 
analogy voltage corresponds to elevation, and nodes to rest stations along the 
hike. If you keep separate tabs of all elevation increases and elevation decreases 
in going from one rest area to the next, it is clear that by the time you return to 
the point of departure the two sums must be equal. 

To apply KVL successfully, we must first label all the branch voltages 
of interest and indicate their reference polarities by means of the + and - 
symbols. Figure 1.19 shows an example of a properly labeled circuit. By KVL, 
the following holds: 


• LoopX]X 2 X3: 

V[ l>2 = U3 

• Loop X 3 X 4 X 5 : 

U 3 = l ) 4 + v$ 

• Loop X 5 X 6 : 

II 

V s ! 

• Loop X 1 X 2 X 4 X 5 : 

tfi + V2 = V4 + U5 

• Loop XjX^Xf,: 

U| + V 2 = v 4 + Vt 

» Loop X 3 X 4 X 6 : 

^3 = ^4 + Vf> 

All loops have been traveled in the clockwise direction. Had we chosen 


the counterclockwise direction, all voltage rises would have appeared as voltage 
drops and vice versa, leaving the relations unchanged. We conclude that the 
direction in which we traverse a loop is immaterial as long as we maintain it 
over the entire loop. 

If a voltage is unknown, both its magnitude and polarity must be found. 
As with currents, we arbitrarily assume a polarity and then use KVL to find the 
value of the unknown voltage. A positive value indicates a correct choice of the 
reference polarity. A negative result means that in order to reflect the correct 
polarity, the + and — signs must be interchanged. 
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Figure 1.19 Network with labeled branch 
voltages. 




0 = asra a ^ _ 60 aa a ^ 


su (g£ q) uoijBtibg SupuMSJ Xq psuiejqo si uooj qAX -isqio sqq 

•aiojsq se qnsai suibs aqj spjsiX sarqBA 
|B3U3iunu U3AI§ aqj gupnjpsqns ‘XjJBaQ *o = £ rt — Z(i+ 'n sppiX or I aidurcxg 05 
1AM J° uixoj siqj §uiX[ddy '3i\iivSau sb sdoup aSnijOA puB sAipsod sb papjBSaj 

3JB S3SU dSvtfOA 3J3qM ‘OJI3Z 3q JSI1UI dOOI B pUnOJB S3§BJ10\ qOUBjq l|B 

jo tuns JtvjqaSjD aqj jubjsui Xub jb jeqj SuiXbs Xq qAX sjbjssj ubo sm 


0 = dOBaa ^ — HSida 


SB (5£'l) uopenbg 

SupuAVsg qAM Supujs jo suuoj 3 jbuj3jib om axe axaqi ‘sseo qqx aqj ui sy 


aqj ui u/woqs XjuBjod aqj qjiM A 2 = ^ (q) 1 a 1- = Pa (*) aaAftSNV 


jo XjuBpd pUB atqBA Supjnsaj aqj si jBqAV (q) A 0 = la l^qj os Va P u 9 
‘A £ = 9a P UB A Z = Za 611 ainfig jo jinaip aqj ui ji (b) q-j asjOJaxg 


‘A £+ 

aq piM za uaqj ‘g jb uSis — aqj puB y jb uSis + aqj aaB[d 3 a\ 

JI 'Ya UBqj A3MO\ a £ a\ou si 8 a jeqj SupBoipui 'UMoqs jeqj 
01 ajisoddo si <-a jo Xjuejod aqj l aApB§au si qnsax aqj aouig 

A £- = 8 - S = 1(1 ~ ia - Z(l 

spl^ 1AM M0 N (q) 

uuq; A3ifSiij a Z s * 8(1 JEqj §upeaipui ‘UA\oqs 
sb paapui si za jo XjuBjod aqj ‘aApisod si jjnsaj aqj asriBoag 

AZ = i-6 =1 «- E « = I ft 
jo ‘£(i = Za + \a sp[aiX £ x E X’X doo] punojB qAX ( B ) 

■u/vioqs sb 

‘jqHu aqj jb aApisod si ji auinsss os ' z n jo Xjuejod aqj Mouq jou op a/A 

u0!)ii|0$ 


£Zn si jBq/w ‘a S = £ <> puB A 8 = 1(1 Jubjsui jajB[ b jb ji (q) 
si jBqM ‘a 6 = Ert puB A L = ](l Jubjsui uibjjsd b jb ji (b) 

UA\ouqun 

si za jnq ‘usai? sjb puB in asoddns giq sjnSig jo jinojp sqj ui 


Oi l 0|duiBX3 


SMtrj s i ffoijip.uji g-[ 



34 Chapter 1 Basic Concepts 


In words, at any instant the algebraic sum of all branch voltages around 
a loop must be zero, where voltage drops are now regarded as positive and 
voltage rises as negative. Applying this form of KVL to Example 1.10 yields 
f 3 — iq — V 2 — 0 , which again yields the same result. 

KVL is a consequence of the fact that the work required to move a charge 
around a complete loop must, by the energy conservation principle, be zero. 
This work is obtained by multiplying the given charge by each branch volt¬ 
age encountered in moving the charge around the loop, and adding all terms 
together algebraically. Thus, imposing q Urise - 1 'drop = 0 yields 
Equation (1.36), and hence Equations (1.37) and (1.35). As in the KCL case, 
it does not matter which of the three KVL forms you use as long as you are 
consistent. 

In applying Kirchhoff’s laws it is important to remember that voltages have 
polarities and currents have directions. Since careless use of signs is one of the 
most frequent causes of error in circuit analysis, it is important to think of voltage 
and current values not as plain numbers, but as numbers preceded by signs. 


Power Conservation 


In a circuit, some elements will release power and others will absorb power. 
Because energy and, hence, power cannot be created or destroyed, the sum 

of all absorbed powers must, at any instant, equal the sum of all released 
powers, 


E 


P 


absorbed 


E 


P 


released 


(1.38) 


As we know, elements conforming to the active sign convention release power, 
and elements conforming to the passive sign convention dissipate power. As we 
proceed, we shall often exploit Equation (1.38) to check calculations involving 
branch currents and voltages. 


Example 1.11 

In the circuit of Figure 1.20(a), suppose X 2 releases px 2 = 20 W and 
X 3 absorbs p Xy = 18 W, (a) Calculate all branch voltages and currents, 
(b) Use the power check to verify your calculations. 

Solution 

(a) Since X 3 absorbs power, its current must flow toward the right. 
Thus, i Xj = pxi/vx, = 18/6 = 3 A (->). 

By KCL, i Xl = + i Xl = 1 + 3 = 4 A (f). Since 

X 2 releases power, its voltage must be positive at the top. 
Consequently, v Xi — p x Jix , = 20/4 = 5 V (+ at the top). 

By KCL, ix 4 = ixi = 3 A (f). Because in going around 
the mesh X 1 X 3 X 4 we first encounter a voltage rise v Xl = 5 V 
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+ 6 V - 



(a) 


+ 6 V - 



(b) 

Figure 1.20 Circuit of Example 1.11 


and then a voltage drop = 6 V, it follows that i'x 4 must, by 
KVL, be a voltage rise of 1 V, or Vx A = 1 (+ at the bottom). The 
branch voltages and currents are shown in Figure 1.20(b). 

(b) Since Xi conforms to the passive sign convention, it absorbs 
Px i = = 5xl=5W, Since X 4 conforms to the active 

sign convention, it releases px A = vxjx 4 = 1x3 = 3 W. 

By Equation (1.38), we must have p X] + px, = px 2 + Px A , 
or 5 + 18 = 20+ 3. Thus, the power check is satisfied. 


Exercise 1.10 In the circuit of Figure 1.20(a) suppose Xi releases 2 W 
and X4 dissipates 24 W. (a) Calculate all branch voltages and currents, 
(b) Use the power check to verify your calculations. 

ANSWER (a) v Xl = v Xl = 2 V (+ at the bottom); v X4 = 8 V 
(+ at the bottom); i Xl = 2 A (|); i Xi = 3 A («-); i Xa = 3 A (t). 

(b) Px 4 = Px j + Px 2 + Pxi, or 24 = 2 + 4 + 18. 


Exercise 1.11 Discuss the conditions for either Xi or X 2 under which 
the circuit of Figure 1.20(a) will yield px A = 0. 

ANSWER ix 2 = 1 A (f) or u*, = v Xl — 6 V (+ at the top). 
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(a) (b) 


Figure 1.21 Circuit arrangement to find 
experimentally the i-v characteristic 
of a circuit element. 


1.6 Circuit Elements 

The distinguishing feature of a circuit element is that its electric behavior is 
described in terms of some current-voltage relationship at its terminals. Also 
called the element law, this relationship can be derived mathematically through 
the laws of physics, or it can be determined experimentally via point-by-point 
measurements. In either case, this relationship can be plotted on paper or can 
be displayed on a cathode ray tube (CRT) for a pictorial visualization of how 
the element behaves. 


The i-v Characteristic 

An element law can be expressed as 

i=i(v) (1.39) 

where v is referred to as the independent variable and i as the dependent 
variable. Physically, we regard v as the cause and i as the effect, since voltage 
produces an electric field, and the electric field in turn sets charges in motion, 
v E -»• i. Equation (1.39) is called the i-v characteristic of the element. 
When plotted in the i-v plane, this characteristic will be a curve of any form. 

As we proceed, we shall find that a parameter of particular significance is 
the slope of this curve, 

a di 

S=~ (1.40) 

dv 

Since its dimensions are ampere/volts, or siemens, which are the dimensions of 
conductance, g is called the dynamic conductance of the element under consid¬ 
eration. Slope is often expressed as the reciprocal of a parameter denoted as r, 


1 di 
r dv 


(1.41) 


Clearly, r = l/g. Since its dimensions are volt/amperes, or ohms, which are 
the dimensions of resistance, r is called the dynamic resistance of the element. 
As a general rule, the slope of an i-v curve is always the reciprocal of some 
resistance called the dynamic resistance. Clearly, the steeper the slope, the 
smaller the dynamic resistance. Conversely, a large dynamic resistance indi¬ 
cates a mild slope. Figure 1.21(a) shows a circuit to find experimentally the 
i-v characteristic of an unknown element X. The element is subjected to a test 
voltage v t which we represent schematically with a circle and the positive sign 
to identify voltage polarity. The resulting current i is measured for different 
values of v, and the data are then plotted point by point to obtain a curve of 
the type of Figure 1.21(b). If desired, the data can be processed with suitable 
curve-fitting algorithms to find a best-fit approximation. A test voltage is readily 
produced with a bench power supply or a signal generator. 

A curve tracer is an instrument that, upon insertion of the unknown element 
into an appropriate receptacle, displays its i-v characteristic automatically on a 
CRT. Curve tracers are available either as stand alone instruments, or as plug-in 
oscilloscope attachments. 
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The v-i Characteristic 


As circuit variables, voltage and current are interchangeable in the sense that at 
times it may prove more convenient to regard voltage as the cause and current 
as the effect, at times current as the cause and voltage as the effect. When 
pursuing the second viewpoint, we express an element law as 

u = v(i ) (1-42) 


where now i is the independent variable and v is the dependent one. Equation 
(1.42), referred to as the u-t characteristic, is obtained by forcing a test current 
i through the element and measuring the resulting voltage v for different values 
of i. This viewpoint is depicted in Figure 1.22, where the test current has been 
represented schematically with a circle and an arrow. 

Note that the slope of the v-i curve is the reciprocal of that of the i-v 
curve, 


1 dv 
g di 


(1.43) 


In general, the i-v or v-i characteristic will be a curve of any form and 
the slope will vary from point to point on the curve. When this is the case, the 
element is said to be nonlinear. Common examples of nonlinear devices are 
diodes and transistors, the basic ingredients of modem electronic equipment. 


v 



(a) (b) 

Figure 1.22 Circuit arrangement 
to find experimentally the v-i 
characteristic of a circuit element. 


► Example 1.12 

j Shown in Figure 1.23 is the circuit symbol of an element called rectifier 
diode, along with its i-v characteristic. Semiconductor theory predicts 
that for v > 0 this characteristic can be expressed as 

' i = I s (e v/VT - 1) (1.44) 

i where I s and Vy are device parameters whose values depend on the 
I particular diode sample. Assuming a sample with I s = 2 x 10 -15 A 
and V T — 26 mV, find (a) the v-i characteristic of the rectifier diode; 
(b) the value of v corresponding to i = 1 mA; and (c) the value of r 
i corresponding to / = 1 mA. (d) Repeat parts (b) and (c) if i = 1 pA. 


i 



(a) (b) 

Figure 1.23 Rectifier diode and its i-v 
characteristic. 


Solution 

(a) Rearranging Equation (1.44) yields exp(v/Vy) = i/J s + 1. Taking 
the natural logarithm of both sides and solving for v , we obtain 
the v-i characteristic 

u = Vyin(f//, + 1) (1.45) 

(b) By Equation (1.45), v = 26 x 1(T 3 ln[10“ 3 /(2 x 1(T 15 ) + 1] = 
0.700 V. 

(c) Taking the derivative of Equation (1.44) yields g = di/dv = 
(A/Vy) exp(u/Vy). Since r = \/g, this yields 


v T 

r ~ ~h € 


— v/Vp 


(1.46) 
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Thus, r = [26 x 10" 3 /(2 x lO” 15 )] exp[-0.700/(26 x 10~ 3 )] = 
26 Q. 

(d) Similar calculations for i = 1 pA yield v = 0.521 V and 
r = 26 kQ. 


Remark Note that r varies from one point to another on the i-v curve. 


Exercise 1.12 A certain rectifier diode is known to have V> = 26 mV. 
If applying i = 1.5 raA yields v = 680 mV, what is the value of I s for 
this particular sample? 

ANSWER 6.57 x 10 i5 A. 


E 


Example 1.13 


/ 



Figure 1.24 Nonlinear MOSFET 
resistor and its i—v characteristic. 


The basic ingredient of digital wristwatches and pocket calculators is the 
MOS transistor, a device having three terminals called gate G, drain D, 
and source S. Connecting gate to drain as shown in Figure 1.24(a) turns 
the device into a two-terminal element whose characteristic is 

i =0 for v < Vt (1.47a) 

i = ^(v- V T ) 2 for v > V T (1.47b) 

where k and VY are device parameters that depend on the particular 
sample. For obvious reasons, this element is said to exhibit nonlinear 
resistor behavior. 

If applying v = 2.5 V yields i = 0.4 mA, and applying u = 5 V 
yields i = 4.9 mA, what are the values of k and V T for this sample? 


Solution 


Substituting the given data into Equation (1.47b), 

fc 

0.4 x 10" 3 = -(2.5 - Vt) 1 
fc 

4.9 x 10“ 3 = -(5 - V T ) 2 

This system of two equations in two unknowns is readily solved to obtain 
k = 0.8 mA/V 2 and Vt — 1.5 V. 


1 


Exercise 1.13 For the nonlinear resistor sample of Example 1.13, 
predict (a) the value of i corresponding to v = 6.5 V and (b) the value 


k 
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of i> (u > VV) required to achieve i — 1.6 mA. (c) Derive an expression 
for the dynamic conductance and compute it for v = 2.5 V and v = 5 V. 
Don’t forget to express your results in their correct physical units! 

ANSWER (a) 10 mA; (b) 3.5 V; (c) g = k(v - V T )\ g = 0.8 mS, 

2.8 mS. 


Straight-Line Characteristics 


If the i-v characteristic happens to be a straight line, the dynamic resistance 
and conductance will be constant throughout. Following our convention of 
using uppercase letters to indicate constant quantities, the slope shall now be 
designated as 1/7?. As shown in Figure 1.25(a), we can replace the differentials 
with finite differences in Equation (1.41) and find the slope as 


1 At 
~R ~ ~Kv 


(1.48) 


If the i—v characteristic is straight and goes through the origin as in Fig¬ 
ure 1 .25(b), then i and v are said to be linearly proportional to each other, and 
the slope is simply found as 


i i 




Figure 1.25 Straight-line i-v 

characteristics: (a) ]/R = Ai/Av, 
(b) 1 /R = i/v. 


1 i 
~R = v 


(1.49) 


Be aware that this equation holds only if the straight characteristic goes through 
the origin! 


Example 1.14 

Shown in Figure 1.26 is the circuit symbol of an element called zener 
diode, along with its i-v characteristic. For v < V Z k the characteristic 
coincides with the u-axis, and for v > V Z k it is a straight line with slope 
1 /Rz- 

If applying r = 1 mA yields i; = 6.0 V and applying i = 4 mA 
yields v = 6.3 V, find Vzk and R z - 

Solution 

By Equation (1.48), R z — Av/Ai = (6.3 - 6.0)/(4 - 1) = 

0.1 kft = 100 fi. 

To find V Z k we need an expression for the i-v characteristic for 
v > Vzk■ Since this characteristic is a straight line with slope 1 /R z and 


1 



(a) (b) 


Figure 1.26 Zener diode and its i-v 
characteristic. 
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with u-axis intercept at v = Vzk, we can write 

. _ v ~ Vzk 
~Re¬ 
computing it at the first measurement point, we obtain 1 
(6.0 - V zjr )/0.1, or V ZK = 5.9 V. 


(1.50) 


1 


Exercise 1.14 For the zener diode of Example 1.14, find (a) i if 
u = 6.15 V; (b) v if i = 1 mA; (c) the change Av brought about by a 
change A i = 5 mA. 

ANSWER (a) 2.5 mA; (b) 6.0 V; (c) 0.5 V. 


1.7 Sources 

The function of sources is to initiate voltages and currents in a circuit. As such, 
they constitute the most basic circuit elements. Because of their ability to release 
power, sources are said to be active elements. 


Voltage Sources 


A voltage source, also called a voltage generator, is a circuit element that 
maintains a prescribed voltage v$ across its terminals regardless of the current 
through it. 


v = v s 


(1-51) 


I 



(a) (b) 


Figure 1.27 Voltage source and its i-v 
characteristic. 


Its circuit symbol is a circle with the + sign to identify voltage polarity. 

To serve some useful purpose, a voltage source is connected to some external 
circuit generally referred to as the load. This, in turn, will draw some current t 
from the source, as shown in Figure 1.27(a). It is the function of the source to 
keep u = us regardless of the magnitude and direction of i. The current may 
be positive, zero, or even negative, in which case i will flow opposite to the 
reference direction shown in the figure. 

Note the absence of i from the source characteristic of Equation (1.51). It 
takes a load to establish i. The source affects i only indirectly, via the i-v 
characteristic of the load, i = i(i's). 

The power of a voltage source is p = v s i. If the current drawn by the load 
happens to flow into the negative terminal, through the source, and out of the 
positive terminal, then we have the situation of Figure 1.5(a), and we say that 
the source is delivering power to the load. Such a situation arises, for instance, 
in the case of a battery powering a light bulb. 

Conversely, if i flows into the positive terminal, through the source, and out 
of the negative terminal, then we conform to Figure 1.5(b), and we say that the 
source is receiving power from the load. Such a situation arises, for instance, 
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when the source is a rechargeable battery that has been connected to a battery 
charger. 

The i-v characteristic of a voltage source is a vertical line positioned at 
v = v.s', see Figure 1.27(b). Because its slope is infinite, it follows that the 
dynamic resistance of an ideal voltage source is zero. 

Varying vs will translate the curve right or left, depending on whether vg is 
increased or decreased. For vs = 0 the i-v curve coincides with the i axis, where 
v = 0 regardless of the current. This is the characteristic of a short circuit, 
which can thus be regarded as the particular voltage source for which i>s = 0. 
As is shown in Figure 1.28(a), a plain wire of a good conductor is a short circuit. 

In a practical voltage source such as a car or a flashlight battery, t> does 
vary with the load current somewhat, indicating that the dynamic resistance r is 
not exactly zero. For obvious reasons, a voltage source with r = 0 is referred 
to as an ideal voltage source. The smaller the value of r relative to the other 
resistances in the surrounding circuit, the closer the voltage source to ideal. 

A good-quality power supply of the type found in an electronics lab provides 
an excellent approximation to an ideal voltage source. Clever internal circuitry 
continuously monitors the actual value of v and adjusts itself to varying load 
current conditions in such a way as to rigorously keep v = vs at all times. 



Figure 1.28 A short circuit yields 
i =0 regardless of /. 


Current Sources 


A current source, also called a current generator, is a circuit element that 
maintains a prescribed current ts regardless of the voltage across its terminals. 


(1.52) 


Its circuit symbol is a circle with an arrow to indicate current direction. 

A current source must always have a load to provide a path for current flow. 
In response to the current i s , the load will develop some voltage u, as shown 
in Figure 1.29(a). It is the function of the source to keep i = is regardless of 
the magnitude and polarity of v. The voltage may be positive, zero, or even 
negative, in which case the polarity of v will be opposite to that shown in the 
figure. 

Note the absence of u from the source characteristic of Equation (1.52). 
It takes a load to develop v. The source affects v only indirectly, via the v-i 
characteristic of the load, v = uO's). 

With the orientation shown, the current generator is also said to be sourcing 
current to the load via the top terminal and to be sinking current from the load 
via the bottom terminal. 

The power of a current source is p — vig. If the voltage established by the 
load is positive, the source will release power; if u is negative, the source will 
absorb power. 

The i-v characteristic of a current source is a horizontal line positioned at 
/ = i s ; see Figure 1.29(b). Since its slope is zero, it follows that the dynamic 
resistance of an ideal current source is infinite. 

Varying i s will translate the curve up or down, depending on whether i s 
is increased or decreased. For is = 0 the i-v curve coincides with the v axis. 



Figure 1.29 Current source and its 
i-v characteristic. 
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Open circuit i 



(a) (b) 

Figure 1.30 An open circuit yields 
i = 0 regardless of v. 


where i = 0 regardless of the voltage. This is the characteristic of an open 
circuit, which can thus be regarded as the particular current source for which 
is = 0. As shown in Figure 1.30(a), an open circuit arises whenever we break 
a connection to interrupt current flow. 

A switch is a device that operates as a short circuit when it is closed and 
as an open circuit when it is open. Alternately, we can say that a closed switch 
acts as a 0-V voltage source and an open switch acts as a 0-A current source. 

Current sources are not as readily available as voltage sources such as bat¬ 
teries and power supplies. However, when studying operational amplifiers in 
Chapter 6, we shall learn how to construct a current source using these devices 
as building blocks. In a practical current source, i does vary somewhat with the 
load voltage, indicating that its dynamic resistance r is not infinite. A current 
source with r = oo is referred to as an ideal current source. The larger the 
value of r relative to the other resistances in the surrounding circuit, the closer 
a current source to ideal. 


A Hydraulic Analogy 

To appreciate the difference between voltage and current sources, think of a 
hydraulic analogy in which charge is likened to water, potential to water pressure, 
and current to water flow, 

charge *+ water 

voltage ** pressure difference 

current ** water flow 

Then, an electric circuit can be visualized as a system of interconnected pipes 
in which water pressure and flow are controlled by pumps according to the 
following analogy: 

A current source acts as a pump that maintains a prescribed water flow 
regardless of pressure difference. 

A voltage source acts as a pump that maintains a prescribed pressure dif¬ 
ference regardless of water flow. 


Dependent Sources 



10 r x 


Figure 1.31 Example of a circuit 
with an independent and a dependent 
source. 


A source is said to be dependent if its value is controlled by some voltage 
or current located elsewhere in the circuit. A familiar example is an audio 
amplifier, which delivers at the output jack a voltage v 0 that depends on a 
voltage t>/ applied elsewhere to the amplifier, namely, via the input jack. This 
dependence is of the type v 0 = Avj, where A is called the gain of the amplifier. 
Since vo is designed to depend on V; but not on the particular loudspeaker load, 
the amplifier acts as a dependent voltage source. By contrast, a bench power 
supply and a waveform generator are examples of independent sources because 
their values do not depend on other voltages or currents in the circuit. 

To distinguish dependent from independent sources, we use a diamond¬ 
shaped symbol for the former and the conventional circle for the latter. 
Figure 1.31 shows an example of a circuit containing both an independent 
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and a dependent source. The value of the dependent source is 10iy, where 
vx, the controlling signal, is the voltage appearing across the element X 3 . 

Unless stated to the contrary, we assume that the value of a dependent 
source is linearly proportional to the controlling voltage or current. Figure 1.32 
shows the four possible types of linear dependent sources. In each case the 
controlling variable is a branch voltage vx or a branch current ix appearing 
somewhere else in the circuit, as is shown at the top of the figure. The four 
types are as follows: 


(1) The voltage-controlled voltage source (VCVS), which yields 


v = k v v x 


(1.53a) 


regardless of the load. The constant k v has the dimensions of V/V, that 
is, it is a dimensionless number. 

(2) The current-controlled current source (CCCS), which yields 


i — ki'i x 


(1.53b) 


regardless of the load. The constant kj has the dimensions of A/A, that 
is, it is a dimensionless number. 

(3) The current-controlled voltage source (CCVS), which yields 



(c) (d) 

Figure 1.32 The four types of 
dependent sources: (a) VCVS, 

(b) CCCS, (c) CCVS, and (d) VCCS. 
The branch at the top is the 
coni rolling branch. 


| v = k r i x 


(1.53c) 


regardless of the load. The constant k r has the dimensions of V/A, that 
is, the dimensions of resistance. 

(4) The voltage-controlled current source (VCCS), which yields 


i = kgVx 


(1.53d) 


regardless of the load. The constant k s has the dimensions of A/V, that 
is, the dimensions of conductance. 


You may find it convenient to think of a dependent source as being equipped 
with an intelligent controller that monitors the controlling signal, vx or i x , and 
continuously adjusts its voltage u if it is a controlled voltage source, or its 
current i if it is a controlled current source, in such a way as to ensure 
the prescribed relationship between the controlled and the controlling sig¬ 
nals, regardless of any variations in the controlling signal or in the load. In 
Chapter 5 we shall see that dependent sources are a necessary ingredient in 
the modeling of amplifiers and ideal transformers. Until then, to keep things 
simple, we shall restrict our attention to circuits containing only independent 
sources. 


44 Chapter 1 Basic Concepts 


Voltage Sources in Series 



(a) (b) 


Figure 1.33 Two voltage sources in 
series are equivalent to a single source 
Vs = Usi + US2- 


Two or more voltage sources may be connected in series to increase the amount 
of voltage to be sourced. For instance, connecting two sources as in Fig¬ 
ure 1.33(a), the overall voltage is, by KVL, 

(1.54) 

indicating that the series combination of two sources has the same effect as a 
single source whose value is the sum of the two. This is expressed by saying that 
the two sources are equivalent to a single source of value Vs = usi 4- see 
Figure 1.33(b). If one of the sources, say v$2, is reversed, then vs = Usi — Vsz- 
A common example of voltage sources in series is a car battery, where six cells 
of 2 V each are stacked in series to achieve 12 V. 

Two voltage sources ^ vsz must never be connected in parallel because 
this would violate KVL, at least as long as the sources are assumed to be ideal. 
To satisfy KVL, a voltage-dropping device such as a resistor must be interposed 
between the two unequal sources. This resistor also sets the magnitude of the 
current flowing from one source to the other. When jumping two car batter¬ 
ies, this function is provided by the internal resistance of the batteries and the 
resistance of the connecting cables. 

Note, in particular, that a voltage source v$ ^ 0 must never be short- 
circuited, because a short circuit can be regarded as a 0-V voltage source and 
we have just stated that different voltage sources must never be connected in 
parallel. 



Current Sources in Parallel 

Two or more current sources can be connected in parallel to increase the current 
to be sourced. As shown in Figure 1.34(a), two parallel current sources are 
equivalent to a single source whose value is, by KCL, 

(1.55) 

Reversing the direction of the second source, the net current becomes i s = 

is 1 — * 52 - 

Two current sources isi ^ *52 must never be connected in series because 
this would violate KCL, at least as long as the sources are assumed to be ideal. 




Figure 1.34 Two current sources in parallel are 
equivalent to a single source is = isi + * 52 - 
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In particular, a current source is # 0 must never be left open-circuited, because 
this would be tantamount to connecting it in series with a 0-A current source. 
However, a current source may be short-circuited, in which case is will flow 
through the short circuit and will do so with a voltage drop of 0 V. The forbidden 
source connections are shown in Figure 1.35. 


w sn 




▼ Summary 

• The physical quantities of interest to us are charge q, electric field E, po¬ 
tential v, current i, and power p. Potential is not an absolute but a relative 
quantity because only potential difference or voltage has practical meaning. 
The zero level of potential is commonly referred to as ground potential. 

• Applying a voltage v across a circuit element produces an electric field inside 
the element, which in turn sets mobile charges in motion to produce a current 
i through the element. The power expended to achieve this effect is always 
p = vi. 

• Power may be released or absorbed. An element releases power when 
current inside the element flows from a lower to a higher potential; this is 
referred to as the active sign convention. An element absorbs power when 
current inside the element flows from a higher to a lower potential; this is 
referred to as the passive sign convention. 

• A circuit is a collection of circuit elements that have been connected together 
to serve a specific purpose. A circuit is characterized in terms of its nodes, 
branches, meshes, and loops. Its variables are its branch voltages and branch 
currents, which are generally referred to as signals. 

• The function of the circuit connections is to allow elements to share node 
voltages and branch currents. These voltages and currents satisfy the laws of 
the interconnections, also called Kirchhoffts laws. 

• KCL states that the sum of the currents entering a node must equal the 
sum of the currents leaving it. KVL states that the sum of the voltage rises 
encountered in going around a loop must equal the sum of the voltage drops. 

• In a circuit the sum of all dissipated powers equals the sum of all released 
powers. 

• The function of a circuit is to ensure a prescribed i-v (or v-i) relationship 
at its terminals, called the element law. In general, an element law will be 
nonlinear; however, we are primarily interested in linear elements because the 
equations governing the circuit will then simply be linear algebraic equations. 

• The slope of an i-v curve is always the reciprocal of a resistance called the 
dynamic resistance of the corresponding element. 

• If the i-v characteristic is a straight line, then its slope is constant and it can 
be found as \/R = Ai/Av. If the i-v characteristic is a straight line and it 
goes through the origin, then 1 jR —i/v. 

• Two elements are said to be in series if they carry the same current, in parallel 
if they experience the same voltage. To be in series, two elements must share 
a simple node; to be in parallel, they must share the same node pair. 


(a) (b) 

Figure 1.35 Unequal voltage sources 
must never be connected in parallel, 
and unequal current sources must 
never be connected in series. 
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• Currents and voltages in a circuit are initiated by sources. A voltage source 
maintains a prescribed voltage regardless of the load current, a current 
source maintains a prescribed current regardless of the load voltage. 

• An ideal voltage source has zero dynamic resistance; an ideal current source 
has infinite dynamic resistance. 

• A dependent source is a special type of source whose value is controlled by 
a signal somewhere else in the circuit. 

• Two voltage sources may be connected in series, but never in parallel; two 
current sources may be connected in parallel, but never in series . 


▼ Problems 

1.1 Units and Notation 

1.1 Sketch and label the current signal is = 3[2 sin 3f — 1] A 
versus t, and mark its dc component Is and its ac component i s . 

1.2 (a) Sketch and label versus time a voltage signal 1)5 
whose ac and dc components are, respectively, u s = 0.5 
sin2r V, and V 5 = 10 V. (b) Repeat, but with V 5 changed 
to —3 V. (c) Repeat, but with 1/5 = 0 and v s = 0.5 sin 2t V. 
(d) Repeat, but with V 5 = 10 V and v s = 0. 

1.2 Electric Quantities 

1.3 Find the energy change experienced by an electron as it 
flows from the positive terminal of a car battery, through the 
battery, and out of the negative terminal. Does the energy of 
the electron increase or decrease? Does the battery release or 
absorb energy? 

1.4 A current of 1 A is flowing down a wire with a cross- 
sectional area of 1 mm 2 . If the wire contains 10 23 free electrons 
per cm 3 uniformly distributed throughout the material, what is 
the average speed with which they drift down the wire? 

1.5 The charge entering a certain circuit element is found 
to be q — 5te~' oh C. (a) Find the corresponding current /. 
(b) Find the instant t > 0 at which i is minimum, as well as 
^in- 

1.6 A 12-V car battery is being charged by forcing a current 
of 0.5 A into its positive terminal. Find the energy as well as 
the charge delivered to the battery in 1 h. 

1.7 Assuming the household electric energy costs $0.10/kWh, 
find: (a) the cost of running a 100-W TV set for 8 h/day, for 
a week; (b) the cost of running a 25-W bulb continuously for 
a year. 

1.8 If the current out of the positive terminal of an element 
is i = 5e -10 ' A and the voltage is i> = 3i V, find the energy 
(absorbed or released?) by the element between 0 and 50 ms. 

1.9 If the voltage across an element is v = 10e _5f V and 
the current entering its positive terminal is i = 3u A, find the 


energy (absorbed or released?) by the element between 0.1 and 
0.5 s. 

1.10 Devices Xj and X 2 share a voltage u and a current i 
as in Figure PI.10. (a) If v = 10 V and i = 2 A, what is the 
power exchanged by the two devices? Which device delivers 
and which absorbs power? (b) If i is due to electron flow, 
state whether electrons enter Xi and leave X 2 via the top or 
the bottom terminal. 


i 
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Figure PI.10 

1.11 In Figure PI.10 find the power at the interconnection 
and state whether power is flowing from X] to X 2 or from X 2 
to Xi for each of the following cases: (a) 11 = 5 V, i = 4 
A; (b) v = 5 V, i = —2 A; (c) v = —24 V, i = 5 A; 
(d) v = -12 V, i = -2 A; (e) it = 0 V, i = 10 A; (f) v = 220 
V, i = 0 A. 

1.12 In Figure PI. 10 let u = 10sin27rl0 3 f V and i = 
5cos2;rl0 3 f A. (a) Sketch v, i, and p versus t. (b) Iden¬ 
tify the time intervals during which power is transferred from 
X) to X 2 and those during which it is transferred from X 2 
to X]. (c) Find the maximum instantaneous power exchanged 
between X) and X 2 . 

1.13 Repeat Problem 1.12 if v = 10sin2jrl0 3 / V and i = 
5sin(2jrl0 3 t — jr/4) A. 

1.3 Electric Signals 

1.14 A pulse-train current alternates betwen 0 and 1 mA 
with a 25% duty cycle and a frequency of 1 kHz. Sketch 
its waveform and calculate the net charge transferred between 
t = 0 and / = 5 ms. 
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1.15 (a) Write the mathematical expression for a waveform 
that alternates sinusoidally between —5 mA and 0 mA with a 
frequency of 1 kHz. (b) Repeat, but for a waveform alternat¬ 
ing sinusoidally between —10 V and —15 V with a period of 

1 pL s. 

1.16 (a) Find the average value of u = 100e -lt)3f V between 
t\ = 0 and t 2 — 1 ms. (b) Repeat, but for t\ = 0 and t 2 = 

2 ms. 

1.17 Find the average value of v = 10e _1 ° 3 ' V between the 
instant in which u = 9 V to the instant in which u = 1 V. 

1.18 Find the average value of i = 20(1 - e~ 500f ) mA be¬ 
tween f| = 1 ms and t 2 = 3 ms. 

1.19 Find the average value of i — 100(1 — e~ 500f ) mA 
between the instant in which i — 0 mA and the instant in 
which i = 50 mA. 

1.20 A signal alternates abruptly between —1 V and +2 V 
with a duty cycle d. (a) Sketch the waveform, and find its 
full-cycle average if d = 25%, 50%, 15%. (b) For what value 
of d is the full-wave average zero? 

1.21 Sketch and label the periodic waveform defined as 
v(t) = V m sin(2j xt/T) for 0 < t < 7/2, v(t) = 0 for 7/2 

< t < 7, and v{t ±nT) = u(r) for all t and « = 1, 2, 3. 

This waveform is called a half-wave rectified voltage wave¬ 
form. Find its full-cycle average. 

1.22 Sketch the waveform u(f) = 170|sin 120 jt/|, called a 
full-wave rectified ac voltage waveform. What is its period? 
What is its full-cycle average? 

1.23 Sketch and label the waveform i(t) = lOsin 2 2jt 10 3 r A. 
Find its period and its full-cycle average. 

1.24 Sketch the periodic voltage waveform defined as v (t ) = 

4e~‘ V for 0 < t < 1 s , and v(t ± nl) = u(r) for all t and 
n = 1,2, 3 .Find its full-cycle average. 

1.25 Find the full-cycle average of the waveform of Fig¬ 
ure P1.25. 


®<V) 



1.26 Find the full-cycle average of the waveform of Fig¬ 
ure P1.26. 


v(V) 



Figure PI .26 


1.27 In the circuit of Figure PI.27: (a) identify all nodes and 
state which ones are simple nodes; (b) identify all loops and 
state which ones are meshes; (c) identify all elements connected 
in series and all elements connected in parallel. 



Figure PI .27 

1.28 Repeat Problem PI.27 for the circuit of Figure PI.28. 



Figure PI.28 


1.29 Given the branch current values shown in Figure PI.29, 
use KCL to find the magnitudes and directions of all remaining 
branch currents in the circuit. 

2 A 5 A 



Figure PI.29 


1.4 Electric Circuits 


1.5 Kirchhoff's Laws 
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1.30 Repeat Problem PI.29 if the branch current at the top 
left is changed from 2 A (^) to (a) 8 A (<-); (b) 2 A (—»•); 
(c) 0 A. 

1.31 Given the branch current values shown in Figure PI .31, 
use KCL to find the magnitudes and directions of all remaining 
branch currents. 


5 A 



Figure PI .31 


1.32 Repeat Problem PI .31 if the branch current at the center 
is changed from 4 A 4) to (a) 4 A (f); (b) 1 A 4); (c) 0 A. 

1.33 Given the branch voltage values shown in Figure PI.33, 
use KVL to find the magnitudes and polarities of all remaining 
branch voltages in the circuit. 


+ 4 V- 



Figure PI.33 


1.34 (a) Repeat Problem PI.33 with the polarity of the 4-V 
branch voltage reversed, (b) Assuming the node at the bottom 
center is the reference node, show the magnitudes and polarities 
of all node voltages in the circuit. 

1.35 Given the branch voltage values shown in Figure PI.35, 
use KVL to find the magnitudes and polarities of all remaining 
branch voltages in the circuit. 



Figure PI.35 


1.36 (a) Repeat Problem PI.35 with the polarity of the 2-V 
branch voltage reversed, (b) Assuming the bottom node is the 
reference node, show the magnitudes and polarities of all node 
voltages in the circuit. 

1.37 (a) Find all unknown branch voltages and branch cur¬ 
rents in the circuit of Figure PI.37. (b) Verify the conservation 
of power, 

1 A 



2 A 


Figure PI.37 

1.38 (a) Assuming the branch at the left of Figure PI.38 is 

absorbing 6 W, find all unknown branch voltages and branch 
currents, (b) Verify the conservation of power. 



Figure PI.38 

1.39 (a) Assuming the branch at the top of Figure PI.38 is 

releasing 9 W, find all unknown branch voltages and branch 
currents, (b) Verify the conservation of power. 
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1.6 Circuit Elements 

1.40 Assuming a rectifier diode has Vj = 26 mV, what is 
the value of I s that will cause it to conduct /' = 1 mA with 
v = 0.700 V? 

1.41 At what current does a rectifier diode exhibit a dynamic 
resistance of 1 £2? 1 kS2? 1 M£2? 

1.42 A zener diode has Vzk = 10 V and Rz = 150 £2. 
(a) Find v for i — 10 mA. What is the corresponding power 
dissipated by the diode? (b) Find i for u = 10.6 V. What is 
the corresponding power dissipated by the diode? 

1.43 At i = 1 mA a zener diode develops v — 6.2 V, and at 
u = 7 V it draws i — 5 mA, (a) Find ( at v — 6.5 V; (b) find 
t; at i — 3 mA. 

1.44 The nonlinear MOSFET resistor of Figure 1.24 has 
Vj = 2 V and £ = 0.1 mA/V 2 . What is its dynamic re¬ 
sistance at (a) / = 10 mA? (b) i — 1 mA? (c) i —> 0 mA? 
(d) v = 3 V? 

1.45 With v — 4.5 V a nonlinear MOSFET resistor draws 
i — 0.4 mA and exhibits a dynamic conductance of 0.4 mA/V. 
(a) What is its dynamic conductance at / = 1 mA? (b) For what 
value of v does it have a dynamic conductance of 1 mA/V? 

1.46 With j = 0.25 mA a nonlinear MOSFET resistor ex¬ 
hibits a dynamic resistance of 2 k£2. (a) What is its dynamic 
resistance at i — 1 mA? (b) For what value of i does it have a 
dynamic resistance of 10 k£2? 

1.47 An element is known to have an i-v characteristic of 
the type i = (u//f) x (1 — v/2V p ) for 0 < n < V p , with R and 
V p suitable device parameters. If it is found that f (0.5 V) = 
1.75 mA and /'(l.5 V) = 3.75 mA, find the values of R and 
V p , in SI units. 

1.48 An element has the i-v characteristic i — (u/100) x 
(1 — u/5). What is its dynamic resistance at u = 0? 2 V? 
2.5 V? 


1.7 Sources 

1.49 Suppose it is found that the 2-V source of Figure PI.49 
is delivering 6 W of power, (a) Find the magnitude and di¬ 
rection of the current i around the loop, (b) Find the power 
(delivered or absorbed?) by the 6 V source and by the X[ 
element. 



Figure P1.49 

1.50 Repeat Problem 1.49, but for the case in which the 2-V 
source is found to be absorbing 10 W of power. 

1.51 Suppose it is found that the 5-A source in Figure PI.51 
is delivering 10 W of power, (a) Find the magnitude and 
polarity of the voltage across X \. (b) Find the power of the 
3 A source and that of Xj. Are these powers delivered or 
absorbed? 



Figure PI .51 

1.52 Repeat Problem 1.51 if it is found that the 5-A source 
is absorbing 6 W. 

1.53 (a) Find the power exchanged by the two sources of 
Figure PI.53. Which source is delivering and which is absorb¬ 
ing power? (b) Repeat, but with the terminals of the current 
source interchanged, so that its arrow is now pointing down¬ 
ward. 



1.54 With the switches in the positions shown, the bulb of 
Figure PI.54 glows, (a) Show two different ways of turning 
the bulb off. (b) For each way of (a), show two different ways 
of turning the bulb back on. (c) Suggest an application for this 
switch arrangement in a home. 


SW| sw 2 



i 


Figure PI .54 




Resistive Circuits 


2.1 Resistance 

2.2 Series/Parallel Resistance Combinations 

2.3 VOLTAGE AND CURRENT DIVIDERS 


2.4 Resistive Bridges and Ladders 

2.5 Practical Sources and loading 

• 2.6 Instrumentation and Measurement 


H aving familiarized ourselves with the concepts of circuit and circuit el¬ 
ement, we are now ready to examine circuits based on the simplest and 
yet most widely used circuit element: the linear resistor. As implied 
by the name, its distinguishing feature is the ability to resist the flow 
of current in such a way as to maintain a relationship of linear proportionality 
between current and voltage. The most important consequence of this type of 
relationship is that the equations governing the behavior of resistive circuits are 
linear algebraic equations, the simplest type of equations. 

After introducing the concept of resistance and examining its physical foun¬ 
dations, we turn our attention to series and parallel resistance combinations, 
voltage and current dividers, and other configurations of practical interest such 
as bridges and ladders. 

The study of resistive circuits offers us the opportunity to introduce the 
important engineering concepts of equivalence and modeling, concepts that we 
exploit to simplify the analysis of more complex networks as well as to facilitate 
our understanding of practical sources and measurement instrumentation. The 
section on instrumentation, at the end of the chapter, is intended for students 
concurrently enrolled in a lab, but it can be omitted without loss of continuity. 



(a) 



(b) 


Figure 2.1 Resistor and circuit symbol 
for resistance. 


2.1 Resistance 

Resistance, denoted as R, represents the ability to oppose current flow. Circuit 
elements specifically designed to provide this function are called resistors. As 
shown in Figure 2.1(a), a resistor consists of a rod of conductive material such as 
carbon composition, though a variety of other materials and shapes are common. 
Figure 2.1(b) shows the circuit symbol for resistance, along with the reference 
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polarities for voltage and current, which are those of the passive sign convention 
defined in Section 1.2. 


Ohm's Law 


When subjected to a test voltage v as in Figure 2.2(a), a resistance R conducts 
a current i that is linearly proportional to the applied voltage, 

( 2 . 1 ) 


and whose direction is always out of the source’s positive terminal, through the 
resistance, and into the negative terminal. Clearly, the larger the value of R 
the smaller the current for a given applied voltage. The SI unit of resistance is 
the ohm (A), named for the German physicist Georg S. Ohm (1787-1854). By 
Equation (2.1), 1 A = 1 V/A. Conversely, when subjected to a test current i as 
in Figure 2.2(b), a resistance develops a voltage u that is linearly proportional 
to the applied current. 




(a) (b) 


Figure 2.2 Resistance subjected to: 
(a) a test voltage v, and (b) a test 
current i. 



and whose polarity is such that the positive side ofv is that at which current enters 
the resistance, and the negative side that at which current exits the resistance. 
Clearly, the smaller the resistance the smaller the voltage drop for a given applied 
current. A relationship of linear proportionality between voltage and current is 
referred to as Ohm’s Law, and the voltage drop developed by a resistance is 
called an ohmic voltage drop . 

In applying Ohm’s Law we must pay careful attention to the direction of i 
relative to the polarity of v, and vice versa. Since the resistance is a dissipative 
element, it must conform to the passive sign convention, that is, current must 
always flow from a higher to a lower potential. Figure 2.3 depicts a very common 
situation: a resistance R is connected between nodes A and B of an otherwise 
arbitrary circuit, and we wish to apply Ohm’s Law to it. If the form i = v/R is 
desired, then we must write 





(2.3) 


In words, the current equals the voltage at the tail minus the voltage at the 
head of the arrow, divided by the resistance. Writing it as (* = (v B - v A )/R 
would be an intolerable mistake! Conversely, if the form u = Ri is desired, 
then we must write 


V A - V B = Rift 


(2.4) 


‘R 



Figure 2.3 Applying Ohm’s 
Law to a resistance embedded 
in a circuit: v A — vg = Rir, or 
iR = (iM * v b )/R. 


In words, the voltage at the tail minus the voltage at the head of the arrow 
equals the product of the resistance and the current. Writing v B — v A = Rir 

would again be intolerable. If, for some reason, we want the voltage difference to 
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appear as v B - v A , then we must write v B -v A = -Rip, or i R = ~(v B - v A )/R. 
When in doubt, think of a resistor as a water pipe, with water flow likened to 
current and water pressure to potential. The tendency of water to flow from re¬ 
gions of higher pressure toward regions of lower pressure offers an easy means 
for relating current direction and voltage polarity. 


The i-v Characteristic 

The i-v characteristic of the resistance is shown in Figure 2.4(a). This is a 
straight line with slope \/R, in agreement with the statement of Section 1.6 that 
the slope of an i-v curve is always the reciprocal of a resistance. The line goes 
through the origin, and its slope is constant throughout. 


I 





(b) (c) 

Figure 2.4 The i-v characteristic of (a) a resis¬ 
tance R, (b) a short circuit (R — 0), and (c) an 
open circuit (R = oo). 


If R is small the slope will be very steep. In the limit R 0 the line 
will coalesce with the i axis, where v = 0 regardless of /. This is shown in 
Figure 2.4(b). As we know, this is the characteristic of a short circuit. 

Conversely, if R is large, the line will lie almost flat. In the limit R -> oo 
the line will coalesce with the v axis, where i = 0 regardless of v. This is shown 
in Figure 2.4(c). As we know, this is the characteristic of an open circuit. Note 
that removing a resistance R from a circuit is equivalent to setting R = oo, 
not R = 0! As we know, a switch functions as a short circuit when closed, 
and as an open circuit when open. A fuse functions as a short circuit under 
normal operating conditions. However, should its current exceed a prescribed 
limit called the fuse rating, the heat resulting from excessive power dissipation 
will cause the fuse to blow and thus become an open circuit. 












2.1 


Conductance 

For occasional use it is convenient to work with the reciprocal of resistance 


1 




R 


(2.5) 


Aptly called conductance, it represents the ability of a circuit element to con¬ 
duct. Its SI unit is the siemens (S), named for the German-bom British inventor 
Karl W. Siemens (1787-1883). Clearly, 1 S = 1 A/V = 1 £2 -1 . Conductance 
represents the slope of the i-v characteristic. Note that had we chosen to plot v 
versus i instead of i versus v t then the slope of the resulting v — i characteristic 
would have been R, or 1/G. 


Power Dissipation 

Resistors absorb energy and convert it into heat. In fact, resistance could also 
be defined as the ability of a circuit element to dissipate power. Ohmic heating 
is exploited on purpose in home appliances such as ranges, toasters, hair-dryers, 
irons, and electric heaters. In electronic circuits and instrumentation, however, 
ohmic heating can lead to intolerable temperature rise and cause damage to 
the components. This explains the reason for using cooling fans in certain 
instruments or air conditioning in larger computer installations. 

The instantaneous power dissipated by a resistor is 


p = vi 


( 2 . 6 ) 


This can be expressed in terms of R and i by writing p = { Ri)i or 


p = Ri Z 


(2.7) 


Likewise, power can be expressed in terms of R and v by writing p = v(v/R) 
or 



( 2 . 8 ) 


The wattage rating of a resistor represents the maximum power that it can 
safely dissipate before it is damaged due to overheating. This rating depends 
on the resistive material as well as the resistor’s physical size, and is provided 
by the manufacturer in accordance with the code discussed in Appendix 1. To 
prevent damage, one must ensure that in any given application the rated wattage 
is never exceeded. 


Resistance 53 
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Example 


2.1 


(a) What is the maximum voltage that can safely be applied across 
a 10-kf2, 1/4-W resistor? 

(b) What is the maximum current that can be forced through the 
same? 


Solution 


(a) By Equation (2.8), v = +/Rp. Letting p = p max — 0.25 W 
yields u max = s/Rp mA x = V10 x 10 3 x 0.25 - 50 V. 

(b) Likewise, Equation (2.7) yields i max - sfp^JR = 5 mA. 


1 


Exercise 2.1 If a resistor dissipates 32 mW when conducting a current 
of 4 mA, what is its resistance and its voltage? 

ANSWER 2 kn, 8 V. 


• Conduction 


0 



Figure 2.5 Illustrating electron 
conduction. 


Since conduction is at the basis of resistors as well as other devices that you 
will study in subsequent electronics courses, it is worth examining in detail. In 
conductive materials such as copper and carbon, atoms occupy fixed positions 
of an orderly crystal lattice and are so closely spaced that their outer electron 
shells overlap. The electrons of these shells, called valence electrons and no 
longer belonging to any particular atom, are free to wander from atom to atom 
throughout the material. A conductor is thus visualized as a periodic array of 
tightly bound ions permeated with a gas of free valence electrons. 

As a consequence of thermal agitation, ions vibrate about their lattice posi¬ 
tions while the free electrons wander around erratically, continuously colliding 
with the vibrating ions and changing direction. Since electron motion is random 
in all directions, the net electron flow through any reference plane is, on average, 
zero. 

Consider now the effect of applying a voltage v across a rod of conductive 
material having length l and cross-sectional area 5, as shown in Figure 2.5. 
This creates an electric field of strength E = vjl, which in turn accelerates the 
free electrons toward the left. Their velocity would increase indefinitely, were 
it not for the collisions with the bound ions, at each of which the electrons lose 
energy and change direction. Consequently, a steady-state condition is reached 
in which a net electron drift toward the left is superimposed on the random 
thermal motion. The average drift velocity u is proportional to the strength E 
of the applied field, 


u = fi n E 


(2.91 
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The proportionality constant p„, aptly called the mobility, provides a measure 
of the ease with which free electrons drift inside a material under the effect of 
a given field. 

To find the current i, we can ignore the random motion and assume the 
electrons to be uniformly drifting at the velocity u toward the left. Since they 
are negative, the direction of i will be toward the right. Its magnitude is found by 
calculating the amount of charge dq crossing the area S in time di. Consider the 
electrons that cross S at time t. At time t + dt these electrons will have reached 
S', whose distance from S is di = udt. Clearly, all the electrons that have 
crossed S between t and t + dt are contained within the volume between S and 
S’. Their number is thus dn = nS dt, where n is the free electron density, that is, 
the number of free electrons per unit volume, and S dt is the volume between S 
and S'. Multiplying dn by the electron charge q yields dq = nqSdt = nqSu dt. 
Substituting u = p„E = p„vj£ and letting / = dq/dt finally yields 


S 

i = nqp n —v 


( 2 . 10 ) 


This confirms that current is linearly proportional to the applied voltage. To 
stress the fact that voltage is the origin of the force that drives current, a battery 
voltage is also called electromotive force, or emf for short. 

Comparing Equations (2.1) and (2.10) allows us to write 



(2.11a) 


1 

P = - 

nqfi n 


(2.11b) 


where p, called the resistivity, represents the intrinsic ability of the given ma¬ 
terial to resist current flow. The SI units of p are £2 x m. The reciprocal of p, 
denoted as a and called the conductivity, represents the intrinsic ability of the 
material to conduct. Clearly, 


a — nqp n 


( 2 . 12 ) 


indicating that what makes a material a good conductor is a high free electron 
density n and a high electron mobility p n . 

Similar considerations hold for the case of positive mobile charges such 
as holes in p-type silicon. The only difference is that n must be replaced by 
p, the free hole density, and fx n by p p , the hole mobility. Thus, the conduc¬ 
tivity of p-type silicon is a = pqp p . If the material contains both positive 
and negative mobile charges, then a = pqp p + nqp„ = q(pp p + np„), and 
p = \/[q(pp p +np n )]. 

The reason for expressing R as in Equation (2.11a) is to evidence its de¬ 
pendence on the type of material, or p, as well as its physical dimensions £ 
and S. In this respect it is helpful to liken a resistor to a pipe. The amount of 
fluid flow through the pipe for a given pressure difference between its extremes 
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depends on fluid parameters such as viscosity as well as on the pipe diameter 
and length. The shorter and thicker the pipe, the greater the amount of flow for 
a given pressure difference. 



Example 


2.2 


A copper wire having l = 10 cm and 5=1 mm 2 carries a current of 
1 A. Assuming n = 8.5 x 10 22 cm* 3 and p = 1.7 x 10 -6 Q-cm, find: 

(a) the resistance R of the wire; 

(b) the voltage v across the wire; 

(c) the electric field inside the wire; 

(d) the electron drift velocity u. 


Solution 

(a) R = p{l/S) = 1.7 x 10“ 6 x 10/(0.1) 2 = 1.7 mfl. 

(b) v = Ri = 1.7 x 1CT 3 x 1 = 1.7 mV. 

(c) E = v/l = 1.7 x 1(T 3 /10 = 1.7 x 10 4 V/cm. 

(d) p n = 1 jnqp = 1/(8.5 x 10 22 x 1.602 x 10 -19 x 1.7 x 10 6 ) = 
43.2 cm 2 V-V; u = p n E = 43.2 x 1.7 x 1CT 4 = 

7.34 x 10 -3 cm/s = 26.44 cm/hour. 


Exercise 2.2 Pure silicon has both negative and positive mobile 
charges, and at room temperature n — p = 1.45 x 10 10 cm -3 . Assuming 
/x„ = 1350 cm 2 V' 1 s“ 1 and p p = 480 cm 2 V _1 s‘* 1 , find the resistance of 
a silicon pellet having t = 1 mm and S = 1 cm 2 . 

ANSWER 23.52 ka 


In general, all practical circuit elements, including capacitors and inductors 
to be studied later, exhibit a small series resistance and a large parallel resistance. 
Called stray or parasitic resistances, they can sometimes affect circuit behavior 
appreciably. In power devices the series resistance of the leads may be of 
concern. However, if the leads are fabricated with highly conductive material 
like copper and are kept sufficiently short and thick, their ohmic drops can often 
be ignored in comparison with the other voltages in the circuit. 

Practical Resistors and Potentiometers 

Practical resistors obey Ohm’s Law only as long as i and v are confined within 
certain limits. For obvious reasons, a resistor whose v/i ratio is constant regard¬ 
less of the magnitudes of v and i is referred to as ideal. The closer a practical 
i—v characteristic to a straight line, the closer the corresponding resistor to ideal. 
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By proper selection of p, S, and £, resistors can be manufactured in a 
wide variety of values, power ratings, and performance specifications. Discrete 
resistors usually come in cylindrical shape. In integrated-circuit technology they 
are fabricated by depositing a thin layer of conducting material on a common 
insulating material called substrate. Commonly available resistance values range 
from fractions of ohms to megaohms. See Appendix 1 for the standard resistance 
values and color codes. 

Variable resistors are usually implemented by varying £. A potentiometer, 
or pot for short, is a bar of resistive material with a sliding contact, or wiper, 
of the type already encountered in Figure 1.2. The bar is often fabricated in 
circular shape and the sliding contact is fixed to a shaft to provide rotational 
control. The circuit symbol for the potentiometer is shown in Figure 2.6(a), 
where R , the potentiometer rating, represents the resistance between the extremes 
A and B. 

Varying the wiper setting varies its distance from either extreme, thus in¬ 
creasing the resistance between the wiper and one extreme while decreasing 
that between the wiper and the other extreme. Connecting the wiper to one 
of the extremes as in Figure 2.6(b) configures the potentiometer as a variable 
resistance between 0 and R. Variable resistance is often represented with the 
simplified symbol of Figure 2.6(c). 


A A 



(a) (b) (c) 

Figure 2.6 (a) Circuit symbol for 
the potentiometer; (b) its connection 
as a variable resistance; (c) circuit 
symbol for a variable resistance. 


2.2 Series/Parallel Resistance Combinations 

Series and parallel resistance combinations appear so frequently, especially as 
subcircuits, that they are worthy of special consideration. The study of these 
combinations leads to the important concept of equivalence, which we shall 
often exploit to facilitate the analysis of more complex circuits. 


Resistances in Series 


The resistances of Figure 2.7(a) share a simple node and thus carry the same 
current i. If we go around the loop clockwise, we encounter a voltage rise across 
the test source and two voltage drops across the resistances. By KVL, the rise 
must equal the sum of the drops, v = v R| + vr 2 . Using Ohm’s Law, this can be 
rewritten as v = Rti + Rii = (R i + 7f 2 )t, or 

v = R,i (2.13) 



v< 



R s — R\ + Ri 


(2.14) 


Equation (2.13) indicates that the composite circuit consisting of two resistances 
in series exhibits the same v-i relationship as a single resistance, aptly called 
the equivalent resistance, whose value is related to the individual values by 
Equation (2.14). 

Note that R s is greater than either R] or Rj, indicating that placing resis¬ 
tances in series increases the overall resistance. This can be justified physically 
by assuming R] and Rj to be bars of identical material and cross-sectional area, 


(a) (b) 

Figure 2.7 Two resistances in series 
are equivalent to a single resistance 
R s = Ri 4- /?2- 
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and Lengths i\ and l 2 . Connecting them in series yields a bar of length t\ + li¬ 
lts resistance is then R s = p(l x + l 2 )/S = pl\/S + pi 2 }S = R\ + R 2 . 

Note that if R 2 = R 1, then R s = 2R\. Moreover, if one of the resistances 
is much larger than the other—say, at least an order of magnitude larger —then 
the smaller one can be ignored and R s will essentially coincide with the larger 
of the two. Thus, if 


Ri » R 2 (2.15a) 

(say, R\ > 10/?2), then we can write 

R s ^ rti (2.15b) 

where ~ means “approximately equal to.” For example, if R\ = 150 £2 and 
R 2 = 10 £2, then R s ~ 150 Q. Likewise, if = 3 k£2 and R 2 = 100 k£2, then 
R. t — 100 k£2. Keep these simple observations in mind to help develop a feel 
for how circuits operate. 


Example 2.3 

In the circuit of Figure 2.7(a) let v = 10 V, Ri = 2 kQ, and R 2 = 3 k£2. 
Find R s , i, v Rl , and v Rl . Hence, use KVL to check the results. 


Solution 

R s —2+3 = 5 k£2; / = 10/5 — 2 mA; u*, = 2 x 2 = 4 V (+ at the top); 
v Rl = 3 x 2 = 6 V (+ at the top). As a check, 4 V + 6 V = 10 V, 
indicating that KVL is satisfied, as it should be. 


Series resistance combinations are useful when one runs out of specific 
resistance values. For instance, if you need a 30-k£2 resistance but this value 
is unavailable, you can synthesize it by connecting a 20-k£2 resistance in series 
with a 10-k£2 resistance. 

This principle is also exploited in resistance adjustments. For instance, if 
you need a 100.0-kQ resistance but you only have resistors with a 5% toler¬ 
ance, you can use a 91-k£2 standard resistance in series with a 20-k£2 poten¬ 
tiometer connected as a variable resistance. The combination of the two will 
yield a resistance nominally variable from 91 k£2 to 111 k£2, which can be 
adjusted to the desired value exactly. 

The foregoing considerations can easily be generalized to the case of n 
resistances in series. By Ohm’s Law, each resistance develops a voltage drop 
proportional to the resistance itself, and by KVL the sum of all drops must equal 
the applied voltage. The overall series resistance is 


Rs — Rl + ^2 + * • ' + Rn 


If all resistances are equal to R\, then R s = nR\. 


(2.16) 
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Resistances in Parallel 


The resistances of Figure 2.8(a) share the same node pair and thus develop 
the same voltage v. The current from the test source splits between the two 
resistances, so we can use KCL and write i = if f| + Ir 2 . By Ohm’s Law, this 
can be rewritten as i = v/R\ + V/R 2 = U/R\ + \/R 2 )v, or 


r = V 


(2.17) 


1 _ i 1 

J~ p ~T i + T 1 


(2.18) 


Equation (2.17) indicates that the composite device consisting of two resistances 
in parallel behaves like a single equivalent resistance R p , whose value is related 
to the individual resistances by Equation (2.18). This is often expressed in short 
form as 


R P = * 1 II Ri 


(2.19a) 


Since 1 jR p = (R] + R 2 )/(R\R 2 ), Equation (2.18) can also be expressed as 


R P = 


R\ Ri 
R\ + 7?2 


(2.19b) 


However, when using the pocket calculator with the reciprocal function \/x, it 
is preferable to use the form of Equation (2.18). 

Note that R p is smaller than either R\ or R 2 , indicating that placing resis¬ 
tances in parallel decreases the overall resistance. This makes sense, because 
current now has more than one path along which to flow. We can also jus¬ 
tify this result by assuming R\ and R 2 to be bars of identical material and 
length, but cross-sectional areas S| and S 2 . Connecting them in parallel yields 
a bar of overall cross-sectional area 5] + S 2 , whose resistance R p is such that 
1 /R P = (5, + S 2 )/{pi) = Sy/ipi) + S 2 /ipt) = \/R\ + 1/^2- 



Figure 2.8 Two resistances in parallel are 
equivalent to a single resistance R p such 
that 1 jR p = \!R\+ \/R 2 . 
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Note that if R 2 = R\, then R p = R\/2. Moreover, if one of the resistances 
is much smaller than the other, say, at least an order of magnitude smaller, then 
the larger one can be ignored and R p will essentially coincide with the smaller 
of the two. Thus, if 


R\ R 2 (2.20a) 

(say, R) < 0.1 # 2 ) then we can write 

R p ~ R] (2.20b) 

As an example, if R\ = 10 £2 and R2 = 150 £2, then R p 2 ; 10 £2. Likewise, if 
/? 1 = 100 k£2 and R 2 = 3 k£2. then R p ~ 3 k£2. You are again encouraged to 
keep these observations in mind for future use. 


V 


Example 


2.4 


What resistance must be placed in parallel with 10 £2 to achieve 7.5 £2? 


Solution 


Let R\ = 10 £2 and let R 2 be the unknown resistance. Then, by 
Equation (2.18), we have \/R 2 = 1//?^ — l//?i = 1/7.5 — 1/10 = 1/30. 
Thus, the required parallel resistance is 30 £2. 


1 


Exercise 2.3 In the circuit of Figure 2.8(a) let i = 3 mA, R\ = 2 k£2, 
and /?2 = 10 k£2. Find R p , v, Ir { , and ig 2 . Use KCL to check your 
results. 

ANSWER 1.667 k£2, 5 V, 2.5 mA (|), 0.5 mA (J,). 


The preceding considerations can easily be generalized to the case of n resis¬ 
tances in parallel. By Ohm’s Law, each resistance conducts a current inversely 
proportional to the resistance itself, and KCL requires that the sum of all currents 
equal the applied current. Then, the overall parallel resistance is such that 


1 1 

1 

1 

- — = - 

+ 

+ 

' ”1- 

Rp Ri 

Ri 

Rn 


( 2 . 21 ) 


If all resistances are equal to /?i, then R p — R\/n. Equation (2.21) can be 
restated in terms of conductances as 


G p = Gi 4- G 2 4- • * • 4- G 


( 2 . 22 ) 
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In a series configuration the resistances add up, and in a parallel configuration 
the conductances add up. As a general rule, the formalism will be simpler if 
we work with resistances when dealing with series topologies and with conduc¬ 
tances in parallel topologies. 


Series/Parallel Resistance Combinations 

A resistive network consisting entirely of series and parallel combinations can, 
by repeated use of Equations (2.16) and (2.21), be reduced to a single equivalent 
resistance R eq —that is, a resistance having the same i-v characteristic as the 
entire network. We can then apply Ohm’s Law to this equivalent resistance 
to find, for instance, the current drawn by the network in response to a given 
applied voltage or the power dissipated by the network. 

In engineering parlance R Cii is referred to as the resistance seen between the 
designated terminals of the network. It is customary to indicate the equivalent 
resistance of a network or of a portion thereof by means of an arrow pointing 
toward the network itself, or portion thereof. An example will better illustrate. 




Example 


2.5 


(a) Using series/parallel reductions, find the equivalent resistance of 
the network of Figure 2.9(a). 



(a) 



(b) 


Figure 2.9 A network of series/parallel resistance combinations is 
equivalent to a single resistance /f e q. 


(b) Find the current drawn by the network when its terminals 
are connected to a source 115 = 15 V. Hence, find the power 
dissipated by the entire network. 


Solution 

(a) When applying series/parallel reductions, it is convenient to start 
from the branch farthest away from the terminals and work 


62 Chapter 2 Resistive Circuits 


backward toward the terminals themselves. This leads us through 
the following steps, illustrated in Figure 2.10: 

(1) Since the 10-£2 and 30-£2 resistances in Figure 2.9(a) are in 
parallel, their combined resistance is R\ = 10 || 30 = 7.5 £ 2 . 
The network thus reduces as in Figure 2.10(a). 

(2) Since R] is in series with the 2-£2 and 0.5-£2 resistances, 
their combined resistance is R 2 = 2 4- 7.5 + 0.5 = 10 £2. 
The network thus reduces as in Figure 2.10(b). 

(3) Since R 2 is in parallel with the 12-£2 and 15-£2 resistances, 
their combined resistance is found using Equation (2.21). 
Thus, 1/R 3 = 1/12 + 1/15 + 1/10 = 1/(4 £2), so the 
network reduces as in Figure 2.10(c). 

(4) Finally, since R 3 is in series with the l-£2 resistance, we 
have R eq = 1 + 4 = 5 £2. 



0.5 £2 


(a) (b) (c) 

Figure 2.10 Step by step reduction of the network of Figure 2.9(a). Note 
the use of arrows in the original network to designate intermediate 
equivalent resistances. 


(b) / = Vs/R eq = 15/5 =3 A; p — R cq i 2 = 5 x 3 2 = 45 W. 


1 


Exercise 2.4 In the circuit of Figure 1.11, let Xi through X 5 be 
resistances with values 1 £2, 2 £2, 3 £2, 4 £2, and 5 £2, and let X 6 be a 
21-A current source pointing upward. Sketch the circuit. Then, starting 
from the left and working your way toward the source, use series/parallel 
resistance reductions to find the voltage across the source. 

ANSWER 55 V (positive at the top). 


The series/parallel reduction procedure is especially useful when we seek 
quantities associated with the applied source, such as the resistance seen by the 
source, the voltage or current at its terminals, or the power supplied by the 
source. 
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The Proportionality Analysis Procedure 

A resistive network enjoys the property that when connected to a source, all its 
branch voltages and currents are linearly proportional to the source. Though this 
property will be addressed more systematically in Section 3.4, we exploit it here 
to find all voltages and currents in a network of series and parallel resistance 
combinations. To this end, we start from the branch farthest away from the 
source; working our way back toward the source, we express all remaining 
voltages and currents in terms of the voltage (or current) of this one branch via 
the repeated use of Ohm’s and Kirchhoffs Laws. Once we reach the source, 
we end up with a relationship between this one branch and the source, which is 
readily solved for the branch voltage (or current). Finally, we use this result to 
find all remaining voltages and currents in the circuit. 


Example 2.6 

(a) If the network of Figure 2.9(a) is connected to a 15-V source, 
find all node voltages and branch currents. 

(b) Verify the value of R eq found in Example 2.5. 


1 


15 







2 

vW 





0.5 

-vW“ 


v c 



*6 


Figure 2.11 Finding all currents and voltages in a network 
consisting of series/parallel resistance combinations. 


Solution 

(a) Sketch the circuit as in Figure 2.11, where the physical units are 
[V], [0], and [A]. Next, label all branch currents and essential 
nodes, including the reference node, as shown. Then, starting 
from the branch farthest away from the source, express all 
branch currents and node voltages in terms of if, via the repeated 
use of Ohm’s Law, KVL, and KCL: 

• Q: v B -v c = 30/6 

• £2: i 5 = - i>c)/10 — 3t 6 

• KCL: 14 = 15 4 - if, = 4 (5 

• KCL: 17 = 15 + t 6 = 4(5 

• KVL: V/f = 2/4 H - IO/5 + O. 5/7 = 40ig 

• Q: (3 = i>a /15 = (8/3)15 

• / 2 = v a /\2 = (10/3)( 6 
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• KCL: 11 = r'j + (3 +14 = 10i6 

• KVL: 15 = 1 /j + 12 i 2 = 50/ 6 

The last equation yields i 6 = 15/50, or 

ig = 0.3 A 

Back-substituting, we find the branch currents as 11 = 3 A, 
h - 1 A, / 3 = 0.8 A, ( 4 = 1.2 A, i 5 = 0.9 A, and i 7 = 1.2 A, 
Moreover, using Ohm’s Law, we find the node voltages as 
v a = 12(2 —12V, = O. 5/7 — 0.6 V, and i’g — i’c = 30(6, or 

Vb = v c + 30 i 6 = 9.6 V. 

(b) Since the current drawn from the source is /, = 3 A, the 
entire network appears to the source as a single resistance 
/?e q = 15/3 = 5 £2. This confirms the result of Example 2.5. 


Exercise 2.5 In the circuit of Exercise 2.4 find the voltages across the 1 - 
£2, 3-£2, and 5-£2 resistances. What is the overall equivalent resistance seen 
by the source? (Hint: Express all branch currents and voltages in terms 
of vj, the voltage across the resistance farthest away from the source.) 

ANSWER ui = 5 V, = 15 V, v 5 = 55 V, R eq = 55/21 £ 2 . 


Example 2.7 

What happens if the source of Example 2.6 is doubled? Halved? Tripled? 

Solution 

If the source is changed by a factor k, the last step of Example 2.6 
becomes 


which yields 


KVL: k x 15 = 50 i 6 
if, = k x 0.3 A 


Thus, changing the source by k changes (5 and, hence, all remaining 
voltages and currents by the same factor. In particular, doubling (k = 2), 
halving (* = 2), or tripling (k = 3) the source will double, halve, or 
triple all voltages and currents in the circuit. 


i 


2.3 Voltage and Current Dividers 

Like series and parallel resistance combinations, the configurations we are about 
to discuss appear so frequently, either as independent circuits or as subcircuits, 
that it is worth studying them in proper depth. Then, when we encounter them 


L 
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in the analysis of more complex networks, we can readily apply the formulas of 
this section to simplify our analytical task. 


The Voltage Divider 

The circuit of Figure 2.12 consists of two resistances, R] and fiS, and two pairs 
of terminals identified by the unfilled circles and called, respectively, the input 
and output terminal pairs. The function of the circuit is to accept an external 
voltage ii/ across the input terminals and develop a voltage v 0 across the output 
terminals. We wish to derive a relationship between Vo and U/. 

Since the two resistances are in series, they carry the same current, i = 
vi/(R] + R 2 ) (flowing clockwise). The voltage v; divides between the two re¬ 
sistances in amounts that are linearly proportional to the resistances themselves, 
vr ] = R 1 i and vr 2 = R 2 i. Letting vq = v= R 2 i and eliminating i yields 


Vo 


R 2 

- V{ 

Rl + R 2 


(2.23) 


indicating that Vo is a fraction of V/, the value of this fraction being 
Rzf(R\ + Rj)■ Had we chosen to obtain our output across R 1 , then the value of 
the fraction would have been R\/(Ri + Rj). 

Also called a voltage attenuator, the circuit is used whenever it is desired 
to reduce or attenuate a voltage. Note that the circuit preserves the nature of 
the input signal: if tv is dc, so is vo, and if v / is ac, so is v 0 ■ Moreover, vo is 
positive when tv is positive, negative when tv is negative, and zero when tv is 
zero. We also say that vq is linearly proportional to v } . When observed with 
an oscilloscope, vo shows the same waveform as V ;, differing only in magnitude 
(because v Q is smaller than tv). 





Figure 2.12 Voltage divider. 




Example 


2.8 


In the circuit of Figure 2.12 let R 1 = 10 kQ and R 2 = 20 k£2. Find vo if 
(a) v/ = 12 V; (b) Vj = 6sin2jr 10 3 t V; (c) v/ = — 3 + 9sin2jrl0 3 r V. 


Solution 


By Equation (2.23), 


20 2 

Vn — -IV = —Vi 

0 10 + 20 3 


We thus have (a) vo = 2/3(12) = 8 V; (b) vo = 4sin27rl0 3 t V; 
(c) vq = —2 + 6 sin 27r 10 3 r V. 


1 
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Equation (2.23) reveals the following three important cases: 

(1) R i = R 2 . In this case V/ divides equally between R\ and R 2 . so 
v 0 = 

(2) Ri <SC /? 2 * Now most of v/ is dropped by R 2 , so vo — i>/. 

(3) Ri i? 2 - Now most of v f is dropped by R], so vo — 0 V. 

Keep these special cases in mind, as they help you develop a better feeling for 
how differently sized elements participate in the making up of a circuit. 




Gain 

When dealing with input-output voltage relationships, it is convenient to work 
with the ratio vo/vi , called the voltage gain and expressed in V/V. In the 
present case the gain is a fraction of 1 V/V. Dividing both the numerator and 
the denominator by R 2 in Equation (2.23) yields 


(2.24) 


The reason for expressing gain in this form is to evidence its dependence on 
the ratio Ri/R 2 , indicating that a given gain can be achieved with a variety of 
different resistance pairs. For instance, if we need a gain of 1/4 V/V, which 
requires RifR 2 = 3, we can use R l = 3 Q and R 2 = 1 £2, or R { = 30 kQ and 
R 2 = 10 or /?] = 3.6 k£2 and R 2 = 1.2 kf2, and so forth. The choice of 
a particular pair will affect the current and, hence, the power absorbed by the 
divider from the input source. 
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t 


Example 2.10 


Design a divider circuit which attenuates a 15 V source 
drawing a current i =0.5 mA. 


to 5 V while 


Solution 

With voltages in V and currents in mA, resistances will be in k£2. By 
Equation (2.24), 1 + R\/R 2 = vjfvo = 15/5 = 3 V/V, or 

*1 = 2R 2 

We also want R\ + R 2 = vi/i = 15/0.5, or 

R { + R 2 = 30 kQ 

Substituting the first equation into the second yields 2R 2 + R 2 = 30, 
or R 2 = 10 k£l Back-substituting into the first equation we obtain 
/?i — 20 k£2. To summarize, R\ = 20 kQ and R 2 = 10 kQ. 


Exercise 2.6 Design a voltage divider with a gain of 0.1 V/V and such 
that it absorbs 1 mW of power when v t = 10 V. 

ANSWER Ri = 90 kfi, R 2 = 10 kQ, 


A variable-gain attenuator is readily implemented by connecting a poten¬ 
tiometer as in Figure 2.13. Letting R denote the overall potentiometer resistance, 
the portion of this resistance between the wiper and the bottom lead can be ex¬ 
pressed as kR, where k is a fraction that can be varied anywhere over the range 
0 < k < 1 by varying the wiper position. Applying the voltage divider formula 
yields v 0 = ( kR/R)vi , or 


v 0 = kvi 



Figure 2.13 Variable-gain voltage attenuator. 
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indicating that the gain coincides with the wiper travel k. Thus, varying 
the wiper from end to end varies the gain from 0 V/V to 1 WV and, 
hence, varies Vo from 0 to vj. This confirms our observations in connection 
with Figure 1.2. 

A popular application of variable attenuation is volume control in audio 
equipment, where v } is typically the signal from the preamplifier and v 0 is the 
signal sent to the power amplifier and thence to the loudspeaker. In this case 
varying the wiper from end to end varies vo from 0 V, which corresponds to 
the absence of sound, to V[, which corresponds to full volume. 

A potentiometer can also be used as a mechanical transducer, with 
the wiper voltage providing an electrical representation of the wiper position 
along a linear or a circular path, depending on potentiometer construction. As 
such, potentiometers can be used to measure position, rotation, fluidic level, and 
so forth. 



Figure 2.14 Current divider. 


The Current Divider 


The circuit of Figure 2.14 accepts an external current i } at the input terminals 
and delivers a current i 0 at the output terminals. Since R\ and R 2 share the 
same pair of nodes, they are in parallel and thus develop the common voltage 
drop v = [R\R 2 /(R\ + R 2 )]ii (4- at the top). The current i[ divides between the 
two resistances in amounts inversely proportional to the resistances themselves, 
Ir { = v/R\ (|) and ij? 2 = v/R 2 (—»■). Letting i 0 = Ir 2 = v/R 2 and eliminating 
v yields 


io 


Ri . 

R 1 + R 2 1 


(2.25) 


indicating that io is a. fraction of //. We also observe that io is linearly propor¬ 
tional to i]. Note the similarity with the voltage divider formulas, except for 
the interchanging of R\ and R 2 . The current gain of the divider, in A/A, is 


io _ 1 

ij 1 + R 2 /R\ 


(2.26) 


and it depends exclusively on the ratio R 2 /R\. 

If /?] = R 2 , then // splits evenly between the two resistances to yield 
io = 0.5 i}. If R 2 <£; R 1 most of i/ will flow through R 2 , the smaller of the two 
resistances, and yield i 0 21 i t . If R 2 » R] most of i } will flow through R] to 
yield io — 0. 


Exercise 2.7 Design a circuit that attenuates a 1-A current source to 
1 mA while developing a voltage v = 1 V. 

ANSWER Rx = 1.001 Q, R 2 = 1 kfi. 


2.3 Voltage and Current Dividers 


69 


Exercise 2.8 


(a) Show that if a voltage source vs drives n resistances in series 
as in Figure 2.15(a), the voltage across the resistance /?*, 
k = 1 ,2,..., n, is 



(2.27) 


where R s = R] + /? 2 + ■ • ■ + R n - 




<b) 


Figure 2.15 Generalized voltage and current 
dividers. 




(b) Show that if a current source i s drives n resistances in parallel 
as in Figure 2.15(b), the current through the resistance Rk, 
k — 1 , 2 ,..., «, is 


k 



(2.28) 


where R p = R\ || R 2 II • • • II R„- 


Applying Dividers to Circuit Analysis 

Since the voltage and current dividers often appear as subcircuits in more com¬ 
plex networks, the analysis of these networks may benefit from the judicious 
application of the divider formulas. Just keep in mind the following: 

(1) For two resistances to form a voltage divider, they must be in series 
with each other, that is, they must carry the same current and, hence, 
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] 

S share a simple node. If one or more other elements are connected to 

the shared node, we can no longer apply the voltage divider formula, 
at least not in the simple form of Equation (2.23). 

(2) For two resistances to form a current divider, they must be in parallel, 
that is, they must share the same voltage and, hence, the same node 
pair. If the resistances fail to share both nodes, then we can no longer 
i apply the current divider formula, at least not in the simple form of 

Equation (2.25). 

Some examples will illustrate what we mean by judicious application of the 
: divider formulas. 




Example 2.11 


Find Vo in the circuit of Figure 2.16(a). 


30 Q 10 Q 



(a) 


v s 



v s 



'eq 


(b) (c) 

Figure 2.16 (a) Circuit of Example 2.11; (b) and (c) intermediate steps to 
find, respectively, vq and v 2 . 


Solution 

For clarity, redraw and label the circuit as in Figure 2.16(b). To find 
v 0 , we observe that the subcircuit consisting of R 3 and R 4 is a voltage 
divider because its resistances are in series. Letting V 2 denote the voltage 
across R 2 , we thus have v 0 = [/f 4 /(/?3 + # 4 )]t >2 = [20/(10 + 20)]u 2 , or 

2 

v 0 = -v 2 (2.29) 

To find v 2 , one might be tempted to apply the voltage divider formula 
to R\ and R 2 , but this would be wrong because these resistances share 
a node with Rj and are thus not in series. However, if we consider 
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the resistance /f eq = R 2 j| (R$ 4- R 4 ) = 15 || (20 + 10) = 10 fi, 
then our circuit can be reduced to the equivalent of Figure 2.15(c), 
which is indeed a voltage divider. Thus, as long as we use R cq 
instead of R 2 , we can still apply the voltage divider formula and write 
u 2 = t«eq/(«i + R eq )]vs = [10/(30 + \0)}v s , or 



Substituting v s = 18 V yields V 2 = 4.5 V and, hence, v 0 = 3 V. 


(2.30) 


Exercise 2.9 Suppose in the circuit of Example 2.11 we had 
mistakenly applied the voltage divider formula to R\ and /?2 to obtain 
v 2 = [R 2 /(R\ + R 2 )]v s = [15/(30 + 15)] 18 = 6 V instead of 4.5 V. 
Verify that v 2 = 6 V is unacceptable because with this value the circuit 
fails to satisfy KCL at the node common to R\, R 2 , and R$. 


Remark This exercise shows that it is good practice to always check for 
the correctness of our results. 


^Example 2.12 

Find io in the circuit of Figure 2.17(a). 



Figure 2.17 Circuit of Example 2.12. 


Solution 

Letting i 2 .s denote the current through the 2.8-S2 resistance, we can apply 
the current divider formula to obtain io = 3/(3 + 2){' 2,8 = 0.6i2.g. 

To find z' 2.8 refer to Figure 2.17(b), where the 3-Q and 2-Q. resistances 
have been replaced with their parallel combination 3 || 2 = 1.2 S2, 
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i 

,s 




Combining this parallel with the 2.8-12 resistance yields the series 
combination 2.8 + 1.2 = 4 12. We can again apply the current divider 
formula to obtain 


* 2.8 — 

Thus, io = 0. 6 ( 2.8 = 0.6 x 5 = 


-6 

20 + 4 

3 A. 


5 A 


1 


Exercise 2.10 Find Vo in the circuit of Figure 2.16(a) if the voltage 
source is replaced with a 3-A current source pointing downward. What is 
the magnitude and polarity of the voltage across the current source? 

ANSWER —20 V; 120 V (positive at the bottom). 


2.4 Resistive Bridges and Ladders 

Voltage dividers can be combined in various ways to implement more complex 
networks. Two popular such networks are the resistive bridge and the resistive 
ladder. 


The Resistive Bridge 



I Figure 2.18 Resistive bridge. 


The configuration of Figure 2.18, called a resistive bridge, consists of two 
voltage dividers (R t and Rj, and Rj and /? 4 ) driven by a common source The 
two dividers are also referred to as the bridge arms. By KVL, the output is v () = 
vr 2 — v r a . Applying the voltage divider formula in the form of Equation (2.24) 
twice yields 


v ° \l + R,/R 2 1 + r,/rJ vs 


Depending on the relative magnitudes of the terms within parentheses, the po¬ 
larity of v 0 may be the same as that of Vs or opposite. 


E 


Example 2.13 


In the bridge of Figure 2.18 let us = 12 V and R\ = R 2 = R 3 = 2 k£2. 
(a) Find vq if /?4 = 1 k£2. (b) Repeat, but for R 4 = 3 k£2. 
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Solution 

(a) By Equation (2.31), 


vo 


1 

1+2/2 


1 +2/1 


12 = 2 V 


(b) With R 4 — 3 k£2 we obtain v 0 = -1.2 V. 


5 


Exercise 2.11 In the bridge of Figure 2.18 let R { = = R 4 = 1 k£2. 

(a) If i;$ = 5 V, find Ri so that vo = 0.5 V. (b) If /?2 = 3 k£2, find vs so 
that vo — 1 V. 

ANSWER 1.5 kfi, 4 V. 


If the two terms within parentheses in Equation (2.31) happen to be identical, 
then we have vo = 0 V regardless of u 5 , and the bridge is said to be a balanced 
bridge. To achieve this condition we need 


Ri_ = Ri 

Rj Ra 


( 2 . 32 ) 


In words, for a bridge to be balanced, the resistances of its arms must be in 
equal ratios. 

Also called the Wheatstone bridge, the circuit finds application in null 
measurements, so called because they are performed by varying one of the 
elements in the bridge until the output goes to zero. For instance, suppose R\ 
and Ri are fixed resistances, R$ is a variable resistance R v such as a precision 
potentiometer or a precision resistance box, and R 4 is an unknown resistance 
R x . If we monitor vo with an inexpensive voltmeter and vary R v until a null 
reading is obtained, then the resistances will satisfy Equation (2.32), which can 
be rephrased as 


R-> 

R x = -^R r ( 2 . 33 ) 

«i 

Thus, once the ratio R 2 /R] is known, the value of R x can be read directly from 
the calibrated dial of the potentiometer. Note that v$ need not be accurate and 
that a null reading can be performed with virtually any unsophisticated voltmeter, 
these being the distinctive advantages of null measurements. 

Besides finding application in null measurements, resistive bridges are also 
used to measure small resistance changes for use with transducers such as resis¬ 
tive temperature detectors and strain gauges. A load cell is a resistive bridge 
made up of four strain gauges, and it is used in stress measurements. 
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FAMOUS SCIENTISTS 

Thomas Alva Edison 

When You*re a Genius , Nothing Else Matters 


T 


homas Alva Edison 
seems an unlikely Amer¬ 
ican hero: a grammar- 
school dropout, lazy, fre¬ 
quently fired, insensitive to 
subordinates, and the world’s 
worst money manager. Add 
one more adjective to the de¬ 
scription, though, and you 
change the whole picture: ge¬ 
nius, a trait Edison was prac¬ 
tically bursting with. 

Bom in 1847 to a school¬ 
teacher mother and a father 
who had just fled a civil rebel¬ 
lion in Canada, Edison grew 
up mainly in Port Huron, 

Michigan. He started school 
at seven but hated it so much 
that his mother allowed him 
to quit after only three months 
and took on the task of teach¬ 
ing him at home. Soon, this 
“problem child” was reading the great Wbrks of liter¬ 
ature and science all on his own. 

At age 12 he got a job as newsboy oft the railroad 
running from Skirt Huron to Detroit He lost that job 
when 4 chemistry experiment he was running in the 
baggage car got out of hand and set the car on fire. 
At about the same time, he began to lose his hearing, 
probably a delayed result of a boat with scarlet fever 
when he was seven but possibly a result of the beating 
the conductor administered when he found his train 
aflame. ; 

Edison then sold his newspapers at the Port 
Huron station, where one day in 1862 he ran through 
the railyard and scooped the stationmaster’s child 
out of the path of an oncoming j train. The grate-' 
ful papa taught Edison Morse code and gave him a 



Thomas Edison is- shown here with his "Edison ef¬ 
fect" lamps. Current will carry between the filament 
and the plate because there is little or no gas in the 
tube^ (Culver Pictures) 


job as a telegrapher. In 
an Ontario telegraph office 
in 1864, one of Edison’s 
jobs was to telegraph to the 
Toronto office every hour just 
to keep in contact. Edison 
rigged up an automatic sys¬ 
tem that would send the same 
message to Toronto every 60 
minutes. He got fired when 
a superior caught him asleep 
while his first invention was 
dot-dot-dashing away on its 
own. \ 

This second firing led to 
several yearn of drifting from 
one job to another. During 
one spell of unemployment, 
this one in late 1868, Edi¬ 
son read Faraday’s marvelous 
ExperimentalResearches in 
Electricity and:found hi s call-. 
mg. His first application of 
this newly acquired electrical knowledge was to in¬ 
vent and patent an electric vote counter in 1869. 
It was not a commercial success, and the inventor 
vowed he would never again “waste time” inventing 
something that people would not buy. 

That same year Edison arrived in New York City 
and got a job at the Gold Indicator Company, a wire 
service that monitored gold prices. After making what 
he thought were major improvements on the ticker 
machine that carried the quotes, Edison decided to 
approach his boss and ask for $3,000 for his new 
version of the machine, a price he chose because he 
did not have the nerve to ask for the $5,000 he re¬ 
ally wanted/ Before he could name his price, though, 
the boss opened the negotiations with, “How does 
$40,000 sound?” 
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Edison made so many improvements at Gold In¬ 
dicator that Western Union soon took over the com¬ 
pany. Wanting to work for himself rather than for a 
large corporation, he quit and formed his own com¬ 
pany. Management at Western Union knew a good 
thing when they saw it, so they made a deal to fund 
Edison’s research and be part owner of any of his 
telegraph and telephone inventions. 

In 1877, Edison got the idea for his most original 
invention, the phonograph, described in later years as 
his personal favorite. He was trying to make the re¬ 
ceiver key of a telegraph record its message on paper 
rather than have an operator write it down. Attach¬ 
ing a pointed piece of metal to the diaphragm of a 


‘Asked once if he wasn't discouraged 
because his work was not going 
well, Edison replied, ‘Why, / 
haven't failed, I‘ve just found 
10,000 ways that won't work.’ " 


telephone, he planned to attach this combination to 
a telegraph key and allow the vibrations of the di¬ 
aphragm to force the pin to make m arks on a cylin¬ 
der of waxed paper. Then he realized that the human 
voice could cause the diaphragm to vibrate just as 
well as a telegraph key. Reverse the setup so that the 
marked-up cylinder drives the point and diaphragm 
instead of vice versa and you have a phonograph. 

Because he was deaf, the inventor never got to 
hear his phonograph in action. To get some partial 
enjoyment from the machine once it was refined and 
had become a commercial success, he would bite die 
speaker horn so that the sound could vibrate the bones 
in his head, allowing him to “hear” the beauty of the 
music. 

By now, Edison, only 30 years old, was rich and 
famous. He was asked to give a private demonstra¬ 
tion of his phonograph to President Rutherford B. 
Hayes. J. P. Morgan, Cornelius Vanderbilt, and other 


robber barons bankrolled his Menlo Park, New Jer¬ 
sey, research laboratory, where Edison the insomniac 
drove a crew to work 18 and 20 hours a day to fulfill 
his promise to investors of “a minor invention every 
ten days and a big thing every six months.” 

Although not as original as his phonograph work, 
the incandescent lightbulb is the invention we must 
closely associate with Edison. In both Europe and 
the United States, inventors had been working on the 
idea of electric lighting since about 1802, when Sir 
Humphry Davy used an electric arc to light a Lon¬ 
don street. Arc lamps, in which an electric current 
crosses a gap between two carbon rods, gave off a 
harsh light, however, as well as a foul-smelling gas. 
Incandescence, the property by which a body heated 
to a high-enough temperature gives off visible radia¬ 
tion, was the route Edison chose for his light, building 


To get some enjoyment from the 
phonograph he had invented, Edison 
(who was deaf) “would bite the 
speaker horn so that the sound could 
vibrate the bones in his head 


on the work of such men as Frederick De Moleyns 
(who patented a platinum/carbon incandescent bulb in 
1841) and Joseph Swan (who made a carbon evacu¬ 
ated bulb in 1860) in England, and J. W. Starr (two 
incandescent patents in 1845) in the United States. 

The problem was how long a filament heated to 
incandescence would glow before melting. Edison 
always described himself as a brute-force type of in¬ 
ventor, trying idea after idea with very little appeal 
to the theories worked out by physicists and mathe¬ 
maticians. Asked once if he wasn’t discouraged be¬ 
cause his work was not going well, Edison replied, 
“Why, I haven’t faded. I’ve just found 10,000 ways 
that won’t work.” Using this try-everything approach, 
Edison's workers took almost 16 months to find the 

(Continued) 
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( Continued ) 

best incandescent filament. On October 19, 1879, 
the Menlo Park crew got a carbon-covered piece of 
sewing thread to incandesce in vacuum for 40 hours. 

From the 1880s until his death in 1931, Edison 
worked in several fields but never again attained the 
great successes of his youth. He connected his phonos 
graph to a camera as a first step on die road m talking 
pictures, lost a few million dollars on a scheme for 
mining iron in New Jersey, and spent many years 
on two ideas very much ahead of their time: an effi¬ 
cient storage battery fca 1 electric cars and prefabricated 
poured-concrete houses that could make a hbme af- 
fordable to everyone. the last major research project 
Edison undertook was a plan for processing golden- 
rod and using theextractto makesyntheticrubber for 
the tires of his friend Harvey Firestone. 


Edison died of kidney failure brought on by dia¬ 
betes on October 18, 1931, one day shy of the fifty- 
second anniversary of his first successful incandes¬ 
cent bulb. In a posthumous footnote of the life of 
this greatest of America’s inventors, the man who 
died a grammar-school dropout recently became a 
college graduate. Thomas Edison State College in 
Trenton, New Jersey, gives college credits to its stu¬ 
dents for learning acquired outside the classroom, a 
typeofleaming Edison surely had an overabundance 
of. After the college’s office of testing: and assess¬ 
ment compared Edison's invention record with the 
curricultnn leading to a B,S. degree at Edison State, 
the college, on October 25, 1992; awarded its favorite 
son an earned bachelor of science degree in applied 
science and technology with a specialization in elec¬ 
trical technology. 


Resistive Ladders 

The network of Figure 2.19, consisting of n resistance pairs or stages, is called 
an n-stage resistive ladder. The odd-numbered resistances are referred to as the 
series arms, and the even-numbered resistances as the shunt arms. The function 
of a resistive ladder is to produce progressively decreasing shunt-arm voltages 
and currents as we move from one stage to the next. As such, the ladder forms 
the basis of a class of attenuators known as multitapped attenuators. 



The analysis of resistive ladders is facilitated by the fact that they lend 
themselves to repeated series/parallel combinations. As an example, let us find 
the equivalent ladder resistance R eq seen by the source. To this end, let us start 
from /?6 and work backward toward the source. Since R& appears in parallel 
with the equivalent resistance seen looking into the dotted portion of the ladder, 
their reciprocals may be added together. Their combined resistance appears in 
series with Rs, so the two may be added together. Proceeding in this manner 
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until we reach the source, there results 


1 

D £> I 

^eq — t 

1 i 

1 


Rl Ri + 

1 


1 | 

1 


Ra r 5 + 

1 


i + --- 


<2.34} 


This equation, known as a continued fraction, is read as well as calculated from 
the bottom up. Note that in this fraction shunt resistances appear in reciprocal 
form and series resistances appear in direct form. 


f 


Example 2.14 


Find the equivalent resistance of a 3-stage resistive ladder with 
/?! = 12 k£2, R 2 = 10 k£2, R 3 = 30 k£2, R 4 = 15 k^, R 5 = 20 kQ, and 
R 6 = 10 k£l 


Solution 


Using Equation (2.34) and calculating it from the bottom up using a 
pocket calculator yields 


R ea = 12 + 


To + 


= 20 kQ. 


30 + 


1 


J- -|-i- 

15 20 + 10 


1 


Exercise 2.12 A 4-stage ladder consisting of eight identical 10-kQ 
resistances is driven by a 5-V source. Find the power dissipated by the 
ladder. 

ANSWER 1.544 mW. 


^Example 2.15 

Find the voltages across the shunt arms of a three-stage ladder with 
/?! = 1 kQ, R 2 = 8 kfl, = 2 kfl, R 4 = 18 kQ, R$ = 4 k£2, 
R 6 = 5 k£2, and vs = 15 V. 
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185 I' 4 5 > 1 1 f1 


Figure 2.20 Ladder of Example 2.15. 


Solution 

Sketch the circuit and label all branch currents and essential nodes, 
including the reference node. The result is shown in Figure 2.20, where 
the units are [V], [k£2], and [mA], Then, apply the proportionality analysis 
procedure introduced at the end of Section 2.2. Thus, starting from the 
rightmost resistance and working backward toward the source, we obtain: 

i 6 = v 6 /5 = 0.2v 6 

is = k = 0.2u 6 

v 4 = 4 i 5 +v 6 = 1.8v 6 

<4 = U4/I8 = 0.1 Ug 
h = 14 + i$ = 0.3^6 

V 2 = 2i 3 + v 4 = 2.4d 6 
(2 = U2/8 = 0.3U6 
(1 = (2 + (3 - 0.6l?6 

15 = 111 + t>2 = 3^6 

Clearly, v 6 = 15/3 = 5 V, u 4 = 9 V, and v 2 = 12 V. 


Exercise 2.13 A four-stage ladder consisting of eight identical l-£2 
resistances is driven by a source Find v s so that the last-stage current 
is 1 A. 

ANSWER 34 V. 


• R-2R Ladders 

The ladder version of Figure 2.21 is called an n-stage R-2R ladder. It consists 
of n identical series resistances of value R and n + 1 identical shunt resistances 
of value 2 R. To investigate its properties, we start from the right and work our 
way back toward the source, one stage at a time. 
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Figure 2.21 R-2R ladder. 

Referring to the ladder portion shown in Figure 2.22(a), we note that if we 
stand at the left of node n and look toward the right, we see the equivalent 
resistance R„ = ( 2R ) || (2 R) = R. We can thus simplify the rightmost portion 
of the ladder as in Figure 2.22(b). Then, the voltage at node n is related to that 
at node n - 1 as v„ = [R„/(R + R„)] tv,-i = (l/2)u„_|. 

' i_ I n-1 R n I n-2 R ji-1 

^ 2 R 


(a) (b) (c) 

Figure 2.22 Stage-by-stage analysis of the R-2R ladder. 

If we now stand at the left of node /r — 1 in Figure 2.22(b) and look 
toward the right, we see the equivalent resistance R n -\ = (2/f) || ( R + R n ) = R- 
This leads us to the equivalent circuit of Figure 2.22(c), where we again apply 
the voltage divider formula to obtain = (l/ 2 )u„_ 2 . 

We can readily repeat the preceding line of reasoning for each of the re¬ 
maining stages, and we can generalize as follows: 

(1) If we stand at the left of a node and look toward the right, the equivalent 
resistance seen between that node and ground is always R, regardless 
of the node. 

(2) The voltage at the node k (k = 1, 2, ...,/?) is related to that at the 
node k — 1 immediately to its left as 

(2.35) 


(3) Letting = u*/2 R and (*_ | = Uj-_i/2/f yields a similar relationship 
between adjacent shunt-arm currents, 

(2.36) 

for k = 1,2 

These relationships are depicted in Figure 2.23. 






Figure 2.23 As we move from 
one shunt arm of an R-2R 
ladder to the next on the right, 
both voltage and current halve. 
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Because of its ability to provide adjacent currents in a 2-to-l ratio, the R-2R 
ladder finds wide application in a class of circuits known as digital-to-analog 
converters, or DACs for short. These circuits are used, for instance, in compact 
disc players to convert the digital codes stored on a disc to the analog signal 
needed to drive a loudspeaker. 


Exercise 2.14 Consider an R-2R ladder with n — 8, R = 10 k£2, and 
Vs = 10.240 V. Find tq through ug and i\ through z'g. What is the total 
power dissipated by the ladder? 

ANSWER 5.12 V, 2.56 V, 1.28 V, 0.64 V, 0.32 V, 0.16 V, 80 mV, 
40 mV; 256 /xA, 128 /xA, 64 pA, 32 pA, 16 /xA, 8 pA, 4 pA, 2 /xA; 
5.243 mW. 


2.5 Practical Sources and Loading 

A voltage source is designed to supply a prescribed voltage regardless of the 
current drawn by the load. In a practical source, however, it is found that the 
voltage decreases somewhat as the load current is increased. This is readily 
verified in the case of a car battery by starting the engine with the headlights on. 
As we turn the ignition key, the additional current drawn by the starter causes 
a drop in voltage whose effect is a decrease in light intensity. Likewise, when 
the home refrigerator goes on, it causes the kitchen lights to dim momentarily 
as a consequence of the voltage drop due to the current surge in the motor. 


Practical Voltage Source Model 

Of particular interest is the case when the drop in voltage across the terminals 
of a voltage source is linearly proportional to the load current, for then we can 
write v = vs — ai, where a is a suitable proportionality constant. Since a must 
have the dimensions of resistance, the relationship is more properly expressed as 

V = u s - R s i (2.37) 

where i> is the voltage at the terminals of the source, / is the current drawn 
by the load, and R s is called the internal resistance of the source. Note that 
v = vs only when i = 0. Consequently, us is called the open-circuit voltage 
of the practical source. This is the voltage that we would measure across the 
terminals of the practical source in the absence of any load. 

Solving Equation (2.37) for i yields the i v characteristic of a practical 
voltage source, 







2.5 Practical Sources and Loading 


81 


This represents a straight line with u-axis intercept at v = i >$, and with slope 
— 1//?,.; see Figure 2.24(a). Note that the negative slope does not imply a 
negative resistance but is only a consequence of the fact that we choose the 
reference direction of i out of the positive terminal. Clearly, the smaller R s , the 
steeper the slope and the closer the source is to ideal. 


t 



(a) (b) 

Figure 2.24 Terminal characteristic and circuit model of 
a practical voltage source. 


Equation (2.37) suggests that a practical voltage source behaves as if it 
consisted of an ideal source with a series resistance R s , as depicted in 
Figure 2.24(b). Indeed, using KVL, we can immediately confirm that u = 
- R s i. In words, the voltage available at the terminals equals whatever 
voltage is produced by the ideal source less the voltage drop across the 
internal resistance. Since it appears at the output, R s is also called the output 
resistance of the source. Thus, internal resistance, series resistance, and output 
resistance are equivalent designations for R s . 

The circuit of Figure 2.24(b) is said to be equivalent to a practical voltage 
source because it exhibits the same v-i relation at its terminals. Put another 
way, if we were to encapsulate this circuit with only its terminals protruding, we 
would be unable, using i-v measurements alone, to tell the difference between 
this circuit and the practical source it is designed to emulate. However, if we 
were to open up a practical source, we would be unable to locate either or 
R s because they are fictitious elements that we use to mimic practical source 
behavior. Specifically, we use v$ to account for the voltage produced in the 
absence of any load, and R s to account for the voltage drop observed at the 
terminals when a load is present. The fictitious circuit of Figure 2.24(b) is also 
said to be a model of the practical source. 


Example 2.16 

The voltage of a supermarket battery is measured with a digital voltmeter, 
and the reading is 9.250 V. If the battery is connected to a 100-mA bulb, 
the reading drops to 9.225 V. What are the values of v$ and R s for this 
particular battery? 
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Solution 


The open-circuit voltage is v$ = 9.250 V. By Equation (2.37) we 
must have 9.225 = 9.250 — R s x 0.1, or R s = 0.25 Q. Summarizing, 
= 9.250 V and R s = 0.25 £2 


1 


Exercise 2.15 A certain battery is powering three 50-mA bulbs in 
parallel. If disconnecting one of the bulbs causes the battery voltage to 
change from 8.910 V to 8.930 V, what are the values of vs and R s for 
this particular battery? (Hint: Use Equation (2.37) twice.) 

ANSWER 8.97 V, 0.4 Q. 


Although the supermarket battery and the utility power are the first examples 
of practical sources to come to mind, it must be said that practical sources appear 
in a variety of other forms. For instance, in a hi-fi system, the phono pickup, 
the tape head, the microphone, and the radio antenna are examples of practical 
signal sources, each one characterized by an appropriate open-circuit voltage as 
well as an internal resistance. Moreover, from the loudspeaker viewpoint, the 
entire system appears as a voltage source with a suitably small output resistance. 
As another example, in medical instrumentation, when electrodes are attached 
to a patient to obtain an electrocardiogram, it is the human body that acts as a 
voltage source with an appropriate internal resistance ! 


Practical Current Source Model 


Likewise, the current supplied by a practical current source is not strictly inde¬ 
pendent of the load voltage but usually decreases as the latter is increased. When 
this decrease is linearly proportional to the load voltage, the i-v characteristic 
of the source can be written as i = is — fiv. Since the proportionality constant fi 
must have the dimensions of the reciprocal of resistance, the i-v characteristic 
can be expressed as 



(2.39) 


where i is the current available at the terminals of the source, u is the voltage 
developed by the load, and R s is called the internal resistance of the source. 
Note that i = is only when v = 0. Consequently, is is called the short-circuit 
current of the practical source. 

Equation (2.39) represents a straight line with i-axis intercept at i = i s and 
with slope — l/R s ; see Figure 2.25(a). Clearly, the larger R s is, the flatter the 
curve and the closer the source to ideal. We again note that the negative slope 
is only a consequence of the way in which we have chosen the polarity of v 
relative to the direction of i. 
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(a) (b) 

Figure 2.25 Terminal characteristic and circuit model 
of a practical current source. 


Equation (2.39) suggests that a practical current source can be modeled with 
an ideal source is and a parallel resistance R s , as depicted in Figure 2.25(b). 
Indeed, using KCL, it is readily seen that i = is - V /R s • In words, the current 
available at the terminals equals whatever current is produced by the ideal 
source less the current diverted through its internal resistance. Equivalent 
designations for R s are internal resistance, parallel resistance, and output resis¬ 
tance of the practical source. We again note that is and R s are only fictitious 
elements that we use to model practical current-source behavior. 

The foregoing considerations indicate that the concept of resistance need 
not necessarily always stem from a physical resistor. As it is the case with 
a practical source, resistance is simply the reciprocal of the slope of its i-v 
characteristic. 


Exercise 2.16 A certain current source has is = 1 mA and R s = 

100 k£2. Find i for (a) u = 0 V; (b) u = 1 V; (c) v = 10 V; (d) v = — 1 V. 

ANSWER (a) 1 mA, (b) 0.99 mA, (c) 0.9 mA, (d) 1.01 mA. 


The Loading Effect 

The fact that connecting a load to a source causes its output to drop in magnitude 
is referred to as the loading effect. Figure 2.26 illustrates this effect for the case 
of a resistive load Rl- 


Practical source 
Rs 



(a) 


Practical source 



(b) 
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Figure 2.26 Practical voltage and current sources with 
resistive loading. 
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In the voltage source case of Figure 2.26(a), the load forms a voltage divider 
with the internal resistance. Thus, 


V = 


Rl 

-Us 

Rs + Rl 


(2.40) 


indicating that the voltage at the load is less than the open-circuit voltage, as we 
anticipated. For obvious reasons, u s is also called the unloaded source voltage. 
Note that only if R s <$C R L can we ignore the voltage loss across R s and claim 
that u ~ vs. In general it can be said that the smaller R s is compared to Rl, 
the closer the source is to ideal, as we already know. The loading effect can 
be exploited to indirectly determine the internal resistance of a source, as the 
following example shows. 


Example 2.17 

The open-circuit measurement of the utility power outlet in a given home 
yields 120.0 V. After a 12-ft hot plate is plugged in, the reading drops to 
115.0 V. Find R s for this particular power outlet. 


Solution 

By Equation (2.40) we must have 115 = [12/(R s + 12)] 120, or 
R s = 0.522 ft. 


1 


In the current source case of Figure 2.26(b), the load forms a current divider 
with the internal resistance. 


i 


Rs . 

-1 s 

R s + Rl 


(2.41) 


indicating that the current at the load is less than the short-circuit current (which 
is also called the unloaded source current because of this). Only if R s > R L 
can we ignore the current loss through R s and claim that i ~ j' s . In general, the 
larger R s compared to Rl the closer the source to ideal. Again, we can exploit 
the loading effect to determine the parameters of a source. 


Exercise 2.17 A practical current source is connected to a load | 
consisting of two 1-kft resistances in parallel, and the load voltage is j 
found to be 2.475 V. Removing one of the two 1-kft resistances causes j 
the load voltage to rise to 4.902 V. Sketch the circuits corresponding j 
to the two situations; hence, estimate is and R s for this particular source. | 


ANSWER 5 mA, 50 kft. 
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In genera], the loading effect is undesirable because the actual source output 
varies from load to load. The circuit designer must anticipate load variations 
and make provisions so that circuit performance is relatively unaffected by these 
variations. For example, a radio alarm clock that would slow down each time 
the refrigerator motor goes on would make a very poor product. 


* Operating Limits 

All practical sources exhibit a limited range of operation, indicating that the 
practical source models developed earlier are valid only within this range. For 
instance, the utility power outlet will behave as a 120-V source with a suitable 
series resistance only as long the load current is kept below a certain safety 
limit. Exceeding this limit will cause the fuses to blow, after which the outlet 
will cease operating as a source. In the case of a radio or a car battery, the 
excessive power dissipation due to an overload condition (such as in inadvertent 
short circuit across its terminals) may result in a significant departure from the 
designated behavior, not to mention possible damage. 


• 2.6 Instrumentation and Measurement 

The most basic electrical measurements involve voltage, current, and resistance. 
These measurements are performed, respectively, with the voltmeter, the am¬ 
meter, and the ohmmeter. 


Voltage and Current Measurements 

Figure 2.27 shows the basic connections for the measurement of the voltage 
across and the current through a given element X of a circuit. The voltmeter, 
whose symbol is ©, must experience the same voltage as the element X. Hence 
the following rule: 

Voltmeter Rule: A voltmeter must be connected in parallel with the circuit 
element under observation. 



Figure 2.27 Connections for (a) voltage and 
(b) current measurements. 


The ammeter, whose symbol is ®, must carry the same current as the element 
X, indicating that the circuit must be broken to allow for the insertion of the 
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ammeter. Hence the following rule: 

Ammeter Rule: An ammeter must be connected in series with the circuit 
element under observation. 

To facilitate polarity identification, the positive terminal of a meter is usually 
color coded in red, and the negative terminal in black. A positive voltage reading 
means that the potential at the red terminal is the higher of the two; a negative 
reading means that the red terminal potential is the lower of the two. A positive 
current reading means that current enters the instrument via the red terminal and 
exits via the black terminal; a negative reading means that current enters via the 
black and exits via the red terminal. 


Loading 

A reliable measurement must perturb the existing conditions in the circuit as 
little as possible. Being circuit elements, meters have i-v characteristics of their 
own. A voltmeter must be capable of accepting any voltage without drawing any 
current, that is, its characteristic must be i =0 regardless of u. Thus, a voltmeter 
must appear as an open circuit to the circuit under measurement. Conversely, 
an ammeter must be capable of accepting any current without developing any 
voltage, that is, its characteristic must be v = 0 regardless of i. Thus, an 
ammeter must appear as a short circuit to the circuit under measurement. 

These conditions are referred to as ideal because practical voltmeters do 
draw some current and practical ammeters do develop some voltage, however 
small. The consequence of this is usually a decrease in the magnitude of the 
signal being measured, an effect commonly referred to as loading. For obvious 
reasons, the reading that one would expect with an ideal meter is referred to 
as the unloaded reading, and the reading provided by an actual meter as the 
loaded reading. 

Meter deviation from ideality is characterized by means of a resistance 
Ri called the internal resistance or also the input resistance of the meter. Its 
function is to account for the actual terminal characteristic of the meter so that we 
can predict the amount of loading introduced by the instrument in a given circuit. 
Clearly, a good voltmeter should have an adequately large R, (ideally, /?, = oc), 
and a good ammeter should have an adequately small Ri (ideally /f ( - = 0). 


Example 2.18 

Figure 2.28(a) shows the voltmeter connection for the measurement of 
the output of a voltage divider. Let vs = 15 V, Ri = 10 k£2, and 
/?2 = 20 k£2. 

(a) Predict the ideal reading, that is, the reading that we would 
expect in the absence of any loading. 

(b) Predict the reading obtained with a practical voltmeter having 
Ri = 1 M£l. 

(c) Find the percentage error due to loading. 
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measurements. 


Solution 

(a) Ideally, we would like to obtain the reading 

Ri 


^unloaded — 


R i + Ri 




(2.42) 


or 


20 


^unloaded — 


15 = 10.000 V 


(b) 


10 + 20 

Connecting the voltmeter to the circuit has the same effect as 
connecting a resistance /f, in parallel with R 2 , as depicted in 
Figure 2.28(b). We can still apply the voltage divider formula, 
but we must use R 2 || Ri in place of R 2 . The actual reading 
is now 

Ri II R, 


^loaded — 


that is. 


^loaded — 


*1 + (Ri II *,-) 
20 || 1000 


vs 


(2.43) 


15 = 9.934 V 


10 + (20 || 1000 ) 

Clearly, the effect of connecting the meter to the circuit is 
to cause the output voltage to drop from 10.000 V to 9.934 
V. Loading would be absent only if /?, = oo, for then 
Equation (2.43) would predict U| oa ded = ^unloaded- 

(c) The percentage error due to loading is 

t’loaded ^unloaded 


£ = 100 - 


r'unloaded 


(2.44) 


that is, 


9.934- 10 

s = 100-—-= -0.66% 


Exercise 2.18 Find the current drawn by the voltmeter in the 
measurement of Example 2.18. 

ANSWER (a) 0; (b) 9.934 fiA. 
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Example 2.19 


Find the minimum value of for a loading error magnitude of less than 
0.1% in the measurement of Example 2.18. 


Solution 

Letting e = —0.1 and rwioaded = 10.000 in Equation (2.44) yields 
^loaded = 9.990 V. Substituting into Equation (2.43) and solving 
yields /?2 || /?, = 19.94 k£2, By Equation (2.18) we must have 
1/20 + \/Rj = 1/19.94, or = 6.66 MSI. Thus, any voltmeter with 

Ri > 6.66 M£2 will keep the loading error magnitude below 0.1%. 


Exercise 2.19 

(a) Show the ammeter connection for the measurement of the current 
delivered by the voltage source in the circuit of Figure 2.28(a). 

(b) If us = 5 V, R[ —2 k£2, and Rj = 3 k£2, predict the reading 
expected ideally as well as the reading obtained with a practical 
ammeter having R, = 200 12. Hence, find the percentage error 
due to loading. 

ANSWER (b) 1 mA, 0.962 mA, —3.8%. 


Multimeters 

A multimeter is a voltmeter, ammeter, and ohmmeter all in one instrument. The 
instrument is configured for any of the three measurements by proper connection 
of the terminals and proper setting of the front-panel controls. 

Older multimeter types are based on the D’Arsonval meter movement, where 
a coil is deflected in proportion to the unknown current to provide a reading in 
analog form. Modem multimeters, called digital multimeters (DMMs), use 
microelectronic circuitry to provide readings in digital form. 

When operating in the voltmeter mode, a DMM is called a digital voltmeter 
(DVM). To minimize errors due to loading, its internal resistance is fairly large, 
typically from 1 M£2 to 10 M12. When operating in the ammeter mode, a DMM 
is called a digital ammeter (DAM). Its deviation from ideality is specified in 
terms of a voltage called the burden voltage, which represents the maximum 
voltage developed by the instrument (recall that ideally this voltage should be 
zero). Modem DAMs have burdened voltages on the order of 0.2 V. 


DC and AC Multimeter Measurements 

Voltmeters and ammeters are equipped with front-panel controls to configure the 
instrument either for dc or ac measurements. When measuring a dc signal, the 
instrument must be set on dc. Setting it on ac will merely yield a zero reading. 
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When measuring a time-varying signal , the instrument may be set either on dc 
or ac. depending on the intended measurement. 

When a time-varying signal is measured with the multimeter set on dc, the 
instrument yields the average value of the signal, also called the dc component 
of the signal. Depending on the case, this value may be positive, negative, 
or zero. 

When a time-varying signal is measured with the multimeter set on ac, the 
instrument yields a non-negative reading. For the case of a sinusoidal signal, 
this reading is designed to coincide with the rms value. The peak value is 
then obtained by multiplying the measured rms value by s/2. If the signal is 
nonsinusoidal, the instrument still yields a reading, but this is not necessarily the 
rms value of the signal. A suitable correction factor may be needed, depending 
on the particular waveform. This subject is discussed further in Section 4.4. 




Example 2.20 


Predict the ac and dc readings for the case of a 1-kHz voltage signal 
that alternates sinusoidally between (a) —2 V and +8.5 V; (b) —5 V and 
+5 V; (c) -4 V and -1 V. 


Solution 

Our signal can be expressed in the form 

115 = 1 / 5 + V m sin 2tt 10 3 / (2.45) 

Retracing the steps of Example 1.4, we have: 

(a) V s = (-2 + 8.5)/2 = 3.25 V, and V m = 8.5 - 3.25 = 5.25 V. 
Thus, the dc reading is 3.25 V and the ac reading is 
5.25/V2 = 3.712 V. 

(b) Now V 5 = 0 V and V,„ = 5 V, so the dc reading is 0 V and the 
ac reading is 5 js/2 = 3.536 V. 

(c) V 5 = -2.5 V and V„, = 1.5 V, so the dc reading is -2.5 V and 
the ac reading is 1.5/\/2 = 1.061 V. 


Exercise 2.20 The dc and ac readings of a 60-Hz ac current are, 
respectively, —2.5 A and 3.5 A. Write a mathematical expression for this 
current, and find its extreme values. 

ANSWER -2.5 + 4.95 sin2^60r A, 2.45 A, -7.45 A. 


Oscilloscopes 

An important voltmeter is the oscilloscope, especially when the signal to be 
observed or measured varies rapidly with time. Since it displays amplitude as a 
function of time, the oscilloscope allows us to observe the actual waveform and 
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to perform amplitude-related measurements like peak and average values, as 
well as time-related measurements like period, duty cycle, and relative delays of 
different waves. Its front-panel controls allow us to select the vertical sensitivity 
in volts/division (V/div) and the horizontal sensitivity in seconds/division (s/div). 

Like any voltmeter, the oscilloscope must be connected in parallel with the 
element under observation. To minimize loading errors, the internal resistance 
of an oscilloscope is fairly large, typically on the order of 1 to 10 The 
instrument can also be configured for indirect current measurements by breaking 
the circuit, inserting a suitably small series resistance R s , and observing the 
voltage drop u across its terminals. The current is then calculated as i = v/R s . 

When the oscilloscope is operated in the dc mode, the waveform appears 
offset with respect to the 0 V baseline by the amount V av , where V av is the 
average value of the waveform determined by internal circuitry over a suitable 
time interval. The waveform of Figure 2.29(a) has a positive offset of 2 divisions, 
a peak amplitude of 3 divisions, and a peak-to-peak amplitude of 6 divisions. 
Were V av negative, the waveform would be offset downward. 

When operated in the ac mode, the oscilloscope automatically blocks out the 
average component, also called the dc component, and it displays only the time- 
varying component, whose average is thus zero. This is shown in Figure 2.29(b). 




(a) (b) 

Figure 2.29 Illustrating the difference between the dc and 
ac modes of operation of the oscilloscope. 


E 


Example 2.21 


In Figure 2.29(a) let the vertical sensitivity be 0.5 V/div and the 
horizontal sensitivity be 2 ps/div. Find V av , V m , T, and /; hence, write a 
mathematical expression for this signal. 


Solution 

By inspection, V av = 2 div x 0.5 V/div = 1 V; V m = 3 div x 0.5 V/div = 
1.5 V; T = 4 div x 2 ^s/div = 8 ps ; / = l/T = 1/(8 x 10“ 6 ) = 125 
kHz. Hence, 


vs = 1 + 1.5 sin 785, 398r V 


1 
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Exercise 2.21 Referring to the notation of Figure 1.8, show how a 
250-Hz, 25% duty-cycle pulse train with V m = 4 V would appear on the 
screen with the oscilloscope first set in the dc mode, then in the ac mode. 
Assume a horizontal sensitivity of 1 ms/div and a vertical sensitivity of 
1 V/div. Be neat! 


T Summary 

• Resistance represents the ability of a circuit element to resist the flow of 
current or, equivalently, the ability to dissipate energy. The v-i characteristic 
of the resistance is v = Ri and is called Ohm's Law. 

m When applying Ohm’s Law, care must be exercised that voltage and current 
satisfy the passive sign convention, with current flowing in the direction of 
decreasing potential. 

• Series and parallel resistance combinations still behave as resistances. If two 
resistances R\ and Rj are connected in series, their equivalent resistance is 
R s = R] + R 2 ‘, if they are connected in parallel, their equivalent resistance 
R p is such that 1 /R p = \/R] + 1 / 

• Using the concept of equivalent resistance along with the series and parallel 
resistance formulas, it is often possible to simplify the analysis of resistive 
networks via reduction techniques . 

• The simplest resistive circuits are the voltage and current dividers, also called 
attenuators. The voltage (or current) divider accepts an input voltage (or 
current), and produces an output voltage (or current ) which is a. fraction of 
the input. This fraction depends on the ratio between the two resistances. 

• When voltage or current dividers appear as subcircuits, one can judiciously 
apply the divider formulas as a means to facilitate circuit analysis. 

• Additional resistive circuits of practical interest are the bridge and the ladder. 
The bridge finds applications in null as well as in deviation measurements. 
Resistive ladders are used to generate progressively smaller voltages and 
currents. 

• In an R-2R ladder the shunt branch voltages and currents halve as we move 
from one shunt branch to the next. As such, the R-2R ladder forms the basis 
of digital-to-analog converters. 

• Practical sources depart from the ideal because their terminal characteristics 
are sensitive to the particular load, a feature referred to as the loading effect. 

• A practical voltage source can be modeled with an ideal voltage source and 
a nonzero series resistance; a practical current source can be modeled with 
an ideal current source and a noninfinite parallel resistance. 

• In performing laboratory measurements, a voltmeter must always be con¬ 
nected in parallel and an ammeter always in series with the element under 
examination. 

• A practical meter tends to load down the circuit under measurement. To 
minimize loading, the input resistance of a multimeter should be as large as 
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possible when used as a voltmeter, and as small as possible when used as an 
ammeter. 

• Resistance is not only the distinctive property of a physical resistor, it also 
serves the purpose of modeling the terminal characteristics of practical sources 
as well as of test and measurement equipment. 


▼ Problems 

2.1 Resistance 

2.1 (a) Use Ohm’s Law and KCL to find iq, ij, and ii in the 

circuit of Figure P2.1. (b) Verify that the power released by Xi 
equals the sum of the powers absorbed by the two resistances. 



Figure P2.1 


2.2 (a) Use Ohm’s Law and KVL to find tq, 11 , and i>2 in the 

circuit of Figure P2.2. (b) Verify that the power released by Xj 
equals the sum of the powers absorbed by the two resistances. 

q _ 

+ 

6 V 

+ 
r, 



Figure P2.2 

2.3 (a) What is the maximum voltage and current that can 
safely be applied to a l-k£2 resistor whose power rating is 
10 W? 1 W? 1/8 W? (b) Repeat, but for a 10-£2 resistor. 

2.4 (a) What is the minimum 1-W resistance that can safely 
be connected to a car battery? (b) What is the minimum 
1-W resistance that can safely be connected to the household ac 
power line? (c) If a 2-k£2 resistor can safely carry a current of 
10 mA, what is the maximum power that this resistor can safely 
dissipate and the maximum voltage that it can safely withstand? 

2.5 (a) Find the resistance of an aluminum wire 1 m long 
and 1 mm in diameter. For aluminum, p — 2.8 x 10 -6 £2-cm. 
(b) What is the voltage drop across the wire for a current of 
1 A? The strength of the electric field inside the wire? 

2.6 A conducting line in an integrated circuit is 1 mm long 
and has a rectangular cross section of 1 pm x 5 /rm. If a 
current of 10 mA produces a voltage drop of 100 mV across 
the line, find p, in £2-cm. 


2.7 A resistor is fabricated by depositing a thin film of con¬ 
ducting material on a cylinder 10 mm long and 1 mm in diam¬ 
eter. If p = 3 x 10 -3 £2-cm, find the film thickness, in jum, 
needed for R — 100 £2. 


2.2 Series/Parallel Resistance Combinations 

2.8 Three resistances Ri , Rj, and Rj, are connected in par¬ 
allel. If /?i = 5 £2 and R 3 — 20 £2, what is the value of R 2 
needed to achieve an overall equivalent resistance of 3 £2? 2 £2? 

2.9 (a) Two resistances, Ri = 5 k£2±5% and Ri = 20 k£2± 
10%, are connected in series. Find the combined resistance, 
and express it as R s ± x%. (b) Repeat, but for the case in 
which /?i and R 2 are connected in parallel, and express your 
result as R p ± y%. 

2.10 (a) Verify the following rule: If you need a resis¬ 
tance R, take a resistance R\ = mR and a resistance Rj = 
R\/{m — 1), m > 1, and connect them in parallel, (b) Use this 
rule to specify five different pairs of standard 5% resistances 
to achieve 10 k£2 (see Appendix 1 for 5% resistance values). 

2.11 In the circuit of Figure P2.ll: (a) find R eq if R = 
30 k£2; (b) find R for R e q = 18 k£2; (c) find R for fi e q = R- 

10k£2 



Figure P2.11 


2.12 (a) In the circuit of Figure P2.12 find a condition for R 

in terms of Ri to ensure R eq = R. (b) If R\ = 10 k£2, what 
is the value of R for which R eq = /?? 





Figure P2.12 
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2.13 Using only 10-k£2 resistances, devise suitable series/ 
parallel combinations to achieve R eq = (a) 7.5 k£2; (b) 15 k!2; 
(c) 25 kS2. In each case, try minimizing the number of resis¬ 
tances used. 

2.14 (a) Using series/parallel resistance reductions, find the 
equivalent resistance between terminals A and B in the circuit 
of Figure P2.14. (b) Repeat, but with C and D shorted together. 



Figure P2.14 

2.15 (a) Using series/parallel resistance reductions, find the 

equivalent resistance seen by the source in the circuit of Fig¬ 
ure P2.15. (b) What is the overall dissipated power? 


lOil 5Q 



1012 20 £2 



Figure P2.19 


2.20 Using the proportionality analysis procedure, find all 
node voltages in the circuit of Figure P2.19. (Hint: Starting 
from the far left and far right, work your way toward the center 
and express va both in terms of in q and in terms of 15 jj.) 

2.21 (a) Apply the proportionality analysis procedure to find 
ui and i >2 in the circuit of Figure P2.21. (b) What is the net 
resistance seen by the source? (Hint: Express all currents and 
voltages in terms of the current i through the 4-12 resistance.) 



Figure P2.21 


Figure P2.15 

2.16 (a) Assuming the bottom terminal of the source in the 
circuit of Figure P2.15 is grounded, use the proportionality 
analysis procedure to find all node voltages in the circuit, (b) 
To what value must the source be changed to ensure 1 A 
through the 15-S2 resistance? 

2.17 (a) Using series/parallel resistance reductions, find the 
equivalent resistance seen by the source in the circuit of Fig¬ 
ure P2.17. (b) What is the voltage across the source? 


512 312 912 212 



Figure P2.17 

2.18 (a) Apply the proportionality analysis procedure to the 
circuit of Figure P2.17 to find all branch currents, (b) To what 
value must the source be changed to ensure 9 V across the 9-S2 
resistance? 

2.19 Find the current delivered by the source in the circuit 
of Figure P2.19. (Hint: Reduce the portions to the left and to 
the right of node A separately.) 


2.22 Suppose in the circuit of Figure P2.14 we connect a 
3-V voltage source between terminals C and D, with the posi¬ 
tive side at C. Sketch the circuit; then find the voltage between 
A and B. 

2.23 Suppose in the circuit of Figure P2.14 we connect a 
0.8-A current source between terminals C and D so that current 
flows from D, through the source, to C. (a) Sketch the circuit; 
then find the voltage across the source, (b) Repeat, but with A 
and B shorted together. 

2.3 Voltage and Current Dividers 

2.24 In the voltage divider of Figure 2.12 let R\ = 15 k!2 
and Rz = 3 k!2. (a) Find vo if vi = 12 V. (b) Find 17 for 
vo = 1 V. 

2.25 A voltage divider is implemented with R\ = 1 k!2±5% 
and Rz = 3 kS2 ± 5%. Find the range of values for its gain. 

2.26 In the voltage divider circuit of Figure 2.12 let 17 = 
10 V. (a) If Ri = 16 k£2, find Rz for vo = 2 V. (b) If 
R 2 = 2 k£2, find R\ for vo = 4 V. (c) If vo = 5 V and 17 is 
known to be releasing 50 mW, find R\ and Rz- 

2.27 Design a voltage divider to obtain a voltage of 5 V from 
a car battery, under the constraint that the power dissipated by 
the divider may not exceed 100 mW. 
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2.28 By properly applying the voltage divider formula twice, 
find the voltages across the 4-£2 and 2-£2 resistances in Fig¬ 
ure P2.28. 


4 £2 2 £2 



Figure P2.28 


2.29 Letting the node at the top of the 3-£2 resistance be 
the reference node in the circuit of Figure P2.28, find all node 
voltages, all branch currents, and the power delivered by the 
source. 

2.30 In the voltage divider circuit of Figure 2.12 let vj = 
220 V and vo — 132 V. (a) If connecting a 10-k£2 resistance in 
parallel with R 2 yields vq — 60 V, find R\ and R 2 . (b) Predict 
vq if the 10-k£2 resistance is connected in parallel with R\. 

2.31 When connected to a 4-mA source, a current divider 
divides the current down to 3 mA while dissipating 60 mW. 
Find R\ and R 2 . 

2.32 By properly applying the current divider formula twice, 
find the currents through the 5-k£2 and 10-k£2 resistances in 
Figure P2.32. 


6 k£2 20 k£2 



Figure P2.32 


2.33 Letting the node at the top terminal of the source be 
the reference node in the circuit of Figure P2.32, find all node 
voltages and branch currents. What is the power delivered by 
the source? 

2.34 In the current divider circuit of Figure 2.14 let ij = 6 A 
and t'o = 2 A. (a) If connecting a 10-£2 resistance in series 
with R 2 yields io = 1.5 A, find R\ and R 2 . (b) Predict io if 
the 10-£2 resistance is connected in parallel with R] . 

2.35 In the current divider circuit of Figure 2.14 let j/ = 
10 A and io = 2 A. If connecting a 2.4-£2 resistance in parallel 
with the source yields io = 1.5 A, find R\ and R 2 . 

2.36 In the current divider circuit of Figure 2.14 let // = 
5 mA and io = 1 mA. If connecting a l-k£2 resistance in 
series with R 2 yields io = 0.75 mA, predict the value of i 0 
if the l-k£2 resistance is connected in series with R \. 

2.37 The resistances denoted as R\ and Ro in Figure P2.37 
form an attenuator pad , a network often used in audio applica¬ 
tions to achieve a prescribed equivalent resistance /f e q and gain 
vo/Vi ■ (a) Show that if R eq = then R.\ = 4/?i (/?i -I- R 2 ), 


and vo/vj = R 2 /{2R\ + /?2 -F Rl)- (b) Specify suitable 
values for R\ and R 2 to achieve ?? eq = R L = 600 £2 with 
vojvi = 0.5 V/V. 


if, R x 



-^eq 

Figure P2.37 


2.38 Adding suitable resistances to a linear potentiometer 
as shown in Figure P2.38 results in nonlinear variable-gain 
voltage division. Let the portion of R between the wiper and 
the bottom terminal be kR , so that the portion of R between the 
wiper and the top terminal is(l-Jt)/f,0<&<l. Plot the 
gain vo/vj versus k in ^-increments of 0.1 for the following 
four cases: (a) R x - R 2 — oo; (b) R] = oo, R 2 = 0.1 if; 
(c) R x = OAR, R 2 = oo; (d) R { = R 2 = 0.5 R. 



Figure P2.38 


2.39 Using a 100-k£2 potentiometer and suitable external re¬ 
sistances, design a voltage divider circuit such that varying the 
wiper from end to end varies the gain over the range: (a) 0 to 
0.75 V/V; (b) 0.2 V/V to 1 V/V; (c) 0.1 V/V to 0.9 V/V. 

2.4 Resistive Bridges and Ladders 

2.40 In the bridge circuit of Figure 2.18 let U5 = 18 X 
cos 2jrl0 3 r V, R\ = 10 k£2, and R 2 = R$ = R 4 = 30 k£2. 
(a) Find vo as a function of time, (b) If a wire is connected 
between A and B, find the current io from A, through the wire, 
to B as a function of time. 

2.41 (a) Given four resistances, 10 k£2, 30 k£2, 40 k£2, and 
120 k£2, show all possible ways of connecting them to form 
a balanced bridge, (b) Which of the above bridges are less 
wasteful of energy when powered by a voltage source? By a 
current source? 

2.42 Suppose a 0.4-A current source is connected between 
terminals A and B of the circuit of Figure P2.14, with current 
flowing from A, through the source, to B. Draw the circuit; 
then find the magnitude and polarity of the voltage appearing 
between A and B, and that between C and D. 
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2.43 Suppose a 12-V voltage source is connected between 
nodes A and B of the circuit of Figure P2.14, with the posi¬ 
tive side at A. Find the magnitude and polarity of the voltage 
appearing between C and D, as well as the power supplied by 
the source. 

2.44 (a) Find the voltage vab that must be applied to the 
circuit of Figure P2.14 to obtain vqd = 1 V. (b) If C and D 
are shorted together with a wire, find the voltage vab that must 
be applied to obtain a current of 1 A flowing from D, through 
the wire, to C. 

2.45 A 5-stage ladder of the type of Figure 2.19 consists of 
ten 20-k£2 resistances. If the ladder is driven by a 0.25-mA 
source, what voltage will it develop? How much power will it 
dissipate? 

2.46 (a) Referring to the 5-stage ladder of Figure P2.46, 
show that in order for the tap voltages to form a geometric pro¬ 
gression as shown, the resistances must satisfy the conditions 

/?] = R(1 -k)/k 

R 2 = R/d -k) 

and that the net resistance seen by the source is R eq = Rfk- 
(b) Verify that the case k =0.5 yields the R-2R ladder of 
Figure 2.21. 



Figure P2.46 

2.47 (a) Using the results of Problem 2.46, design a 5-stage 
ladder having k = 0.1 and R eq = 10 k£2. (b) Repeat, but for 
the case k = 1/4 and R eq = 10 k£2. 

2.5 Practical Sources and Loading 

2.48 With a 1 -W load, the voltage at the terminals of a cer¬ 
tain voltage source is found to be 10.0 V; without the load, it 
rises to 10.2 V. Estimate u$ and R s . Hence, predict the voltage 
at the terminals of the source for the case of a 22-£2 load. 

2.49 A certain transducer is modeled with a source and a 
series resistance R s . The voltage at its terminals is measured 
with a DVM having internal resistance R, = 10 M£2 and is 
found to be 12.500 mV; adding a 5-M£2 resistance in parallel 
with the DVM causes the reading to drop to 9.375 mV. Find 
vs and R s . 

2.50 (a) If a certain current source supplies i = 0.46 A at 
u = 10 V, and i = 0.4 A at v = 25 V, estimate is and R s . 
(b) What current would this source supply at v = 15 V? At 
v - -15 V? 


2.51 The current at the terminals of a certain current source 
is measured with an ammeter having an internal resistance 
Rj — 10 £2, and is found to be 11.988 mA; adding a 1.2-k£2 
resistance between the source terminals causes the ammeter 
reading to drop to 11.889 mA. Find is and R v . 

2.6 Instrumentation and Measurement 

2.52 In the voltage divider circuit of Figure 2.12 let v/ — 
5.000 V, R] = 200 k£2, and R 2 = 300 k£2. (a) What reading 
will a voltmeter with input resistance Ri = 1 M£2 yield when 
connected across R i? Across R 2 1 (b) If an ammeter with R, = 
10 k£2 is connected in series with the source, what reading will 
it yield? How much voltage will it develop? 

2.53 In the voltage divider circuit of Figure 2.12 let vi = 
10.000 V. If connecting a voltmeter with an input resistance 
fl, = I Mfl across R\ yields the reading u/f, = 7.407 V and 
connecting it across R 2 yields the reading vr 2 = 1.852 V, find 
Rj and R 2 . 

2.54 In the current divider circuit of Figure 2.14 let ij = 
2.000 A, Ri = 2 £2 and R 2 = 8 Cl. (a) What reading will 
an ammeter with input resistance R t = 0.1 £2 yield when con¬ 
nected in series with R|? In series with R 2 ? (b) If a voltmeter 
with R\ = 100 k£2 is connected in parallel with the source, 
what reading will it yield? How much current will it draw? 

2.55 In the current divider circuit of Figure 2.14 let // = 
2.000 mA, Rj = 2 k£2, and R 2 = 18 k£2. If //, */?i and i Rl 
are measured with an ammeter having internal resistance R,-, 
what is the maximum allowed value of Ri for loading error 
magnitudes of less than 0.1 %? 

2.56 Write a mathematical expression and predict the ac 
and dc ammeter readings of a current alternating sinusoidally; 

(a) between +3 mA and +5 mA with a frequency of 5 kHz; 

(b) between —3 mA and +2 mA with a period of 10 (is ; (c) be¬ 
tween 0 and +10 mA, and such that the net charge transferred 
in one cycle is 1 nC. 

2.57 A sinusoidal voltage waveform is observed with an os¬ 
cilloscope. Its peak-to-peak amplitude is 8 divisions, and the 
time interval between two consecutive positive peaks is 4 di¬ 
visions. If the vertical and horizontal sensitivities are, respec¬ 
tively, 2 V/div and 10 /rs/div, find the maximum rate at which 
the voltage waveform changes with time, in V/s. 

2.58 A 10-kHz rectangular wave alternates between —2 V 
and +4 V with a 75% duty cycle. Assuming sensitivities of 
1 V/div and 20 /rs/div, show how the waveform would appear 
on the oscilloscope screen with the oscilloscope set first in the 
dc mode, then in the ac mode. 

2.59 (a) Repeat Problem 2.58, but for a 50% duty cycle, 
(b) Find the duty cycle value for which changing the oscillo¬ 
scope mode from dc to ac or vice versa leaves the waveform 
on the screen unaffected. 
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C ircuit analysis is the process of finding specific voltages or currents in 
a circuit. This process is of paramount importance because we must 
learn to analyze circuits before we can design new ones or adapt existing 
ones to new needs. In resistive circuits the formulation of the equations 
governing the voltage and current variables is based solely on Ohm’s Law and 
Kirchhoff s laws. 

We have already been exposed to simple instances of circuit analysis in 
Chapter 2. In the present chapter we approach this topic in a more systematic 
and general manner. Our goal is not only to teach the mathematical aspects of 
circuit analysis, but also to help the reader develop a physical feel for circuits. 
To prevent mathematics from obscuring the physical aspect, we shall keep our 
circuits as simple as possible. Even so, our circuits are of the type and complex¬ 
ity that working engineers see every day. In the next chapter we show that even 
when dealing with more complex networks it is often possible to break them 
down into subcircuits of more manageable size and analyze them individually, 
still using the techniques of the present chapter. 

Before embarking upon a systematic approach to analysis, we find it in¬ 
structive to examine some illustrative circuits from a synthesis viewpoint in 
Section 3.1. We find that synthesis provides the reader with a better feeling for 
how the element laws and the connection laws interact to make a circuit work. 

We then turn to the two most important analysis methods, the node method 
and the loop method. The node method allows us to find all node voltages in 
a circuit and the loop method all mesh currents . Once either set of variables is 
known, we can readily find the voltage across or the current through any branch 
in the circuit. In general, the node and loop methods require the solution of 
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systems of simultaneous linear algebraic equations. This solution is carried out 
using either the Gaussian elimination method or Cramer’s rule . Both methods 
are reviewed in Appendix 2. 

Quite often we are interested in just one variable in a circuit, not in the 
entire set, and we thus seek ways to expedite our analysis. One important such 
technique is offered by the superposition principle, which exploits a unique 
property of resistive circuits known as linearity to break down a circuit into 
smaller subcircuits that are easier to analyze. Another technique, known as 
the source transformation technique, exploits the equivalence between a voltage 
source with a series resistance and a current source with a parallel resistance to 
effect suitable circuit manipulations that may also help expedite circuit analysis. 

Even though these techniques can in principle be applied to the analysis 
of any network, as circuit complexity increases they become prohibitive both 
in terms of time and effort. To overcome this obstacle, computer simulation 
programs have been developed to perform circuit analysis automatically. At 
the end of the chapter we introduce SPICE, one of the most widely used such 
programs. 

Since linear circuit analysis involves only ordinary algebra, its success relies 
not on fancy math but on the analyst’s ability to clearly understand the problem, 
formulate its algebraic equations correctly, and be neat and attentive during the 
algebraic manipulations. A most exasperating aspect of circuit analysis is that 
a simple sign or magnitude error suffices to invalidate the entire effort of long 
and tedious calculations! An integral part of the problem-solving process is 
checking for the correctness of the results. In presenting the various methods, 
we encourage the student to develop the habit of using one method to obtain the 
solution and another to verify its correctness. 

Although our present attention is limited to circuits consisting of resistances 
and independent sources, we shall see that the techniques of the present and the 
next chapter are applicable to networks containing other element types such as 
dependent sources, capacitances, inductances, and even the more sophisticated 
devices that you will encounter later in the curriculum, such as diodes and tran¬ 
sistors. We can say without fear of exaggeration that these two chapters are the 
cornerstones of your electrical and electronic engineering curriculum. To start 
out on the right track, you may wish to allocate far more time and attention to this 
pair of chapters than you would normally do, for once you have mastered the fun¬ 
damentals of resistive circuit analysis, all subsequent material will flow smoothly, 
no matter how sophisticated the function of the circuit or of its elements. 


3.1 Circuit Solution by Inspection 

As elements are connected to form a circuit, each branch current and branch 
voltage must satisfy two sets of laws, the element laws and the connection 
laws. This leaves no room for indeterminacy because at any instant each current 
and voltage must assume a well-defined value and all values must fit together 
precisely, like the pieces of a jigsaw puzzle. Before embarking upon a systematic 
approach to circuit analysis, it is instructive to develop a quick and intuitive 
feeling for this kind of interplay. We devote this section to solving some circuits 
examples through the repeated use of Ohm’s and Kirchhoff s laws. The common 
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thread is the search for suitable branch element values to achieve specific currents 
or voltages in designated parts of a circuit. This is the kind of task that working 
engineers face daily. 




Example 


3.1 


In the circuit of Figure 3.1(a) find the value of that will cause the 2-Q 
resistance to conduct a current of 3 A flowing downward. 


L A 1 



(a) (b) 

Figure 3.t Circuit of Example 3.1. 


Solution 

First, label the essential nodes, select one of them as the reference node, 
and ground it. The result is shown in Figure 3.1(b), where we have 
omitted the physical units to further simplify the notation. It is understood 
that they are [V], [ST2], and [A], 

Next, we start from the given 3-A branch current and work our way 
back toward the unknown source Vs. We shall examine one node and 
one branch at a time, paying careful attention to current directions and 
voltage polarities as we apply Ohm’s and Kirchhoffs laws. Once again 
we stress that resistances must satisfy the passive sign convention. 

(1) Consider the 2-£2 resistance. Since its current flows downward, 
we must have, by Ohm’s Law, v B — 0 = 2 x 3, or vb = 6 V. 

(2) Consider the node labeled v B . Since only 1 A is coming in while 
3 A are going out, there must be a current tj flowing into this 
node. Indicate this by means of an arrow, as shown. Then, by 
KCL, we must have i‘i + 1 = 3, or i\ = 2 A. 

(3) By Ohm’s Law, v A - v B = 3f l5 that is, v A = v B + 3i\ = 

6 + 3 x 2 = 12 V. 

(4) By Ohm’s Law, i 2 must flow toward the left, and i 2 = 

(v A - 0)/4 = 12/4 = 3 A. 
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(5) Consider the node labeled v A ■ Since both n and i 2 are flowing 
out of this node, there must be a current (3 flowing into the node 
such that *3 = f! 4 - i 2 = 2 + 3 = 5 A. 

( 6 ) By Ohm’s Law, — v A = H 3 , or v$ = v A + K 3 = 12 + 1 x 5 = 
17 V. 


Exercise 3.1 Repeat Example 3.1, but with the current source increased 
from 1 A to 4 A. Be careful with voltage and current polarities as you 
apply Ohm’s Law! 

ANSWER u$ = 2.75 V. 


Example 3.2 

In the circuit of Figure 1.11 let X] be a 17-V source with the positive 
terminal at the top; let X 2 , X 4 , and X 5 be, respectively, 10-S2, 20-fi, and 
4-Q resistances; let be a 2-A source flowing downward. If X 3 is an 
unknown resistance R , find the value of R that will cause the 2-A source 
to release 12 W. 



Figure 3.2 Circuit of Example 3.2. 


Solution 

First draw the circuit as in Figure 3.2, with the elements and the essential 
nodes properly Labeled. Then, proceed one step at a time, as follows: 

(1) Recall that for the current source to release power, its current 
must flow in the direction of increasing voltage. Thus, v B must 
be lower than ground potential, or negative. Since p — vi, we 
must thus have v B = —(p/i) — —(12/2) = —6 V. 

(2) By Ohm’s Law, i\ must flow upward, as shown. Thus, 
i] = (0 - v b )/A = [0 - (-6)]/4 = 1.5 A. 

(3) By KCL at the node labeled v B , h + ri = 2, or i 2 = 2 — 1.5 = 
0.5 A. 

(4) By Ohm’s Law, — v B — 20(2, or 1 ^= 1 ^+ 20( 2 = 

-6 + 20 x 0.5 = 4 V. 
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(5) By Ohm’s Law, 4 must flow toward the right, as shown, and 
4 = (17 — 4)/10 = 1.3 A. 

( 6 ) By KCL at the node labeled 14 , h = 4 + ii-, or 4 = 4 — 4 = 
1.3 — 0.5 = 0.8 A. 

(7) By Ohm’s Law, R = 14/4 — 4/0.8 = 5 Q. 


Exercise 3.2 In the circuit of Figure 3.2 let R = 5 £2. To what value 
must the voltage source be changed in order to cause the current source 
to absorb 0 W? 

ANSWER v s = 140 V. 

Exercise 3.3 Referring to the circuit of Figure 3.1(a), find the values 
of t; s that will cause the 3-Q resistance to dissipate 12 W. (Hint: there 
are two such values. Why?) 

ANSWER 17 V, -12 V. 


These circuits may look intimidating at first, but once we start solving them 
we realize that all it takes is Ohm’s and Kirchhoff s laws and some patience to 
make all currents and voltages fit together properly. The key idea is to follow 
a step-by-step approach rather than to worry about all currents and voltages 
simultaneously. It may be reassuring to know that this is how engineers work 
in practice, even when dealing with more sophisticated tasks such as transistor 
amplifier design. 


Resistive Ladder Design 

A similar approach can be used to design resistive ladders meeting given spec¬ 
ifications under given constraints. Some examples will better illustrate. 

► Example 3.3 

Design a 6 -stage resistive ladder that, when driven with a 100-V source, 
yields the following voltages: 50 V, 20 V, 10 V, 5 V, 2 V, and 1 V. All 
series resistances must be 10 k£ 2 . 

Solution 

First redraw the ladder as in Figure 3.3, with the branch currents and 
designated voltages explicitly labeled. The series resistances, all assumed 
equal to 10 k£2, have been labeled as R. Our task is to find the shunt 
resistance values required to meet the specifications. As usual, we start 


L 
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Figure 3.3 Example of resistive ladder design. 


from the far right and work our way back toward the source as follows: 

(1) By KCL and Ohm’s Law, t 12 = z'n = (2 - 1 )/R = l/R. By 
Ohm’s Law, R u = (1 - 0)/i’i 2 = 1/(1//?) = R = 10 kQ. 

(2) By KCL and Ohm’s Law, z t0 = i 9 - f'n — (5 - 2)/10 - (2 - 
1)/10 = 0.2 mA. Then, Ohm’s Law yields /?i 0 = 2/0.2 = 10 kQ. 

(3) By KCL and Ohm’s Law, i s = h-i 9 = (10—5)/10—(5—2)/l0 = 
0.2 mA. By Ohm’s Law, R$ = 5/0.2 = 25 kQ. 

(4) By KCL and Ohm’s Law, i 6 = i 5 — i 7 = (20 — 10)/10 — 

(10 - 5)/10 = 0.5 mA. By Ohm’s Law, R b = 10/0.5 = 20 kQ. 

(5) By KCL and Ohm’s Law, U = i 3 - t 5 = (50 - 20)/10 — 

(20 — 10)/10 = 2 mA. By Ohm’s Law, R 4 = 20/2 = 10 

(6) By KCL and Ohm’s Law, i 7 = i\ — h = (100 — 50)/10 — 

(50 - 20)/10 = 2 mA. By Ohm’s Law, R 2 = 50/2 - 25 kn. 

In short, we need R 2 = R$ = 25 kfi, R 4 ~ R { q = R l2 = 10 kO, and 
R 6 = 20 kfi. 


Exercise 3.4 Repeat Example 3.3, but under the constraint that all 
shunt resistances be 20 kQ. 

ANSWER R t = 11.36 kQ, R 3 = 15.79 kQ, R 5 = 11.11 kQ, 

Ri = 12.5 kQ, R 9 = R n = 20 kQ. 


f 


Example 


3.4 


(a) What is the equivalent resistance R eq seen by the source in the 
circuit of Example 3.3? 

(b) Suitably modify the circuit so that R tq = 100 kQ. 


Solution 


(a) R eq = vs/i\ = 100/[(100 - 50)/10] = 20 kQ. 















Exercise 3.6 An alternate way of solving Example 3.5 is to connect Xj 
to the 15-V source via a dedicated resistance R\ = (15 — 5)/2 = 5 k£2, 
and X 2 to the same source via a dedicated resistance R 2 = (15 — 6)/0.5 = 
18 kSL Calculate the total power dissipated by the circuit, and verify that 
this alternative is more wasteful of power and, hence, less desirable. 

Exercise 3.7 Repeat Example 3.5, but for the case in which the voltage 
source is 10 V, and under the constraint that the total power dissipated by 
the circuit be minimized. 


3.2 Nodal Analysis 

The state of a circuit is known completely once all its branch voltages and 
currents are known. Two systematic approaches are available to find these 
variables: the node method, discussed in this section, which allows us to find all 
node voltages in a circuit; and the loop method, discussed in the next section, 
which allows us to find all mesh currents. Once either set of variables is known, 
one can readily find all branch voltages and currents in the circuit using the i-v 
relationships of the individual elements. 

To keep things simple, this chapter focuses upon circuits consisting solely 
of resistances and independent sources. The more general case of circuits con¬ 
taining dependent sources is addressed in Chapter 5. 


The Node Method 

Nodal analysis allows us to find all unknown node voltages in a circuit through 
the following steps: 

(1) Select a reference node and ground it. Label all the nodes whose 
voltages are unknown, and use arrows with arbitrarily chosen directions 
to label the currents entering or leaving each of these nodes. 

(2) Apply KCL at each labeled node, but with labeled currents expressed 
in terms of node voltages via Ohm’s Law. In so doing, make sure 
you relate current directions and voltage polarities correctly, that is, 
according to the passive sign convention. 

(3) Solve the resulting set of simultaneous equations for the unknown node 
voltages. 

If a branch voltage is desired, it can readily be found as the difference 
between the adjacent node voltages. If a branch current is desired, it can be 
found from the branch voltage via Ohm’s Law. If a current comes out negative, 
this simply means that its direction is opposite to that originally chosen. 

Before turning to actual examples, we stress once again the importance 
of labeling the circuit (reference node, unknown node voltages, and associated 
branch currents) before we start analyzing it. Experience indicates that one of 
the most frequent reasons beginners get stuck is the failure to adequately label 
the circuit! 
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Example 


3.6 


Apply nodal analysis to the circuit of Figure 3.5(a). 




1 6 



Figure 3.5 Circuit of Example 3.6. 


Solution 


Ground the bottom node as in Figure 3.5(b). Of the remaining two node 
voltages, only the one labeled U| is unknown, the other being 12 V by 
voltage source action. We also omit the physical units for simplicity, it 
being understood that they are [V], [A], and [fi]. 

Arbitrarily choosing the current directions as shown, by KCL we 
have i\ = 4 + h- Expressing currents in terms of voltages via Ohm’s 
Law yields 


12 — U] 

I 


= 4 + 


3 


Multiplying through by 3 yields 36 — 3i>) = 12 + v\. Collecting yields 
(3+ l)ui =36- 12, or 


d, = 6 V 


i 


Exercise 3.8 Repeat Example 3.6, but with the terminals of the current 
source interchanged so that its current now flows upward. 


ANSWER u, = 12 V. 


3.2 


Nodal Analysis 
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E 


Example 


3.7 


Find the power in each element of the circuit of Example 3.6. Hence, 
verify that energy is conserved. 


Solution 

Let us first find the branch currents. Using Ohm’s Law we obtain 
fin = (12 — 6)/l = 6 A (—►) and i$n = 6/3 = 2 A (|), This is shown 
in Figure 3.5(c). Since the current through the voltage source flows 
upward, it conforms to the active sign convention of Figure 1.5(a). Using 
p = vi, we find that this source is releasing p i2 \ = 12 x 6 = 72 W. 
By contrast, the resistances are dissipating power. Using p = Ri 2 , we 
find p\ si = 1 x 6 2 = 36 W, and p$Q = 3 x 2 2 = 12 W. The voltage 
across the current source is 6 V. Since in this particular case this source 
conforms to the passive sign convention of Figure 1.5(b), it is absorbing 
Pi a = 6 x 4 = 24 V. We must have 

Pl2V =glSJ + P3Q + P4A 

or 72 = 36 + 12 + 24, thus confirming that energy is conserved. 


Exercise 3.9 Find f| and i 2 for the circuit of Exercise 3.8. Hence, 
verify that power is conserved. 

ANSWER ,, = 0, i 2 = 4A; p 4A = p 2Q = 48 W. 


Example 3.8 

Apply nodal analysis to the circuit of Figure 1.11 for the case in which 
X[ is a 9-V source with the positive terminal at the top; X 2 , X 3 , X 4 , and 
Xs are, respectively, 3-kQ, 6-kf2, 4-kS2, and 2-kS2 resistances; and X 6 is 
a 5-mA source flowing downward. 


Solution 


The circuit is shown in Figure 3.6 with all the labels in place and the 
bottom node as the datum node. Of the three node voltages at the top, 
only the ones labeled V] and v 2 are unknown, the other being 9 V by 
voltage source action. The SI units are now [V], [mA], and [kQ]. 

Applying KCL at the labeled nodes yields, respectively, 


9 — ui 
3 


6 


+ 


v ] - v 2 


U| - v 2 


4 



4 
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Figure 3.6 Circuit of Example 3.8. 

Multiplying through by 12 and 4, respectively, and collecting, 

3d, - U2 = 12 (3.1) 

u, - 3 d 2 = 20 (3.2) 

This system of two equations in two unknowns can be solved either by 
the Gaussian elimination method, or by Cramer’s rule, as discussed in 
Appendix 2. We shall illustrate both approaches. 

To apply the Gaussian elimination method, multiply Equation (3.1) 
throughout by -3 and add it pairwise to Equation (3.2). This yields 
(—9 + 1 )d, + (3 — 3) i >2 = (—36 + 20), or y, =2 V. Back-substituting 
into Equation (3.1) yields 3 x 2 - v 2 = 12, or v 2 = -6 V. 

Cramer’s rule yields 


Ul 


12 -1 
20 -3 


3 -1 
1 -3 


12(—3) - 20(—1) 
3(—3) — 1 (— 1) 


= 2 V 


v 2 = 


3 

12 



1 

20 

3 x 20- 

1 x 12 

3 

1 

-1 

-3 

“ 3(—3) — 

K-l) 


= -6 V 


The fact that v 2 is negative means that the potential at the corresponding 
node is lower than ground potential. _~^ 


Exercise 3.10 Consider the circuit obtained from that of Figure 3.6 by 
connecting an additional 1.5-k£2 resistance from the top left node to the 
top right node. Sketch the modified circuit; hence, find the new values of 
v\ and v 2 . 

ANSWER 4.5 V, 1.5 V. 


Checking 

How do we know whether our results are correct? When we are solving even 
moderately complex circuits, the opportunity for mistakes arises in a variety of 
subtle ways, so we need a reliable check even when the results are obtained with 




3.2 Nodal Analysis 107 


a fancy calculator. A good engineer must not only understand the principles but 
must also know how to come up with an answer, and one that is correct. Con¬ 
sequently, the verification of results is just as important as their derivation! 

In the case of nodal analysis, using the calculated node voltages to find the 
branch currents and then verifying that they do indeed satisfy KCL provides a 
reasonable check. For instance, in Figure 3.5(c), where we found i[ q = (12 — 
6 )/l = 6 A (—»■), and ( 3 ^ = 6/3 = 2 A (|), KCL yields 6 = 4+2, which checks. 

Suppose, however, that in Example 3.6 we had erroneously written i\ = 
(t’i — 12)/1, a common mistake for beginners. Then, the condition i\ = 4 + i^ 
would have yielded (tq - 12)/1 = 4 + Ui/3, whose solution is t>i = 24 V. This, 
in turn, would have implied i'iq = (24 — 12)/l = 12 A («-), and i 3SJ — 8 A (4). 
With all three currents flowing out of the node, KCL would yield 0 = 12+4 + 8 . 
This untenable result is a warning that an error was committed somewhere. It 
is our responsibility to go back and recheck our equations to identify the error! 

An alternate check is to use p = vi to compute the power of each element 
and then verify that the total released power equals the total absorbed power, 
in the manner of Example 3.7. Though more laborious, this approach has the 
advantage that it checks both the voltages and the currents. Regardless of the 
approach taken, it is good practice to always check the validity of the results. 



Example 3.10 

Apply nodal analysis to the circuit of Figure 3.7(a). Check your results 

Solution 

Ground the bottom node, label the remaining three node voltages tq, 
V 2 > and u 3 , and assign arbitrary directions to the currents through the 
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2£1 


0.5 A 


-- 

1.5 n 

8 V 


) 3Q ^ 

10 Q< 



(a) <b) 

Figure 3.8 Illustrating the supemode technique. 


Solution 


(a) Surround the voltage source as well as its nodes with a dotted line to 
turn it into a supemode. This is shown in Figure 3.8(b), where the units 
are [V], [A], and [S2], Next, label all essential node voltages and branch 
currents, as usual. KCL at the node labeled iq yields i'i = 0.5 4- i 2 , or 


1/3 - i>i 


2 


= 0.5 + 


v\ - v 2 
1.5 


Applying KCL at the supemode yields ('2 = (3 + U + it, or 


(3.4a) 


~ 

1.5 


3 10 



(3.4b) 


We have three unknowns, but since the 8 -V source keeps V 3 - ti = 8 V, 
we can substitute 


i>3 = V 2 + 8 (3.5) 

into the preceding equations to reduce the number of unknowns to two. 
After this is done, multiplying Equations (3.4) through, respectively, by 6 
and 30, and collecting terms yields 

V] — l >2 = 3 

35vi - 48 u 2 - 144 

Solving by the Gaussian elimination method or by Cramer’s rule yields 
iq = 0 V and V 2 = —3 V. Substituting into Equation (3.5) yields 
t >3 = 5 V. To summarize, 


d,=0V 
v 2 = -3 V 
u 3 =5 V 


Remark We observe that in this particular case the voltage across the 
current source is 0 V, confirming that current sources work with any 
voltage, including zero. 



3.2 Nodal Analysis 


Checking By Ohm’s Law, ( 15n = [0 - (-3)]/1.5 = 2 A (-»), 

12si = 5/2 = 2.5 A (<-), la 0 = [0 - (-3)]/3 = 1 A (t), and 
i 10 q = 5/10 = 0.5 A a). 

KCL at the node labeled v\ yields 2.5 = 0.5 + 2, and KCL at the 
supemode yields 2+1 = 0.5 + 2.5. Both check, confirming that the 
results are most likely correct. 

(b) The current through the 8 V source is i% v — ha + Mon = 
2.5 + 0.5 = 3 A (->). Since it conforms to the active sign convention, 
this source is delivering power. 


Exercise 3.13 

(a) Redraw the circuit of Figure 3.6, but with the 4-k£2 resistance 
replaced by a 12-V source with the positive terminal at the node 
labeled U|. Hence, find v\ and V 2 , and check your results. 

(b) What is the power associated with the 12-V source? Is this 
power released or absorbed? 

ANSWER (a) 4 V, -8 V; (b) 12 mW, absorbed. 


^Example 3.12 

Apply nodal analysis to the circuit of Figure 3.9(a). 


8 ft 8 



Solution 

Select the reference node and label all essential node voltages and branch 
currents as shown in Figure 3.9(b), where the units are [V], [A], and 
[S2]. Since the circuit can have only one reference node, the node labeled 
V 2 becomes an essential node, indicating that the 4-V source forms a 
supemode. The node at the positive side of the 4-V source is also an 
essential node. However, instead of labeling it U 3 , we directly label it 
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V 2 + 4 in order to minimize the number of unknowns and thus simplify 
our algebra. 

Applying KCL at the node labeled v\ yields 12 = ti 4- 13, or 
12 — i>i V] V] — (t>2 + 4) 

18 _ T H 8 

Applying KCL at the supernode yields k + i$ = i$, or 
V]—(V2+4) t 12 — (U2+4) V 2 

8 + 5 = ~6 

Multiplying through, respectively, by 72 and 120 , and collecting gives 

37i>i — 9 u 2 = 84 
15m - 59 l>2 = -132 

Solving by the Gaussian elimination method or by Cramer’s rule, 

ui = 3 V 
i’2 = 3 V 

Clearly, the voltage at the positive side of the 4-V source is i >2 + 4, or 7 V. 

Checking By Ohm’s Law, we have * 3 ^ = 3/3 = 1 A (j), 
iiita = (12 - 3)/18 = 0.5 A (<-), is a = (7 - 3)/8 = 0.5 A (<-), 
i 5a = (12 - 7)/5 = 1 A (-►), and i 6n = 3/6 = 0.5 A («-). 

KCL at the node labeled v\ yields 0.5 + 0.5 = 1, and KCL at the 
supemode yields 1 = 0.5 + 0.5, both of which check. 

Remark We observe that the 10-S2 resistance does not intervene in our 
calculations because it is connected between two known node voltages, 
namely, 12 V and 0 V. All this resistance does is absorb power from the 
12-V source, without affecting the remainder of the circuit. 


Exercise 3.14 Sketch the circuit of Figure 3.9(a), but with the 8 -S 2 
resistance replaced by a 30-V voltage source, positive at the left. Hence, 
use nodal analysis to find the voltage across the 3-f2 resistance, and check 
your result. 

ANSWER 19.5 V (positive at the top). 


3.3 Loop Analysis 

While nodal analysis allows us to find all unknown voltages in a circuit, loop 
analysis allows us to find all unknown currents. We can then use these cur¬ 
rents and the v-i relationships of the individual elements to find the branch 
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voltages. Just as in nodal analysis it was expedient to use node voltages as in¬ 
dependent variables, even though they do not necessarily coincide with branch 
voltages, in loop analysis it is expedient to use auxiliary current variables known 
as mesh currents, even though they do not necessarily coincide with branch 
currents. 

To introduce the mesh current concept, refer to the circuit of Figure 3.10(a), 
where the currents through R \ and R 2 are assumed to flow toward the right. If we 
assume the current through Ry to flow downward, then KCL yields i\ = i Ry + L, 
or iff, = i] —/ 2 , as is explicitly shown in the figure. The reason for expressing i^ 
in terms of /[ and i 2 is that this allows us to regard i\ and i 2 as circulating around 
the corresponding meshes rather than sinking into or springing from nodes; see 
Figure 3.10(b). The advantage of using circulating currents is that they simplify 
the application of KVL around a mesh, as we are now about to see. 



(C) 


Figure 3.10 Loop analysis: (a) original circuit; (b) labeled circuit; (c) solved 
circuit of Example 3.13. 


The Loop Method 

Loop analysis, applicable to planar circuits, or circuits that can be drawn on a 
plane with no crossing branches, involves the following steps; 

(1) Select a set of meshes such that at least one mesh passes through each 
branch. Label each mesh with the corresponding mesh current, and 
assign each mesh current an arbitrarily chosen direction, say, clockwise. 

(2) Apply KVL around each labeled mesh, but with each branch voltage 
expressed in terms of the corresponding mesh currents via Ohm’s Law. 
Be sure to relate current directions and voltage polarities according to 
the passive sign convention! 

(3) Solve the resulting set of simultaneous equations for the unknown mesh 
currents. 
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If a branch current is desired, it can readily be found by adding up alge¬ 
braically all mesh currents passing through that branch. If a branch voltage is 
desired, it can be found from the branch current via Ohm’s Law. Before turning 
to actual examples, we stress once again the importance of properly labeling the 
circuit before we even start analyzing it. Inadequate labeling may easily cause 
you to get stuck! 




Example 3.13 


Apply loop analysis to the circuit of Figure 3.10(b) for the case iq = 13 V, 
V 2 = 2 V, Ri = 3 £2, /?2 = 1 £2, and Rz = 4 Q. What is the current 
through /? 3 ? 


Solution 

Our physical units are [V], [A], and [£2]. Going around the mesh labeled 
i] we encounter a voltage rise v\ and two voltage drops, = Rpy and 
vri = = /? 3 (fi — * 2 >- KVL thus yields tq = R\i\ + /GO'i — iz), or 

13 = 3i i + 4(ii — 1 2 ) 

Going around the mesh labeled iz we find only voltage drops— 

Vr 3 = /? 3 ( 1*2 — i\). vr 2 = f?2*2’ an d v 2 - Applying KVL yields 
0 = /?3 (l - 2 — 11) + &2 l 2 + V2, or 

0 = 4(i2 — i \) -(- 1/2 2 

Collecting terms, we have 

7*i - 4/2 = 13 
4i ] - 5(2 = 2 

Solving via Gaussian elimination or Cramer’s rule yields 

11 = 3 A 
(2 = 2 A 

The branch current through is i Ri = i\ — i 2 = 1 A (4). 


Exercise 3.15 The circuit of Figure 3.6 has three meshes, with the 
current around the rightmost mesh being 5 mA and flowing clockwise. 
Apply the loop method to find the currents through the 6-kfi and 2-kQ 
resistances. 


ANSWER 1/3 mA (|), 3 mA (f). 
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Checking 

As usual, we must check our results. This can be done by using the calculated 
mesh currents to find the branch currents and, hence, the branch voltages , and 
then verifying that the latter do indeed satisfy KVL. 

For instance, in Example 3.13 the branch voltages are, by Ohm’s Law, 
vr , — R\i\ = 3 x 3 = 9 V (positive at the left, abbreviated as + @ left); 
vr 2 = Rih = lx2 = 2V(+@ left); and v Ri = R 3 =4x1 = 4 V 
(+ @ top). This is shown in Figure 3.10(c). KVL around the two meshes 
yields, respectively, 13 = 9 + 4 and 4 = 2 + 2. Both check, indicating that our 
results are likely to be correct. 

Suppose, however, we had erroneously expressed the current through R$ 
as i/f 3 = i'i + i 2 = 5 A, not an uncommon error for beginners. Then, the 
branch voltages would have been v Rl = 9 V, vr 2 = 2 V, and = Rfi R} = 
4 x 5 = 20 V. KVL around the two meshes would have yielded, respectively, 
13 =9 + 20, and 20 = 2 + 2. Both identities are untenable, indicating that an 
error was committed somewhere. It is our responsibility to detect and correct it. 

Another way of checking our results is to apply node analysis and verify 
that it yields consistent results with loop analysis. Considering the importance 
of a reliable check, you should never hesitate to try more than one approach! 


Example 3.14 

In Example 3.1 we used Ohm’s and Kirchhoffs laws to compute all 
currents and voltages in order to find Vs in the circuit of Figure 3.1. Now 
let us follow the inverse approach (namely, assuming = 17 V, let us 
use the loop method to find all branch currents). Then, using Ohm’s Law, 
let us find all branch voltages and check that they obey KVL. 


Solution 

Redraw the circuit and label the mesh currents as in Figure 3.11(a), 
where the physical units are [V], [A], and [£T|. Since the upper mesh 
current is established by the current source, its value is 1 A, as shown. 
Going around the mesh labeled i i we find only voltage drops. Thus, KVL 
yields 


0 = 4(f! - 1) + 1(*! — f 2 ) + 17 
KVL around the mesh labeled i 2 yields 

17 = 1(*2 “(']) + 3(12 — 1) + 2i2 
Collecting terms, we obtain 


5*i - 12 = -13 
i'i — 6/2 = —20 
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Solving via Gaussian elimination or Cramer’s rule yields 

i’i —2 A 
h = 3 A 


l l 



Figure 3.11 Circuit of Example 3.14. 


Checking Redrawing the mesh currents as in Figure 3.11(b), we obtain, 
by Ohm’s Law, v 4 q = 4(2+1) = 12 V (+ @ right); v lQ = 1(2+3) = 5 V 
(+ @ bottom); i> 3 q = 3(3 -l)=6V(+@ left); and V 2 q = 2 x 3 = 6 V 
(+ @ top). 

KVL around the bottom meshes yields, respectively, 12 + 5 = 17, 
and 17 = 5+ 6 + 6. Both check, confirming correct results. 


Exercise 3.16 Apply the loop method to the circuit of Figure 3.8(a) 
to find the magnitudes and directions of the currents through the 2 -Q 
and 10-S2 resistances. Assume the current around the bottom left mesh 
flows counterclockwise to make it coincide with the current of the 0.5-A 
source. Check your results. 

ANSWER 2.5 A (*-), 0.5 A 4). 


Example 3.15 

Apply loop analysis to the circuit of Figure 3.12. 
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2k£l 4 kQ 



Figure 3.12 Circuit of Example 3.15. 


Solution 

Applying KVL around the designated meshes yields 
1 = 2 i| + 6(i'i - i 2 ) + 1 0(r i - h) 

0 ~ 6 (r 2 — i]) + 4 i 2 + 7 + 8(/ 2 — ( 3 ) 

15 = 10(13 — i|) + 8(13 — i 2 ) 4- 1(3 
Collecting and rearranging, 

18/] — 6/ 2 — 10(3 = 1 
611 — 18( 2 + 8(3 = 7 
lOt'i + 8/ 2 — 19/3 = —15 

Solving by Gaussian elimination or Cramer’s rule, we obtain t‘i = 1.5 mA, 
ij = 1 mA, and (3 = 2 mA. 


Exercise 3.17 Use KVL to check the results of Example 3.15. 


Supermeshes 

A case requiring special treatment occurs when two or more unknown mesh 
currents pass through the same current source . By establishing a constraint 
between these mesh currents, the source reduces the number of unknowns by 
one. However, it also creates a problem because its voltage, established by 
the surrounding elements, cannot be expressed directly in terms of the source 
current. 

This difficulty is overcome by altering the choice of the mesh currents so that 
only one mesh current passes through the offending current source. To bypass 
this source, the remaining meshes will have to be expanded into larger meshes, 
or supermeshes. Loops would actually be a better designation; however, the 
terminology is immaterial as long as we have circulating current paths along 
which we can apply KVL without encountering unspecifiable branch voltages. 
Some examples will better illustrate the procedure. 







118 Chapter 3 Circuit Analysis Techniques 


l 



Figure 3.13 Illustrating the 
supermesh technique. 


E 


Example 3.16 


Apply loop analysis to the circuit of Figure 3.5. 


Solution 

Since the circuit contains two meshes sharing the same current source, 
we let only the first mesh pass through this source and we expand the 
second mesh into a supermesh or loop to avoid the source. This is shown 
in Figure 3.13, where the units are [V], [A], and [Q]. By inspection, 

i\ = 4 A 

Moreover, applying KVL around the supermesh yields 

12 = l(/'i + t2) T 3t2 

Solving by the substitution method yields 


i - 2 = 2 A 


Checking By KCL, i tn =4 + 2 = 6A (-»■), and i 3 Q = 2 A (j). By 
Ohm’s Law, = 1 x6 = 6V(+ @ left), = 3x2 = 6 V 
(+ @ top). Then, KVL around the loop labeled i? yields 12 = 6 + 6, 
which checks. 


Exercise 3.18 In the circuit of Figure 3.10(a), let iq = 13 V, V 2 = 2 V, 
R\ =3 k£2, and R% = 1 kQ, and let R$ be replaced by a 1-mA current 
source flowing upward. Use loop analysis to find the power (delivered or 
absorbed?) by the 13-V and 2-V sources. Check your results! 

ANSWER 32.5 mW, delivered; 7 mW, absorbed. 


E 


Example 3.17 


Use loop analysis to find the power (released or absorbed?) by each 
source in the circuit of Figure 3.14(a). 


Solution 

Expand the upper mesh into a supermesh to avoid passing through the 
0.5-mA source twice. This is shown in Figure 3.14(b), where the units are 
[V], [mA], and [k£Tj. Note also that the current around the bottom right 





2kfi 2 



j mesh has been directly labeled as 0.5 to avoid introducing an additional 
variable, which would unnecessarily complicate our algebra. 

Applying KVL around the meshes labeled i i and r ‘2 yields 

i 8= 1.5 m+ 3(i] -0.5) 

8 = 2/2 + 10 (/2 + 0.5) 

Solving as usual yields /1 = 19/9 mA and f '2 = 0.25 mA. 

To find the power of the voltage source we need to know its current 
/gy. Then, p%y = 8 x jgy. By KCL, /gy = 0 -H *2 = 19/9 + 0.25 = 
85/36 mA (f). Since it conforms to the active sign convention of 
Figure 1.5(a), this source is releasing /?gy = 8 x 85/36 = 170/9 mW. 

To find the power of the current source we need to know the 
voltage U 0.5 m A across its terminals. Then, /?o .5 mA = ^ 0.5 mA x 0-5- 
i Using KVL and Ohm’s Law, we find V 0.5 mA = uioa — = 

10(0.5 + 0.25) - 3(19/9 - 0.5) = 8/3 V (+ @ right). Since 
it conforms to the active sign convention, the source is releasing 
P0.5 mA - (8/3) X 0.5 = 4/3 mW. 


Exercise 3.19 Consider the circuit obtained from that of Figure 3.6 
by replacing the 6-k£2 resistance with a 5/3-mA current source flowing 
upward. Use loop analysis to find the power dissipated by the 4-kfi 
resistance. 

ANSWER 256/9 mW. 

Exercise 3.20 Sketch the circuit of Figure 3.14(a), but with the 1.5-kfi 
resistance and 0.5-mA source interchanged with each other, the source 
still pointing toward the right. Then use the loop method to find the 
voltage across the 3-kfi resistance and the node method to check your 
result. 

ANSWER 297/74 V (+ @ top). 
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Figure 3.15 A linear circuit with 
two sources. 


3.4 Linearity and Superposition 


A circuit is said to be linear if it satisfies the following properties. 

(1) The Scaling Property: The branch currents and node voltages resulting 
from a single source in the circuit are linearly proportional to the source, 
indicating that multiplying the value of the source by a given constant 
multiplies all currents and voltages by the same constant. In particular, 
setting the source to zero makes all currents and voltages zero. Setting 
a source to zero is variously referred to as suppressing, turning off, 
deactivating, or killing the source. 

(2) The Additive Property: In a circuit with two or more sources, each 
branch current and node voltage is the algebraic sum of the contribu¬ 
tions from each source acting alone (that is, with all other sources set 
to zero, or suppressed). 


All the circuits encountered so far, which consist of sources and resistances, 
are linear. On the other hand, when studying diodes and transistors, you will 
see that circuits incorporating these devices generally exhibit a highly nonlinear 
behavior. 

As an example of a linear circuit, let us verify that the voltage v in the 
circuit of Figure 3.15 satisfies both the above properties. First, let us find the 
contribution from the voltage source acting alone, that is, the contribution from 
us with i s = 0. Call this contribution uj. Since is = 0 represents the i-v 
characteristic of an open circuit, the original network reduces to the subnetwork 
of Figure 3.16(a), with the current source replaced by an open circuit. Using 
the voltage divider formula yields 


v\ 


Ri 

- 'Vs 

fll +*2 


indicating that is linearly proportional to Vs. 


13.6) 




Figure 3.16 Subcircuits to find the contributions from each source 
acting alone. 


Next, we find the contribution v 2 from the current source acting alone, 
that is, the contribution from i s with = 0. Since vs = 0 represents the i-v 
characteristic of a short circuit, we now obtain the subnetwork of Figure 3.16(b), 
where the voltage source has been replaced with a short circuit. Since i s is in 
parallel with /?i and R 2i Ohm’s Law yields —v 2 = (R[ || R 2 )is, or 


v 2 = -■ 


/ f | /? 2 


R 1 + /?2 

Clearly, v 2 is linearly proportional to i s . 


is 


(3.7) 





3.4 Linearity and Superposition 


121 


Finally, we claim that the voltage v due to sources 1 ;$ and is acting simul¬ 
taneously is the algebraic sum of their individual contributions, 

u = Uj +i*2 43.8) 


To verify this, let us apply nodal analysis to the original circuit of Figure 3.15. 
Thus, (v.$ — v)/R] = is + v/Ri< Collecting terms and using straightforward 
algebraic manipulation, we can put u in the form 


i; = 


R , 

-Ut 

*i + Ri 


R\ /f; 

/fi + Ri S 


(39) 


confirming that it satisfies the additive property, t> = U] + i>2- 


Exercise 3.21 Show that in the circuit of Figure 3.15 the current 
flowing through R\ toward the right is 

1 R-> 




R i d - R 2 


Vs + 


R | + Ri 


‘s 


(3.10) 


The Superposition Principle 

The preceding considerations indicate that an alternative to the nodal and loop 
analysis methods is to calculate the contributions from the individual sources 
acting alone and then to superpose these contributions algebraically. This forms 
the essence of the superposition principle. The advantage of this approach is 
that it breaks down a complex network into simpler subnetworks, each of which 
has only one source and is thus easier to solve. The final result is then obtained 
by adding the individual solutions algebraically. Although we have illustrated 
the principle for the case of two sources in the circuit, it is readily generalized 
to an arbitrary number of sources. 

While nodal and loop analysis allow us to find all voltages or currents in 
a circuit, the superposition principle is particularly useful when only a specific 
voltage or current is sought, since it may relieve us from having to solve si¬ 
multaneous equations. Even when nodal or loop analysis is mandatory, we can 
still use the superposition method to spot-check our results. Another advantage 
of the superposition approach is that it allows us to compare the relative contri¬ 
butions from the various sources and see which ones affect a given current or 
voltage the most or the least, once the individual element values are known. 

The superposition principle for the case in which the sources in the circuit 
are only of the independent type is summarized as follows: 

(1) Label the current or voltage to be found, and indicate its reference 
direction or polarity explicitly. 

(2) Find the contribution from each independent source acting alone, that is, 
with all other independent sources set to zero, or suppressed. Note that 
suppressing a voltage source means replacing it with a short circuit. 
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while suppressing a current source means replacing it with an open 
circuit, 


voltage source ->• short circuit (3.11a) 

current source —► open circuit (3.11b) 

Note also that a contribution along the chosen reference direction or 
polarity may be either positive or negative. 

(3) Add all contributions algebraically (that is, with the signs obtained in 
step 2) to find the desired current or voltage. 

The case when the circuit also contains dependent sources requires special 
care and is discussed in Section 5.2. 

Clearly, the superposition principle is a direct consequence of the linearity 

property. This property is also expressed by saying that in a linear circuit 

each current and voltage is a linear combination of all independent sources in 
the circuit. With reference to our example of Figure 3.15, this statement is 
expressed by saying that v must be of the type 


u = rzi t>s + (3.12) 

where a\ and an are suitable coefficients that depend on the resistances but 
not on the sources. According to Equation (3.9), a i = Rj/(R\ + R 2 ) and 
a 2 = — (/?] || R 2 ). Note that a\ is dimensionless because v and vs have the 
same dimensions, and a 2 has the dimensions of a resistance because v is a 
voltage and is is a current. 

Likewise, the current through R\ can be expressed as 

i = a 3 v s + a 4 i s (3.13) 

where, by Equation (3.10), a 3 = \/(Ri + R 2 ) and 04 = R 2 /(R\ + Ri). In this 
case a 3 has the dimensions of a conductance (S 2 1 ), and a 4 is dimensionless. 

Verifying that the calculated coefficients have the correct physical dimen¬ 
sions provides a good check for our calculations. For example, suppose in 
Exercise 3.21 you had erroneously obtained ; = [R\/{R\ + + [R 2 /(Ri + 

/? 2 )]is- Noting that the coefficient of 1/5 is dimensionless instead of having the 
dimensions of a conductance indicates that an error was committed somewhere. 



Figure 3.17 Voltage 
summing circuit. 


► Example 3.18 


(a) Using the superposition principle, derive an expression for v in 
the circuit of Figure 3.17. 

(b) Discuss the special case Ri — R 2 . 


Solution 

(a) Replacing v 2 with a short circuit leaves us with a voltage divider 
circuit, so the contribution from v\ is v x = [R 2 /{R\ + 
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Likewise, suppressing uj we find that the contribution from ih is 
Vy = [/?i/(/?i 4- Rj)]v 2 - Letting v — v x + u v we obtain 

v = — ——— 1 >) + —— l - — V 2 (3.14) 

/?i -f /?2 R i + Rj 

indicating that the circuit yields weighted sum of i/j and V 2 . 

(b) If R i = R 2 , Equation (3,14) simplifies as 

, = (3.15) 

indicating that now the circuit yields the mean of t>i and u 2 . 

Exercise 3.22 

(a) Applying the superposition principle to the circuit of 
Figure 3.10(a), show that the voltage across R 3 is 

Ul , V 2 ,11 ci 

v — -- (3,16) 

1 + R\fRi + R\/R$ 1 + R 2 /R 1 + R 2 /R 3 

(b) If R\ = R 2 = 10 k£2, find the value of R 3 that will yield 
v = 0.1 (uj + i> 2 ). 

ANSWER (b) 1.25 kQ. 


► Example 3.19 

Using the superposition principle, find the current / through the voltage 
source of Figure 3.18. 

i 

Solution 

Suppressing the sources we obtain the subcircuits of Figure 3.19, where 
we have omitted the physical units for simplicity, it being understood that 
they are [V], [A], and [£2]. 


nr)}, & 2 



5£1 6£2 


2£2< 12 V{ + 


Figure 3.18 Circuit of 
Example 3.19. 


Figure 3.19 Subcircuits arising when applying the 
superposition principle. 


Chapter 3 Circuit Analysis Techniques 


Using KCL in Figure 3.19(a) we obtain i'i = i 3 + i A — 12/(2 + 5) + 
12/(6+ 3) = (12/7 -h 4/3) A. 

Using KCL in Figure 3.19(b) we obtain i 2 + ie = f's, or i 2 = i$ — i$. 
By the current divider formula, i 6 = 1 x 3/(6 + 3) = 1/3 A, and 
( 5 = 1 x 2/(2 + 5) = 2/7 A. Thus, i 2 = (2/7 - 1/3) A. 

Finally, by the superposition principle, i = i\ + i 2 = 12/7 +4/3 -h 
2/7 - 1/3 =3 A(f). 



Exercise 3.23 Using the superposition principle, find the voltage across 
the current source of Figure 3.18. 

ANSWER 4 V (+ @ right). 




Example 3.20 


Using the superposition principle in the circuit of Figure 3.6, find the 
contributions to i>i and v 2 due, respectively, to the 9-V source and the 
5-mA source. 


Solution 

Suppressing the current source, we use the voltage divider formula to 
find the contributions due to the 9-V source, 


v \ (9 V) = 

V2(9V) = 


6 || (4 + 2) 

3 +[6 || (4 + 2)] 

2 4.5 = 1.5 V 


9 = 4.5 V 


4 + 2 


Suppressing the voltage source, the contributions due to the 5-mA 
current source are found via Ohm’s Law and the voltage divider formula, 

t* 2 (5mA) = - [2 II [4 + (3 II 6 )]] 5 = -7.5 V 

3 II 6 


V 1 (5 mA) — 


-(-7.5) = -2.5 V 


(3 || 6 )+ 4 

Then, 14 = 4.5 — 2.5 = 2 V, and v 2 = 1.5 — 7.5 = —6 V. 


Exercise 3.24 Using the superposition principle in the circuit of 
Figure 3.8(a), find the contributions to the voltage across the 2-Q 
resistance due to the 0.5-A source and the 8 -V source. 

ANSWER 3/7 V and 32/7 V (both + @ right). 



3.4 Linearity and Superposition 125 



1 



(c) (d) 


Figure 320 Circuits and subcircuits of Example 3.21. 


Solution 

To find the contribution from one source at a time with the other two 
sources suppressed, we use the subcircuits of Figure 3.20(b) through (d), 
where the units are [V], [A], and [£2]. 

Applying the voltage divider formula to the circuit of Figure 3.20(b) 
yields ui = [30/(10 + 20 + 30)]10 = 5 V. 

In the circuit of Figure 3.20(c) we apply the current divider formula 
to find iMo = [(10 + 20)/(10 + 20 + 30)] 1 = 0.5 A(|). Hence, 
v 2 = 30 x 0.5 = 15 V. 

Applying again the current divider formula to the circuit of 
Figure 3.20(d), we find / 30fl = [10/(10 + 20 + 30)]2 = 1/3 A(t). Thus, 
t> 3 = -30 x 1/3 - -10 V. 

Finally, v = v\ + v 2 + v 3 = 5 4- 15 — 10 = 10 V. 


Exercise 3.25 Apply the superposition principle to the circuit of 
Figure 3.20(a) to find the voltage across the 2-A current source. 


ANSWER 10/3 V (+ @ bottom). 
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What Can I Do? 


N aturally you’re inter¬ 
ested in electricity and 
electronics, or else why 
would you be studying elec¬ 
trical engineering, right? 
What about when school is 
over, though? What plans 
have you made fpr getting 
your first job? What do EEs; 
actually do out there in the 
real world? It comes as no 
surprise that a majority are 
hired into the computer arid 
aerospace industries, but there 
are many other paths you can 
take. : . . 

Before we go into the de¬ 
tails of these jobs, one word 
of advice. Time and again 
people in personnel offices 


m 



Lasers are finding applications in a wide range of 
fields, fipm telecommunications to medicine. (Larry 


say the same thing: “Experi- Mangino/The Image Works) 
once helps.” Thus, try to get 
as much experience as you can while you are still 
in school. Even if it is far afield from the area you 
finally decide to go into, your work experience will 
definitely count. 

Precision Engineering. If you are the type of 
person who sweats the details, the type to whom the 
thought “it really doesn’t have to be that good“islike 
someone scratching fingernails along a chalkboard, 
precision engineering may be your niche. 

In precision engineering, manufacturing is being 
done at the limits of measurement. Originally die de¬ 
mand for such close work was in the military and in 
aerospace projects, but today the field takes in med¬ 
ical equipment, scientific instruments, and consumer 
products. One very familiar consumer example is CD 
players, a product nonexistent ten years ago. 


.;?<Desjpite 
Jack Kitoy’s pl#a fb the con¬ 
trary (Chapter 10), some EEs 
go on to law school because 
the EE/law degree combina¬ 
tion is a powerful tool much 
sought after by companies 
both large and small. When¬ 
ever a new idea is conceived 
in a research laboratory, one 
of the first steps is down the 
hall to the company’s patent 
experts so that no money 
is wasted on already-patented 
ideas. Naturally these experts 
must understand the details of 
the idea in order to research 
it in patent law. In addition 
to the private sector, the U.S, 
•Patent; Qfifiee; :: is;; always look-. 
mg for afew good' lawyer- 
engineers. 

Cellular Telephones. Nicknamed the “Wild 
West” of engineering, the cellular telephone indus¬ 
try is technology on the edge. The first cellular phone 
was sold in 1983 and quickly (and wrongly) tagged as 
merely a toy for rich folks. Just ten years later, there 
are more than 10 million in use in the United States 
alone, and new customers are buying these “toys” at 
the rate of 7300 per DAY! In this new and explosive 
field, diere are no rule books because none of what 
needs to bedonehasever been done before. Engi¬ 
neers have to be willing to work without the guidance 
of theory in essentially unstrueturedjobsand get their 
hands dirty on every detail from the piece of sand that 
becomes the chip to the finished phone ready to be 
turned on. 

Security Engineering. Breaches of security are 








What Can I Do? 


127 


a fact of modem life* arid this sad fact means that 
the security aigineering busmess is booming. EEs 
are involved in the protectionofU.S. embassies from 
terrorist attack, in the detection of electronic theft in ; 
banks and on WaU Street, in the foiling of would-be 
highjackers at the airport. Electronic-security systems 


for residential and business buildings sure becoming 
more and more common. ; And,; of course, if your 
political framework allows it, the NSA, CIA, and FBI 
want YOU! 

Public Service. There is a great lack of power 
plants, telephone networks, and Computers in third- 
world countries. If you feel these things make for 
a better standard of living and therefore want to help 
these countries develop twentieth-century technology, 
you might consider a career in public service. This 
route is probably not the best bet for brand-riew en¬ 
gineers because public service organizations, such as 
the World Bank and Catholic Relief Services, usually 
do not hire inexperienced peoplk These organiza¬ 
tions have very limited funds to work with and con¬ 
sequently cannot spend any on training green recruits. 

Artificial Intelligence. Most of fire people; who 
wdikmfi&ffeldrefu^t^ term“artifi- ~ 

dial intelligence” means, claimirig drat to do do would 
needlessly nareow the field’s focus. This is a clear in¬ 
dication that here is an extremely newfield,tanging 
wide and thriving fast. Iridustry in the U.S. spends ’ 
about $300 million annually on AI expert systems 
(computers that can “t hin k” about a problem the way 
an expert would). So if words like “hypertext” and 
■Virtual reality” get your brain to chuming and your 
fingers itching to attack a problem, AI may be your 
field. ■ 

llie hottest area of AI research these days is neu¬ 
ral networks, by which is meant ways of arranging a 


computer’s power system so that it mimics the way 
the human brain works, that is, able to process dif¬ 
ferent kinds of information simultaneously. Traffic 
analysis by AI is almost here, especially on the high¬ 
ways of Cajiforma. An AI monitor on your dashboard 
could be told to analyze the data on the immediate 
traffic on every possible road and give you perfect 
information about which is the best route. 

Power Delivery. In the days before electronics, 
electrical engineers worked mainly in the power in¬ 
dustry, designing systems to deliver electrical energy 
to homes and factories: source to substation and then 
through a distribution grid of transformers and feed¬ 
ers to the consumer. As electricity use has risen with 
an ever-increasing population and as the infrastruc¬ 
ture has aged, maintaining that delivery system has 
become an enormous job. 

If the power industry had wires that were su¬ 
perconducting at ambient temperatures, we could es¬ 
sentially cut to zero any power losses during trans¬ 
mission. Another application of superconductors is 
in all the high-tech equipment hospitals use these 
days, A glance at the front page of almost any news¬ 
paper tells us about fire crisis in health-care costs, 


“Time and again, people in 
personnel offices say the same 
thing: ‘Experience helps . ’ ” 


and an engineer working with superconductors has a 
chance to help solve this problem. For instance, a nu¬ 
clear magnetic resonance machine, used in medicine 
for magnetic resonance imaging, costs between $1.5 
and $2.5 million. Using a high-temperature su¬ 
perconducting magnet in one can cut that cost in 
half. 

On the portable side of power lie all the chal¬ 
lenges of better batteries for electric cars, batteries 

( Continued ) 
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( Continued ) 

that will not pollute the environment when they are 
thrown into the trash, and rechargeable batteries that 
have a lifetime measured in years rather than in hours. 
On another branch of the power tree, exciting work 
is going on in fuel cell technology—at Bell Labs, 
for instance, where Christopher Dyer recently in¬ 
vented a way of making oxygen-hydrogen cells with¬ 
out the expense of keeping the two gases separate 
from each other. 

If you are one of those people who feel that the 
problems of our polluted planet are the most pressing 
ones facing technology in the next century, consider 


going into photovoltaic research. Given enough good 
weather, photovoltaics can power our automobiles, 
light our homes and offices, run our computers, and 
perform myriad other tasks that now require the burn¬ 
ing of fossil fuels. The only catch has been their very 
high cost. Texas Instruments has come up with a 
way of makmg the cells, which convert sunlight di¬ 
rectly to electricity, out of low-purity (and therefore 
cheap) silicon. Developments like this silicon cell are 
bringing costs down and giving momentum to this 
research field, a field that holds out the tantalizing 
promise of someday freeing us from our petroleum 
habit. 


t: 


Example 3.22 


In the circuit of Figure 3.15, let = 12 V, /f, = 1 kS2, i s = 2 mA, and 
/?2 = 3 k£2. Using the superposition principle, find the power dissipated 
in R { . 


Solution 

To find the power we must first find the current i through R t . 
Then, p = R x i 2 . By Equation (3.10) we have /'=/,+ / 2 , where 
i| = 12/(1 +3) = 3 mA and i 2 = 2 x 3/(1 4-3) = 1.5 mA. Thus, 
i = 3 + 1.5 = 4.5 mA, and p = 1 x 4.5 2 = 20.25 mW. 


We observe that the superposition principle is not applicable to resistive 
power because the latter is a quadratic function and, as such, it is nonlinear. 
Indeed, letting P] = R x i 2 = 1 x 3 2 = 9 mW and p 2 = /f,i| = 1 x 1.5 2 = 
2.25 in Example 3.22, we immediately see that p t 4- p 2 ^ p. However, even 
though resistive power is a nonlinear function, we can still use the superposition 
principle to find resistive currents or voltages, which are linear, and then use 
these currents or voltages to find power. 


Exercise 3.26 Apply the superposition principle to the circuit of 
Figure 3.18 to find the power dissipated in the 2-Q resistance. 


ANSWER 2 W. 
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Concluding Observation 

Looking back at the various examples and exercises, we note that the subcircuits 
arising from the application of the superposition principle can often be solved 
by inspection, using simple techniques such as series or parallel resistance 
combinations, and the voltage or current divider formulas. Thus, once you have 
decomposed a circuit into its various subcircuits, learn to pause a moment and 
search for hidden series/parallel combinations or voltage/current dividers which 
may help you find the solution more easily and quickly. To this end, don’t 
forget that the voltage divider formula is applicable only if the resistances are 
in series, and the current divider formula only if they are in parallel. 


3.5 Source Transformations 


The source transformation technique exploits the equivalence between a voltage 
source in series with a resistance and a current source in parallel with a resistance 
to effect suitable circuit manipulations to simplify circuit analysis. 

To illustrate, consider the situation of Figure 3.21(a), which contains a sub¬ 
circuit consisting of a voltage source vs in series with a resistance R s . By 
Ohm’s Law we have i = (vs — v)/R s , or 



V 

l ~ Rs~ 



Consider now the situation of Figure 3.21(b), which contains a subcircuit con¬ 
sisting of a current source of value Vs/R s in parallel with a resistance R s . By 
KCL and Ohm’s Law we have i = vs/R s — v/R s , or again Equation (3.17). 
Since the two subcircuits yield the same i-v relationship, they are said to be 
equivalent. The operation of the rest of the circuit is unaffected if we replace the 
series subcircuit of Figure 3.21(a) with the parallel subcircuit of Figure 3.21(b). 

We note that for this transformation to be acceptable, the value of the target 
source must be related to that of the original source as vs/R s and the target 
parallel resistance must have the same value as the original series resistance. 
Moreover, the positive terminal of the voltage source must be the same as that 
corresponding to the arrowhead in the current source. 

By similar reasoning, the parallel subcircuit of Figure 3.22(a) can be re¬ 
placed with the series subcircuit of Figure 3.22(b) without affecting the operation 
of the rest of the circuit. To substantiate this claim, apply Ohm’s Law and KCL 
to the circuit of Figure 3.22(a) to obtain 


v 



(3.18) 


Next, apply Ohm’s Law to the circuit of Figure 3.22(b) to obtain i = 
{Rfs ~ v)/R s = is — v/R s , or again Equation (3.18). We again observe that 
for the two subcircuits to be equivalent, the value of the target source must be 



(a) 





(b) 

Figure 3.21 Voltage source to 
current source transformation. 






4 * 

V 


Rest of 
circuit 


(b) 

Figure 3.22 Current 
source to voltage source 
transformation. 
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related to that of the original source as R s is and the target series resistance must 
have the same value as the original parallel resistance. Moreover, the arrowhead 
inside the current source must face the same terminal as the positive terminal of 
the voltage source. 

It should be clear that the above transformations can be applied only to 
source-resistance combinations, not to ideal sources alone. It is thus fair to say 
that a practical source, be it a voltage or a current source, admits two models. 

As an example, a 12-V car battery with a 0.05-£2 internal resistance can be 
modeled either as a source vs = 12 V with a series resistance R s = 0.05 Q or 
as a source is = 12/0.05 = 240 A with a parallel resistance R s = 0.05 £2. We 
observe that though the two circuits are equivalent at the terminals, they are not 
necessarily equivalent from an energetic viewpoint. For instance, in the absence 
of any load, both models yield v = 12 V. However, although the voltage source 
model would in this case dissipate no energy internally, the current source model 
would dissipate in its internal resistance the power p = RJ$ — 0.05 x 240 2 = 
2.88 kW! 

Source transformations can sometimes be exploited to analyze circuits 
without the need for nodal or loop equations. In applying these transformations, 
care must be exercised that current direction and voltage polarity be consistent. 
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20 Q 10 Q 


10V{ + ) 30 n; 


>8 n (T) l a 



12 10 13 



Figure 3.25 (a) Circuit of Example 3.24; (b), (c) step-by- 
step simplification via successive source transformations. 


As shown in Figure 3.25(b), the 10-V source and 20-£2 series 
resistance are transformed to a 10/20 = 0.5-A source and a 20-£2 
parallel resistance. Moreover, the 1-A source and 8-£2 parallel resistance 
are transformed to an 8 x 1 = 8-V source and an 8-£2 series resistance. 
The positive terminal is at the bottom. 

The 20-£2 and 30-£2 resistances are combined into a single 
20 || 30 = 12-£2 resistance. This is then used to convert the 0.5-A source 
to the 12 x 0.5 = 6-V source and 12-£2 series resistance of Figure 3.25(c). 
Moreover, the 5-£2 and 8-£2 resistances are combined into a single 
5 + 8 = 13-£2 resistance. 

It is now a straightforward matter to apply the generalized voltage 
divider formula to obtain 


12+ 10+13 


[6 — (—8)] = 4 V 


Exercise 3.28 Apply suitable source transformations to the circuit of 
Figure 3.25(a) to find the power dissipated by the 30-£2 resistance. 


ANSWER 48 mW. 
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Exercise 3.29 Apply suitable source transformations to the circuit of 
Figure 3.6 to find the voltage across the 4-kf2 resistance. 

ANSWER 8V (+ @ left). 


Analysis Techniques Comparison 

So far we have studied four different circuit analysis techniques: the node 
method, the loop method, the superposition principle, and source transforma¬ 
tions. Which method is preferable depends on the nature of the circuit as well 
as the objectives of the problem. 

The node or loop methods are generally used when the complete state of 
a circuit is sought. Nodal analysis is generally preferable when the number of 
unknown node voltages is less than that of unknown mesh currents, and loop 
analysis is preferable when the number of unknown mesh currents is less than 
that of unknown node voltages. 

Quite often, however, we are only interested in a specific voltage or current 
in the circuit, not in the complete state. In this case then, nodal analysis is 
preferred when a voltage is sought and loop analysis when a current is sought, 
all other things being the same. An alternate approach exploits the superposition 
principle to break down the circuit into simpler subcircuits, which can then be 
solved via the node or loop methods, not to mention even more direct techniques 
such as voltage/current division or resistance reductions. 

Certain circuits can be solved using exclusively source transformation tech¬ 
niques. Even when circuit topology does not allow this, it is often possible to 
reduce at least part of a circuit via source transformations and then complete 
the analysis of this simplified circuit using one of the other methods. 

As a general rule, before embarking upon the analysis of a circuit, you 
should develop the habit of pausing a moment to scrutinize the circuit and 
develop a strategy. Though this may sound forbidding at first, you will find 
that as you grow in experience you will soon be able to pick the method best 
suited to the problem at hand. You may find it interesting to know that working 
engineers describe circuits using almost exclusively nodal equations rather than 
loop equations. However, for the time being, make sure you become proficient 
in all four methods, and that you use one method to solve the problem and an 
alternate method to check the results. 


3.6 Circuit Analysis Using SPICE 


The techniques of the previous sections allow us to analyze any network. How¬ 
ever, as circuit complexity increases, so do the calculations. The amount of 
time and effort required may soon become prohibitive. When this is the case we 
resort to special computer programs to perform circuit analysis automatically. 



SPICE 

A widely used program for the automatic analysis of circuits is the Simulation 
Program with Integrated Circuit Emphasis (SPICE). This program is capable of 
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performing the dc, ac, and transient analysis of circuits containing dependent and 
independent sources, resistors, capacitors, inductors, mutual inductances, and 
transmission lines, as well as the four most common semiconductor devices— 
that is, diodes, BJTs, JFETs, and MOSFETs. 

SPICE is available on mainframe computers at most colleges and universi¬ 
ties. Check with the computing center of your institution to find how to direct 
the computer to print out the SPICE User’s Guide, a document of less than a 
hundred pages containing the complete description of the program as well as 
several examples. 

SPICE has also been adapted for use with personal computers. One such 
widely used program is PSpice™. 1 A classroom version of this program is 
available to students and educators free of charge, and it can be duplicated 
without restrictions. Although capable of analyzing only circuits of limited 
complexity, the classroom version is adequate for most introductory courses in 
circuits and electronics. All SPICE examples in this book have been run on an 
inexpensive personal computer using the classroom version of PSpice. To secure 
your own copy of this version, contact the Microsim Corporation or, better yet, 
ask around your upperclass peers who may already have it. 

In order to run SPICE, we must create an input file consisting of (1) ele¬ 
ment statements describing circuit topology and element types and values, and 
(2) control statements or commands defining the type of analysis and printout 
desired. SPICE then analyzes the circuit using numerical techniques the user 
generally need not be concerned with and presents the results in an output file, 
which can be displayed on the screen or printed out on paper. 

Learning to create the input file is a straightforward process that is best 
illustrated by way of examples. To avoid cramming too much information at 
once, we shall introduce SPICE gradually, by discussing only the capabilities 
needed at the time. In this chapter we limit ourselves to the dc analysis of 
circuits containing independent dc sources and resistances. Additional circuit 
elements as well as types of analysis will be introduced as we proceed. Although 
our coverage of SPICE is adequate for the level of this book, you eventually 
want to secure your own copy of the aforementioned SPICE User’s Guide for 
a comprehensive and more systematic description of the program, or you may 
wish to consult the Student SPICE Manual by James S. Kang. 2 


An Illustrative Example 

We shall illustrate the use of SPICE to find all node voltages in the circuit of 
Figure 3.6, which has already been the subject of a number of examples and 
exercises. 

First, we label all nodes 0, 1, 2, 3, .... n, with the reference node being 
node 0 by definition. This is shown in Figure 3.26. 


1 PSpice is a trademark of the Microsim Corporation, 20 Fairbanks, Irvine, CA 92718. Tel. (714) 770- 
3022. Technical support: (714) 837-0790. 

2 James S. Kang, Student SPICE Manual, Saunders College Publishing, Philadelphia, PA, 1994. 
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R1 R3 



IS 

5 mA 


Figure 3.26 Preparing a circuit for analysis via 
SPICE 


Next, we create a file consisting of element statements and control state¬ 
ments. SPICE requires that the first statement be a title statement, and that 
the last statement be an . END statement. As shown in Table 3.1, we have cho¬ 
sen OUR FIRST SPICK example as the title statement; however, a title like 
CIRCUIT OF FIGURE 3.26 would have been just as legitimate. As reminders 
of particular features of our file, we can intersperse it with comment statements, 
which must begin with an asterisk. In Table 3.1 the next to the last statement is 
a comment statement. 


TABLE 3.1 Input File for the Circuit of Figure 3.26 


OUR 

F 

:r 


>p:c:s exam 

r-v 

2 

!j 

b F 


R 3 

2 

3 

4 K 


R4 

3 

0 

2 K 


’. ? O 

V I.J 

1 

0 

DC ( 

! 

- CD 

3 

Q 

DC 

;M 

* 


A. I 


J : 3 PERFOR! 


We are now ready to specify the type of elements forming our circuit, the 
manner in which they are interconnected, and their values. The element types 
in our example are resistors and independent dc sources. 

Resistors 

The general form of the element statement for a resistance is 


(3.19) 


This statement, illustrated in Figure 3.27(a), contains: 

(1) The name of the resistance, an alphanumeric string of up to eight charac¬ 
ters which must begin with the letter R. Here, XXX denotes an arbitrary 
alphanumeric string of up to seven characters uniquely identifying the 
particular resistance. 
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vxxx 



I{VXXX) 


IXXX 



+ 

V(N+, N-) 



Figure 3.27 SPICE conventions for resistors and independent 
sources. 


(2) The circuit nodes Nl and N2 to which the resistance is connected. Their 
order is unimportant. 

(3) The resistance VALUE, in ohms. 

In Table 3.1 we have called our resistances Rl, R2, R3, and R4. In subse¬ 
quent examples we shall use names like RIN, ROUT, REQ, and so forth. 

Independent DC Sources 

The general forms of the statements for independent dc sources are 

VXXX N+ N- DC VALUE 

IXXX N+ N- DC VALUE 

These statements, illustrated in Figure 3.27(b) and (c), contain: 

(1) The name of the source, which must begin with the letter V or I, 
depending on the source type, and which may contain up to seven 
additional alphanumeric characters. 

(2) The circuit nodes N+ and N- to which the source is connected. For a 
voltage source, N+ and N- are the positive and negative terminals; for 
a current source, N+ is the terminal from which the source sinks cur¬ 
rent and N- the terminal from which it sources current; SPICE always 
assumes that positive current flows from N+, through the source, to 
N-. The current through a voltage source is denoted as I (VXXX) , the 
voltage across a current source as V (N +, N- ). 

(3) The qualifier DC to indicate sources of the dc type. 

(4) The source VALUE, in volts or amperes. 

In Table 3.1 we have called our sources VS and IS, but names like Vl and 
II or VCC and I EE would have been just as legitimate. Note that in the case 
of sources the order in which the pair of nodes is specified is important. 


(3.20a) 

(3.20b) 


Scale Factors 

When expressing element values in terms of powers of ten, we can use either 
the symbolic form or the exponential form of Table 3.2. Note that M stands for 
milli, not mega. For instance, the third and seventh lines in Table 3.1 could also 
have been expressed as R2 2 0 6E3, and IS 3 0 DC 5E-3. 
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TABLE 3.2 SPICE Notation for Scale 
Factors 


Value 

Symbolic form 

Exponential form 

10- |S 

F 

IE—15 

KT 12 

P 

IE—12 

l(T 9 

N 

IE—9 

KT 6 

U 

IE—6 

10 3 

M 

IE—3 

10 3 

K 

1E3 

JO 6 

MEG 

1E6 

10 9 

G 

1E9 

10 ,: 

T 

1 El 2 


Automatic DC Analysis 

Having completed the description of the circuit, the next step is to include the 
control statements that will tell SPICE what type of analysis and printout we 
want. If these statements are omitted, SPICE will automatically perform the 
dc analysis and print out a table of all node voltages . This is what we have 
chosen to do in Table 3.1, and the comment statement is a remainder of this. If 
the PSpice version is used, the output file will also contain the currents through 
the voltage sources as well as the total power supplied by these sources and 
dissipated in the circuit. 

Our input file is now ready to be processed by SPICE. The procedure to run 
SPICE depends on the particular system you are using. Probably the quickest 
way is to find out from your upperclass peers. Once you have learned to run 
SPICE, the computer will produce an output listing with the information of 
Table 3.3. 

TABLE 3.3 Output Listing for the SPICE Example of Table 3.1 


DC ANALYSIS: 

NODI.-’. VOLTAGE NODE VOLTAGE NODE VOLTAGE 

(1) 9.0000 (2) 2.0000 (3) -6.0000 

VOLTAGE SOURCE CURRENTS: 

NAME CURRENT 

VS -2.333E-03 

TOTAL POWER DISSIPATION 2.10E-02 WATTS 


It is a small triumph to realize that the data agree with those derived by 
hand analysis in Example 3.8, and that the magnitude of the current delivered 
by the source VS agrees with Exercise 3.27. This current is negative because 
SPICE assumes positive current to flow from N+, through the source, to N-. 
The power delivered by VS is, of course, 9 x 2.333 = 21 mW. 
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Try running the example of Table 3.1 on your own system. Once you have 
succeeded, change the values of some of its elements, rerun the modified file, 
and verify the results by hand analysis. You are now ready to run your own 
SPICE files! 


Exercise 3.30 Using SPICE, find the node voltages of the circuit of 
Figure 3.7(a). Then compare them with the results of Example 3.10. 

Exercise 3.31 Use SPICE to confirm the results of Example 3.13. 


Dummy Voltage Sources 

At times we may wish to find the value of a particular branch current in the cir¬ 
cuit. Since SPICE calculates only currents through independent voltage sources, 
we can overcome this limitation by the artifice of inserting a 0-V dummy voltage 
source in series with the given branch. This source acts as an ideal ammeter 
and it does not perturb the existing conditions in the circuit, yet it allows us to 
monitor the given branch current. 





Example 3.25 


Use SPICE to verify that letting v s = 17 V in the circuit of Figure 3.1(a) 
does indeed cause the 2-Q resistance to conduct 3 A. 


is 



Figure 3.28 Using a dummy 
voltage source VD. 


Solution 

Inserting a dummy voltage source VD in the given branch, we obtain the 
circuit of Figure 3.28. Its input file is: 

USING A DUMMY VOLTAGE SOURCE 

VS 1 0 DC 17 

R1 12 1 

R2 2 0 4 

R3 2 3 3 

IS 0 3 1 

R4 3 4 2 

* HERE IS THE DUMMY: 

VD 4 0 DC 0 
. END 

After SPICE is run, the output listing contains the following: 

DC ANALYSTS: 

NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE 
(I) 17.0000 (2) 12.0000 (3) 6.0000 (4) 0.0000 
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This confirms that the current under consideration is indeed 3 A. 


1 


Exercise 3.32 Use SPICE with a dummy source to monitor the current 
through the 2-Q resistance in Figure 3.18. Then, find the corresponding 
power and compare with Exercise 3.26. 


The . dc and . print dc Statements 

The dc analysis may be performed for a range of source values using the . DC 
statement. Its general form is 

.00 SHCRAMh SRCDTART 'IRC STOP PRC I NCR (3.21) 

where SRCNAME is the name of the independent voltage or current source to be 
varied, and Ci .CSTAR : , SRCSTOP, and SRC I NCR are, respectively, its starting, 
ending, and incremental values, in volts or amperes. To print the results of this 
analysis we use the . - P INT DC statement, whose general form is 

.PRINT DC: ON TV A R ! OUTVAR2 . . . OUTVAR8 (3.22) 

where OUTVAR1 through OUTVAR8 are the desired current or voltage output 
variables, for a maximum of eight variables per statement. 

The form of a voltage variable is V (Nl, N2 ) , and it specifies the voltage 
difference between nodes Nl and N2. If N2 and the preceding comma are 
omitted, then ground (N2 =0) is assumed. 

The form of a current variable is i (vxxx), and it specifies the current 
flowing through the independent voltage source named vxxx. As we know, this 
current is assumed to flow from the positive terminal, through the source, and 
out of the negative terminal. 


k Example 3.26 

. Referring to the voltage divider circuit of Figure 3.29, use SPICE to find 
the current delivered by the source as well as the voltages across the 
resistances for vi ranging from —5 V to +5 V in 1-V increments. 

I Solution 

The input file is: 



R1 



R2 

to kn 


VI 12 OK 


Figure 3.29 Voltage 
divider circuit. 
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R2 2 0 :0 K 
. ;)C vT -5 3 1 

. ] ! 121 NT DC I ( V 1 > V{ 1 , 2) V (2} 

. 2:c:) 

After SPICE is run, the output listing contains the following: 


VI 


i (Vi) 


2 ( 1 , 2 ) 

V ! 2 ) 

- b . 0 0 0 H 1 0 0 

_ 

. 2 50E-04 

-3 

.730 E+ 00 

-: . 2 bOE ( oo 

-4 .0 0 012 +0 0 


. 0 C 0 E 0 4 

- ^ 

. 0 0 0 E . 0 (i 

- : . 0 0 OH-0 0 

-3. 00 Ob \ 00 

7 

. 500E-C3 

_ O 

.23 OH -0 0 

- 7 . b 0 C K ■ 0 1 

- 2 .OOOE+OO 

5 

. 00OF.-0b 


.3 0 0E-00 

-b.OCGH-O1 

- 1 . 0 0 0 E t 0 0 

/ 

. 3 0 0 E — 0 3 

_ ■ / 

. b C 0 E - 01 

-2.3003: 01 

0 . 0 f) 0 E - 0 0 

0 

. 0 0 0 E - 0 0 

0 

. 0 0 0 E i- 0 0 

0.000 E t0 0 

I . 0 0 0 E-r 0 0 


. 3 0 0 E - 0 3 


.300E-01 

2 * 1 d 0 0 h -- G ! 

2 . 0 0 0 E f 0 0 

-2 

. 0 0 0 E - 0 3 

i 

. 300E - 00 

3.00 0 E - 0; 

3 . 000 H+ 00 


. 3 0 0 R ■ 0 3 

2 

. 2 5 0 E - 0 0 

7.bOOE-Ol 
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Exercise 3.33 In the current divider circuit of Figure 2.14, let 
/fi = 2 k£2 and Ri — 10 kfi. Use SPICE to find the voltage across the 
source as well as the currents through the resistances for i / ranging from 
0 mA to 10 mA in 0.5-mA increments. 


Concluding Remarks 

Why should we waste our time with hand analysis when SPICE can handle our circuits 
much more rapidly and efficiently? To answer this question, we must bear in mind 
that SPICE, however fast and accurate, is no substitute for the understanding of circuit 
behavior that we can gain only through hand analysis. Even when the level of circuit 
complexity requires the use of computer power, we still need hand analysis to spot- 
check the results provided by the machine. A computer will only do what it has been 
programmed to do, and it is our responsibility to ensure that we have written a correct 
program by checking its results via hand calculations. A good engineer will always 
question what comes out of computers and calculators! 

Throughout this book we shall use SPICE as one of various means for checking the 
results of hand calculations. 


▼ Summary 

• The state of a circuit is completely known once all its node voltages and 
branch currents are known. If the circuit consists of sources and resistances, 
the equations governing its voltages and currents are algebraic equations 
because they are based on Ohm’s Law and Kirchhoff s laws. 








Summary 


141 


• The node method uses KCL (but with the branch currents expressed in terms 
of the node voltages) to find all node voltages in a circuit. 

• The loop method uses KVL (but with the branch voltages expressed in terms 
of mesh currents) to find all mesh currents in a circuit. 

• In general, both the node and loop methods yield a system of simultane¬ 
ous algebraic equations, which are then solved via the Gaussian elimination 
method or via Cramer’s rule. Once one set of variables is known, the other 
set is obtained via the element laws of the individual branches. 

• If a branch consists of an ungrounded voltage source, in order to apply the 
node method we must use the concept of supemode. If a branch consists of a 
current source shared by adjacent meshes, in order to apply the loop method 
we must use the concept of supermesh. 

• The superposition principle exploits the linearity of resistive circuits to break 
down a circuit into smaller subcircuits, each of which contains just one in¬ 
dependent source and is thus easier to analyze. We use these subcircuits to 
find the contributions from the individual sources, and then we add up the 
contributions algebraically to find a specific voltage or current in the circuit. 

• The contribution from a given source in a circuit is found by suppressing all 
other independent sources. Suppressing a voltage source means replacing it 
with a short circuit; suppressing a current source means replacing it with an 
open circuit. 

• A voltage source in series with a resistance R s is equivalent to a current 
source vs/R s in parallel with a resistance R s . A current source is in parallel 
with a resistance R s is equivalent to a voltage source RJs in series with a 
resistance R s . 

• The source transformation technique exploits the preceding equivalences to 
effect suitable circuit manipulations to facilitate circuit analysis. 

• Circuit analysis can also be performed automatically by computer; however, 
it is no substitute for the understanding that we can gain only through hand 
analysis. We also need hand analysis to spot-check the results of automatic 
analysis. 

• SPICE, the most popular circuit simulator program, uses branch statements to 
describe the circuit to the simulator and control statements to tell the simulator 
what kind of analysis is to be performed. The program is fed to the simulator 
via an input file, and the results are returned to the user via an output file. 

9 SPICE is specially useful when the level of circuit complexity makes hand 
analysis prohibitive. You are encouraged to use SPICE to check hand calcu¬ 
lations when you solve the exercises and problems of this book. 

• An integral part of the problem-solving process is checking for the correctness 
of the results. A good habit is to analyze a circuit via one method and check 
the results via another. 
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▼ Problems 

3.1 Circuit Solution by Inspection 

3.1 In the circuit of Figure P3.1 let vs = 8 V. (a) Find is 
such that i = 2 mA. (b) Repeat, but with the voltage source 
terminals interchanged, so that the positive terminal is now at 
the right. 



Figure P3.1 

3.2 In the circuit of Figure P3.1 let is — 4 mA. Find vs so 
that (a) / — 1 mA; (b) i — 0 mA; (c) i = — 1 mA. 

3.3 In the circuit of Figure P3.3 let v $2 = 6 V. For what 
value of will vs 2 deliver 6 mW of power? Absorb 6 mW 
of power? 



Figure P3.3 

3.4 In the circuit of Figure P3.3 let t>si = 10 V. Find the two 
values of vs 2 that will cause the 5-kJ2 resistance to dissipate 
20 mW. 

3.5 Make up your own problem as follows: In the circuit of 
Figure 1.17 let X] and Xg be voltage sources and X 2 through 
X 5 be resistances, with the bottom node as the reference node. 
You are to come up with suitable component values so that all 
node voltages and branch currents have integer values of your 
choice, under the constraint that the component values be also 
integers. 

3.6 Design a resistive ladder that, when driven by a 1000-V 
source, yields the voltages 100 V, 10 V, 1 V, 100 mV, 10 mV, 
and 1 mV under the following constraints: (a) the equivalent 
resistance seen by the source must be 1 M£2; (b) the current 
entering each node must split between the subsequent series 
and shunt resistances in a 3-to-l ratio. 

3.7 Design a circuit to recharge a 1.2-V Ni-Cd battery from 
a car battery with a current of approximately 10 mA. 

3.8 Using a 10-V source, design a resistive network to bias 
three devices: Xi, requiring 1 mA at 8 V; X 2 , requiring 2 mA 


at 3 V; and X 3 , requiring 3 mA at 4 V. Show at least three 
designs, and indicate which one is more efficient in terms of 
energy. 

3.9 An npn bipolar junction transistor (npn BJT) is a three- 
terminal device that, for biasing purposes, can be modeled with 
two elements as shown in Figure P3.9. One element draws 
current Ib at voltage Vbe, and the other draws current Ic at 
voltage Vce- Using a 12-V voltage source and three suitable 
resistances, design a circuit to bias a BJT at Ib = 10/tA with 
Vbe ~ 0.7 V and at Ic = 1 mA with Vce = 5 V, under the 
constraint Ve = 3 V, 


C 



Figure P3.9 

3.10 An n-channel metal-oxide-silicon field-effect transistor 
(jiMOSFET) is a three-terminal device that, for biasing pur¬ 
poses, can be modeled with two elements as shown in Fig¬ 
ure P3.10. One element requires voltage Vos with a negligible 
current /q, the other draws current Id at voltage Vds- Using 
a 12-V voltage source and suitable resistances, design a circuit 
to bias the nMOSFET at Vqs = 4 V with Iq = 0 and at 
Vds — 5 V with Id = 2 mA, under the constraint Vs = 3 V. 


D 



S S 

Figure P3.10 


3.11 A light-emitting diode (LED), shown in Figure P3.ll, 
glows with Iac — 10 mA and Vac — 1.5 V. If V A c = 0 
or l ac = 0, the LED is off. (a) Using an LED, a 5-V volt¬ 
age source, a biasing resistor R, and a switch SW, devise a 
circuit such that the LED glows when SW = CLOSED, and 
is off when SW = OPEN, (b) Repeat, but so that the LED 
glows when SW = OPEN, and is off when SW = CLOSED, 
(c) Which circuit is preferable in terms of saving energy? 



Problems 


143 



c c 

Figure P3.11 


3.2 Nodal Analysis 

3.12 Apply nodal analysis to the circuit of Figure P3.12. 
Hence, find all released and absorbed powers, and verify the 
conservation of power. 


1 £1 3£2 



Figure P3.12 

3.13 (a) Apply nodal analysis to the circuit of Figure P3.13. 

Check your results, (b) Find the power (released or absorbed?) 
by each source. 


2 A 



Figure P3.13 

3.14 Repeat Problem 3.13, but with direction of the 2-A 
current source reversed. 

3.15 Repeat Problem 3.13, but with the 2-A current source 
replaced by a 1.8-V voltage source, positive at the right. 

3.16 Apply nodal analysis to the circuit of Figure P3.16. 
Check your results. 


60 kU 40 kil 12 kH 



Figure P3.16 

3.17 Repeat Problem 3.16, but with the 40-k£2 resistance 
replaced by a 5-V voltage source, positive at the right. 

3.18 Apply nodal analysis to the circuit of Figure P3.18. 
Check your results. 


0.4 mA 



3.19 Repeat Problem 3.18, but with the 1-mA current source 
replaced by a 1-V voltage source, positive at the bottom. 

3.20 Apply nodal analysis to the circuit of Figure P3.20 to 
find the power dissipated by the 2-fi resistance. Check your 
result. 


12 V 



Figure P3.20 


3.21 In the circuit of Figure P3.20 replace the 12-V source 
with a 3-A current source flowing toward the left. Then, use 
the node method to find the power released by the source. 

3.22 Apply nodal analysis to the circuit of Figure P3.22 to 
find the power (released or absorbed?) by the 3-mA source. 
Check your result. 



3.23 (a) Apply nodal analysis to the circuit of Figure P3.23 

to find the power (released or absorbed?) by the 0.4-A source. 
Check your result, (b) Repeat, but with the direction of the 
current source reversed. 
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0.4 A 



Figure P3.23 


3.24 Apply nodal analysis to the circuit of Figure P3.24 to 
find the power dissipated by the 4-£2 resistance. Check your 
result. 


5 £2 


3 £2 


18 V 



22 V 


Figure P3.24 

3.25 Repeat Problem 3.24 if the circuit includes also a 3-A 
current source flowing from the node at the positive side of the 
22*V source to the node at the positive side of the 18-V source. 

3.3 Loop Analysis 

3.26 Apply loop analysis to the circuit of Figure P3.26 to 
find the voltage across the 10-£2 resistance. Check your result. 


2 £2 4 £2 



Figure P3.26 

3.27 Repeat Problem 3.26 if the circuit includes also a cur¬ 
rent source (2 A, directed downward) in parallel with the 10-£2 
resistance. 

3.28 Apply loop analysis to the circuit of Figure P3.28 to 
find the current through the 2-£2 resistance. Check your result. 


4 £2 



3.29 Repeat Problem 3.28, but with the 2-£2 resistance and 
2-A current source interchanged with each other. 

3.30 Apply loop analysis to the circuit of Figure P3.30 to 
find the power dissipated by the 4-£2 resistance. Check your 
result. 


2 £2 



Figure P3.30 

3.31 Repeat Problem 3.30, but with an additional 5-£2 resis¬ 
tance in parallel with the 2-A source. 

3.32 Apply loop analysis to the circuit of Figure P3.32 to 
find the magnitude and direction of the current through the 
10-V source. Check your result. 


30 £2 4 £2 3 0 



Figure P3.32 

3.33 Apply loop analysis to the circuit of Figure P3.16 to 
find the power dissipated by the 40-k£2 resistance. Check your 
result. 

3.34 Apply loop analysis to the circuit of Figure P3.18 to 
find the power (released or absorbed?) by the 0.4-mA source. 
Check your result. 

3.35 Apply loop analysis to the circuit of Figure P3.20 to 
find the equivalent resistance seen by the 12-V source. 

3.36 Apply loop analysis to the circuit of Figure P3.22. 
Check your results. 

3.37 Apply loop analysis to the circuit of Figure P3.37. 
Check your results. 


2 £2 1 £2 



Figure P3.28 


Figure P3.37 
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3.4 Linearity and Superposition 

3.38 Using the superposition principle, find the magnitude 
and polarity of the voltage across the 3-k£2 resistance in Fig¬ 
ure P3.38. 



Figure P3.38 


3.39 Apply the superposition principle to the circuit of Fig¬ 
ure P3.38 to find the power (released or absorbed?) by each 
source. 

3.40 Using the superposition principle, find the voltage 
across the 4-£2 resistance in Figure P3.24. Check using the 
loop method. 

3.41 Apply the superposition principle to the circuit of Fig¬ 
ure P3.28 to find the power dissipated by the 2-Cl resistance. 
Check using the node method. 

3.42 Apply the superposition principle to the circuit of Fig¬ 
ure P3.30 to find the power (released or absorbed?) by the 2-A 
source. 

3.43 Using the superposition principle, find the magnitude 
and polarity of the voltage across the 7-mA source in Fig¬ 
ure P3.43. 


1 k£2 2 k n 



3 ki2 4kO 


Figure P3.43 

3.44 Using the superposition principle, find the power 
(released or absorbed?) by each voltage source in Figure P3.43. 

3.45 Using the superposition principle, find the power dissi¬ 
pated by the 30-S2 resistance in Figure P3.23. 

3.46 Using the superposition principle, find the magnitude 
and direction of the current through the voltage source of 


Figure P3.46. Which source contributes the most and which 
the least to this current? 


2fi 30 



Figure P3.46 


3.47 Using the superposition principle, find the power 
(released or absorbed?) by each current source in Figure P3.46. 

3.48 (a) Using the superposition principle, show that the cir¬ 
cuit of Figure P3.48 yields 


vo = -(vi + V2 + U 3 H-b V n ) 

m + n 

(b) Specify suitable component values to achieve vo = 
(l>l + V2 + V-} + l>4)/4. 



Figure P3.48 


3.49 In the circuit of Figure P3.49 find the power (released 
or absorbed?) by each source using (a) nodal analysis; (b) loop 
analysis; (c) the superposition principle. Which method do you 
prefer the most? The least? Why? 



Figure P3.49 
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3.5 Source Transformations 

3.50 Apply source transformations to the circuit of 
Figure P3.50 to find (a) the magnitude and direction of the 
current through the 15-V source; (b) the magnitude and polar¬ 
ity of the voltage across the 0.3-A source. 


40 £2 10 Q 



Figure P3.50 

3.51 Apply source transformations to the circuit of 

Figure P3.50 to find (a) the magnitude and direction of the 

current through the 30-£2 resistance; (b) the magnitude and 

polarity of the voltage across the 5-£2 resistance. 

3.52 Apply source transformations to the circuit of 

Figure P3.16 to find (a) the voltage across the 40-k£2 resis¬ 
tance; (b) the power (released or absorbed?) by the 18-V 
source; (c) the power (released or absorbed?) by the 24-V 
source. 

3.53 Using source transformations, find the power (released 
or absorbed?) by each source in the circuit of Figure P3.22. 

3.54 Using source transformations, find the magnitude and 
direction of the current through the 24-£2 resistance in Fig¬ 
ure P3.54. 



Figure P3.54 

3.55 Using source transformations, find the magnitude and 
direction of the current through the 30-V source in Figure P3.54. 

3.56 Using source transformations, find the magnitude and 
polarity of the voltage across the 12-k£2 resistance in Fig¬ 
ure P3.56. 



Figure P3.56 


3.57 Using source transformations, find the power (released 
or absorbed?) by the 12-V source in Figure P3.56. 


3.6 Circuit Analysis Using SPICE 

3.58 Use SPICE to find the voltage across the 2-£2 resistance 
in the circuit of Figure P3.12. 

3.59 Use SPICE to find the voltage across the 10-£2 resis¬ 
tance in the circuit of Figure P3.26. 

3.60 Use SPICE to find the voltage across the current source 
and the current through the voltage source in the circuit of 
Figure P3.38. 

3.61 Use SPICE to find / in the circuit of Figure P3.1 if 
vs — 10 V and is — 1 mA. 

3.62 For the circuit of Figure P3.50, use SPICE to print the 
voltage across the current source and the current through the 
voltage source if the latter is stepped from —15 V to +15 V 
in 5 V increments. 

3.63 Given the following SPICE input file, 

PROBLEM 3.63 
VI 1 0 DC 20 

Rl 1 2 60 

R2 2 0 30 

R3 2 3 20 

11 0 3 DC 1 

R4 3 4 10 

V2 0 4 DC 15 

. END 

(a) draw the corresponding circuit, (b) predict the SPICE out¬ 
put, (c) verify your prediction by actually running SPICE. 

3.64 Repeat Problem 3.63, but for the following SPICE input 
file: 

PROBLEM 3.64 
Rl 2 0 2K 

VS 1 0 DC 3 

R2 3 0 4K 

IS 2 3 2 M 

R3 1 2 5K 

R4 1 3 IK 

. END 
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I n this chapter we study one-ports, a class of circuits equipped with a terminal 
pair through which signals and energy may enter or leave the circuit. A 
one-port is uniquely characterized by the current-voltage relationship at its 
terminals, called the i-v characteristic. We are interested in one-ports made 
up of sources and resistances, because their i-v characteristics are straight lines, 
just like the characteristics of practical voltage and current sources. In fact, 
we can extend the concept of equivalence and say that in terms of the i-v 
relationship at its terminals, a linear one-port can be modeled either with an 
ideal voltage source and a suitable series resistance or with an ideal current 
source and a suitable parallel resistance. These statements form the essence 
of the fundamental circuit theorems known, respectively, as Thevenin’s and 
Norton’s theorems. 

The ability to model a one-port with just a source and a resistance has far- 
reaching implications in circuit analysis and design. A complex circuit can often 
be broken down into separate one-port subcircuits that, on paper at least, can 
be replaced with their Thevenin or Norton equivalents to facilitate finding the 
voltages or currents at the common terminal pairs. 

In this chapter we first show how to find the Thevenin and Norton equiva¬ 
lents of a one-port. We then apply these equivalents to the analysis of a variety 
of linear and nonlinear circuits. In the course of nonlinear analysis we introduce 
iterative techniques and graphical techniques, which students will find particu¬ 
larly useful in subsequent electronics courses. Though the emphasis of this book 
is on linear circuits, we feel that a preliminary exposure to nonlinear methods 
will make the reader better appreciate the usefulness of circuit theorems. 
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Once we know the voltage and current at the terminals of a one-port, we 
can also find the power entering or leaving the port. Power calculations form 
an integral part of circuit theory, and this chapter introduces the concepts of 
rms value of a signal, maximum power transfer, load and source matching, and 
efficiency. An early exposure to these concepts is especially important if the 
study of circuits is accompanied by experimentation in the laboratory, where the 
student is required to become familiar with instrumentation and measurement 
terminology. 

We conclude by illustrating the use of SPICE to find Thevenin and Norton 
equivalents, and also to analyze circuits with nonlinear resistors. The SPICE 
facilities introduced are the . TF statement and the polynomial approximation of 
nonlinear resistors. Though no substitute for our understanding of how a circuit 
operates, SPICE is a valuable tool for checking the results of hand calculations 
and for analyzing circuits whose complexity would render manual calculations 
prohibitively long and tedious. 


4.1 One-Ports 

Just as elements are connected together to form a circuit, circuits can be con¬ 
nected together to form more complex circuits, or networks. This structured 
approach allows for individual circuit modules to be designed, constructed, an¬ 
alyzed, tested, and repaired separately, thus offering the advantages that we 
encounter whenever we can break down a complex task into simpler ones. A 
familiar example is offered by a hi-fi audio system, which consists of various 
modules connected together by cables: the tuner, the cassette deck, the record 
player, the compact disc player, and the power amplifier. 

If you open up one of these modules, say, the tuner, you will find that it 
consists of submodules called printed circuits. These submodules, in turn, are 
made up of even smaller modules called integrated circuits, or ICs. An IC may 
consist of tens or even thousands of basic elements such as resistors, capacitors, 
diodes, and transistors, all fabricated on a common silicon chip. 

To interact with each other electrically, circuit modules are equipped with 
terminals or leads. Clearly, the smallest number of leads a circuit can have in 
order to share a voltage or a current is two. Since it allows us to access the inside 
of a network, a terminal pair is called a port. A network with just one pair of 
terminals emerging from it is called a one-port network, or a one-port for short. 
Note that the ingredients of a one-port are two, the network and its protruding 
terminals. Since these terminals are connected to a pair of corresponding nodes 
inside the network, we shall use node labels to distinguish one terminal from 
the other. 

The simplest one-ports are the basic circuit elements such as sources and 
resistances. The ladder of Figure 2.9 is an example of a purely resistive one- 
port. The practical source models of Figures 2.24 and 2.25 provide additional 
one-port examples. The bridge circuit of Figure 2.18, which consists of v s , R\ 
through R 4 , and the terminal pair denoted as A and B, is yet another example. 
A more complex one-port is a portable digital multimeter, which consists of 
sophisticated circuitry inside a case and is equipped with a pair of terminals for 
connection to the circuit under measurement. The terminals are color coded to 
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allow for their distinction, and they constitute the port of entry to the multimeter, 
or the input port. 

Like a circuit element, a one-port is characterized by a unique relationship 
between its terminal voltage and current. Called the terminal characteristic, it 
allows us to predict its behavior when the one-port is connected to an external 
circuit generally referred to as a load; see Figure 4.1(a). Clearly, the load itself 
is a one-port. In light of these considerations, it is fair to say that the concept 
of a one-port is a generalization of the concept of a circuit element. 



(a) 


(b) 


Figure 4.1 (a) A one-port terminated on a load; 
(b) j'-u characteristic of an arbitrary one-port. 


The choice of the reference direction of i relative to the reference polarity 
of v is arbitrary. Since in general a one-port may contain sources, it is likely to 
deliver power to the load, though this need not necessarily be always the case. 
Hence the reason for choosing the active sign convention for our one-port. 

In general, the terminal characteristic of a one-port will be a curve of any 
form; see Figure 4.1(b). However, if the network making up the one-port is 
linear, this characteristic will be a straight line . We now wish to substantiate 
this claim. 


The /-v Characteristics of Linear One-Ports 

Figure 4.2(a) shows the circuit arrangement to find the v-i characteristic of a 
one-port. Note that the test current source is pointing downward to conform to 
the reference direction of Figure 4.1(a). If the one-port is linear, we can apply 
the superposition principle and state that v must be a linear combination of the 
independent sources jcsi, x S 2 , * 53 , ..., xs» internal to the network, as well as 
the external source i, 

V = a\ X 51 + 02*52 + ^3*53 + 1 * - + O n *5n + ^n +1 * (4.1) 

In this expression *51 through *$„ may be either voltage sources or current 
sources, and the coefficients a\ through a n either are scaling factors or have the 
dimensions of resistances, depending on whether the corresponding source is, 
respectively, a voltage or a current source. Clearly, a n +\ has the dimensions of 
a resistance. 

To understand the significance of the various terms, consider first the value 
of a corresponding to i = 0. This represents the contributions from the internal 
sources x<n through x Sn lumped together. Since i = 0 implies an open circuit, 
this value of v is called the open-circuit voltage and is denoted as uqc- As 
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i 

* 



Figure 4.3 The i-v 

characteristic of a linear 
one-port. 


One-port 




(a) 



(b) (c) 

Figure 4.2 (a) Circuit arrangement to find the v—i 
characteristic of a one-port. Subcircuits illustrating 
the origin of (b) the open-circuit voltage i?oc- and 
(c) the slope — \/R cq . 


depicted in Figure 4.2(b), this is simply the voltage that we would measure 
across the unloaded port with an ideal voltmeter, which acts as an open circuit. 
Clearly, i>oc = crixsi + £ 2*52 + <Z 3 -*S 3 + ■ • ■ + Qn^-Sn ■ 

Next, suppose we suppress the internal sources a'sj through x$ n so that the 
network becomes purely resistive and reduces to a single equivalent resistance 
R eq . Letting vr denote the resulting value of u, as depicted in Figure 4.2(c), we 
have vr — — R eq i. 

With all sources active, we can apply the superposition principle and write 
V = t>oc 4- Vr, or 


V = Voc- R eq i (4.2) 

It is interesting to note the formal similarity with the practical voltage source 
characteristic of Equation (2.37). Equation (4.2) is easily turned around to find 
the i-v characteristic of the one-port. 


. _ I'oc _ 

^?eq 


(4.3) 


As expected, this represents a straight line. As depicted in Figure 4.3, it inter¬ 
cepts the v axis at v = uoc> and has slope — 1 /Req. 

Note that the slope is negative only because of our particular choice of the 
reference direction of i relative to the reference polarity of v in Figure 4.2(a). 
As mentioned, this choice was made in anticipation of the fact that a one-port 
with internal sources is likely to deliver power when connected to an external 
load. 

Using analogous reasoning, if we terminate the one-port on a test voltage 
v as in Figure 4.4(a), then i must, by the superposition principle, be a linear 




(a) 



(b) (c) 


Figure 4.4 (a) Circuit arrangement to find the i-u char¬ 
acteristic of a one-port. Subcircuits illustrating the ori¬ 
gin of (b) the short-circuit current i'sc- and (c) the slope 
-1 /*«,. 

combination of the independent sources jc S i through x Sn internal to the one-port 
and the external source u, 

i = ^ 1^51 + b2Xs2 + ^3-*S3 4- • • • + b n Xsn + b n + [V (4.4| 

Here b\ through b n+ \ are again suitable coefficients. 

The value of i corresponding to v = 0 represents the contributions from 
the internal sources xs\ through *s„ lumped together. Since v = 0 implies a 
short circuit, this value of / is called the short-circuit current and is denoted 
as /'sc- As is shown in Figure 4.4(b), this is simply the current that we would 
measure at the port with an ideal ammeter, which acts as a short circuit. Clearly, 

fsc = £]* 5 I + b 2 Xs 2 + ^ 3 -*S 3 H-+ b n Xsn- 

If the internal sources are suppressed, the one-port reduces to the same 
equivalent resistance as before. Letting /« denote the resulting value of i, we 
have iR = —(1 /R^)v. If all sources are active, we have, by the superposition 
principle, / = /sc + /«, or 



This is again a straight line with slope — 1 /R eq and with /-axis intercept at 
/ = /sc- Note again the formal similarity with the practical current source 
characteristic of Equation (2.39). 

Summarizing, the i-v curve of a linear one-port is a straight line with 
u-axis and /-axis intercepts at v = Hoc and / = / S c, where t?oc is the voltage 
available at the port in the absence of any load, and i$c is the current delivered 
when the port is short-circuited. Moreover, the slope of the i-v line is — l//f eq , 
where /? eq is the equivalent resistance of the one-port. Clearly, the i-v line is 
uniquely defined once two of the parameters are known. We can thus specify 
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it either in terms of its intercepts or in terms of its slope and just one of the 
intercepts. 


Finding ff e q: Method 1 

Equations (4.3) and (4.5) must be equivalent because they refer to the same 
one-port. We must thus have uoc/^eq = *sc. or R eq = uocAsc* This forms the 
basis of the following method to find tf eq : 


Method 1: To find the equivalent resistance of a one-port, find its open- 
circuit voltage vqc and its short-circuit current t s c- Then, 


R 


eq — 


UOC 

f'sc 


(4.6) 


Note that this equation can also be used to find one of the intercepts once R tq 
and the other intercept are known. For instance, if R eq and t>oc are known, then 
z'sc can be found as isc = r'oc/^eq- Likewise, if R eq and f'sc are known, then 
l>OC = 7? eq Ac- 


t: 


Example 


4.1 


Find uoci *sc. and R eq for a voltage divider circuit consisting of a source 
vs = 12 V and two resistances, R\ = 30 k£2 and /?2 = 10 k£2. 


Solution 


Leaving the port open-circuited as in Figure 4.5(a) and applying the 
voltage divider formula, we obtain 


uoc 


Ri 

- Vs 

R,+R 2 


14.7a) 


or r>oc = 12 x 10/(30 + 10) = 3 V. Short-circuiting the port as in 
Figure 4.5(b) and noting that i # 2 — 0/Ri — 0, we have, by Ohm’s Law, 


'sc 


vs_ 

Ri 


(4.7b) 



Figure 4.5 Finding i>oc. isc. and R tq for a voltage divider circuit. 
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or j'sc = 12/30 = 0.4 mA. Finally, using Method 1 we obtain 

woe 


^eq — 


(4.8) 


fsc 


or R cq = 3/0.4 = 7.5 k£2. As a check, recompute R eq by suppressing the 
source u$, as shown in Figure 4.5(c). By inspection, we now find 

Rc q = *1 II Ri W-9) 

or /? eq = 10 || 30 = 7.5 k£2, confirming the result via Method 1. 


Exercise 4.1 Find woe, isc, and R eq for the one-port of Figure 4.6. 
ANSWER uoc = 6 V (+ @ A), i sc = 4 A (A -> B), and R eq = 1.5 O. 


6 A 


i n 



^ A 


-OB 


Figure 4.8 Circuit of Exercise 4.1. 




Example 


4.2 


Find Doc, fsc, and R eq for the one-port of Figure 4.7(a) for the case 
v s = 15 V and is — 1 A. 


2 n 2Q 



Figure 4.7 (a) Open-circuited and (b) short-circuited one-port. 


Solution 

Referring to Figure 4.7(a), we can use the superposition principle 
along with the voltage divider formula and Ohm’s Law to write 
Woe = [20/(2 + 20 + 3)]u s - [(2 + 3) || 20]i s , or 

i>oc = 0.8i>s — 4i$ (4.10s) 

Numerically, t>oc = 0.8 xl5 — 4x1=8 V. 

To find i S c, short-circuit the one-port as in Figure 4.7(b). Since the 
current through the 20-resistance is now zero, we can apply KCL and 
Ohm’s Law to obtain i'sc = u$/(2 + 3) — is, or 

isc = 0.2us — is (4.10b) 


Numerically, isc = 0.2 x 15 — 1 = 2 A. 
Finally, using Method 1 we obtain 

Woe 8 


Req = 


— -= 40 , 


Jsc 


(4.11) 
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As a check, recompute R eq by suppressing both sources. Thus, 
replacing the voltage source with a short circuit and the current source 
with an open circuit in Figure 4.7(a), we readily find that the resistance 
between nodes A and B is 

* eq = 20 || (2 + 3) =4 S2 (4.12 

This confirms the result obtained via Method 1. 


Exercise 4.2 Find uqc, i&c, and R tq for the circuit of Figure 4.8(a). 


10 k£l 

2.5 k£i 2 ki2 


5 V 

/—'v 

VW—t 

■—</W—t—vW—°A 

Co -► 

-0- 

30kft5 

► (T) 0.3 mA 

20k£2> 

15k£2 

_J 

--1—AV—ob 

Do - 1 



3U1 


5k£2 


1 mA 


Figure 4.8 Additional one-port examples. 

ANSWER uoc = 9 V (positive at A), isc = 0.6 mA (A -» B), and 


Keq = 15 kfl. 


Exercise 4.3 Find uoc. he, and /? eq for the circuit of Figure 4.8(b). 
ANSWER uoc = 5 V (positive at C), t'sc = 0.5 mA (C -► D), and 


/e eq = 10 kfl. 


Example 4.3 

In Figure 4.9 let u$ = 15 V, /?i = 1 kQ, R 2 = 4 k£2, R$ = 3 k£2, and 
R 4 — 2 k£2. Find uqc, (sc. and R cq . 

Solution 

Leaving the port open-circuited as in Figure 4.9(a) yields, by 
Equation (2.31), 

( 1 1 \ 


G+*u 


\i + Ri/Ri 1 + Ri/RtJ 

or u oc = [1/0 + 1/4) - 1/(1 4- 3/2)] 15 = 6 V. 

To find R eq , suppress Us as in Figure 4.9(b). This creates a common 
node X so that R\ appears in parallel with Rj, and R$ in parallel with R 4 . 
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x 




Figure 4.9 Finding uoc and /f eq for a resistive bridge circuit. 

By inspection, the total resistance encountered in traversing the circuit 
from node A, through X, to node B is 

R, q = (Ri II Ri) + (Ri II *4) (4-14) 

or R eq = (1 || 4) + (3 || 2) = 2 kfl. 

Finally, i' s c = voc/R eq =6/2 = 3 mA. 


Remark This example shows that Equation (4.6) can save labor in 
computing one of the three parameters, /sc: in this case. 


1 


Exercise 4.4 Repeat Example 4.3, but with the voltage source us 
replaced by a current source is = 6 mA pointing upward. Does R cq 
change? Why? 

ANSWER i>oc = 6 V (positive at A), i S c =2.5 mA (A -> B), and 
R tq = 2.4 k£2. 




Example 


4.4 


Repeat Example 4.3, but with R\ changed to: (a) 16 k£2; (b) 6 kQ. 


Solution 

(a) Equation (4.13) yields uoc = — 3 V, indicating that node A 
is now more negative than node B. Using Equation (4.14), 

R eq = (16 || 4) + (3 || 2) = 4.4 kfi. Finally, i sc = Voc/Rtq = 
-3/4.4 = —0.6818 mA, indicating that the short-circuit current 
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will now flow from node B to node A. Clearly, the i-v line now 
has negative intercepts with the v axis and the i axis. 

(b) Equation (4.13) now yields Hoc = 0 V. Moreover, /? eq = 

(6 || 4) + (3 || 2) = 3.6 kfi, and i SC = 0/3.6 = 0 A. Clearly, the 
i-v line now goes through the origin . 

Remark This example shows that t>oc and r'sc can be negative or even 
zero. 


Exercise 4.5 Find uoc, ('sc, and R eq for the one-port of Figure 4.7 for 
the following cases: (a) = 15 V and i$ = 3 A; (b) v s = 10 V and 

is = 3 A; (c) vs = —5 V and is — 1 A. 

ANSWER i> 0 c = 0, -4 V, -8 V; i S c = 0, -1 A, -2 A; R tq - 4 Q 
throughout. 


Finding ft eq : Method 2 

If the i-v curve happens to go through the origin, then both i>oc and isc are 
zero and Method 1 cannot be used because it would yield the indeterminate 
result R eq = foe A sc = 0/0. An alternate approach is to suppress the inde¬ 
pendent sources jcj, through xs n inside the one-port and then use this reduced 
network to find R cq . In many cases this can be done by simple inspection, using 
series/parallel reductions as in Equations (4.9), (4.12), and (4,14). 

However, there are resistive topologies that do not lend themselves to this 
simple form of solution. When this is the case, we must use the following more 
general method, which is simply a restatement of the method of Section 2.1 for 
finding resistance. 


Method 2: To find the equivalent resistance of a linear one-port, first 
suppress all its independent sources. Then apply a test voltage v and 
find the current i out of its positive terminal, as shown in Figure 4.10(a). 
Finally, 


R 


eq — 


V 

i 


(4.15) 


Alternately, after suppressing the independent sources, apply a test cur¬ 
rent i and find the resulting voltage v, as shown in Figure 4.10(b). Then, 
use again R eq = vfi. 


Recall that to suppress a voltage source we must replace it with a short circuit, 
and to suppress a current source we must replace it with an open circuit, 

voltage source —> short circuit 14.16a) 

current source —► open circuit (4.16b) 
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(a) (b) 

Figure 4.10 /f eq can be found by applying either a test voltage v or a test current i. 


If the one-port contains also dependent sources, these must be left in the circuit. 
This important case will be addressed in great detail in Section 5.2. 

We stress once again that the reason for suppressing all the independent 
sources is to force the i-v characteristic through the origin and thus make it 
possible to obtain its slope as l//? eq = i/u* or /? eq = vji. We also note that 
since a one-port with all its independent sources suppressed is purely resistive, 
it is now appropriate to use the passive sign convention for f? eq , as is shown in 
Figure 4.10. 

It is worth mentioning that the actual value of the test signal is immaterial . 
Since i and v are linearly proportional to each other, their ratio is independent 
of the particular test signal value. Nonetheless, assuming a specific value such 
as a 1-V test voltage (or a 1-A test current) may simplify the algebra somewhat. 


Example 4.5 

Find isci Uoc, and R sq for the circuit of Figure 4.11(a). 


Solution 

To find i S Ci short-circuit the port as in Figure 4.11(b), where the units are 
[V], [A], and [12]. Applying KCL at node A yields f'i = /sc + h + 5.8, or 

isc = i"i — *2 — 5.8 A (4.17) 


We observe that shorting nodes A and B together places the 3-12 resistance 
in parallel with the 4-12 resistance and the 8-12 resistance in parallel with 
the 1-12 resistance. Applying the current divider formula, we have 


M 


*2 


3+4 15 7* 5 


8+l' 5 9 15 


(4.18a) 

(4.18b) 


Moreover, as is exits the 58-V source via the positive terminal, it sees 
first the 2-12 resistance, then the combination (3 || 4) 12, and finally the 
combination (8 || 1) 12, after which it reenters the source via the negative 
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terminal. We can thus apply Ohm’s Law and write 


1*5 =-= 12.6 A 

2 + (3 || 4) + (8 || 1) 


Substituting into Equation (4.18) and then into (4.17) yields i s c 
7.2- 1.4 -5.8, or 

'sc — 0 


(4.19) 


Clearly, this is an example in which t>oc = 'sc = 0, so that R eq cannot 
be found via Method 1. 

Let us thus apply Method 2. Suppressing the sources yields the circuit 
of Figure 4.11(c). This particular network does not lend itself to simple se¬ 
ries/parallel reductions, mandating the use of a test signal which we choose 
to be of the voltage type. For added clarity the expressions for all branch 
currents have been shown explicitly in color. To find i we apply KCL, 


V - Vx , v-v Y 


We need two additional equations to eliminate u* and Uy. These are 
obtained by applying KCL at the corresponding nodes, 





(4.21a) 


Vx — Vy V — Vy Vy 

2 + 8 = T 


(4.21b) 


These equations are solved for vx and vy in the usual manner to yield 
Vx = 0.4v and vy = 0.2v. Substituting into Equation (4.20) we obtain 
i = (u — 0.4u)/3 + (u - 0.2v)/8, or 



(4.22) 
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Finally, 


- = * 
i (3/10) ^ 


10 

y 


= 3.333 Q 


(4.23) 


Remark As expected, v at the numerator and denominator cancel out to 
yield a result which is independent of the test signal. 


1 


Exercise 4.6 Recalculate the equivalent resistance in the circuit of 
Figure 4.11(c), but using a test current i instead of a test voltage v, and 
the loop method instead of the node method. Clearly, the result must be 
the same. 


r. 


Example 


4.6 


Find R eq for the one-port of Figure 4.12(a). 




Figure 4.12 Finding the equivalent 
resistance of a one-port. 


Solution 

Let us pause a moment and see which method might be more efficient. 
Method 1 requires analyzing two circuits, one to find Hoc and the other to 
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find i'sc- By contrast. Method 2 requires the analysis of only one circuit. 
Moreover, with its internal sources suppressed, this circuit is likely to be 
simpler. We thus opt for Method 2. 

Let us apply, for instance, a test voltage as in Figure 4.12(b), where 
the resistances are in [£2], We can find the resulting current via loop 
analysis. KVL around the mesh labeled i yields 

u = 7(i - i|) + 10(i - i 2 ) + 3/ (4.24) 

We need two additional equations to eliminate i\ and i 2 . These are 
obtained by applying KVL around the two remaining meshes, 

0 = 7(i, - /) + 9*i 4- 4(/j - i 2 ) (4.25a) 

0 = 10(i2 - i) + 4(i 2 - it) + 2/ 2 (4.25b) 

These equations can be solved for i] and i 2 via Gaussian elimination to 
yield j‘i = 0.5/ and i 2 = 0.75/. Substituting into Equation (4.24) and 
collecting we obtain 

v = 9/ (4.26) 


Finally, 

v 9/ 

R eq = - = — = 9 n 
q / / 

Note again the cancellation of /. 


(4.27) 


Exercise 4.7 Consider the circuit obtained from that of Figure 4.9(a) 
by breaking the connection between the positive terminal of the source 
and the node common to Ri and R 3 , and inserting an additional series 
resistance R 5 . Sketch the modified circuit. Hence, assuming vs = 

15 V, Ri = 1 k£2, R 2 =4 k£2, R 3 = 3 kfi, R 4 = 2 kfi, and R 5 = 5 kfi, 
find i>oCi and then use Method 2 to find R eq , the equivalent resistance 
between nodes A and B. 

ANSWER u oc = 2 V (positive at A), R eq = 34/15 kQ. 

Exercise 4.8 Repeat Exercise 4.7, but using Method 1 to find /? eq . 

ANSWER uqc = 2 V (positive at A), /sc = 15/17 mA (A — ► B), and 
R eq = 34/15 kfi. 


Remark 

To speed up the algebra, some authors suggest using a numerical test signal 
value, such as v = 1 V or / = 1 A. However, we prefer to work with unspecified 
values because this requires a cancellation, as demonstrated in Equations (4.23) 
and (4.27), thus providing a check for the correctness of our result. 

As an example, suppose in Equation (4.26) we had erroneously obtained 
v = 9/ + 3. This would have yielded /? eq = v/i = (9/ +3)// = 9 + 3//, 
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which is unacceptable because in a linear circuit R eq must be independent of 
the particular test current i. Had we used a 1-A test current, then our erroneous 
Equation (4.26) would have yielded v = 9i + 3 = 9x1+3 = 12 V, or 
R eq = v/i = 12/1 = 12 £2, with no error warning! 

4.2 Circuit Theorems 

Two one-ports are said to be equivalent if they exhibit the same t—v charac¬ 
teristic. If the one-ports are linear, to be equivalent they must exhibit the same 
values of t>oc> *sc. and R eq . 

We have already encountered the concept of equivalence in Section 2.2 
in connection with series and parallel resistance combinations. For instance, 
regarding the resistive network of Figure 2.19 as a single equivalent resis¬ 
tance simplifies the task of finding the current drawn from the source. In Sec¬ 
tion 2.5 we used the equivalence concept to model practical sources. Though 
they are fictitious circuits, the models allow us to predict source behavior under 
the effect of loading. Moreover, equivalence provides the basis for the source 
transformation technique of Section 3.5. Our interest in the equivalence of 
one-ports stems from the desire to simplify analysis and design when different 
one-ports are connected together to form more complex circuits. 


Thevenin's Theorem 


Consider the one-port v-i characteristic of Equation (4.2), repeated here for 
convenience, 


v = Voc “ ^eq( 


<4.28| 


Its formal similarity to the v-i characteristic of a practical voltage source, ex¬ 
pressed by Equation (2.37), suggests that a linear one-port can be modeled like a 
practical voltage source, namely, with the series combination of an ideal voltage 
source i>oc and a resistance /? eq . This equivalence, illustrated in Figure 4.13, 
forms the essence of Thevenin’s Theorem, named for the French engineer 
M. L. Thevenin (1857-1926). More specifically, we have: 


Thevenin's Theorem: Any linear resistive one-port is equivalent to an ideal 
voltage source uqc in series with a resistance R eq , where i>oc and R eq are, 
respectively, the open-circuit voltage and the equivalent resistance of the 
one-port. 



Figure 4.13 Linear one-port and its Thevenin 
equivalent. 
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A CONVERSATION WITH 

Jack Kilby 

TEXAS INSTRUMENTS 



Jack St. Clair Kilby was the coinventor of the integrated 
circuit while at Texas Instruments. (Courtesy of Texas 
Instruments) 


E ngineering was being put to a severe test in 
the 1950s. The invention of the transistor in 
1947 had made miniaturization possible, but a 
ceiling, a seemingly insurmountable limitation, was 
already looming: the human skill needed in the man¬ 
ufacture of transistorized devices. Circuit design¬ 
ers could sketch out elaborate systems containing 
hundreds, thousands of electronic components... in 
theory, anyway. In practice, each of these compo¬ 
nents had to be joined perfectly to its neighbors with 
conducting wire, perfectly because the finished unit 
must of course be able to conduct electricity. One 
bad solder joint out of thousands and an entire cir¬ 
cuit was useless. 

In the industry, the problem was christened "the 
tyranny of numbers," and, with visions of 100,000- 
component radar systems and 200,000-component 
computers dancing in their heads, engineers every¬ 
where were working on it. How could you make and 
join all these components into a functional circuit 
without worrying about the mechanical problems of 
soldering techniques? 

Enter Jack Kilby, today, best known as one of 
the inventors of the integrated circuit* Kilby had a 
B.S. degree in EE from the University of Illinois {1947} 
and a M.S. from the University of Wisconsin {1950}, 
also in EE. His undergraduate work was interrupted 


* Robert Noyce and Jack Kilby are both given credit for the 
invention. 
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by World War II, during which he served in the OSS, 
precursor of today's CIA. In 1947 he went to work for 
a Milwaukee electronics company, Centralab, where 
his job was to develop ceramic thick-film circuits, 
and he fast made himself an expert on transistor 
technology. Newly hired by Texas Instruments (Tl) 
in the spring of 1958 and working alone during July 
because everyone else was on vacation and he had 
not yet built up any vacation time, Kilby came up with 
the idea that has allowed electronics fabricators to 
crash through the size and cost ceiling. 

The trick was in what material you used to make 
your components. From the very beginning of the 
electric age, resistors had always been made of 
some inexpensive material having very high resis¬ 
tivity, capacitors of some other inexpensive material 
having a very high dielectric constant, and so forth. 
At the time Kilby arrived at Texas Instruments, the 
company had a very heavy investment in the semi¬ 
conductor silicon. Kilby figured any idea that was 
going to fly with management would have to use 
silicon and so began thinking about this inexpen¬ 
sive material and what it could do: doped one way, 
it could work in a pinch as a conductor, but cer¬ 
tainly not a very good one; doped another way, it 
could work as a resistor, but again certainly not a 
very good one. And this was the genius of Jack 
Kilby: he thought about what would happen when 
you made a circuit of poor but workable silicon re¬ 
sistors and poor but workable silicon capacitors and 
poor but workable silicon "everything else.” On July 
24, he wrote in his lab notebook: "Extreme miniatur¬ 
ization of many electrical circuits could be achieved 
by making resistors capacitors [sic] and transistors 
and diodes on a single slice of silicon." 

And he was right. In an interview covering his 
early days and the state of the electronics industry 
today, Jack Kilby has these thoughts to offer. 


What was the world of electronics like before the 
integrated circuit? In other words, what were the 
things leading up to your invention? 

It was a much smaller field—radio, television, the 
first computers, that’s about all. People could see that 
there were desirable things not being done because of 
cost and size. Almost everyone recognized that there 
had to be a better way than putting things together 
one piece at a time. To find this better way, a number 
of programs were started in the mid-1950s. Circuit 
integration was only one of many ways to solve the 
size problem. 



The first integrated circuit, a phase-shift oscillator, was in¬ 
vented by Kilby in J958. (Courtesy of Texas Instruments) 


There were certainly other approaches. A mi¬ 
cromodule, which used regular components but with 
an automated assembly setup, was one way, but it’s 
pretty much dead today. Another tack was the thiek- 
and thin-film approach; there were some components 
you couldn’t make with this method, but it could 
make great connections and for that reason is still 
used today in hybrid circuits and some computers. 

By the time I got to TI in 1958, lots of people had 
already been working on the problem. Waiting for 
everyone to return from vacation that summer, I came 

(Continued) 


j 
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( Continued ) 

up with what I considered to be merely a tentative 
approach, this idea of making all the components out 
of the same semiconductor material. It just worked 
out, so my tentative approach was the one that stuck. 
It took several months to build that first circuit—from 
July 1958 to September—with lots of skilled techni¬ 
cians helping me. 

Did all you people at TI recognize right away how 
important your idea was? 

Those of us involved thought it would be impor¬ 
tant for the existing electronics world. What no one 
figured on was how very much this idea would change 
that world. Even though the first circuit we built was 
tested and worked on September 12, we didn’t file 
our patent until the following February. And it wasn’t 
until a year later, February 1960, that I heard about 
Bob Noyce, when the patent office notified us that 
a similar patent had been filed—in July of 1959, I 
believe. Things weren’t moving too quickly on any 
front. 

Do you think this failure to instantly see worth is 
true with all the great ideas? 

Yes. To cite just one obvious case, Edison had a very 
tough job, I am sure. For one thing, the gas com¬ 


panies were big and powerful opponents; for another 
thing, the first electric light was not that good a prod¬ 
uct. Edison may have been all enthused about it, but 
other people surely weren’t. Not at the start, at any 
rate. All ideas have to prove themselves, and all ideas 
depend on timing. Babbage invented a computer in 
the middle of the 1800s, but the time for it just was 
not right. 

How does it feel to have invented something so 
seminal? 

Well, my personal feeling is of great satisfaction, of 
course, but you’ve got to remember that nothing is 
ever one person working alone. All ideas have roots 
in other, earlier ideas. The best you can claim is that 
you started something big, and that’s how I like to 
think of myself, as having started something nice and 
big. 

It has been written that you insist on being de¬ 
scribed as an engineer rather than a scientist. Why 
do you feel so strongly about the distinction? 

Because there’s such a basic difference in the two 
functions. A scientist is interested in expanding 
our knowledge base, and an engineer is interested 
in applying existing knowledge to new problems. 
And since that’s what I do, solve problems, I’m an 
engineer. 


As an example of the application of this theorem, we can say that the 
voltage divider circuit of Figure 4.14(a) is equivalent to the series combination 
of Figure 4.14(b). The expressions for the element values of this equivalent 
were derived in Example 4.1. 


% 



oA 


«B 



OA 


oB 


(a) 


(b) 


Figure 4.14 Voltage divider circuit and its Thevenin equiv¬ 
alent. 
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Is all your work problem-driven, or have you had 
research projects that were the result of some ques¬ 
tion you just began wondering about one day? 

Pretty much, it’s problem-driven, which goes back to 
what I just said about why I consider myself an engi¬ 
neer and not a scientist: I love to solve problems. If 
you’re really lucky, sometimes you get to choose your 
own problem, and in those cases I guess you could 
say that observation and wondering played a role. 

If you had everything to do over, what would you 
change? What would you be working on if you 
were twenty-two again? 

For the change part, I have to answer nothing of any 
significance. Sounds awful to say that, but it’s true. 
Things have worked out very well for me over the 
years. 

As for what I’d be working on, there is a whole 
new set of problems in electronics today. The field 
is so much broader than the radio, television, and 
primitive computer of the early days. Because costs 
have dropped so much—by a factor of about a 
million—electronics can do so much today that was 
not feasible thirty years ago. A personal computer in 
every briefcase, a cellular phone in every car, elec¬ 
tronic cars. So many areas. I don’t know which one 
I’d choose. 


What are your memories about the circuits course 
you took in college? 

One thing I can tell you is how good the teachers 
were when I was at Illinois. A great faculty that 
really helped us over the rough spots. Our teachers 
knew the mistakes we were going to make before we 
made them and so could steer us away from trouble. 
I think we used a circuits book by Knight, and he was 
one of my teachers. 

Back then, electronics was just beginning to come 
into its own, so “electrical engineering” meant study¬ 
ing power for the most part. We were mostly con¬ 
cerned with the generation and transmission of power 
from source to consumer, how to design motors, 
things like that. It really was a completely different 
world. 

As one of the prime players who have made that 
completely different world, what’s your advice to 
today’s EE students? 

Electronics is a fascinating field, completely open- 
ended. Even with all the stupendous advances we’ve 
already seen, there’s so much more to come. The 
sense of limitless possibility is exhilarating. So take 
the courses you need and do whatever else you have 
to do in school to earn your engineering degree. And 
don’t anybody run off and be a lawyer! 


It is intriguing that however complex a one-port may be, its terminal behav¬ 
ior can be mimicked by a circuit as simple as its Thevenin equivalent. Replacing 
the one-port with its equivalent in the course of our calculations may save con¬ 
siderable time and effort. To illustrate this principle, suppose we wish to find 
the voltage i> in the circuit of Figure 4.15(a) for different values of R, say, for 
R = 1 kfi, 4 kfi, 6 k£2, 12 k£2, and 16 kf2. One way to proceed is to use nodal 
or loop analysis to derive a general expression for v as a function of R and then 
repeatedly substitute the given values of R to find v{R). For example, applying 
nodal analysis yields 


9- v A 



v(R) 


3 


R 


(4.29a) 
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v(R) _v A - v(R) 
R 2 


(4.29b) 


where we have used Vb — v A — u(/J). Eliminating v A and solving for u(i?) 
yields, after suitable algebraic manipulation, 


v(R) = 


R 


4 + R 


■16 


(4.30) 


It is now a simple matter to substitute the given values of R to obtain, respec¬ 
tively, u(l) = [1/(4 4- 1)]16 = 3.2 V, u(4) = 8 V, u(6) = 9.6 V, u(12) = 
12 V, and u(16) = 12.8 V. 



Figure 4.15 Replacing the circuit surrounding R with its Thevenin equivalent. 


A moment’s reflection, however, indicates that Equation (4.30) can be re¬ 
garded as the voltage divider formula for the case in which our resistance R is 
connected to the series combination of a 16-V voltage source and a 4-kf2 resis¬ 
tance. This is depicted in Figure 4.15(b). We wonder whether there is a quicker 
way of reaching this conclusion, without having to solve the system of equations 
of Equation (4.29). The answer is obtained by applying Thevenin’s Theorem to 
the network surrounding R. As depicted in Figure 4.16(a), this network appears 
to R as a one-port with A and B as its terminals. 



Figure 4.16 Finding i>oc and /f eq for the circuit surrounding R in Figure 4.15(a). 


Referring to Figure 4.16(a), i>oc is readily found as u 0 c = [6/(3 + 6)]9 - 
(-2)5 = 16 V. Likewise, suppressing all sources as in Figure 4.16(b), we readily 
find tf e q = (3 || 6)+2 = 4 k£L This confirms the element values in the Thevenin 
equivalent of Figure 4.15(b). 







4.2 Circuit Theorems 


Even though R is in fact part of the network of Figure 4.15(a), we choose 
to work with the fictitious equivalent of Figure 4.15(b) merely to simplify our 
analysis. This is legitimized by the fact that the equivalent has the same values 
of uoc and /? eq as the original network. Dealing with the equivalent is much 
easier because we can obtain Equation (4.30) via the simple voltage divider 
formula. 

From the one-port viewpoint, R is referred to as the load. We wish to stress 
once again that Thevenin’s Theorem is applied just to the portion of the circuit 
of Figure 4.15(a) surrounding R, not to the entire circuit! 

As we replace a one-port with its equivalent, we must make sure that the 
polarity of the Thevenin source correctly reflects the polarity of uoc in the 
original port. This is why it is so critical that we label the port terminals before 
we even start analyzing the circuit! 


Example 4.7 

The bridge circuit of Example 4.3 is connected to a load as in 
Figure 4.17(a). Find the load voltage and current if the load is 

(a) a l-kI2 resistance; 

(b) a 10-V source with the positive terminal at A; 

(c) a 2-mA source directed from A to B; 

(d) a plain wire. 



Figure 4.17 A loaded bridge and its Thevenin equivalent. 


Solution 

Replace the bridge circuit with its Thevenin equivalent as depicted in 
Figure 4.17(b). The element values of this equivalent were derived in 
Example 4.3. In Figure 4.17(b) we have: 

(a) i L - uocA^eq + /?/.) = 6/(2 + 1) = 2 mA; vl = Rul = 

1 x 2 = 2 V. 
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(b) v L = 10 V; i L = (i'oc - v L )/R sq = (6 - 10)/2 = -2 mA, 
indicating that now current flows from B, through the load, to A. 


(c) i L = 2 mA; by KVL, v L = uoc — S eq i L = 6 — 2x2 = 2 V. 

(d) v L = 0 V; i L = Vqq JR cq =6/2 = 3 mA. 


1 


Exercise 4.9 Using Thevenin’s Theorem, find the load voltage and 
current if the one-port of Figure 4.8(a) is loaded with 

(a) a 30-k£2 resistance; 

(b) a 12-V source with the positive terminal at A; 

(c) a 12-V source with the positive terminal at B; 

(d) a 1-mA source pointing downward. 

ANSWER (a) 6 V (positive at A), 0.2 mA (A —► load B); 

(b) 0.2 mA (B load -> A); (c) 1.4 mA (A -> load —► B); 

(d) 6 V (positive at B). 

Exercise 4.10 Repeat Exercise 4.9, but for the one-port of Figure 4.8(b). 

ANSWER (a) 3.75 V (positive at C), 0.125 mA (C -> load -> D); 

(b) 0.7 mA (D —» load —» C); (c) 1.7 mA (C —» load -> D); 

(d) 5 V (positive at D). 


t: 


Example 4.8 


If the one-ports of Figure 4.8 are connected together, A with C and B 
with D, so that the composite circuit of Figure 4.18(a) results, find the 
common voltage v. 


Solution 


The circuit could in principle be solved via the node or loop methods. 
However, a much quicker alternative is to replace the one-ports with their 
individual Thevenin equivalents, whose element values were found in 
Exercises 4.2 and 4.3. The result is shown in Figure 4.18(b). Then, using 
the superposition principle, we readily find 


v = 


10 


:9 + 


15 


15 + 10 15 + 10 


5 = 6.6 V 


(4.31) 
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Exercise 4.11 Using Thevenin’s Theorem, find the magnitude and 
direction of the current exchanged by the one-ports of Figure 4.8 when 
they are connected (a) A with C and B with D; (b) A with D and B 
with C. 

ANSWER (a) 0.16 mA (A -* C, and D -► B); (b) 0.56 mA 
(A D, and C B). 


Norton's Theorem 


Let us now turn to the one-port i-v characteristic of Equation (4.5), repeated 
here for convenience, 


1 


i = (sc — 


R 


eq 


(4.32) 


Its similarity with Equation (2.39) suggests that a linear one-port can also be 
modeled like a practical current source, namely, with the parallel combination of 
an ideal current source isc and a resistance /f eq . This equivalence, illustrated in 
Figure 4.19, forms the essence of Norton’s Theorem, named for the American 
scientist Edward L. Norton (bom 1898). More specifically, we have: 


Norton’s Theorem: Any linear resistive one-port is equivalent to an ideal cur¬ 
rent source isc * n parallel with a resistance R eq , where / s c and R eq are, 
respectively, the short-circuit current and the equivalent resistance of the 
one-port. 
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Linear 

network 




Figure 4.19 Linear one-port and its Norton equivalent. 


In light of this, a linear one-port admits not one but two equivalents, the 
Th^venin and the Norton equivalents. The value of /? eq is the same in both 
equivalents, and it can be found either by Method 1 or by Method 2 of the 
previous section. Since the Th6venin voltage Voc and the Norton current isc arc 
related as 

L'OC — ^eq*SC (4.33) 

once one of the equivalents is known, the other is immediately obtained by 
a simple source transformation. Like Thevenin’s Theorem, Norton’s Theorem 
provides a powerful tool for circuit analysis. It is fair to say that all previous 
problems in this section could have been solved just as well using Norton’s 
Theorem instead of Th^venin’s. 


Exercise 4.12 In the one-port of Figure 4.7(a) let v s = 20 V and 
i s = 3 A. Using Norton’s Theorem, find the load voltage and current if 
the one-port is loaded with 

(a) a 2-f2 resistance; 

(b) a 4-V source with the positive terminal at A; 

(c) a 4-V source with the positive terminal at B; 

(d) an open circuit. 

ANSWER (a) 4/3 V (positive at A), 2/3 A (A —► load —*■ B); (b) 0 A; 
(c) 2 A (A -► load B); (d) 4 V (positive at A). 


Example 4.9 

In the circuit of Figure 4.20(a) let R L = 2 k£L Using Norton’s Theorem, 
find the power delivered to Rl- 


Solution 

Norton’s Theorem must be applied to the circuit external to Rl, To find 
j'sc, short-circuit the one-port as in Figure 4.20(c). By KCL, isc =ii+h. 






1 



(a) (b) 




Figure 4.20 Using Norton’s Theorem to find the power dissipated in Ri. 


By Ohm’s Law, i'i = 25/5 = 5 mA. By the current divider formula, 13 = 
i 2 x 40/{40+12) = (40/52)/ 2 . By Ohm’s Law, i 2 = 25/[10+(40 || 12)] = 
1.3 mA. Substituting for i 2 yields 13 = (40/52)1.3 = 1 mA. Finally, 
isc = i'i + (3 = 5 + 1 = 6 mA. 

To find R e q , suppress the 25-V source as in Figure 4.20(d). Then, by 
inspection, /f eq = 5 || [12 + (10 || 40)] = 4 k£2. 

Replacing the one-port with its Norton equivalent yields the 
simplified circuit of Figure 4.20(b). By the current divider formula, the 
load current is i L = 6 x 4/(4 + 2) = 4 mA. Finally, the load power is 
Pi = Rii 2 L = 2 x 4 2 = 32 mW. 


Exercise 4.13 Repeat Example 4.9 if the 25-V source is changed to a 
9-mA source flowing upwards. 

ANSWER 135.1 mW. 


Thevenin and Norton Comparison 

Although either equivalent can in principle be used to represent a linear one-port, 
the Thevenin equivalent usually works best with series connections, the Norton 
equivalent with parallel connections. Clearly, if R tq happens to be zero, we 
have no choice but to use the Thevenin equivalent. Likewise, if R eq happens to 
be infinite, we must use the Norton equivalent. 
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If R eq happens to be much smaller than the external load, the one-port 
behavior will be closer to that of a voltage source, so the Thevenin model 
would be more appropriate in this case. Likewise, if R t q is much greater than 
the load, then the Norton equivalent is more appropriate, as the one-port now 
approximates a current source. 

Finally, we wish to point out that Thdvenin’s and Norton’s theorems may 
also be applied to portions of a network to simplify intermediate calculations. 
Moreover, conversions back and forth between the two equivalents can often 
simplify circuit analysis significantly. 




Example 4.10 


Referring once again to the circuit of Figure 4.15(a), repeated in 
Figure 4.21(a) for convenience, find v by applying suitable Thevenin and 
Norton manipulations. 



2k£l A R B 2kfl 
6 V 


(b) 

Figure 4.21 An alternate way of solving 
the circuit of Figure 4.15(a). 



Solution 

Apply Thevenin’s Theorem to the portion of the circuit at the left of R, 
and a Norton to Thevenin conversion to the portion at the right. 

As shown in Figure 4.21(b), the left portion is replaced with a 
voltage source of value [6/(3 + 6)]9 = 6 V and a series resistance of 
value 3 || 6 = 2 kfi. Using a source transformation, the right portion 
becomes a voltage source of value —2 x 5 = —10 V in series with a 
2 -k£2 resistance. 

It is now straightforward to apply KVL and Ohm’s Law to find 


v(R) = R 


6 -(- 10 ) 
2 + R + 2 


R 

4 +R 


16 
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This confirms Equation (4.30), but without having to find the Thevenin 
equivalent of the entire one-port surrounding R . 


4 


Exercise 4.14 In the circuit of Figure 4.21(a), let R = 4 k£2. Find the 
current through the 6-k£2 resistance by applying Norton’s Theorem to the 
portion of the circuit at its right, and by performing a Thevenin to Norton 
conversion to the portion at its left. 

ANSWER 1/3 mA (|). 


Concluding Remarks 

Looking back we note that we have a choice of different analysis techniques: nodal 
analysis, loop analysis, the superposition principle, source transformations, Thdvenin's 
and Norton's theorems. We are of course interested in minimizing our time and effort as 
well as reducing the risk of error. Which method is best suited depends on the particular 
circuit and, to some extent, on personal preference. Until you gain more experience, try 
being proficient in all methods, not just in some. Moreover, try developing the habit of 
using one method to solve your problem and a different method to check your results! 


• 4.3 Nonlinear Circuit Elements 

Resistances and sources share the common feature of having i-v characteristics 
that are straight lines. Connecting these elements together yields networks whose 
terminal characteristics at any pair of nodes are still straight lines. Moreover, 
the analysis of these networks involves linear algebraic equations. 

As you proceed through your electronics curriculum, you will find that 
many circuit elements are inherently nonlinear, with i-v characteristics that 
are curves rather than straight lines. If these characteristics are available in 
mathematical form, a circuit with one or more nonlinear elements can still be 
analyzed using KirchhofFs laws as well as the element laws; however, the 
resulting equations will in general be nonlinear. Moreover, interchanging the 
terminals of a nonlinear element will in general change its effect in a circuit. 
For this reason, the terminals of nonlinear elements are usually given separate 
names, such as anode and cathode in the case of a diode. 


^Example 4.11 

Let the nonlinear element in the circuit of Figure 4.22(a) be the nonlinear 
resistor discussed in Section 1.6, whose i-v characteristic is 

i=0 for v < V T (4.34a) 

£ 

i — -(v — Vj) 2 for u > Vt. 


(4.34b) 
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V QC 



(a) (b) 

Figure 4.22 (a) Circuit with a nonlinear element, (b) Replacing the linear 
portion of the circuit with its Thevenin equivalent. 


Assuming k = 0.8 mA/V 2 , V T = 1.5 V, R\ = 3 kft, and R 2 = 2 kft, 
find the value of v s that will ensure v = 4 V. 


Solution 

With v = 4 V, the current through the nonlinear resistor is, by 
Equation (4.34b), / = (0.8/2)(4 - 1.5) 2 = 2.5 mA. Moreover, by Ohm’s 
Law, i Rl — v/R 2 =4/2=2 mA (|); by KCL, i Rl = i Rl + i = 2 + 2.5 = 
4.5 mA (—►); by Ohm’s Law, v R , = R\i R , = 3 x 4.5 = 13.5 V, positive 
at the left; by KVL, = v Rl + v = 13.5 + 4 = 17.5 V. 


Exercise 4.15 In the circuit of Figure 4.22(a) let the nonlinear element 
be again the nonlinear resistor of Example 4.11. If us = 9 V and 
Ri = 1000 £2, find the value of R 2 that will ensure i = 1 mA. 

ANSWER 626.4 ft. 


t: 


Example 4.12 


In the circuit of Figure 4.22(a) let the nonlinear element be again the 
nonlinear resistor of Example 4.11. If = 10 V, R\ = 3 kft, and 
R 2 — 12 kft, find u and i. 


Solution 

Though the circuit element is nonlinear, the circuit surrounding it is linear, 
indicating that we can use a Thevenin reduction to simplify our task. The 
result is shown in Figure 4.22(b), where i>oc = [12/(3 4- 12)]10 = 8 V, 
and /?eq = 3 || 12 = 2.4 kft. By KVL, v = uqc - Substituting i as 
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given in Equation (4.34b) yields 

£ 

v = uoc - Req~(v - V r ) 2 (4 

Numerically, v = 8 — 2.4 x (0.8/2) (u — 1.5) 2 , that is, 

0.96t> 2 — 1.88v - 5.84 = 0 (4 

This second-order equation admits the solutions fi = 3.633 V 
and V 2 = —1.675 V. However, the second solution contradicts 
Equation (4.34a), indicating that we must discard it. We thus have 
u = vi = 3.633 V. 

Substituting into Equation (4.34b) yields i — 1.820 mA. 


Exercise 4.16 The nonlinear resistor of Example 4.11 is connected 
between terminals A and B of the one-port of Figure 4.8(a) in such a way 
that current flows from A, through the nonlinear resistor, to B. Sketch the 
circuit and use Thdvenin’s Theorem to find this current. 

ANSWER 0.4308 mA. 


Iterative Techniques 

Often the equations describing a nonlinear circuit cannot be solved analytically. 
A case in point is offered by diode and bipolar transistor circuits, whose equa¬ 
tions involve linear as well as exponential (or logarithmic) terms. Called tran¬ 
scendental equations, they can often be used to find a solution by an iterative 
procedure as follows. Starting with an initial guess for the unknown voltage 
or current, we use the transcendental equation to find an improved estimate for 
the unknown variable. The procedure is then repeated, using the improved esti¬ 
mate as a new guess, until the difference between successive estimates becomes 
suitably small. An example will better illustrate the procedure. 


Example 4.13 

Let the nonlinear element in the circuit of Figure 4.22(a) be the rectifier 
diode of Section 1.6, whose v-i characteristic is 


u = Vj In 


i +l ) 


If v s = 10 V, Rx = 3 R 2 = 12 kQ, V T = 26 mV, and 
I s = 2 x 10 -15 A, find v and i. 


(4.37) 



176 


Chapter 4 Circuit Theorems and Power Calculations 


Solution 

Referring to the equivalent circuit of Figure 4.22(b), we have, by Ohm’s 
Law, i = (t>oc - v)/R cq . Substituting Equation (4.37) yields 

f = 7p-7r ln (f + 1 ) (438} 

”eq **eq \ *s J 

Numerically, i = 8/2400 — (0.026/2400) In [f /(2 x 10 -15 ) + 1], or 


i = 3.333 -0.01083 In 


( — : — 

\2 x 10- 15 


+ 1 ] 10“ 3 A 


This transcendental equation cannot be solved analytically. We therefore 
start out with a crude guess, say, 

i'o = 1 mA 

and we substitute it into Equation (4.39) to find an improved estimate, 


ii = 3.333 - 0.01083 In -- + 1 = 3.041 mA 

\2 x 10" 15 ) 

Repeating the procedure, but using i\ as our new guess, we find an even 
better estimate, 

/ 3 Q 41 x jo -3 \ 

i 2 = 3.333 - 0.01083 In —-— + 1 = 3.030 mA 

V 2 x 10“ 15 / 


Repeating once again yields 

( 3.030 x 10“ 3 , 

( 3 = 3.333 - 0.01083 In f + 1 


)= 3 ' 


030 mA 


Since the difference between the last two estimates is unappreciable 
within the resolution of four significant digits, which is the resolution we 
have been using in our calculations, we take i = 3.030 mA as our final 
result. 

Substituting into Equation (4.37) yields v = 0.026 In [(3.030 x 10 -3 )/ 
(2 x 10 15 ) -hi] — 0.729 V. As a check, you can verify that the calculated 
data do satisfy KCL at node A. 


Exercise 4.17 The diode of Example 4.13 is connected between 
terminals C and D of the one-port of Figure 4.8(b) in such a way that 
current flows from C, through the diode, to D. Sketch the circuit. Then, 
use Thevenin’s Theorem and the iterative technique to find this current. 


ANSWER 0.432 mA. 


Graphical Analysis 

The voltage and current developed by a nonlinear element when connected to an 
arbitrary network as in Figure 4.23(a) can also be found by a graphical technique. 
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This technique is especially useful when the i-v characteristic of the nonlinear 
element is available only in graphical form. This characteristic may be provided 
by the manufacturer in the data sheets, or it may be obtained experimentally by 
the user with the help of a curve tracer. 


A 


Arbitrary 


+ —y 

Nonlinear 

network 


i v i 

element 


1 ^—* 

_1 


B 


Nonlinear 
element 



External 


(a) 


(b) 


Figure 4.23 Graphical analysis. 


Graphical analysis requires that the i-v characteristics of the nonlinear ele¬ 
ment and the surrounding network be separately graphed in the same i-v plane. 
As is shown in Figure 4.24, each of these characteristics is derived by applying 
a test voltage v, finding the resulting current i for different values of i\ and 
then plotting the data, point by point. The result is, in general, a pair of curves 
of any form, as depicted in Figure 4.23(b). Note that in order to graph the 
curves in the same i-v plane we must express them in terms of the same set 
of i and v variables. In particular, the current leaving the network must enter 
the element, and vice versa. It was precisely in anticipation of this constraint 
that current direction relative to voltage polarity of one-ports in Figure 4.1 was 
chosen opposite to that of individual circuit elements in Figures 1.21 and 1.22. 


Arbitrary 

network 


r 


r 


Nonlinear 

element 


(a) (b) 

Figure 4.24 Circuit arrangements to separately find the i-v 
characteristics of a nonlinear element and the surrounding 
network. 


It is now clear that since the nonlinear element and the surrounding network 
share the same voltage and current, the values of these variables are given by 
the coordinates vq and t e of the point Q common to both curves. This point is 
called the operating point of the circuit. 

Of particular interest is the case in which the nonlinear element is embedded 
in a linear network, for then the latter has a straight-line characteristic, with 
t'-axis intercept at u = uqc and t-axis intercept at / = isc Graphical analysis 
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for this particular case is summarized as follows: 

(1) Graph the i-v characteristic of the nonlinear element. 

(2) Draw a straight line with u-axis intercept at v = t'oc and i- axis intercept 
at i = isc, where i>oc and isc are, respectively, the open-circuit volt¬ 
age and short-circuit current of the network surrounding the nonlinear 
element. 

(3) Locate the intercept Q of the two curves. Then, the values of its 
coordinates provide the solution for the voltage v and current i shared 
between the network and the nonlinear element. 




Example 4.14 


In the circuit of Figure 4.25(a) let the nonlinear element be the nonlinear 
resistor of Example 4.11. Use graphical analysis to estimate v and i. 



Figure 4.25 Graphical analysis of a circuit containing a nonlinear resistor. 


Solution 

First, graph the i-v characteristic of the nonlinear element. With 
k = 0.8 mA/V 2 and V T = 1.5 V, Equation (4.34) yields i = 0 for 
v < 1.5 V and i = 0.4(u — 1.5) 2 mA for v > 1.5 V. Calculating i for 
different values of v and plotting the results point by point yields the 
quadratic curve of Figure 4.25(b). 

Next, apply any of the techniques of the previous sections to the 
one-port surrounding the nonlinear element to find uoc = 5 V and i$c = 
4 mA. This leads to the straight line of Figure 4.25(b). 

Finally, by inspection we find that the coordinates of the operating 
point are, respectively, vq ~ 3.3 V and i'q ^ 1.3 mA. 


Exercise 4.18 In the bridge circuit of Figure 4.17(a), let the value 
of the source be changed to 5 V and let the load be a rectifier diode 
such that current flows from A, through the diode, to B. (a) Assuming 
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/, = 2 x 10 15 A and V T = 0.026 V, graph the diode i-v characteristic 
I i = l s ( e vfVr - 1) (4.40) 

(b) Use graphical analysis to estimate the diode voltage and current. 

ANSWER 0.69 V, 0.65 mA. 


Because of its inherent resolution limitations, the graphical method only 
provides an estimate for the solution. This estimate is often used as the starting 
point for more refined calculations, such as iterative techniques, or computer 
simulation techniques, to be discussed in Section 4.5. 

Being pictorial in nature, the graphical method offers an alternate view¬ 
point for understanding circuit behavior. For instance, varying the value of uoc 
(or ($c) will translate the straight line parallel to itself, thus causing Q to move 
up or down the nonlinear curve. Conversely, if we manage to translate the non¬ 
linear curve up or down, Q will move up or down the straight line. This feature 
is encountered in the study of transistor amplifiers. 


4.4 Power Calculations 

Power calculations are an important part of circuit analysis, and an early exposure 
to the subject is especially desirable if the study of circuits is accompanied 
by experimentation in the laboratory, where the student is required to become 
familiar with instrumentation and measurement terminology. 

Average Power 

If the voltage across or the current through a resistance is of the time-varying 
type, so is the dissipated power pit). When dealing with practical power prob¬ 
lems, it is of interest to know the average power P over a given time interval 
t\ to ti. This is defined as the steady or dc power P that over that interval 
would transfer the same amount of energy as pit). Adapting Equation (1.2B) to 
the present situation yields 

rh 

P x (r 2 - ri) = / p(t)dt 

Jt\ 

or 


(4.41) 


If pit) is periodic, the interval /] to h is made to coincide with the period T. 

These concepts are illustrated in Figure 4.26 for the case of a resistance 
subjected to a sinusoidal or ac voltage 

vit) = V m sin 2 nft 



(4.42) 
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The instantaneous power is pit ) = v 2 (t)/R = (V 2 /R) sin 2 Tuft. By the trigono¬ 
metric identity sin 2 a = (1 — cos 2a)/2, we can write 

1 V 2 

Pit) = ^-f\ [1 - cos2jr(2/)r] (4.43) 

As shown in the corresponding graph, this function oscillates between 0 and 
AW = V 2 //? at twice the frequency of the applied voltage. By inspection, the 
average power is P = (1/2) p max = (l/2)V 2 /R. This can be written as P = 
(V m /V2) 2 /R, or 


(4.44a) 


where, following Equation (1.24), we have set V rms = V m /V2 = 0.707 V m . The 
reason for the designation rms will be given shortly. Considering that the peak 
current I m is related to the peak voltage V m as I m = V m /R, average power can 
also be expressed as 

(4.44b) 


where, using again Equation (1.24), we have set / rms = / m /-/2 = 0.707/ m . 
Eliminating R, the above equations yield yet another form for P, 
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Comparing these with Equations (2.6) through (2.8) shows that an ac voltage 
of peak value V m (or an ac current of peak value I m ) causes a resistance to 
dissipate the same power as a dc voltage of value V rms = V m /-Jl (or a dc 
current of value / rms = Im/V 2). For obvious reasons, V^ms and 7 rms are also 
called the effective values. 


RMS Values 


In general, the effective value of a time-varying voltage v(t) over a certain 
time interval t\ to is defined as the steady or dc voltage that over that time 
interval would cause a resistance to dissipate the same amount of energy as 
v(t). Denoting such a steady voltage as V rms and using Equation (2.8), we write 
(V T 2 ms /R) x (r 2 - f,) = f*lvHO/R] dt, or 



Vr ms 4./_!— f\ Kt)d , 

V f 2 - h J t] 

Likewise, the rms value of current is 


Ams ~ \ [ i if) dt 

V l 2 ~ ^ Jt x 


(4.45a) 


(4.45b) 


In words, the effective value is found by squaring the signal, computing its av¬ 
erage or mean, and then taking the square root of the result. Hence the origin 
of the designation rms. For a periodic signal the interval t\ to tj is made to 
coincide with the period T. 

As an example, consider the ac voltage 


, . ... 2nt 

v(f) = V m sin — 

Substituting into Equation (4.45a) and letting t\ = 0 and h = T yields 


/2 v 2 f T . 2 vl f T i r azttA 

'-"tj, sm ^F d ‘ = Th 5 L 1 - cos ; 


dt 


where we have used the identity sin 2 a = (1/2)(1 — cos 2a). Since the cosine 
integrates to zero, we have V r 2 ms = (V 2 /T) x (772) = V^/2, or 


V r 


Kn 

V2 


(4.46a) 


181 


thus providing a justification for Equation (1.24). Likewise, for an ac current 
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i(t ) = I m sin ( 2ntjT ) we have 


w ttl 

rms = n 


(4.46b) 


It is important to note that these relations between rms and peak values, which 
are true for ac signals, in general do not hold for nonsinusoidal signals. To find 
the correct relationships we must use, case by case, the definitions of Equa¬ 
tion (4.45). 


t 


Example 4.15 


Derive an expression for the rms value of a sawtooth voltage waveform 
of the type of Figure 1.9(d). 


v(l) 



Figure 4.27 Waveform of Example 4.15. 


Solution 


The waveform is shown in Figure 4.27. Letting t\ = —T /2 and ti = T(2, 
it is readily seen that over this time interval the waveform can be 
expressed as 


u(t) = 


2V m j 
T 1 


Using Equation (4.45a), 



Expanding and simplifying yields 


V — 

* rms — 


~ m 

7 ! 


(4.47) 


or Vr ms = 0.577 V m . Clearly, this relationship is quite different from that 
of ac signals of Equation (4.46a). 
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Exercise 4.19 Derive an expression for the rms value of a triangular 
voltage waveform of the type of Figure 1.9(c). 

ANSWER V rms = V m /^3. 


Example 4.16 

(a) Given a current pulse train of the type of Figure 1.8, derive an 
expression for 7 rms in terms of I m and the duty cycle d. 

(b) Find the duty cycle d for which this wave yields the same 
relationship between / rms and l m as the sine wave. 


m 



Figure 4.28 Waveform of Example 4.16. 


Solution 

(a) The waveform is shown in Figure 4.28. Let t\ = 0 and ti = T. 
Since i(t) = I m for 0 < t < Th and /(f) = 0 for Th < f < T, 
Equ ation ( 4.45b) yields / rms = y/{l/T)(I* x T„ + 0 2 x T L ) = 

or 

/rms = ImVd (4.48) 

(b) A pulse train will yield the same relationship as a sine wave 
only when d is such that Vrf = 1 /a/2, or d = 50%. 


Exercise 4.20 Derive an expression for the rms value of a rectangular 
voltage waveform of the type of Figure 1.9(b). Does this value depend 
on the duty cycle dl Justify physically. 

ANSWER V rms = V m , regardless of d. 


F 


Example 4.17 

Find the rms value of the waveform of Figure 4.29(a). 


v(t) 

4 



(b) 


Figure 4.29 Waveforms of Example 
4.17 and Exercise 4.21. 
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• AC Multimeters 

Practical ac multimeters fall into two categories, true rms multimeters and av¬ 
eraging multimeters. True rms multimeters include special circuitry to perform 
the actual calculation of the rms value of the signal. To save the cost of this 
circuitry, averaging multimeters first synthesize the half-cycle average of the 
signal, which is a relatively easy task, and then multiply this average by an 
appropriate scale factor to yield a reading that, in the case of a sinusoidal or ac 
signal, is the rms value. 

The advantage of averaging multimeters is lower cost; the disadvantage is 
that they provide correct rms readings only in the case of purely sinusoidal or 
ac signals. If the signal is other than sinusoidal, the meter will still provide 
a reading but this, in general, is not the true rms value of the given signal. 
To obtain the true rms value, the user must multiply the reading by a suitable 
correction factor, which varies from waveform to waveform. 


Maximum Power Transfer 


As a practical source is connected to a load, power is dissipated both in the 
internal resistance of the source and in the load. In the case of a resistively 
loaded voltage source as in Figure 4.30(a), the power in the load is p L = v\jRi. 
By the voltage divider formula, v L = [R L /(R S + Eliminating Vi yields 


Pl 


Rl 2 
(Rs + Rl) 2 Vs 


(4.50) 


In applications such as audio and communications, where the function of 
current or voltage signals is to convey energy, it is of interest to maximize the 
power transferred from source to load. Note that pi vanishes both in the limit 
Ri —*■ 0 and R L —»■ oo, indicating that there must be an intermediate value of 
Ri for which pi is maximized. This value is found by differentiating pi with 
respect to Ri and setting the result to zero, 

dp L R s - Ri 2 

-— = -- u i = 0 

dR L ( R s + Ri ) 3 5 


This yields 


Rl = R s 


(4.51) 



Figure 4.30 Power transfer in resistively loaded sources. 
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V 


indicating that power transfer from a practical voltage source is maximized 
when the load resistance is made equal to the source resistance. When this 
condition is met, the load is said to be matched to the source. Moreover, the 
terminal voltage is one-half the unloaded voltage. Substituting Equation (4.51) 
into Equation (4.50) yields the maximum power. 



(4.52) 


Exercise 4.23 Referring to Figure 4.30(b), show that the maximum 
power transfer from a practical current source occurs when 


Rl = R s 


and that its value is 


(4.53a) 



(4.53b) 


L Example 4.19 ”” _ 

A certain radio antenna acts like a 1-mV unloaded source with 
R s — 300 £1 What is the power transferred by this antenna to a matched 
load? 

Solution 

By Equation (4.52), p L{max) = (1 x 10 -3 ) 2 /(4 x 300) = 5/6 nW. 


In the case of a load connected to an arbitrarily complex linear one-port, 
power transfer to the load is maximized when the load is made equal to the 
equivalent resistance /f cq of the port. Moreover, adapting Equations (4.52) and 
(4.53), the maximum power that the port can transfer is Pn maX ) = VQ C /(4R sq ) = 
^W’sc/4’ where t>oc and isc are, respectively, the open-circuit voltage and the 
short-circuit current of the port. 


Example 4.20 

Find the value of Rl in the circuit of Figure 4.31(a) for which power 
transfer to Ri is maximized. What is the value of pn max) ? 




4.4 Power Calculations 



Efficiency 

The total average power P$ delivered by a source is the sum of the average 
power dissipated in its internal resistance and the average power P L absorbed 
by the load. The fraction 


(4.54) 


is called the efficiency of the power-transfer process. Multiplying tj by 100 
yields the efficiency in percentage form. To conserve power, a designer will 
strive to maximize the efficiency of the circuit under consideration. 

In the case of a voltage source with a resistive load R^, we have Ps = 
( R s + Rl)ILs an ^ ?l — ^/ r 2 ms , where / rms is the rms value of the current 
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supplied by the source. This yields 


(4.55} 


indicating that efficiency will approach 1, or 100%, only in the limit R s <K R L . 
Note that with a matched load we have equal power dissipation in the internal 
resistance and in the load, indicating that maximum power transfer is only 50% 
efficient. 

By similar reasoning, it is readily seen that the efficiency of a resistively 
loaded current source is 


(4.56) 


indicating that 100% efficiency is approached only in the limit R s ^> R L . 



4.5 Circuit Analysis Using SPICE 

SPICE can be used to find Thevenin and Norton equivalents as well as to perform 
nonlinear circuit analysis. As such, SPICE is a very useful tool to check the 
results of hand calculations. 

Finding Thevenin/Norton Equivalents via SPICE 

Given an arbitrary one-port, SPICE can be directed to find R^ as well as either 
voc or 'sc using a special statement called the transfer function statement. Its 
general form is 

• TF OUT VAR J.NSOURCE (4.57) 

where OUTVAR is the desired voltage or current variable and i R SOURCE, is any 
of the independent sources in the circuit. For Thevenin equivalents, OUTV'AR is 
of the form V < N1, N2 ) , and for Norton equivalents it is of the form I (vxxx). 
The meaning of the variables V(N1,N2) and I (VXXX) has already been il¬ 
lustrated in connection with the - PRINT DC statement of Equation (3.22). 
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In response to the . TF statement, SPICE performs the dc analysis and 
also provides what is known as the smalCsignal dc gain from TNSOURCR to 
(HJ'iVAR, the equivalent resistance seen by I NFOURCE, and the equivalent resis¬ 
tance seen by OUTVAR, The small-signal gain is of particular interest in transistor 
amplifier analysis, but it does not concern us here, as our primary interest is in 
the value of OUTVAR and the corresponding equivalent resistance. 


► Example 4.22 

Use SPICE to confirm the values of uoc and R tq for the voltage divider 
i circuit of Example 4.1. 

i Solution 

For convenience, the circuit is repeated in Figure 4.32(a). The input file is 

;, m n : n e-:qui vata’F ': 1 ok auk vx.tacv: divider 
v: i o rx: 12 
x 1 2 DK 

H2 2 0 KJK 



(a) (b) 


Figure 4.32 Using SPICE to find the Thdvenin and Norton equivalents of 
the voltage divider. 

After SPICE is run, the output file contains the following dc analysis 
results: 

; : ’’ . 0 0 0 0 : i ■, . i j (; i:: \ 

along with the following small-signal results. 



Clearly, we have uqc — ‘ = 3 V, and R eq = 7.5 kfi. 
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Example 4.23 


Use SPICE to confirm the values of f'sc and R eq for the voltage divider 
circuit of Example 4.1. 


Solution 

As shown in Figure 4.32(b), we insert a 0-V dummy voltage source to 
create a short and monitor i'sc- The input file is 

NORTON EQUIVALENT OF THE VOLTAGE DIVIDER 
VI 1 0 DC 12 
R1 1 2 3OK 
R2 2 0 10K 
VD 2 0 DC 0 
.TF I(VD) VI 
.END 

After SPICE is run, the output file contains the following: 

VOLTAGE SOURCE CURRENTS: 

NAME CURRENT 

VI -4 . OOOE-04 

VD 4.000E-04 

SMALL-SIGNAL CHARACTERISTICS: 

I(VD)/VI - 3. 3 3 3 E~ 0 5 

INPUT RESISTANCE AT VI = 3.000E+04 

OUTPUT RESISTANCE AT I(VD) = 7.500E+03' 

Clearly, we have isc = I (VD) = 0.4 ma, and R eq = 7.5 k£l 





Example 4.24 


Use SPICE to find the Thevenin equivalent of the circuit seen by R in 
Figure 4.15(a). 


Solution 

Referring to Figure 4.33, the input file is: 

FINDING THE THEVENIN EQUIVALENT 

Vl 1 0 DC 9 

R1 1 2 3K 

R2 2 0 6K 

R3 3 0 2K 

II 3 0 DC 5M 

.TF V(2,3) VI 

.END 
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11 

5 mA 


Figure 4.33 Circuit of Example 4.24. 


After SPICE is run, the output file contains the following: 

lode voltage mode voltage noli-: voltage 

{ ; ) 9 . (.) 0 0 C ( 2 ) b . 0 0 0 0 ( 3 ) -10.0 0 0 0 

V(2,3)/V1 = 6.667E-01 
IM PLJT PEST STANCE’ AT VI = 9.000E-03 

Clearly, we have uqc = v (2 ) - v {3 ) = 6 - (-10) = 16 V, and 
/? eq = 4 kf2, thus confirming the equivalent of Figure 4.15(b). 


1 


Exercise 4.25 Use SPICE to find the Norton equivalent of the circuit 
seen by R in Figure 4.15(a). 

Exercise 4.26 Use SPICE to find the Th6venin equivalent of the circuit 
seen by R L in Figure 4.20(a). 


In the particular case in which the one-port circuit contains no independent 
sources, we are only interested in /f eq . This is most readily obtained by driving 
the port with a test source i = 1 A, and letting SPICE find the resulting voltage 
v. Then, /f eq = v/i — v/\ — v. 


Exercise 4.27 Consider the resistive network obtained from the 
circuit of Figure 4.11(a) by suppressing all its sources. Sketch it; 
then use SPICE to find the equivalent resistance seen between nodes 
A and B. 


• Nonlinear Resistors 

SPICE allows circuits to contain nonlinear resistors whose i-v characteristics 
can be expressed in polynomial form as 

i = Po + P\v + piv 2 + P3V 3 + ■ • ■ 
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where po, p\, p 2 , p?,, ... are the coefficients of the polynomial. The general 
form of the statement for a nonlinear resistor is 

GXXX N+ N- POLY(1) N+ N- PO PI P2 P3 . . . (4.58) 

This statement contains 

(1) The name of the nonlinear resistor, which must start with the letter G 
and may contain up to seven additional alphanumeric characters. 

(2) The circuit nodes NJ+ and N- to which the nonlinear resistor is con¬ 
nected, along with the keyword POLY (1); the order in which these 
nodes is specified is important. 

(3) The polynomial coefficients PO, PI, P2, P3,.. ., in A, A/V, A/V 2 , etc. 

The nonlinear resistor statement is accompanied by the command 

.NODESET V(N+)=VALUE+ V(N-)=VALUE- (4.59) 

to provide SPICE with a guess at the initial voltages VALUE+ and VALUE- at 
nodes N+ and N-. These values can be estimated, for instance, via graphical 
analysis. 



t: 


Example 4.25 


Use SPICE to find u in the circuit of Example 4.14. 


Solution 

The circuit is repeated in Figure 4.34 where the nonlinear resistor has 
been denoted as Gl. With k = 0.8 mA/V 2 and V T = 1.5 V, the i-v 
characteristic becomes i = (0.8/2) x 10 _3 (u - 1.5) 2 , that is, 

i = (0.9 - 1 2v + 0.4u 2 ) mA (4.60) 


Gl 



, IS 

4mA 


Figure 4.34 Circuit with a nonlinear resistor. 


Using the graphical estimates v Q ~ 3.3 V and i q ^ 1.3 mA obtained 
previously yields V (2 ) = 2.1 V and V(3 ) = - 1.2 V. The input 
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file is 

CIRCUIT WITH A NONLINEAR RESISTOR 
VS 1 0 DC 4 
R1 1 2 IK 
R2 2 0 4K 

* HERE IS THE NONLINEAR RESISTOR: 

Cl 2 3 POLY(1) 2 3 0.9N -1.2M 0.4M 

.NODESET V(2)= 2,1V V(3)=-1.2V 

R3 3 0 0.45K 

IS 3 0 4M 

.DC VS 4 4 1 

.PRINT DC V(2,3) 

. END 

After SPICE is run, the output file contains the following: 

DC ANALYSIS: 

VS V ( 2 , 3 ) 

4.000E+00 3.328E+00 

Clearly, v = V (2 , 3) = 3.328 V. 


1 


Exercise 4.28 Use SPICE to find u and i in the circuit of Exercise 4.16. 


▼ Summary 

• A one-port is a circuit with a pair of terminals through which signals or 
energy can enter or leave the circuit. Since these terminals are connected to 
internal nodes of the circuit, they must be labeled. Failure to label them may 
cause confusion in the reference polarities and directions of the port signals. 

• The i-v characteristic of a linear one-port is a straight line with intercepts at 
v — i ; oc and i = i sc> and with slope — 1 /R tq , where t>oc is the open-circuit 
voltage, i'sc the short-circuit current, and R eq the equivalent resistance of the 
one-port. 

• woe and *sc are due to the internal sources of the circuit, and they allow us 
to find the equivalent resistance as R cq = t’ocAsc- We call this Method l to 
find tf eq . 

• An alternate method is to suppress all internal independent sources so as to 
drive uqc an d isc to zero, apply a test voltage u (or a test current i ), find 
the resulting current i (or the resulting voltage v), and finally let /f eq = v/i. 
We call this Method 2 to find R tq . 

• Thevenin’s Theorem states that a linear one-port can be modeled with an 
ideal voltage source uqc in series with a resistance R eq . Norton’s Theorem 
states that the same one-port can be modeled with an ideal current source isc 
in parallel with a resistance R eq . 
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• Replacing a one-port with its Thevenin or Norton equivalent in the course of 
our calculations may simplify circuit analysis tremendously. 

• To analyze a circuit containing a nonlinear element, we replace the circuit 
surrounding the element with its Thevenin or Norton equivalent. Then, we 
analyze the reduced circuit analytically if the nonlinear element law is avail¬ 
able mathematically, or graphically if the element law is available in the 
form of a curve. 

• When a resistance is subjected to an ac signal, the instantaneous power al¬ 
ternates at twice the frequency of the applied signal. 

• The effective value of a time-varying signal over a certain time interval is 
the steady signal that over that interval would cause a resistance to dissipate 
the same amount of power. This value is also called the rms value. 

• The relationship between the rms value X rms and the peak value X m of a 
periodic signal varies from signal to signal. For an ac signal it is X rms = 
X m /\/2. However, for other signals it may be quite different. 

• The maximum amount of power transfer from a source to a load occurs when 
the load and the source resistance are equal, in which case the load is said to 
be matched to the source. 

• SPICE can be used to find the Thevenin or Norton equivalents of a circuit via 
the . TF statement. SPICE can also be used to analyze circuits with nonlinear 
resistors whose characteristics can be expressed in polynomial form. 


▼ Problems 

4.1 One-Ports 

4.1 (a) Find i>oc, isc, and /? eq for the one-port of Fig¬ 

ure P4.1. (b) Repeat, but with the direction of the current 
source reversed. 


1 A 



Figure P4.1 


4.2 (a) Find t>oc> isc* and /f C q for the one-port of Fig¬ 

ure P4.2. (b) Repeat, but with the polarity of the voltage source 
reversed. 


1 Q 



Figure P4.2 

4.3 (a) Find i>QCi <sc> and R eq for the one-port of Fig¬ 
ure P4.3. (b) Repeat, but with the two sources interchanged 
with each other. 


5 kQ 


40 kQ 



Figure P4.3 
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4.4 Find uqo i$c- and Req for the one-port of Figure P4.4. 4.11 Find /f eq for the one-port of Figure P4.11. 



9 £2 

i—vV'A- 


5£2 

-AV“ 


8£2 

VvV— 


2 n 

W\M 


r 

o- 


io n 


>12 a 


.1 a 


4.5 Repeat Problem 4.4, but with an additional 3-£2 resis¬ 
tance connected between node A and the node at the positive 
side of the 18-V source. 

4.6 Find uqc. *s c. and R eq for the one-port of Figure P4.6. 



Figure P4.6 

4.7 Repeat Problem 4.6, but with the 4-A current source 
replaced by a voltage source of 100/3 V, positive at the right. 

4.8 In the circuit of Figure P4.8 find uoc, Req, and /sc for 
the case in which the port terminals are nodes (a) A and B; (b) 
A and C; (c) A and D; (d) B and C; (e) B and D. 


20 



Figure P4.8 


4.9 Repeat Problem 4.8, but with the 5-A current source 
replaced by an 8-V voltage source, positive at the left. 

4.10 Find R eq for the one-port of Figure P4.10. 


14 0 



0.5 0 


Figure P4.10 


Figure P4.11 

4.12 (a) Find the equivalent resistance between C and D in 

the circuit of Figure P2.14. (b) Repeat if A and B are shorted 
together. 


4.2 Circuit Theorems 

4.13 Find v and i in the circuit of Figure P4.13 if the load 
is (a) a 5-£2 resistance; (b) a 5-V source, positive at the top; 
(c) a 2/3-A source directed downward; (d) a 5-£2 resistance in 
series with a 5-V source, positive at the top. 


10 £2 20 £1 



4.14 Repeat Problem 4.13, but with the 30-V voltage source 
changed to 50 V. 

4.15 Find the Thevenin and Norton equivalents of the circuit 
of Figure P4.15. (Hint: First find the Norton equivalent of the 
subcircuit consisting of the voltage source and the surrounding 
resistive bridge.) 


60 kO 



Figure P4.15 

4.16 Use repeated applications of Thevenin’s Theorem to 
find the magnitude and direction of the current through the 
6-£2 resistance in the circuit of Figure P4.16. 
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is v 


30 V 



Figure P4.16 

4.17 Use repeated applications of Norton’s Theorem to find 
the magnitude and polarity of the voltage across the 12-A cur¬ 
rent source in the circuit of Figure P4.16. 

4.18 If the circuits of Figure P4.18 are connected together, A 
with E and B with F, find the voltage (magnitude and polarity) 
and current (magnitude and direction) exchanged by the two 
circuits. 


ion 



20 n 



Figure P4.18 

4,19 Repeat Problem 4.18 if the connections are C with G 
and D with H. 


reading if (a) R, — 0; (b) R, — 200 £2. (Hint: Find the Norton 
equivalent of the circuit seen by the ammeter.) 

4.22 A voltmeter with input resistance /?,- is connected across 
the 40-k£2 resistance in Figure P4.3. Predict the reading if 
(a) Rj = oo; (b) R, = 1 M£2. (Hint: Find the Thevenin 
equivalent of the circuit seen by the voltmeter.) 

4.23 The terminals of an ammeter with internal resistance 
Ri are connected to nodes A and C of Figure P4.18. Predict 
the reading if (a) Rj = 0; (b) R, = 0.2 £2. (Hint: Find the 
Norton equivalent of the circuit seen by the ammeter.) 

4.24 A linear one-port yields v = 10 V when loaded with a 
resistance Ri = 100 k£2, and i — 0.25 mA when loaded with 
Rl = 10 k£2. Find the Thevenin and Norton equivalents of 
such a port. 

4.3 Nonlinear Circuit Elements 

4.25 Find v and / if the nonlinear element in the circuit of 
Figure P4.25 is a nonlinear resistor with i ~ 0 for v < Vj, and 
( = 0.5 k(v - V T ) 2 for V > V T , k = 0.5 mA/V 2 , V T = 3.5 V. 
Check your results. 


3 mA 

e- 


12 k£2 4k£2 


Nonlinear 

element 


—vW- 

8k£2 


-VW— 1 
24 k£2 


4.20 A voltmeter with input resistance Ri is connected be¬ 
tween nodes C and D of Figure P4.20 to measure the voltage 
across the current source. Predict the reading if (a) Rj = oo; 
(b) Ri — 1 M£2. (Hint: Find the Thevenin equivalent of the 
circuit seen by the voltmeter.) 


100 V 



Figure P4.20 

4.21 In Figure P4.20 the connection between A and B is 
opened and an ammeter with input resistance Rj is inserted to 
measure the current through the voltage source. Predict the 


Figure P4.25 

4.26 Repeat Problem 4.25, but with the current source re¬ 
placed by a 20-V voltage source, positive at the right. What 
happens if the 20-V source is positive at the left? 

4.27 A given nonlinear element has i = (i’/'100) x (I — v/5) 
for 0 < v < 2.5 V, with v in volts and i in amperes. Find i 
and v if this element is connected to a source vs = 10 V with 
internal resistance R s = 1 k£2. Check your results. 

4.28 (a) Find v and i if the nonlinear element in the circuit of 
Figure P4.25 is a diode with i = I s (e v i VT — 1), /j = 2 x 10 -15 
A, Vj = 0.026 V. (b) Repeat, but with a l-k£2 resistance in 
parallel with the current source. 

4.29 A series of measurements at the terminals of an un¬ 
known circuit element have provided the following data, in V 
and mA; (u, i ) = (0, 0), (1, 0.5), (2, 2), (3, 5.5), (4, 7.5), 
(5, 8). Using graphical techniques, estimate i and v if the 
element is connected to a 6-V source with a l-k£2 internal 
resistance. 




Problems 


197 


4.30 The nonlinear element of Problem 4.29 is connected to 
a source vs via a 2-k£2 series resistance. What value of v$ 
will yield i = 4 mA through the element? u = 1.5 V across 
the element? 

4.4 Power Calculations 

4.31 Find the rms value of the waveform of Figure P4.31. 

v(V) 



Figure P4.31 

4.32 Find the rms value of the waveform of Figure PI.25. 

4.33 Find the rms value of the waveform of Figure P4.33. 

v(V) 



4.38 Find the maximum power that a resistive load can ab¬ 
sorb from the circuit of Figure P4.38 if the load is connected 
(a) between nodes A and B; (b) between nodes C and D. 



Figure P4.38 

4.39 Find the maximum power that a resistive load can ab¬ 
sorb from the circuit of Figure P4.38 if the load is connected 
(a) between nodes A and C; (b) between nodes B and D. 

4.40 A linear one-port yields u = 10 V when loaded with 
a resistance Rl = 10 kfi, and v = 4 V when loaded with 
Rl = 1 k£2. (a) Find the maximum power that such a port can 
deliver to a resistive load, as well as the corresponding load 
resistance, (b) Find the efficiency in the case of a 5-k£2 load. 

4.41 In the circuit of Figure P4.20 the wire connecting A and 
B is removed and a variable resistance R is inserted. What is 
the value of R for which it will absorb maximum power from 
the circuit? What is this power? 

4.42 If a variable resistor R is connected between nodes E 
and G of the circuit of Figure P4.18, what is the value of R for 
which it will absorb maximum power from the circuit? What 
is this power? 


Figure P4.33 

4.34 Find the rms value of the waveform of Figure PI.26. 

4.35 Find the rms value of the half-wave rectified ac voltage 
waveform, defined as u(f) = V m sin (2nt/T) for 0 < t < T/ 2, 
v(r) = 0 for r/2 < t < T, and v(t ± nT) = v(f) for all n and 
/. 

4.36 Consider the periodic voltage waveform defined as 
u(f) = 4(1 - e~‘ ) V for 0 < / < 1 s, and u(r ±nl) = u(/) for 
all n and t. Sketch it and find its rms value. 

4.37 In household light-dimmers and other appliances, vari¬ 
able power control is achieved by controlling the firing angle 8 
of an electronic switch, so the ac voltage waveform appears as 
in Figure P4.37. Find its rms value as a function of 8. Hence, 
plot the ratio V rms jV m versus 8 for 0 < 8 < n and discuss the 
cases 8 =0,8 = nj2, and 8 = it. 

v(t) 



4.43 (a) In the circuit of Figure P4.43 find a condition for R 

in terms of R s and /?/ such that the source u.y with resistance 
R s is matched with the rest of the circuit, (b) Find R if R s = 
20 kS2 and Rl = 10 kS2. (c) Find R if R s = 10 kS2 and 
R l = 20 k£2. 



Figure P4.43 

4.5 Circuit Analysis Using SPICE 

4.44 Use SPICE to find the Th^venin and Norton equivalents 
of the circuit of Figure P4.4. 

4.45 Use SPICE to find the Th6venin and Norton equivalents 
of the circuit of Figure P4.6. 

4.46 Use SPICE to find R cq in the circuit of Figure P4.10. 

4.47 Use SPICE to find R cq in the circuit of Figure P4.ll. 

4.48 Solve Problem 4.25 via SPICE. 

4.49 Solve Problem 4.27 via SPICE. 




CHAPTER 


V 


Transformers and 
Amplifiers 


5.1 DEPENDENT SOURCES 5.4 AMPLIFIERS 

5.2 Circuit Analysis with Dependent Sources 5.5 Circuit Analysis Using SPICE 

5.3 The Ideal Transformer 


H aving mastered the tools of circuit analysis, we now wish to apply them to 
the study of two systems of great practical interest, namely, the trans¬ 
former and the amplifier, the workhorses of electrical and electronic 
engineering. The former finds application especially in the handling of 
electrical power, the latter in the processing of electronic information. While 
Chapters 1 through 4 have, of necessity, emphasized analysis. Chapters 5 and 
6 shift attention to applications using analysis as a tool for understanding the 
function of a circuit. 

Both transformers and amplifiers belong to a class of circuits known as two- 
port circuits, or two-ports for short. One port, called the input port, serves as 
point of entry of energy or information coming from a circuit upstream called 
the source. The other port, called the output port, serves as point of exit of 
energy or information for delivery to a circuit downstream called the load. The 
situation is depicted in Figure 5.1. 

Perhaps the simplest two-port examples are the voltage and current dividers, 
whose function is to attenuate a signal coming from an external source. A far 
more sophisticated two-port example is a hi-fi audio amplifier, which accepts 



Figure 5.1 Two-port and its typical interconnection. 
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a weak input signal from a transducer source and magnifies it to produce the 
powerful output signal required to drive a loudspeaker load. 

In light of Section 4.1, both the input and output ports exhibit individual 
i-v characteristics, called, respectively, the input and output characteristics. 
If the ports are linear, these characteristics can be modeled in terms of separate 
Thevenin or Norton equivalents. However, the distinguishing feature of a two- 
port is the existence of a relationship between its output and input signals, called 
the transfer characteristic. This interdependence between the ports is modeled 
by means of dependent sources. 

We begin the chapter by extending the analytical techniques of the previous 
chapters to circuits containing dependent sources. We find that these sources 
add a new facet to circuit behavior, the most striking of which is resistance 
transformation. Using just a resistance and a dependent source as a vehicle, we 
show how the apparent value of the resistance may be increased, decreased, or 
even made negative! It is precisely because of this extraordinary impact upon 
circuit behavior that the study of dependent sources has been deferred until now. 

Next, we study the transformer and its applications to power transmission 
and resistance matching, followed by the study of the four basic amplifier types, 
namely, the voltage, current, transresistance, and transconductance amplifiers. 

Finally, we illustrate the use of SPICE to analyze circuits with dependent 
sources and to find, among others, the Thevenin equivalent of a one-port con¬ 
taining this type of source. 

5.1 Dependent Sources 

In the previous chapters we deliberately avoided dependent sources in order to 
keep circuits simple and better help develop a feel for their physical operation. 
It is now time to examine these sources in proper detail, because they are an 
indispensable ingredient in the modeling of transformers and amplifiers, the 
central subjects of the present chapter. 

Except for the fact that its value depends on a controlling voltage v x or 
current /* somewhere else in the circuit, a dependent source functions much like 
an independent one, providing the designated voltage or the designated current 
regardless of the load. Moreover, a dependent source will either release or 
absorb power, depending on whether current exits or enters its positive terminal. 

In general, the values of the controlling signal and the controlled source are 
not known, but are circuit variables that must be found by calculation. Some 
examples will illustrate. 


h 


Example 5.1 

Find ix and k r i\ in the circuit of Figure 5.2. 
conservation of power. 


Hence, verify the 


Solution 

The presence of the 4- symbol inside the diamond indicates that the 
controlled source is a voltage source, and the presence of the symbol i x 


20 V 


2ft 



r'X 

k r = 3Q 


Figure 5.2 Circuit of 
Example 5.1, containing a 
dependent source. 
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next to it indicates that the controlling signal is a current. We thus have 
a CCVS producing the voltage i>ccvs = k r i x > with k r in V/A, or £1 To 
find ix we apply Ohm’s Law, 

20 - 3i x 
ix ~ 2 

Solving, we obtain i x = 4 A, and k r i x = 3 x 4 = 12 V. 

The resistance is absorbing P2£i = 2 x i\ = 2 x 4 2 = 32 W. 
Since current exits the independent source via the positive terminal 
and enters the dependent source via the positive terminal, the former 
is releasing p 2 ov = 20 x 4 = 80 W, and the latter is absorbing 
Pccvs = 12 x 4 = 48 W. Clearly, 32 + 48 = 80. 


If we change the value of any parameter in the circuit, such as the resistance, 
the parameter k r , or even the reference direction of ix. then the controlled 
variable will also generally change. 


Exercise 5.1 

(a) Find i x and k r i x if the direction of i x in Figure 5.2 is reversed 
so that i x now flows toward the left, everything else remaining 
the same. Hence, verify the conservation of power. 

(b) Find i x and k r i x if the reference direction of i x in Figure 5.2 is 
toward the left, the resistance is raised to 3 $2, and k r is lowered 
to 2 Q. Hence, verify the conservation of power. 

ANSWER (a) i x = 20 A, k r i x = 60 V; (b) -20 A, -40 V. 


f 


Example 5.2 


Find v x and k g v x in the circuit of Figure 5.3. Hence, verify the 
conservation of power. 


1 A 



x 

1 

6Q 


Figure 5.3 Circuit of Example 5.2. 


Solution 

The arrow inside the diamond indicates that the controlled source is a 
current source, and the presence of the symbol v x next to it indicates 
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that the controlling signal is a voltage. We thus have a VCCS drawing 
the current f'vccs = k R vx, with k g in A/V, or £2 -1 . To find Vx we apply 
Ohm’s Law and KCL, 

I* = 2(1 +(1/6)1*) 

Solving, we obtain i* = 3 V, and Jfc s t* = (1/6) x 3 = 0.5 A. 

The resistance is absorbing p 2 n = v\j2 = 3 2 /2 = 4.5 W. 

The sources are releasing, respectively, /?ia = 3 x I = 3 W, and 
Pvccs = 3 x 0.5 = 1.5 W. Clearly, 3 + 1.5 = 4.5. 


Exercise 5.2 Repeat Example 5.2, but with the direction of the VCCS 
reversed, so that its current now points downward. 

ANSWER t* = 1.5 V, k r v x = 0.25 A. 


Resistance Transformation 

It is apparent that a dependent source is generally unable to initiate any voltage 
or current on its own in a circuit. We need an independent source to create 
the controlling signal; only then will the controlled source respond with its own 
signal. We then wonder what is the role of a dependent source in a circuit 
that contains no independent sources. In this respect, it is instructive to regard 
a dependent source as a generalization of the concept of resistance. Whereas 
a resistance imposes a constraint between the voltage and current at the same 
branch, a dependent source imposes a constraint between different branches. It 
is precisely this interdependence that leads to forms of circuit behavior that may, 
at times, seem to defy expectations based on our experience with independent 
sources. Let us illustrate with an example. 

We wish to find the equivalent resistance of the circuit of Figure 5.4(a), con¬ 
sisting of just one resistance and one dependent source. The source monitors the 
voltage v x applied at the left side of the resistance and drives the right side with 
a voltage k times as large. We cannot suppress the source to simplify our analy¬ 
sis because this would be tantamount to imposing k = 0, and we cannot change 
the circuit to suit our needs. The proper way to proceed is to apply a test voltage 
u, find the resulting current i, and obtain the equivalent resistance as /? eq = v/i. 



Figure 5.4 Finding the equivalent resistance of 
a circuit containing a dependent source. 
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Once we apply a test voltage v as in Figure 5.4(b), the dependent source 
responds with the voltage kv. By Ohm’s Law, 


R 

or i = (1 — k)v/R. Then, /? eq = v/i ~ v/[(l - k)v/R], or 


R 

Keq ~ T^k 


(5.2) 


Depending on the value of k, R eq can assume a variety of different values, 
including infinity and even negative values! All this is due to the presence 
of the dependent source, which indirectly affects the voltage drop across R 
and, hence, the value of i, thus leading to unexpected values for the apparent 
resistance of the circuit. To better appreciate the role of the dependent source 
let us assume specific element values, say, 


v = 1 V 


R = \ V. 

and examine circuit behavior for different values of k. 

(1) k = 0. The dependent source behaves as a short circuit so that the 
current drawn from the test source is i = v/R = (1 V)/(l Q) = 1 A. 
Thus, R eq = v/i = 1/1 — 1 Q, or 

/?e q = R (5-3) 

as anticipated. Clearly, this is the result that we would obtain with a 
short in place of the dependent source. 

(2) 0 < k < 1. Now the effective voltage drop experienced by R is less 
than the applied test voltage, leading to a decrease in i and, hence, 
to an increase in the apparent resistance. For instance, with k = 0.9, 
the dependent source responds to the 1-V test voltage with a 0.9-V 
voltage, so the drop across R is only 1 — 0.9 = 0,1 V, yielding i = 
0.1/1 =0.1 A. Hence, R tq = v/i = 1/0.1 = 10 Q. Making k closer 
to unity further decreases the effective drop across R and, hence, the 
value of i, leading to a greater apparent resistance. For instance, with 
k = 0.999, Equation (5.1) indicates an effective drop of only 0.001 V, 
and Equation (5.2) predicts R eq = 1000/? = 1000 £2. In the limit k —r 1 
we obtain R tq —r oo because i —► 0. In short, for 0 < k < 1 we have 

R < Req < OC (5.4) 

This situation is encountered in a class of amplifiers known as negative 
feedback amplifiers, where it is used to increase the effective resistance 
of one or both of its ports. 

(3) k < 0. Now the dependent voltage is of opposite polarity to the test 
voltage, thus making the effective drop across R greater than the test 
voltage itself. This causes an increase in the value of i and, hence, 
a decrease in the apparent resistance. For instance, with k = —9, the 
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dependent voltage is —9 V. The drop across R is 1 — (—9) = 10 V, 
so i — 10/1 = 10 A and R eq — v/i — 1/10 — 0.1 Making k more 
negative further increases the effective drop across R and, hence, the 
value of r', thus reducing the apparent resistance. For instance, with k = 
-999, Equation (5.2) predicts R eq = R/ 1000 = 0.001 Q, practically a 
short circuit when compared to R. In short, for k < 0 we have 

0 < R tq < R (5.5) 

This situation is again found in negative feedback amplifiers, where it 
is used to decrease the effective resistance of one or both of its ports. 

(4) k > 1. Now an even more extraordinary effect occurs. Since the 
dependent voltage is greater than the test voltage, current direction is 
reversed, thus resulting in what is known as negative resistance behav¬ 
ior. For instance, with k = 2, Equation (5.1) yields i = (1 — 2)/l = -1 
A, the negative sign being an indication that i now flows into the 1-V 
test source. Consequently, Equation (5.2) predicts R^ = — R = -1 Q. 

Positive and negative resistance behaviors are contrasted in Fig¬ 
ure 5.5(a) and (b), where we observe that the test source supplies power 
if the resistance is positive but receives power if the resistance is nega¬ 
tive. Even though R itself is positive in Figure 5.5(c), it is the presence 
of the dependent source that leads to negative resistance behavior. In 
short, for k > 1 we have 

R eq < 0 (5.6) 

This kind of behavior is found in a class of amplifiers known as positive 
feedback amplifiers, and it forms the basis of a class of circuits known 
as regenerative circuits, such as oscillators, Schmitt triggers, and flip- 
flops. 

In spite of its simplicity, the preceding example illustrates a feature that 
is common to most circuits containing dependent sources: by establishing an 
interdependence between different branches of a circuit, a dependent source 


vtR v/R 



(c) 


Figure 5.5 (a) Positive resistance, (b) neg¬ 
ative resistance, and (c) negative resistance 
simulation using a positive resistance and a 
dependent source. 
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may alter the apparent value or even the apparent nature of its components, 

thus creating the conditions for a variety of intriguing effects. As we proceed, 
we shall see that it is precisely this feature that makes electrical and electronic 
engineering fascinating and resourceful! 


• Transistor Modeling 



Figure 5.6 Circuit symbol and model 
for the npn bipolar junction transistor 
(npn BJT). 


An important application of dependent sources is the modeling of transistors, 
the ingredients of electronic amplifiers. One of the most common transistors is 
the npn bipolar junction transistor (npn BJT), whose circuit symbol and model 
are shown in Figure 5.6. As indicated by the model, the transistor accepts an 
external current i B at a fixed voltage V BE , multiplies this current by a constant 
f known as the current gain, and draws the magnified current fi B from the 
C terminal regardless of the voltage vqe • The values of Vbe and fi depend on 
the particular device. Topically, V BE — 0.7 V and ft = 100. 

To investigate the behavior of a transistor circuit, we simply replace the 
transistor with its circuit model and then apply the usual techniques of circuit 
analysis. 


t: 


Example 


5.3 


In the circuit of Figure 5.7(a) let Rg = 180 k£2, Rc = 2 k£2, and 
V C c = 5 V. Assuming V BE = 0.7 V and f = 100, find v f for v 0 = 3 V. 




Figure 5.7 A transistor circuit and its equivalent. 


Solution 

Referring to the equivalent circuit of Figure 5.7(b) we have, by KVL and 
Ohm’s Law, 

Vi = Vbe + RbIb 
vo — Vcc — RcPh 

Thus, i fl = (Vcc - v 0 )ffiRc = (5 - 3)/(100 x 2) = 0.01 mA, and 
V/ = 0.7+ 180x0.01 =2.5 V. 
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Exercise 5.3 In the circuit of Figure 5.7(a) let R B = 100 k£2, 

R c = 1 k£2, Vcc = 5 V, and V BE = 0.7 V. If it is found that v 0 - 2 V 
with vi =3.1 V, what is the value of for this BJT sample? 

ANSWER 125. 


Figure 5.8(a) shows a common circuit to bias a transistor for amplifier 
operation. We wish to develop a formula for finding I B in terms of all remaining 
circuit parameters. Once I B is known, all other currents and voltages in the 
circuit can be found by repeated application of Ohm’s and KirchhofFs laws. 

To facilitate our task, we replace the transistor by its circuit equivalent, and 
we also apply Thevenin’s Theorem to the portion of the circuit to the left of B. 
The result is shown in Figure 5.8(b), where we have 


Vbb 


Ri 

R] + /?2 


Vcc 


(5.7a) 


RbB = *1 II *2 


(5.7b) 


The currents entering the transistor are I B and By KCL, their sum must 
equal the current exiting the transistor. This allows us to state that the current 
through R e is I Re = I B + = (0 + 1 )I B , as is shown. Going around the 

labeled mesh, we encounter a voltage rise and three voltage drops, or V BB = 
RbbIb + V BE + R E (p + 1 )I B - Solving for I B yields 


h 


Vbb — V B E 
Rbb + (jS + 1) Re 


(5.8) 


As you progress through the electrical engineering curriculum, you will find 
yourself using these equations over and over again. 




Figure 5.8 Transistor biasing circuit and its equivalent. 
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FAMOUS SCIENTISTS 

Lee De Forest 

The Father of Radio 


A ll the electronic de¬ 
vices that fill our lives 
in these last days of the 
twentieth century owe their 
existence to an inventor who 
worked during the first days 
of the century: Lee De For¬ 
est; for it was De Forest who 
designed the triode tube—his 
“Audion”—the first electronic 
device capable; of amplifying 
a signal. 

Bom in 1873 in Coun¬ 
cil Bluffs, Iowa, and grow¬ 
ing up in Talladega, Alabama, 

De Forest described himself 
as a tinkerer from the time 
he was ten years old, build¬ 
ing an “almost-lifesize” steam 
locomotive in his backyardin 
1882. At 13, be announced 
his desigri for a perpetual mo¬ 
tion maphine: a mere youth of 13 years, by 

my inventive genius and concentrated thought and 
study have succeeded where illustrious philosophers 
in times pa^t have failed . . . , 

As an untk^mduate at Yale from 1893 through 
1896, De Forest told anyone who would listen that 
he was going to be like Tesla, Marconi, and Edison, 
the holy trinity of electricity. After Yale awarded 
him a doctorate in 1899, he ended up in Chicago, 
alaborer m the dynamo factory of Western Electric, 
Ph.D. notwithstanding. When he was promoted to 
technician in the telephone laby he on his idea 

for a detectorTor vriteless broadcast sigm 

His ctevme, nicknained the “sponder,” worked 
in1901: N^ and publicity to patent 

it, De Forest persuaded officials of the Publisher’s 



tee De Forest demonstrates: an early wireless tele■ 
phone based oh his “Audion ” or amplifying diode. 


Press Association to let him 
use his sponder to report on 
a big yacht race being held 
in September 1901 in New 
York Harbor. Marconi’s com¬ 
pany was under contract to 
report the race for the Asso¬ 
ciated Press. In those days, 
though, the operative word 
was “broadcast,” with the em¬ 
phasis on the “broad.” Nei¬ 
ther Marconi nor De Forest 
bothered to tune his transmit¬ 
ter, and the signal transmitted 
from each set caused so much 
interference in the other set 
that neither man succeeded in 
reporting any race results. In 
a high point of journalistic 
integrity, both press associa¬ 
tions, having ballyhooed the 
wireless angle for weeks, lied 
and bylined their stories “Received by wireless teleg¬ 
raphy from tug following the yachts,” Thus the fail¬ 
ure hurt neither inventor, and De Forest was able to 
persuade investors to stake him in the American De 
Forest Wireless Telegraphy Company. In 1906, how¬ 
ever, the company’s directors forced De Forest out, 
keeping all his wireless patents and leaving him only 
the supposedly worthless patent on his Audion and 
$1,000 in “severance pay.” 

Hie basic principle of the Audion had been 
around since 1883, when Edison noticed that a current 
will carry from a heated filament to a cold receiving 
plate when both the filament and the plate are in an 
evacuated tube or in a tube containing gas at low 
pressure. This “Edison effect” seemed to have no 
practical application, so no workers devoted any time 
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to it for two decades, until John Fleming, working for 
the Marconi Company in 1904, figured out that this 
setup could be used as an ac rectifier and as a detector 
of radio waves. The “Fleming valve” diode was the 
tum-of-the-century counterpart of the semiconductor 
diode of the 1940s; however, neither could amplify. 

De Forest’s genius was to see that a third elec¬ 
trode would control the charge flow and also amplify 
the signal. A changing voltage applied across this 
third electrode would cause the current to change. 


“I, a mere youth of 13 years, by my 
inventive genius and concentrated 
thought and study have succeeded 
where illustrious philosophers 
in times past have failed _” 


March 1912, he was arrested for having used the 
mails to defraud. He had mailed out promotional 
literature to boost sales of stock in his company, 
and now stockholders, angry about the decline in the 
stock’s worth and nonpayment of dividends, wanted 
their money back. Also named in the complaint were 
S. E. Darby (De Forest’s patent attorney), and two 
officers of the company—James Smith and Elmer 
Burlingame. The trial was held in New York City 
in November 1913, and the verdicts were guilty for 
Smith and Burlingame and not guilty for Darby and 
De Forest. One interesting detail shows how im¬ 
portant discoveries can so easily be unrecognized. 
During the trial, the Audion—the seed of all 
electronics—was characterized as “a strange device 
like an incandescent lamp... which .,. has proven 
to be worthless.” 

In 1914 came litigation with Marconi over the 
Audion, ending in a stalemate whereby the courts 
ruled that neither man could manufacture the tubes 
without the consent of the other, followed by years 


and this changing current passed through an external 
resistance would generate an amplified copy of die 
original voltage. 

De Forest received a patent for the Audion in 
January 1907, but until 1912 the applications of his 
invention were slow in coming. The problem was that 
nb one—De Forest included—realized the importance 
of vacuum in the tube. His version used a gas-filled 
tube, and the tubes made in those early years were 
unreliable because the gas pressure could not be con¬ 
trolled- It was hot until the chemist Irving Langmuir 
demonstrated the importance of a high vacuum that 
the mottern vacuum mbe was bom. 

In l914, needing funds to keep his foundering 
Radio Telephone Company going, De Forest sold his 
Audion patent to AT&T for $50,000. Improved on 
by H. D. Arnold mid other researchers at AT&T, De 
Forest’s triode led to AT&T’s first transcontinental 
telephone network in%#)15 and to transatlantic com- 

mimicaaibn soon afterwards 

De Forest’s life was a long series of patent fights, 
struggles to raise capital for his inventions, and three 
failed marriages (his fourth marriage lasted). In 


“...a strange device like an 
incandescent lamp... which ... 
has proven to be worthless. ” 


of lawsuits against Edwin Armstrong about who had 
invented feedback circuitry. This time, the U.S. Su¬ 
preme Court ruled that De Forest was the correct 
patent-holder. 

The 1920s saw De Forest turn his inventive tal¬ 
ents to a talking machine for motion pictures. The 
result was the 1922 De Forest Phonofilm, but again 
there were battles with other inventors and investors. 

He lived, virtually unknown, from the 1930s 
on—always struggling to make a comeback. He 
wrote an autobiography that was published in 1950 
but sold poorly. He quietly (and unsuccessfully) cam¬ 
paigned to receive the Nobel Prize in the mid-50s, 
and died in 1961. As testimony to his pitifully bad 
business skills, his estate was valued at $1,200. 
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Example 


5.4 


In the circuit of Figure 5.8(a) let R j = 62 kQ, R 2 = 33 kf2, R c = 3.0 kQ, 
Re = 2.0 kQ, and V C c = 12 V. Assuming V B e = 0.7 V and = 80, 
find V B , V Ct and V E . 


Solution 

Applying Equations (5.7), we find V BB = 4.168 V and R bb = 21.54 kQ. 
Substituting into Equation (5.8) yields I B = 18.90 pA.. By Ohm’s 
Law, V E = R e (P + 1 )I B = 2 x 81 x 0.0189 = 3.061 V; by 
KVL, V B = V E + V BE = 3.061 + 0.7 = 3.761 V; by KVL and Ohm’s 
Law, V c = V cc - R c pI B = 12 - 3 x 80 x 0.0189 = 7.465 V. In short, 
V B = 3.761 V, V c = 7.465 V, and V E = 3.061 V. 


Exercise 5.4 In the circuit of Figure 5.8(a) let R x = 100 k£2, 

Re = 3.0 k£2, and Vcc = 15 V. Assuming V BE = 0.7 V and f = 115, 
find R 2 and Rc to achieve V E = 4 V and V c = 10 V. (Hint: Apply KCL 
at node B.) 

ANSWER R 2 = 51.36 kfi, R c = 3.783 kQ. 


5.2 Circuit Analysis with Dependent Sources 

The analysis of circuits containing dependent sources relies on the same tools 
used for circuits with independent sources. However, before embarking upon 
actual examples, we wish to stress the following: 

(1) In general, the values of the controlling signals ix or vx are not known 
but are circuit variables that must be found by calculation, using addi¬ 
tional circuit equations as needed. 

(2) Dependent sources cannot be suppressed to facilitate our analysis be¬ 
cause this would invalidate the constraint between controlled source 
and controlling signal. To find the equivalent resistance of a port, we 
can still suppress its independent sources because their values do not 
depend on the rest of the circuit. However, dependent sources must be 
left in place in the course of our analysis! 

With these observations in mind, we can apply any of the analytical tools 
of the previous chapters, such as nodal or loop analysis, source transformations, 
and Thevenin and Norton conversions. Linearity holds also for circuits with 
dependent sources. However, because these sources cannot be suppressed, little 
if any is saved by applying the superposition principle, since there will always be 
at least two sources in operation, namely, an unsuppressed independent source 
and all the dependent sources. 
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Nodal and Loop Analysis 

In circuits with dependent sources, the node-voltage or mesh-current equations 
must be augmented by the constraint equations stemming from such sources. 
The following examples will illustrate. 


Example 5.5 

Apply nodal analysis to the circuit of Figure 5.9(a). What are the values 
of ix and k r ix in this circuit? 


P 3A V,=L 


3 u, 2 


D 3 <S 


Figure 5.9 Example of nodal analysis with 
dependent sources. 


Solution 

Label the circuit as in Figure 5.9(b), where the physical units are [V], 
[A], and [ft]. The dependent source is a current-controlled voltage source 
(CCVS), and the voltage it produces is t’ccvs = 4r*. KCL at the node 
labeled t>i yields 

12 T t l = 3 + (5.9) 

We need an additional equation to eliminate ix- Using Ohm’s Law, 

12 - u, 

Substituting into Equation (5.9), collecting, and solving yields i>i = 6 V. 
Then, i x = (12 — 6)/3 = 2 A. Summarizing, we have 

v, =6 V 

i’x = 2 A 

The dependent source voltage is uccvs = Mx = 4 x 2 = 8 V. 
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Checking The branch currents are ( 3 ^ = 2 A (-») and i 2 n = (8 —6)/2 = 
1 A (<—). KCL at node t>i yields 2+1 =3. 




Exercise 5.5 Consider the circuit obtained from that of Figure 5.9(a) 
by changing the CCVS to a voltage-controlled voltage source (VCVS) 
of value 3u x , where vx is the voltage across the 3-A current source, 
positive at the top. Apply nodal analysis to find the voltage developed by 
the dependent source. Check your results! 

ANSWER uvcvs = 3u x = -4.5 V. 


f 


Example 


5.6 


Apply nodal analysis to the circuit of Figure 5.10(a). What is the current 
supplied by the dependent source? 


4 kit 



4 



Solution 

Label the circuit as in Figure 5.10(b), where the physical units are [V], 
[mA], and [k£2]. The dependent source is now a voltage-controlled 
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current source (VCCS) supplying the current i'vccs = k g v x . KCL at the 
nodes labeled uj and ib yields 

4 s - 

^-^ + l.5v x = ^^- (5.10b) 

We need an additional equation to eliminate v x . Using KVL, 

ux = 5- Vl (5.11) 

Substituting into Equation (5.10) and collecting yields 

llui — 2v2 — 15 

14ui + lv 2 = 105 

Solving via Gaussian elimination or Cramer’s rule, we obtain 

Di = 3 V 
= 9 V 

By Equation (5.11), v x =5 — 3 = 2 V. Hence, i\ccs = k g v x = 1.5 x 2 = 
3 mA (f). 


Exercise 5.6 Repeat Example 5.6 if the VCCS is changed to a current- 
controlled current source (CCCS) of value i'x/16, where i x is the current 
through the l-k£2 resistance, flowing downward. Check your results! 

ANSWER vi = 2 V, p 2 = 3.5 V, / C ccs = 0.125 mA. 


t: 


Example 


5.7 


Apply loop analysis to the circuit of Figure 5.11(a) to find the power 
(released or absorbed?) by the voltage source. 
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Figure 5.11 Example of loop analysis with dependent sources. 
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Solution 

Label the circuit as in Figure 5.11(b), where the units are [V], [A], and 
[S2]. KVL around the bottom meshes yields 

0 = 2m+ 3(/i +i 3 ) + 6 (5.12a) 

6 = 5(i 2 + * 3 ) + 4*2 (5.12b) 

where we have, by inspection, 13 = 1 .5ix- We need an additional equation 
to eliminate i x . Comparing the two circuits we observe that ix = h + * 3 . 
Hence, * 3 = 1.5/* = 1.5(i2 + j 3 ), or 

(3 = —3*2 (5.12c) 

Substituting into Equations (5.12a) and (5.12b) and solving yields i\ = 
—3 A and i 2 = —1 A, indicating that both currents actually flow coun¬ 
terclockwise. Moreover, Equation (5.12c) yields 13 = 3 A. In summary, 

/1 = -3 A 

h = -1 A 

13 = 3 A 

The current out of the positive terminal of the voltage source is 
*6v =h — i\ = — 1 — (—3) = 2 A, indicating that this source is delivering 
P6V = vi — 6 x 2 = 12 W. 


Checking We have i2n = — ii = 3 A (J,), soi>2£2 = 2x3 = 6V (positive 
at the top, or + @ top). We also have 13 a = »i + 13 = — 3 + 3 = 0, so 
u 3 a = 0. KVL around the bottom-left mesh thus yields 6 + 0 = 6, which 
checks. 

We have i 5n = h + h = — 1 + 3 = 2 A (-»), so v 5n = 5 x 2 = 10 
V (+ @ left). Moreover, f‘ 4fi = —i 2 = 1 A (f), so i) 4!J = 4 x 1 = 4 V 
(+ @ bottom). KVL around the bottom-right mesh thus yields 6+4 = 10, 
which also checks. 


Exercise 5.7 In the circuit of Figure 5.11(a) let the CCCS be changed 
to a VCCS of value k g v x , where k g = 0.75 Q -1 and v x is the voltage 
across the 4-Q resistance, positive reference at the top. Use the loop 
method to find the power (delivered or absorbed?) by the dependent 
source. Don’t forget to check your results! 

ANSWER 1.725 W, delivered. 




Example 


5.8 


Apply loop analysis to the circuit of Figure 5.12(a) to find the voltage 
developed by the dependent source. 
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Figure 5.12 Example of loop analysis. 


Solution 

Label the circuit as in Figure 5.12(b), where the units are [V], [mA], and 
[k£2], KVL around the two leftmost meshes yields 

9 = 3j'i + 6 (i‘i — 1 * 2 ) (5.13a| 

0 = 6(12 — i"i) + 6 ux + 2 (i 2 — 5) (5.13b) 

We need an additional equation to eliminate vx■ By inspection, 

v x = 6(i 1 - i 2 ) 

Substituting into Equation (5.13) and solving, /1 = 8/3 mA, and ('2 = 
2.5 mA. Then, — 6(8/3 — 2.5) — 1 V. To summarize, 

i[ — 8/3 mA 

i '2 = 2.5 mA 

ux = l v 

The dependent source voltage is ttycvs = 6i>x = 6x 1=6 V. 


Exercise 5.8 In Figure 5.12(a) let the VCVS be changed to a CCVS 
of value k r ix, where k r = 5 kQ and ix is the current through the 9-V 
source flowing upward. Use the loop method to find the power dissipated 
in the 6-kfi resistance. Check your results! 


ANSWER 1.5 mW. 
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Example 5.9 

Use the node method to check that the voltage developed by the dependent 
source in Figure 5.12(a) is uvcvs = 6 V. 


Solution 

We have i> 3 kn = 9 - v x , positive at the left, t> 6 kn = v x , positive at the 
top, and V 2 kfl = v x — 6v x = —5v x , positive at the top. Applying KCL 
at the supemode encircling the dependent source and its nodes yields 

9 ~ vx vx ~5v x 

3 6 + 2 

or v x = 1 V. Thus, uycvs = 6v x = 6 V, as expected. 


Exercise 5.9 Use the node method to check the result of Example 5.7. 


Thevenin and Norton Equivalents 

Nodal or loop analysis can also be used to find the Thevenin or Norton equiv¬ 
alents of one-ports with dependent sources. Once the open-circuit voltage uqc 
and the short-circuit current i S c are known, the equivalent resistance is readily 
obtained via Method 1, 


(5.14) 


It is important to realize that the value of v x (or i x ) with the port open-circuited 
is generally different from that with the port short-circuited! 

If uoc and /sc happen to be zero (as in the case, for instance, of a one-port 
containing only resistances and dependent sources but no independent sources), 
then we must use Method 2 which, for circuits with dependent sources, is 
rephrased as: 

Method 2: To find the equivalent resistance of a linear one-port, sup¬ 
press all independent sources while leaving the dependent sources in place . 
Then, apply a test voltage v, find the current / out of the test-source 
positive terminal, and obtain 


(5.15) 


Alternately, apply a test current i, find the ensuing voltage u, and obtain 

7*. eq —— v/i. 








5.2 Circuit Analysis with Dependent Sources 


This method is particularly advantageous when only R eq is sought, because it 
may simplify analysis as compared to Method 1. 

Source transformation techniques are applicable also to circuits with depen¬ 
dent sources. However, we must avoid tampering with the controlling signal, 
because the controlled source depends on it! 


Example 5.1Q 

Find the Thevenin equivalent of the circuit of Figure 5.13(a). To find 
R cq , use Method 1. 






Figure 5.13 Finding the Thevenin equivalent of a circuit with a 
dependent source. 


Solution 

Our physical units are [V], [mA], and [k£2]. To find voc, refer to the 
circuit of Figure 5.13(c). Applying KCL at the supemode surrounding 
the dependent source yields 

6 - 11 * ^oc 


We need an additional equation to eliminate vx . Applying KVL, we get 

+ 5i>x = uoc 

that is, = i>oc/6. Substituting into Equation (5.16) gives i>oc = 9 V. 
Note, incidentally, that vx = 9/6 = 1.5 V. 

To find i SC , refer to Figure 5.13(d). Since the current through the 
4-kfi resistance is now zero, we can write, by Ohm’s Law, 

6 - vx 
,sc = 2 


(5.17) 
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To eliminate Vx, we again apply KVL and write 

v x + 5fx = 0 

that is, vx = 0. Then, Equation (5.17) yields t'sc = 6/2 = 3 mA. 

Finally, R tq = uocAsc =9/3 = 3 k£2. The Thevenin equivalent is 
shown in Figure 5.13(b). 


Remark Note that vx with the port open-circuited (1.5 V) is different 
from v x with the port short-circuited (0 V). 


◄ 




Example 5.11 


Recompute R sq for the circuit of Figure 5.13(a) via Method 2. 


Solution 


Suppress the 6-V independent source, but leave the dependent source in 
place. Then, apply a test voltage v as in Figure 5.14, and find the current /. 
Applying KCL at the supemode surrounding the dependent source yields 


. _ V Vx_ 

1 - 4 + 2 


(5.18) 


To eliminate vx, apply KVL clockwise around the loop. 


v x + 5v x = v 


which yields v x = v/6 . Substituting into Equation (5.18), we obtain 
i = v/4 + (u/6)/2 = v/3. Hence, 

u 4 

R eq = — = —— = 3 kf2 

/ H3 

thus providing a check for the result of Example 5.10. 



Figure 5.14 Recomputing R cq for the 
circuit of Figure 5.13(a) via Method 2. 


Remark As expected, v in the numerator and denominator cancel each 
other out. 








5.2 Circuit Analysis with Dependent Sources 





Example 5.12 


(a) In the circuit of Figure 5.16(a) find the value of R L for which 
power transfer to Ri is maximized. 

(b) What is the value of the maximum power? 


Solution 


(a) Power transfer is maximized when R L — /? eq . Let us find R, 


v eq 


via Method 2. With resistances in S3, the current of the VCCS 
can be written as k g v x = (1/5)ijx = 0.2v x . Referring to the 
circuit of Figure 5.16(c) we have, by KCL, 


vx v x - fi 
l = — “h - 

30 20 


( 5 . 19 ) 


We need to express v x and V] in terms of i>. Applying KCL at 
the node labeled t>[ yields 

Vx - Vi n ~ . U] 

- = u.2v x H- 

20 *10 

which can be solved to yield ui = — v x . By KVL, we also have 

v x =v 

Substituting into Equation (5.19) yields / = v/7.5. Finally, 


r cq = - = 

’ i iP* 


= 7.5 Q 
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(d) 

Figure 5.16 Finding maximum power transfer with dependent sources. 


(b) Since pi( max) = «oc/(4/? e q), we need to find Hoc- Referring 
to the circuit of Figure 5.16(d), we observe that iiqc = v x- 
Applying KCL at the node labeled t’i yields 


12- u, 

10 


= 0.2v x + 


»1 - Vx 
20 


By the voltage divider formula, 


<5.21 


vx 


30 

20 + 30 


or v\ = (5/3)ux- Substituting into Equation (5.21) and solving, 
we get vx = 3 V. Hence, voc = v x = 3 V. Replacing the 
one-port with its Thevenin equivalent yields the situation of 
Figure 5.16(b). Finally, 


_ ”oc 

PL(mnx) = 


3 2 

4 x 7.5 


= 0.3 


W 


(5.22 
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Exercise 5.12 Repeat Example 5.12 if the VCCS in Figure 5.16(a) is 
changed to a CCVS of value k r iy = (2 £2)/*, positive at the top, where 
ix is the current through the 12-V source, flowing upward. 

ANSWER R l = 12 £2, p Limax) = 0.03 W. 


Concluding Remarks 

When looking for Thevenin/Norton equivalents, it is good practice to pause and try 
developing a strategy to minimize the computational effort and simultaneously reduce 
the possibility of errors. 

(1) First, try anticipating whether it will be easier to find uoc or to find isc- 
The answer, of course, depends on the particular circuit as well as personal 
preference. 

(2) Next, try anticipating whether R eq will more easily be found via Method 1 or 
via Method 2. In the most general case of a one-port containing both dependent 
and independent sources, Method 2 is usually preferable because suppressing 
the independent sources generally results in a simpler circuit. 

When looking for /? e q, the following special cases are worth keeping in mind: 

(1) If it is found that uoc = 0 (or t'sc = 0) in spite of the presence of independent 
sources, then we have no choice but to use Method 2. 

(2) If a one-port contains dependent sources and resistances but no independent 
sources, then it will automatically yield t’oc = 'sc = 0, again mandating the 
use of Method 2. 

(3) If a one-port is purely resistive, as in the case of ladders, see whether you 
can find /f eq via simple series/parallel reductions. If not, you must again use 
Method 2. 


5.3 The Ideal Transformer 


As our first example of a practical two-port device we study the transformer. 
As shown in Figure 5.17(a), a transformer consists of two coils wound around a 
common core of magnetic material to achieve intimate magnetic coupling. The 
coils are called, respectively, the primary and secondary. The primary plays 
the role of the input port, the secondary that of the output port. Denoting the 
number of turns in the respective windings as N] and N 2 , the ratio 



(5.23) 


is called the turns ratio of the transformer. Figure 5.17(b) shows the circuit 
symbol of the transformer, along with the reference polarities for voltage and 
current at both windings. 
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Figure 5.17 The ideal transformer and its circuit symbol. 


Figure 5.18 shows a typical transformer connection. Applying a time- 
varying signal such as an ac signal to the primary generates a changing flux in 
the core. This, in turn, induces a similar time-varying signal at the secondary. 
The induced voltage (?) is related to the applied voltage Ui(f) as 


i >2 = nv\ 


(5.24) 


It is important to realize that since transformer action is the result of a changing 
magnetic flux, the applied voltage must be of the time-varying type. In electric 
power applications the applied waveform is sinusoidal; in audio applications it 
is an audio signal; in communication and control it is often a pulse train. 



Figure 5.18 Typical transformer connection. 


I The function of the dots in Figure 5.17(b) is to identify signal polarities. If 

| vi and V 2 are chosen with the positive references at the dotted terminals, then 

V] and i >2 are said to be in phase with each other. Otherwise, with the positive 
reference of one voltage at the dotted terminal of one coil and that of the other 
: at the undotted terminal of the other coil, and t> 2 are out of phase. Likewise, 

j the currents are in phase with each other when one enters the dotted terminal of 

one coil and the other exits the dotted terminal of the other coil. The dots are 
omitted when the phase relationship between the two windings is unimportant. 

|j Ideally, a transformer dissipates no energy, so the power absorbed via the 

primary equals the power released via the secondary. Denoting the primary 
and secondary currents, respectively, as ii(t) and hit), this constraint can be 
expressed as Uiri = i> 2 * 2 - Substituting u 2 — nv\ and simplifying yields 


il = nij 


(5.25) 







5.3 The Ideal Transformer 


We observe that for current to flow in the primary, the secondary must be 
terminated on a load. In the absence of any load we have 12 = 0 and hence, by 
Equation (5.25), ii = 0 even though u t ^ 0. 

If n > 1, the magnitude of the output voltage will be greater than that of 
the input voltage, and we have a step-up transformer. Note, however, that the 
output current is now less than the input current, owing to the fact that power 
must be conserved. 

Conversely, if n < 1, we have a step-down transformer, with a smaller 
output voltage but a greater output current. A common transformer application 
is to step the utility voltage up or down to meet the specific voltage needs of 
individual equipment pieces. 

Since coupling between the input and output ports is exclusively magnetic, 
transformers are also used to provide electrical isolation, that is, to transmit 
power or information from one circuit to another without allowing a conducting 
path to exist between them. Transformers with n = 1 are used exclusively for 
this purpose and are called isolation transformers. 

Equations (5.24) and (5.25) are referred to as the ideal transformer equa¬ 
tions to underline the fact that practical transformers satisfy them only on an 
approximate basis, though modem technology allows the fabrication of certain 
types of transformers with nearly ideal behavior. These equations can be used to 
relate the instantaneous values as well as the peak and rms values of the signals 
at either side of the transformer. 


Example 5.13 

A transformer is to be used to step down the 120-V (rms) utility voltage 
to an ac voltage of 21 V (rms) for a 10-f2 load. Find n and the peak and 
rms values of the currents in the two windings. 


Solution 

By Equation (5.24), n = V 2 /V 1 = 21/120 = 0.175. By Ohm’s Law, 
i 2 = V 2 /Rl = 21/10 = 2.1 A (rms), or i 2 — 2.lV2 = 2.97 A (peak). 
By Equation (5.25), 11 = m 2 — 0.175 x 2.1 = 0.367 A (rms), or 
h = 0.175 x 2.97 = 0.520 A (peak). 


! Exercise 5.13 It is desired to dissipate 9 W into a 1-MS2 load using 
the utility voltage as the power source. If we were to connect the load 
to the utility voltage directly, the power into the load would be only 
120 2 /10 6 = 14.4 mW. However, we can achieve our goal by interposing 
a suitable step-up transformer between the power source and the load. 
Find the required value of n; hence, find the currents in the two windings. 
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ANSWER n = 25, ij = 75 mA (rms), i 2 = 3 raA (rms). 
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Circuit Model of the Ideal Transformer 

We now wish to develop a circuit model for the ideal transformer. The fact that 
u 2 depends on the driving source and n, regardless of the load, suggests that 
the secondary can be modeled with a dependent voltage source of value nv |. 
Likewise, the fact that ij depends on the load and n, regardless of the driving 
source, suggests that the primary can be modeled with a dependent current 
source of value ni 2 . The ideal transformer model is shown in Figure 5.19. When 
analyzing a circuit containing a transformer, we can replace the latter with this 
model to better visualize its function in the circuit as well as to facilitate our 
calculations. When making such a replacement we must be careful that the 
polarities of the dependent sources relative to the respective dot markings are as 
shown. 



Figure 5.19 Circuit model of the ideal transformer. 


Power Transmission 


A major application of transformers is in electric power transmission and distri¬ 
bution, where they are used to improve efficiency by reducing transmission line 
losses. A power transmission system can be modeled with a power source v s , a 
transmission line having a net resistance (sum of both sides) Rj, and a load R L . 

In the absence of any transformers, the load and the transmission line would 
form a voltage divider so that the voltage available at the load would be 


ve 


Rl 

Rj + Rl 


(5.26 a) 


The efficiency of this transmission would be 77 = Pi / P s , where P t is the av¬ 
erage power absorbed by the load and P s is that delivered by the source. By 
Equation (4.56) we would have 


Rl 

Rt -(- Rl 


(5.26b) 


With long transmission lines, R r can be much greater than R l , so most voltage 
and power would be lost in the transmission line, with only a negligible fraction 
reaching the load. 

The culprit is the transmission line current i Rr , which is responsible for the 
voltage loss RtIr t and the power loss Rt‘i\ ■ These losses can be reduced by 
making i Rj suitably small. However, to avoid depriving the load of the required 
power, the decrease in the line current must be counterbalanced by an increase 
in the line voltage. As depicted in Figure 5.20, these conditions are achieved 
by using a step-up transformer at the generator end of the line and a step-down 
transformer at the load end. 
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Figure 5.20 Power transmission system. 


To analyze the circuit, use Equations (5.24) and (5.25) with n at the step-up 
side and 1 jn at the step-down side. Thus, the line current is i Rf = {\/n)ii, the 
line voltage at the generator side is nv s , and that at the load end is nv { . Applying 
Ohm’s Law to the line resistance yields nv s — nvt = RtIr t = Rrhl n = 
Rr(V(/RL)/n. Collecting and solving for v f yields, after simple manipulation. 


Vt 


Rl 

R T fn 2 + R l ^ 


(5.27a) 


Comparing this with Equation (5.26a), we note that the effect of using the 
transformers is to replace the term Rj with the term Rj/n 2 . We can thus reuse 
Equation (5.26b) and write 


Rl 

Rr/n 2 + Rl 


(5.27b) 


Equation (5.27) indicates that by choosing n sufficiently large to make Rr/n 2 <K 
R l , we can make iv approach u, and rj approach unity. This explains the 
widespread use of high-voltage transmission lines when power is to be trans¬ 
ported over substantial distances. 


Example 5.14 

The power produced by a 120-V (rms), 60-Hz generator is to be 
transmitted to a l-£2 load via a 100-mile transmission line having a 
resistance (sum of both sides) of 0.025 £2 per 1000 feet. 

(a) If the voltage at the generator end of the transmission line is 
10 kV (rms), find the load voltage and the efficiency. 

(b) Compare with the case in which power is transmitted directly, 
without using any transformers. 


Solution 


Rf = [(0.025 £2)/(10 3 ft)] x (10 2 mi) x (5280 ft/mi) - 13.2 Q. 

(a) By Equation (5.24), n = 10 4 /120 = 83.33. By Equation (5.27), 
v t = [l/(13.2/83.33 2 + 1)] x 120 = 99.81 x 120 = 119.8 V 
(rms) and t} = 99.81%. These values are quite attractive. 

(b) Without transformers we would have, by Equation (5.26), 

v t - [1/(13,2 + 1)] x 120 = 0.0704 x 120 = 8.45 V (rms), and 
rj = 7.04%, both of which are unacceptably low! 
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n 



R { = R 2 /n 2 

(b) 


Figure 5.21 Resistance 
transformation. 


Exercise 5.14 In the transmission system of Example 5.14, find the 
value of n required to ensure an efficiency of (a) 95%; (b) 99.9%. 

ANSWER (a) 15.84, (b) 114.83. 


Resistance Transformation 


According to Figure 5.19, the primary current i i is controlled by the load current 
i 2 . But i 2 depends on v 2 , which in turn is controlled by v t . Consequently, i | 
ultimately depends on uj. If the secondary is terminated on a resistance R 2 , 
then the ratio v\/i\ will also be a resistance, which we shall denote as R\. We 
wish to find a relationship between the apparent resistance R\ and the actual 
resistance R 2 . 

To this end we apply a test voltage u as in Figure 5.21(a), find /, and then 
take the ratio R\ = v/i. By transformer action and Ohm’s Law, i = ni Rl = 
n(nv/R 2 ) = n 2 v/R 2 . Letting R] = v/i yields 


R 


Ri 


(5.28a) 


indicating that the secondary resistance R 2 appears at the primary as an equiv¬ 
alent resistance /?] = R 2 /n 2 . R\ is said to represent the secondary resistance 
referred to the primary, and the transformer is said to perform a resistance 
transformation. This concept is illustrated in Figure 5.21(b). 

We observe that resistance transformation applies in both directions. Thus, 
if the primary is terminated on a resistance R], then the equivalent resistance 
seen looking into the secondary is R 2 = R\/{\/n 2 ), or 


R 2 = n 2 R\ 


(5.28b) 


in agreement with Equation (5.28a), as it should be. We wish to point out that 
these transformations affect not only resistances but also other circuit elements 
such as capacitances and inductances, whose ability to oppose current flow is 
more generally called impedance. Impedances are studied in Chapter 11. 

Resistance transformation has a significant effect on loading. Consider Fig¬ 
ure 5.22(a), where a source v s with nonzero series resistance R s is transformer- 
coupled to a load Rl- As depicted in Figure 5.22(b), the resistance seen looking 
into the primary is /?z,/n 2 . Applying the voltage divider formula yields 


Vl 


Rt/n 2 

Rs + R L /n lVs 


(5.29) 


Clearly, because of loading, the magnitude of V] is less than that of v, . By trans¬ 
former action, we have v 2 = nv \. Using Equation (5.29) and simplifying yields 


v 2 


Rl 

n 2 R x + Rl 


nv s 


(5.30) 



5.3 The Ideal Transformer 225 


indicating that from the viewpoint of the load, the secondary appears as an 
unloaded source of value nii s with a series resistance of value n 2 R s . The situation 
is depicted in Figure 5.22(c). 





Figure 5.22 (a) Transformer coupling of a source to a load; 
equivalent circuits at (b) the primary and (c) the secondary. 


We define the source-to-load gain as the ratio u t 7u v , in V/V. Thus 


ve_ _ 

U, n 2 R s + Rl 


(5.31) 


where we have used the fact that tv = t> 2 - Clearly, due to loading, the gain 
v t jv s is less than n. Only in the limit n 2 R x <?C Rl does this gain approach n. 


Exercise 5.15 In the circuit of Figure 5.22(a), let = 30sin2jr/) V, 
R x = 20 Q, n = 5, and R L = 1 k£2. Find Vi, t> 2 , and the source-to-load 
gain. 

ANSWER 20sin Ijzft V, 100sin2;r/r V, 10 V/V. 


If n in Figure 5.22(a) is chosen so that 



(5.32) 


then the resistance seen looking into the primary is said to be matched to that 
of the source, thus ensuring maximum power transfer from the source to the 
primary. Since Rl = n 2 R s , there will also be matching at the secondary and, 
hence, maximum power transfer from the secondary to the load. Clearly, another 
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useful transformer application is to provide maximum average power transfer 
from source to load when R s ^ R L . For instance, in audio applications, it is 
often desired to transform the resistance of a loudspeaker load to a value more 
suited to the power amplifier, or to match the input resistance of a preamplifier 
to that of the input transducer. 


Example 5.15 

(a) Specify a transformer for maximum average power transfer from 
a source v s having R s — 900 Q to a load R L ~ 100 Q. 

(b) Find expressions for ui and t> 2 in terms of v s . 

Solution 

(a) We want 900 = 100/m 2 . This is met with n = 1/3, and the 
circuit is shown in Figure 5.23. 



Figure 5.23 Resistance matching circuit 
of Example 5.15. 


(b) Using Equations (5.29) and (5.30) gives i>i = 

[900/(900+ 900)]Us = (l/2)u f and i> 2 = Hfi = (1/3) x (u ( /2) = 

( 1 / 6 )^. 




Exercise 5.16 (a) Specify a transformer for a maximum power transfer 

from a source u, = 5 sin 2nft V with output resistance R s — 50 to 
a load Rl = 200 £2. (b) Find ui, O, u 2 , t 2 , and the average power 
transferred to the load. 

ANSWER (a) n = 2, (b) 2.5sin2jr/i V, 50 sin 2#// mA, 

5sin27r^ V, 25 sin 2tt ft mA, 62.5 mW. 


Practical Transformers 

Practical transformers depart from the ideal behavior described earlier because 
of power losses, both in the windings ( wire losses) and in the core ( core losses), 
as well as imperfect coupling between the secondary and primary windings. 


Wire losses result from the nonzero resistance of the windings. Core losses 
include power dissipation due to magnetic hysteresis and ohmic loss from eddy 
currents induced in the core by the continuously changing flux. The effect of core 
losses is that even in the absence of any load there is a current in the primary, 
called the magnetization current, whose function is to supply these losses. 

Magnetic coupling is optimized by employing special winding techniques 
such as wire twisting. In audio and power transformers, eddy current losses 
are reduced by using laminated cores, which consist of thin metal layers sep¬ 
arated by thin insulating layers fabricated perpendicular to the eddy currents. 
High-frequency transformers reduce eddy current losses by using cores of non- 
conductive materials known as ferrites. 

You may find it reassuring to know that in spite of these nonidealities, 
engineers almost always analyze transformer circuits using the ideal transformer 
model. Only in the course of a second, more thorough analysis are nonidealities 
taken into account. 


5.4 Amplifiers 


The function of an amplifier is to accept a signal from a source and deliver a 
magnified replica of it to a load. Ideally, this function should be independent 
of the particular source and load to which the amplifier is connected. The most 
common amplifiers are the voltage amplifier and the current amplifier. 

The transfer characteristic of the voltage amplifier is 


v 0 = A v vi 


(5.331 


where v / and vq are the input and output voltages, and A v is called the voltage 
gain factor, with dimensions of V/V. Likewise, the transfer characteristic of the 

current amplifier is 


i 0 = A,-i/ 


(5.34) 


where i/ and io are the input and output currents, and j4, is the current gain 
factor, in A/A. 

Gain factors may be positive or negative. If gain is positive, the output has 
the same polarity as the input; if gain is negative, the output has the opposite 
polarity. Regardless of gain polarity, the magnifying action by the amplifier 
affects instantaneous signal values as well as dc and ac values. 




Example 5.16 


(a) A signal alternating sinusoidally between +5 V and —1 V is 
applied to an amplifier having A v = 5 V/V. What are the dc and 
ac values of V/ and i>o? 

(b) Repeat if A v = -7 V/V. 
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Solution 

Let Vj = Vj + Vi m sin 2 jt ft , and vo = Vo 4- V om sin 2nft. We have 
V,=[5 + (—1)]/2 = 2 V, and = 5 - 2 = 3 V, so that 

vj — V[ + Vj = 2 + 3 sin lx ft V 

The dc value of v { is 2 V, and the ac value is 3/V2 = 2.121 V. 

(a) By amplifier action, v 0 = A v v { = 5(2 + 3 sin2;r/if), or 

== Vo + fo = 10 4- 15 sin Inft V 

This signal alternates between +25 V and —5. Its dc value is 
10 V, and its ac value is 15/V2 = 10.61 V. 

(b) Now vo — —7(2 + 3sin27r/f) = —14 — 21 sin2:r/r V, which 
can be written as 

v 0 = V 0 + v 0 = -14 + 21 sin (2jr/t + 180°) V 

This signal alternates between —35 V and +7 V. Its dc value is 
-14 V, and its ac value is 21/V2 = 14.85 V. Because of the 
negative gain, the polarity of V Q is opposite to that of V7, and 
v 0 is 180° out of phase with respect to Uj. 


Exercise 5.17 

(a) The input and output of a voltage amplifier are measured with a 
DVM. If the dc readings are, respectively, —50 mV and +2 V, 
find A v , 

(b) If the ac reading of the input is 99 mV, what is the ac reading 
of the output? What are the values between which the output is 
alternating? 

ANSWER (a) -40 V/V; (b) 3.96 V, 7.6 V, -3.6 V. 


An amplifier with linear terminal characteristics will generally admit a 
Th^venin or Norton equivalent for each of its ports. The input port usually 
plays a purely passive role, and we model it with just a resistance, called the 
input resistance Rj. The output port is modeled with an output resistance R 0 
and a dependent source. We need this type of source to reflect the fact that the 
output is controlled by the input. 


Voltage Amplifier Model 

The model of a voltage amplifier is shown in Figure 5.24, along with the driving 
source and the load. We wish to find a relationship between the load voltage vi 
and the source voltage 
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Figure 5.24 Circuit model of a voltage amplifier, with 
source and load. 


Applying the voltage divider formula at the input and output ports, 




Rt 

— -us 

Rs + R, 


and 


(5.35) 


V 0 = D I D A OC V I (5.36) 

+ «i. 

We observe that in the absence of any output load ( R L = 00 ) we would have 
vo = AocVi. Consequently, we refer to as the open-circuit or unloaded 
voltage gain factor. Eliminating vj and using the fact that vl — vo, we solve 
for the ratio vi/vs, called the source-to-load voltage gain, 


vl _ Ri ^ Rl 
v s R$ 4- Ri Ro + Rl 


(5.37) 


This expression contains two voltage-divider terms, reflecting loading both at 
the input and at the output ports, and the term Aoc- Clearly, because of loading, 
we always have |Uf,/vsl < jA^-l. 


► Exampl 


e 5 


.17 


(a) A voltage amplifier with /?, = 100 k£2, A^ = 100 V/V, and 
R 0 = 1 £2 is driven by a source with R s = 20 kfl, and drives a 
load Ri = 3 £2. Calculate the gain vi/vs as well as the extent 
of loading at the input and output ports. 


(b) Repeat if R s = 10 k£2 and R L = 2 £2. Compare. 


Solution 

(a) Using Equation (5.37), vi/vs = [100/(20 + 100)] x 100 x 
[3/(1+3)], or 

— = 0.8333 x 100 x 0.75 = 62.5 V/V 
us 

Loading at the input causes the signal to drop to 83.33% of 
its initial value, and loading at the output causes the amplified 
signal to drop to 75% of its unloaded value. 
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(b) We now have vi/vs = 0.9091 x 100 x 0.6667 = 60.61 V/V, 
indicating less loading at the input but more loading at the 
output. 


1 


Exercise 5.18 A voltage amplifier with /?, = 20 kfi, A^ = 75 V/V, 
and R 0 = 0.25 £2 is driven by a source with = 100 mV and R s — 5 k£2, 
and drives a load R L = 1 Q. Calculate the voltage and current at each 
port of the amplifier. 

ANSWER Input: 80 mV, 4 juA; output: 4.8 V, 4.8 A. 


E 


Example 5.18 


A 1-mV transducer source with R s = 200 k£2 is to be amplified to 
produce a 1-V signal across a load Rl = 8 £2. If /?, = 1 MS2 and 
R 0 = 2 £2, what is the required unloaded gain? 


Solution 

We want v L /v s = 1/10 -3 = 10 3 V/V. But, according to Equation (5.37), 
v L /v s = [1/(0.2 + l)]Aoc[8/(2 + 8)] = 0.6667Aoc. Thus, we need 
Aoc = 10 3 /0.6667 = 1500 V/V. 


Example 5.19 

Loading can be exploited to find the parameters of an amplifier. Thus, 
suppose a source with v$ = 200 mV and R s = 10 kf2 is applied to 
a voltage amplifier having a load R L = 100 Q. DVM measurements 
across the input and output ports yield, respectively, V; = 150 mV and 
v 0 = 6 V. Removing R L raises the output reading to Vo =7.5 V. Find 
Ri, Aoc, and R a . 


Solution 

Because of loading at the input we must have 150 = [/?,-/(10 + R,)]200, 
or Ri = 30 k£2. Because of loading at the output, we must have 
6 = [100/(/e o +100)]7.5, or R 0 = 25 a Moreover, A w = 7.5/0.150 = 50 
V/V. Summarizing, we have /?, = 30 k£2, A^ — 50 V/V, and R 0 = 25 Q. 


Loading is generally undesirable because whenever we change the source 
or the load we need to recompute the gain vl/vs, not to mention the fact that 
l u z./us) S | Aoc I ■ If loading could be eliminated altogether, we would have 





i > L /vs = Aoc regardless of R s and Rl- To minimize loading, the voltage drops 
across R s and R 0 must be minimized irrespective of R s and Rl- To meet these 
objectives we must use a voltage amplifier with Ri R s and R (t Rl- In the 
limits Ri = oo and R a = 0 we have what is known as an ideal voltage amplifier. 
Though these limits cannot be achieved exactly, an amplifier designer will strive 
to approximate them as closely as possible. 


Current Amplifier Model 


Figure 5.25 shows the model of a current amplifier. Applying the current divider 
formula twice, we obtain 


and 


h 


R s . 

- 1 ^ 

Rs + Ri 


(5.38) 


io 


Ro 

Ro + Rl 


Ascf' / 


(5.39) 


Since in the case of a short-circuited output ( Rl =0) we would obtain io = 
Ascif, we refer to A sc as the short-circuit or unloaded current gain factor. 
Eliminating i/ and using the fact that it = io* we find the source-to-load 
current gain as 


i_L _ Rs ^ Rq 

T S ~ Rs + Ri * c R 0 + Rl 


(5.40) 


This gain is less than A x , and it also depends on the particular source and load 
being used. To minimize loading, a current amplifier should have /?, R s and 
Ro 3> Rl- In the limiting case of an ideal current amplifier, we would have 
Ri = 0, R n = oo, and i L /i s = A^. 


Exercise 5.19 A current amplifier with A sc = 100 A/A, /?, = 200 £2, 
and R a = 50 k£2 is driven by a source is — 10 /zA having R s = 1 k£2 
and drives a load R L = 10 k£2. (a) Find the load current it- (b) To what 
value must be changed if we want (/. = 1 mA? 

ANSWER (a) 25/36 mA, (b) 144 A/A. 


h 






■» 



4 


Figure 5.25 Circuit model of a current amplifier. 
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Transresistance and Transconductance Amps 

In voltage and current amplifiers the input and output signals have the same 
physical dimensions. If the input is a current and the output is a voltage, the 
amplifier is called a transresistance amplifier, and its gain is in V/A. Referring 
to the circuit model of Figure 5.26, it is readily seen that the source-to-load 
gain is 


vl _ Rs ^ Rl 
is — R s + Rj oc R 0 + R l 


(5.411 


where the unloaded gain A oc is now in V/A. To avoid loading, a transresistance 
amplifier should ideally have = 0 and R (> = 0. Then, v^/is = A^. 



+ ■ 


Figure 5.26 Circuit model of a transresistance amplifier. 

This type of amplifier finds application as a current-to-voltage converter 
( I-V converter), for instance, to convert the small current supplied by a pho¬ 
tomultiplier tube to a voltage for delivery to a low-resistance load. As a rule, 
when Ri <$C R s and R 0 <SC Rl, the amplifier under consideration is more aptly 
classified as a transresistance type. 

If the input is a voltage and the output a current, then we have a transcon¬ 
ductance amplifier, whose model is shown in Figure 5.27. Its source-to-load 
gain is 

- - - —A„ R ° (5.42) 

v s R, + S, R„ + R L 

where the unloaded gain Asc is now in A/V. To avoid loading, a transconductance 
amplifier should ideally have R, — oo and R 0 — oo. This type of amplifier finds 
application as a voltage-to-current converter (V-7 converter), and it is also used 
to model the behavior of transistors. As a rule, when Ri 3> R s and R a R L , 
an amplifier is more aptly classified as a transconductance type. 

Table 5.1 summarizes the four amplifier types, along with the correspond¬ 
ing ideal input and output resistance characteristics. Amplifier designers will 
strive to approximate these characteristics as closely as possible, relative to the 
expected resistances of the source and the load. 




A*Pi > R 0 



Figure 5.27 Circuit model of a transconductance amplifier. 
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TABLE 5.1 The Four Amplifier Types and Their 
Ideal Terminal Characteristics 


Input 

Output 

Amplifier Type 

Gain 

Ri 

■Ro 

vt 

Vo 

voltage 

V/V 

oo 

0 

h 

io 

current 

A/A 

0 

00 

il 

Vo 

transresistance 

V/A 

0 

0 

VI 

io 

transconductance 

A/V 

oo 

00 


Power Gain 


An important feature of amplifiers is that in amplifying signals they also amplify 
power. A familiar example is offered by a car radio amplifier, which magnifies 
the small power supplied by the antenna to the much larger power consumed 
by the loudspeaker. The increased power emerging from the amplifier is drawn 
from the power supply, which in this case is the car battery. 

We define the source-to-load power gain of an amplifier as 



(5.43) 


where P$ is the average power supplied by the source and Pi that absorbed by 
the load. Power gain is often expressed in decibels, named for the Scottish- 
American scientist Alexander Graham Bell (1847-1922). Specifically, the deci¬ 
bel value of the power gain A p is 


A P ( dB) — lOlog^Ap 


(5.44) 


For instance, if an amplifier delivers a load power Pi = 20 W with a source 
power Ps = 0.5 mW, then A p = 20/(0.5 x 10 -3 ) = 4 x 10 4 , and A^b) — 
101og 10 (4 x 10 4 ) ~ 46 dB. 

Referring to Figure 5.24, we note that Pl = Vl (rms) /R L , and P s = Vf (rms) / 
(R s + Rj), where Vz,<rms) and Vs ( rms) are the rms values of v L and vg. Thus, 
Pl/Ps = (V L(Tms) /V S(Tm ) 2 (R s +Ri)/R L . Using Equation (5.37) and simplify¬ 
ing, we find that the power gain of the voltage amplifier is 


A P = I --- 

p \Ro + Rl 


Rr 


R s 4 - Ri 


(5.45) 


Analogous expressions can be derived for the other amplifier types. 


Exercise 5.20 Find the source-to-load voltage gain and the power gain 
for the voltage amplifier of Exercise 5.18. 


ANSWER 48 V/V, 77.60 dB. 
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Exercise 5.21 


(a) Show that for the current amplifier of Figure 5.25 we have 




Rs ( Ro a y rl 
R s + Ri\R 0 + R L *) Ri 


<5.46) 


(b) Find the power gain of the current amplifier of Exercise 5.19, 
part (a), in decibels. 


ANSWER (b) 54.61 dB. 


It is comforting to know that Rj, R 0 , and the unloaded gain or A sc 
suffice to fully characterize the terminal behavior of any linear amplifier, no 
matter how complex its internal circuitry. But then, if all it takes to make 
an amplifier is a source and two resistances, why do amplifiers such as hi-fi 
audio amplifiers require so much internal circuitry? To answer this question we 
must bear in mind that the function of our model is to mimic only the terminal 
behavior of the actual amplifier. Achieving this behavior within the stringent 
specifications of modem audio equipment can be a formidable task, this being 
the reason why so much sophisticated circuitry is usually needed. 



5.5 Circuit Analysis Using SPICE 

SPICE allows circuits to contain linear dependent sources characterized by any 
of the following equations 


V = k v Vx i = k g Vx i = kJx v = k r i x 

where v and i are the dependent variables, v x and i x are the controlling variables, 
and k v , k g , ki, and k r are suitable constants. 


Voltage-Controlled Sources 

The general forms of the element statements for voltage-controlled sources are: 

EXXX N+ N- NC+ NC- VALUE (5.47) 

GXXX N+ N- NC+ NC- VALUE (5.48) 

As illustrated in Figure 5.28, these statements contain: 

(1) The name of the controlled source, which must begin with the letter E 
if it is a voltage source (VCVS) and with G if it is a current source 
(VCCS). 

(2) The circuit nodes N+ and N- to which the source is connected. For a 
VCVS, N+ and N- are, respectively, the positive and negative terminals; 
for a VCCS, N + is the node where the source sinks current and N - the 
node where it sources current. As we know, SPICE assumes positive 
current to flow from N+ through the source, to N-. 
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Figure 5.28 SPICE terminology for voltage- 
controlled sources. 


(3) The positive and negative controlling nodes, NC+ and NC-. 

(4) The VALUE of the proportionality constant relating the dependent source 
to the controlling voltage. This value is in V/V for a VCVS, and A/V 
for a VCCS. 


Example 5.20 

Use SPICE to find all node voltages in the circuit of Figure 5.10(a). 



R4 



Figure 5.29 Circuit of Example 5.20. 


Solution 

The circuit is shown in Figure 5.29, and the input file is: 
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Current-Controlled Sources 

The general forms of the element statements for current-controlled sources are 


FXXX N+ K- VNAME VALUE (5.49} 

HXXX N+ N- VNAME VAT, UK * (5.50) 


As illustrated in Figure 5.30, these statements contain 

(1) The name of the controlled source, which must begin with the letter F 
if the source is of the current type (CCCS) and H if it is of the voltage 
type (CCVS). 

(2) The circuit nodes N+ and N- to which the source is connected. For a 
current source, N+ is the terminal where the source sinks current, N- the 
terminal where it sources current. For a voltage source, N+ and N- are, 
respectively, the positive and negative terminals. As we know, SPICE 
assumes positive current to flow from N+, through the source, to N . 

(3) The name of a voltage source through which the controlling current 
flows. Since SPICE requires that the controlling current be that of a 
voltage source, this may require inserting a dummy voltage source in 
the controlling branch, in the manner discussed in Section 3.6. 

(4) The VALUE of the proportionality constant relating the dependent source 
to the controlling current. This value is in A/A for a CCCS, and in V/A 
for a CCVS. 


VNAME 

0 - 0-0 

'.Y 



Figure 5.30 SPICE terminology for current- 
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Example 5.21 


Using SPICE, find the Th^venin equivalent of the circuit of Figure 5.15. 



Solution 

The circuit, augmented of the dummy source VL to monitor the controlling 
current ix, is shown in Figure 5.31. The input file is: 


r". 0 3 VD 2 
:< j 2 3 3 

. END 



Figure 5.31 Using SPICE to find the 
Thevenin equivalent of the circuit of 
Figure 5.15. 


After SPICE is run, the output file contains the following: 

NODE VOLTAGE VOLE VOLTAGE NODE VOLTAGE NODE VOLTAG 
( 1 ! 6.0000 ( 2 ) 9.0000 M) 10.0000 (4) 0.0000 

OUTPUT RESISTANCE AT V ( 3 ) - ,: G 0 0 ii E Gi 0 

Clearly, we have vqc — V '■ '3 ) = 18 V, and R cq = 9 £2. 



Exercise 5.23 Use SPICE to check the results of Example 5.5. 





Chapter 5 Transformers and Amplifiers 


The Ideal Transformer 

The SPICE analysis of transformer circuits utilizes the ideal transformer model 
of Figure 5.19. As shown in Figure 5.32, the primary is modeled with a CCCS, 
the secondary with a VCVS and a 0-V dummy source to sense the control current 
for the CCCS. 



Figure 5.32 Ideal transformer and its circuit model 
suitable for SPICE simulation. 





Example 5.22 


Use SPICE to find how a transformer with n = 5 reflects a 100-^ 
secondary resistance to the primary, 


Solution 

The circuit, shown in Figure 5.33, uses the dependent sources FI and 
E2 to model the transformer, the dummy source VD to monitor the load 
current, and the test source VI. The input file is 

RESISTANCE TRANSFORMATION 
V1 1 0 
FI 1 0 VD 5 
E2 3 0 1 0 5 
VD 3 2 DC 0 
R2 2 0 i00 
- TE V(2) VI 
. END 

After running SPICE, the output file contains the following: 

SMALL-SIGNAL CHARACTER:STICS: 

V(2)/V1 - 5.Q00E+00 

INPUT RESISTANCE AT VI - 4.000E+00 

OUTPUT RESISTANCE AT V(2) - O.OO0E+OO 

Clearly, R x = R L /n 2 - 100/5 2 = 4 fo 








Summary 


239 



5 


▼ Summary 

• A two-port is a circuit equipped with a pair of ports through which signals 
or energy can enter or leave the circuit. The two-ports considered in this 
chapter are transformers and amplifiers. 

• A two-port is fully characterized once we know its terminal as well as its 
transfer characteristics. The terminal characteristics represent the i-v rela¬ 
tionships at the individual ports. The transfer characteristic relates the output 
to the input. 

• To model the dependence of its output upon its input, a two-port requires a 
dependent source. 

• The presence of a dependent source may result in unexpected forms of circuit 
behavior. Using just a resistance and a dependent source as an illustrative 
example, we see that depending on how we specify the source, the effective 
value of the resistance may be decreased, increased, or even made negative. 

• When analyzing circuits with dependent sources, we still apply the tech¬ 
niques of the previous chapters. However, while independent sources may 
be suppressed if desired, dependent sources must always be left in the circuit. 
Suppressing them will generally yield wrong results. 

• A transformer consists of a primary and a secondary winding, and is charac¬ 
terized by the turns ratio n. The primary and secondary voltages are related 
as v 2 = nvi and the currents as i\ = nil- 

• A transformer is called a step-up transformer when n > 1, a step-down trans¬ 
former when n < 1, and an isolation transformer when n = 1. Regardless of 
the value of n, a transformer provides electrical isolation between its primary 
and secondary. 

• A common transformer application is to improve the efficiency of power trans¬ 
mission over long transmission lines. 

• A transformer effects resistance transformations. A resistance R 2 across the 
secondary appears at the primary as an equivalent resistance R\ = Rijn 1 . 
This transformation works in both directions, and it finds application in re¬ 
sistance matching. 

• There are four types of amplifiers: (a) the voltage amplifier, with gain in WV; 
(b) the current amplifier, with gain in A/A; (c) the transresistance amplifier, 
with gain in V/A; (d) the transconductance amplifier, with gain in A/V. 
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• The source-to-load gain is the product of three terms: an input divider term, 
an unloaded gain factor, and an output divider term. Since the divider terms 
are less than unity, the source-to-load gain is always less than the unloaded 
gain. 

• To avoid loading at the input port, a voltage-input amplifier should have 
Ri = oo, and a current-input amplifier R t = 0. To avoid loading at the 
output port, a voltage-output amplifier should have R 0 = 0, and a current- 
output amplifier R„ = oo. 

• The power gain of a two-port is the ratio of the average power delivered to 
the load to that supplied by the source, A p = P E fPs . It is often expressed 
in decibels as A p(dB ) = 10 log l0 A p . 

• Circuits with dependent sources can easily be simulated via SPICE. The name 
of the source must start with the letter E for a VCVS, G for a VCCS, F for 
a CCCS, and H for a CCVS. 


▼ Problems 

5.1 Dependent Sources 

5.1 In the circuit of Figure P5.1 find the two values of k r 
(in £2) for which p\ q = 4 W. 


3 Q 2£2 



Figure P5.1 


5.2 In the circuit of Figure P5.1 find the value of k r (in £2) 
for which Ijq = 2 A («—). Hence, verify the conservation of 
power. 

5.3 In the circuit of Figure P5.3 verify the conservation of 
power. 


20 



Figure P5.3 


5.4 In the circuit of Figure P5.4 find the voltage across the 
1-A source. Check your result. 


3 £2 



Figure P5.4 


5.5 Find R t ^ in the circuit of Figure P5.5. 



Figure P5.5 


5.6 In the BJT circuit of Figure 5.7 let u/ = 10 V, Vcc = 
10 V, Rg = 270 k£2, and Rc = 2.0 k£2. Assuming Vbe = 
0.7 V, (a) find vo if p = 85; (b) find for vq — 1 V. 

5.7 In the BJT circuit of Figure 5.7 let Vcc = 10 V, Vbe — 
0.7 V, and — 100, Specify Rb and Rc so that vo = 5 V with 
vi — 5 V. The power dissipated inside the BJT must be 10 mW. 

5.8 In the BJT circuit of Figure 5.8 let R] = 30 k£2, R 2 = 
15 k£2, R c = 3.0 k£2, R E = 1.5 k£2, and V C c = 15 V. Find 
Vce if Vbe = 0.7 V and fi — 125. 

5.9 In the BJT of Figure 5.8 let R 2 = 27 k£2, R c - 5 k£2, 
and Vcc = 15 V. If Vbe = 0.7 V and fi = 150, specify R] 
and Re to achieve Vc = 9 V and Vb = 4.7 V. 
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5.10 In the circuit of Figure P5.10 let R[ = R 2 = 100 k£2, 
Rc — 15 kfi, Re — 7.5 k£2, and Vqc = 12 V. Assuming 
V BE = 0.7 V and p = 75, find V B , V c , and V E . (Hint: 
Apply KCL both at B and C.) Check your results. 



Figure P5.10 

5.11 In the circuit of Figure P5.10 let R 2 = 43 k£2, R E = 
2.0 kU and V cc = 10 V. If V BE = 0.7 V and fi = 175, 
specify R\ and Rc to achieve Vc = 7 V and V E = 3 V, 

5.2 Circuit Analysis with Dependent Sources 

5.12 Use nodal analysis to find the power dissipated by the 
5-kf2 resistance in the circuit of Figure P5.12. Check your 
results. 



Figure P5.12 

5.13 Use loop analysis to find the power dissipated by the 
6-k£2 resistance in the circuit of Figure P5.12. Check your 
results. 

5.14 Apply loop analysis to the circuit of Figure P5.14, and 
check. 


4£1 in 4n 



Figure P5.14 


5.15 Apply nodal analysis to the circuit of Figure P5.14, and 
check. 

5.16 Use loop analysis to find the power (absorbed or re¬ 
leased?) by the dependent source in Figure P5.16. Check. 



Figure P5.16 


5.17 Use nodal analysis to find the voltage across the 1-A 
source in Figure P5.16. Check. 

5.18 Use nodal analysis to find the power dissipated by the 
8-k£2 resistance in Figure P5.18. Check. 


16 kil 3ktJ 



4 Id 2 1 kQ 


Figure P5.18 

5.19 Use loop analysis to find the power (absorbed or re¬ 
leased?) by the dependent source in Figure P5.18. Check. 

5.20 Use nodal analysis to find ix in Figure P5.20. Check. 



Figure P5.20 


5.21 Use loop analysis to find the power (absorbed or re¬ 
leased?) by the independent sources of Figure P5.20. Check. 
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5.22 Find R e q in Figure P5.22. Check. 


15£2 10 £2 



Figure P5.22 

5.23 Find R^q in Figure P5.23. Check. 



Figure P5.23 

5.24 Find /f e q in Figure P5.23, but with the controlling and 
controlled branches interchanged with each other, the reference 
voltage polarities remaining the same. Check. 

5.25 Find /? e q in Figure P5.25. Check. 

10 £2 



^eq 


Figure P5.25 

5.26 In the circuit of Figure P5.26 find (a) the Thevenin 
equivalent with respect to terminals A and C; (b) the Norton 
equivalent with respect to terminals B and C. 



Figure P5.26 

5.27 Find the maximum power that the circuit of Fig¬ 
ure P5.26 can deliver to a resistive load connected between 
A and B. 


5.28 (a) Find the power dissipated by the 6-£2 resistance in 
the circuit of Figure P5.16, center, (b) Find the value to which 
the 6-£2 resistance must be changed if we want it to dissipate 
as much power as possible. What is this power? (Hint: Use 
Thevenin’s or Norton’s theorems.) 

5.29 Repeat Problem 5.28, but for the upper 4-£2 resistance 
in the circuit of Figure P5.20. 

5.30 Find the maximum power that the circuit of 
Figure P5.30 can deliver to a resistive load connected between 
A and B. 


30 k£2 



20 kti 


Figure P5.30 

5.31 A voltmeter with internal resistance /?, is connected 
across the 10-k£2 resistance in Figure P5.30, Predict the volt¬ 
meter reading with (a) R, = oo, and (b) R, = 100 k£2. 

5.3 The Ideal Transformer 

5.32 In the circuit of Figure 5.22(a) let v s = 3 \ (rms), 
R$ = 20 £2, and Ri = 1 k£2. (a) Find n for a 100-mW average 
power transfer to the load, (b) Find n for maximum average 
power transfer to the load. What is this maximum power? 

5.33 In the circuit of Figure 5.22(a) let R s = 15 £2, n = 20, 
and Ri — 10 k£2. (a) Find the rms value of w* for an average 
power transfer of 100 mW to R L . (b) Find the efficiency t] of 
this transfer. 

5.34 Find the Thevenin equivalent of the circuit of Fig¬ 
ure P5.34 with respect to nodes A and B. 

2 £2 n = 3 15 £2 



Figure P5.34 

5.35 In the circuit of Figure P5.35 let n\ = 2, «2 = 5. 
and R — 0. Find the average power dissipated in the 8-k£2 
resistance. 



Figure P5.35 

5.36 Repeat Problem 5.35, but with R = 400 £2. 
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5.37 (a) If in the circuit of Figure P5.35 n 1 = 2 and R — 0, 
find «2 to ensure maximum average power transfer to the 8-k£2 
load. What is this power? (b) If n 2 = 5 and R — 180 £2, find 
n i to ensure maximum power transfer to the 8-k£2 load. What 
is the maximum power? 

5.38 (a) Using the transformer model of Figure 5.19, find 
R eq in the circuit of Figure P5.38. (b) Repeat if the dot of the 
secondary is at the bottom. 


R 



Figure P5.38 

5.39 Find the average power dissipated in the 10-£2 resis¬ 
tance of Figure P5.39. (Hint: Use the loop method.) 



Figure P5.39 

5.40 Verify the conservation of power in the circuit of Fig¬ 
ure P5.39 if the dot of the secondary is at the top. (Hint: Use 
the loop method.) 

5.41 Find the average power dissipated by each resistor in 
the circuit of Figure P5.41, Then, verify that power is con¬ 
served. 


250 Q 



Figure P5.41 
5.4 Amplifiers 

5.42 A 1.0-V source is applied to a voltage divider consisting 
of R] = 10 k£2 and Rj = 20 k£2. The voltage developed by 


R 2 is fed, in turn, to a voltage amplifier having R; = 60 k£2, 
Aqc = 30 V/V, and R 0 = 600 £2, and driving a load Rl = 
900 £2. Sketch the circuit, and find V 2 and i>l- 

5.43 A source vs with internal resistance R s — 1 k£2 is 
applied to a current amplifier having R,- = 200 £2, A sc = 
100 A/A, and R 0 — 10 k£2. Sketch the circuit, and find the 
gain vi /vs for an output load Rl =2 k£2. 

5.44 In the transresistance amplifier of Figure 5.26 let R s = 
100 k£2, Rj = 15 k£2, A x = 1000 V/A, R 0 = 100 £2, and 
r l — 500 £2. (a) Find the gain vi/is- (b) To what value 
must the unloaded gain Aoc be changed to achieve vi/i$ = 
1000 V/A? 

5.45 In the transconductance amplifier of Figure 5.27 let 
vs = 150 mV, R s = 100 £2, and Rl = 40 £2. DMM readings 
at the input and output ports yield, respectively, V[ = 125 mV 
and if, = 230 mA. Changing the load to Rl = 60 £2 yields 
i L = 220 mA. Find R,\ A sc , and R 0 . 

5.46 A transconductance amplifier with R/ = 2 k£2, A^ = 
9 mA/V, and R 0 = 100 k£2 is fed by a voltage source vs having 
internal resistance R s = 1 k£2 and drives a load Rl = 20 k£2. 
Sketch the circuit, and find the gain vl/vs . 

5.47 Shown in Figure P5.47 is a circuit known as the small- 
signal model of a common-emitter BJT amplifier. Find the 
gain v a /v s . 


2k£2 



Figure P5.47 

5.48 Shown in Figure P5.48 is a circuit known as the small- 
signal model of an emitter follower BJT amplifier, (a) Derive 
expressions for R;, R 0 , and v„/v s . (b) Find their numerical 
values if R s = 2 k£2, R l = 10 k£2, r„ = 2.6 k£2, and ^ = 100. 



Ri Ro 


Figure P5.48 

5.49 An amplifier having R,* = 10 k£2 is fed by a source 
is = 1 fJ .A with internal resistance R s = 100 k£2 and yields an 
output open-circuit voltage of 10 V and short-circuit current 
of 10 mA. If the output is loaded with Rl = 5 k£2 find the 
voltage gain vo/vi, current gain io/i t , and power gain Pl/Ps 
(in dB). 
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5.50 A phono cartridge characterized by a 1-V rms voltage 
and a 1-M£2 series resistance is to drive an 8-£2 loudspeaker. 
Find the loudspeaker voltage and the power gain, in dB, if the 
cartridge output is fed to the speaker (a) directly, or (b) via a 
buffer voltage amplifier having R t = 10 M£2, A ac = 1 V/V, 
and R 0 = 2 £2. Justify physically the difference. 

5.51 Figure P5.51 shows two voltage amplifiers connected 
in cascade to achieve a large overall gain. Starting from the 
load and working your way back toward the source, derive an 
expression for vi in terms of U 5 . Under what conditions will 
the source-to-load gain simplify as v^/vs = Aod x A^? 



Figure P5.51 

5.52 Consider the cascade of a transresistance amplifier hav¬ 
ing R n = 100 £2, A w | = 0.2 V/mA, and R a 1 = 100 £2, and a 


transconductance amplifier having Rn = 1 k£2, A sc2 = 100 
inA/V, and R 0 2 = 100 k£2. The cascade is driven by a 
source is with output resistance R s = 1 k£2 and drives a load 
Rl = 25 k£2. Find the source-to-load gain itfis and the power 
gain. Express the latter in dB. 

5.5 Circuit Analysis Using SPICE 

5.53 Use SPICE to find vx in the circuit of Figure P5.12. 

5.54 Use SPICE to find ix in the circuit of Figure P5.14. 

5.55 Use SPICE to find /? eq in the circuit of Figure P5.25. 

5.56 Use SPICE to check the Thevenin and Norton equiva¬ 
lents of the circuit of Figure P5.26 as found in Problem 5.26. 

5.57 Solve the BJT bias circuit of Problem P5.10 via SPICE. 

5.58 Use SPICE to find the Thevenin equivalent of the trans¬ 
former circuit of Figure P5.34. 

5.59 (a) Use SPICE to find R t q in the transformer circuit of 
Figure P5.38, given that R = 100 £2 and n = 5. (b) Repeat, 
but with the secondary dot at the bottom. 
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6.1 The Operational Amplifier 6.5 

6.2 Basic Op Amp Configurations 

6.3 Ideal Op Amp Circuit Analysis 6.6 

6.4 Summing and Difference Amplifiers 


T hough amplification might appear as a rather limited form of signal 
processing, it is nevertheless of fundamental importance because most 
other signal processing circuits are implemented using amplifiers as basic 
ingredients. Until a few decades ago, an engineer who needed an am¬ 
plifier had to design it from scratch, using dozens of assorted components such 
as resistors, capacitors, diodes, and transistors, not to mention endless slide-rule 
calculations. Mercifully, it turns out that a considerable portion of this cir¬ 
cuitry is common to a wide variety of amplifiers. To simplify amplifier design, 
integrated-circuit manufacturers provide this common circuitry as a ready-made 
universal building block . Then, with the help of only a few external components, 
the user personalizes this block to the particular application at hand. 

Surprisingly, this building block is itself an amplifier. Called an operational 
amplifier, or op amp for short, it is fabricated on a miniature silicon chip and is 
made available as an off-the-shelf component. In mass production, its cost may 
be comparable to that of individual circuit elements such as resistors, transistors, 
and potentiometers. The combination of low cost, miniature size, high reliability, 
and easy use makes the op amp the most popular device in analog circuit design. 

In this chapter, after introducing op amp models and terminology, we ex¬ 
amine the most basic op amp configurations, that is, the noninverting, inverting, 
and buffer amplifiers. In so doing, we introduce another cornerstone concept 
of electrical engineering, namely, the concept of negative feedback. Recogniz¬ 
ing that the beginner feels often intimidated by this technology, we develop a 
friendly op amp rule to make our analysis of op amp circuits easy and fast. 

We then use this rule to study a variety of op amp circuits that find wide 
use in electronic instrumentation, such as summing and difference amplifiers, in¬ 
strumentation amplifiers, I-V and V—I converters, and current amplifiers. These 


Transresistance, Transconductance, 

and Current Amplifiers 

Op Amp Circuit Analysis Using SPICE 
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circuits are of the type engineers see every day. You can try them out in the 
lab, or you can even use them as a basis for some hobby or other project. 

Our philosophy is to use the op amp also as a vehicle to illustrate intriguing 
facets of electrical engineering. In the present chapter we use it to implement a 
negative resistance, and we demonstrate its application to the design of current 
sources. Additional op amp circuits are studied in subsequent chapters as we 
introduce new elements and concepts. 

We conclude by illustrating the use of SPICE to analyze op amp circuits. 
Computer simulation can be used to check the results of hand calculations as 
well as to assess the departure of a practical op amp circuit from ideal behavior. 
The SPICE facility introduced in this chapter is the . SUBCKT statement. 


6.1 The Operational Amplifier 

The operational amplifier is a high-gain voltage amplifier. It consists of dozens 
of circuit components fabricated on a tiny silicon chip and encapsulated in a 
package with suitable leads or pins for its connection to external components. 
The most popular package is the 8-pin dual-in-line package of Figure 6.1, called 
minidip. Also shown is the op amp circuit symbol, along with the standard pin 
designations. 




v cc 

Output 


Figure 6.1 A popular op amp package and pin configuration. 



In order to function, an op amp needs to be externally powered via two 
dedicated pins, which, in the case of the minidip package, are pins 7 and 4. The 
supply voltages are typically V cc = +15 V and V EE = -15 V, though other 
values are permissible, as specified in the datasheets. These voltages can be 
generated with a dual bench power supply or with a pair of batteries. 

Op amp powering is shown in Figure 6.2, Its worth noting that the op amp 
itself does not have a reference or ground pin. The reference node is taken to be 
the common node of the external power supplies. To avoid cluttering our circuit 
diagrams, we omit showing the power supply connections; however, remember 
that they are necessary, and that power must be turned on when an op amp 
circuit is tried out in the laboratory. 

An important limitation of any practical op amp is that it cannot swing its 
output vo above Vcc or below V EE , or V EE < vo < Vcc■ If an attempt is 
made to force vo outside this range, the op amp will saturate and yield either 
vo — Vcc or Vo — V EE , In the following we shall assume that our op amps 
are operated away from saturation. However, the possibility of saturation must 
be kept in mind when op amps are tried out in the laboratory. 
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Op Amp Terminology 


Figure 6.3 shows the circuit model of the op amp, consisting of the input 
resistance r, ; the dependent source avp, where a is the unloaded voltage gain; 
and the output resistance r 0 . This is the standard amplifier model studied in 
Chapter 5, except that a is now very large. To give an idea, the 741 op amp, one 
of the oldest types but still very popular, has typically a = 200,000 V/V, though 
op amp types are now available with a in excess of 10 7 V/V. It is fair to say 
that what sets op amps apart from other voltage amplifiers is a high unloaded 
gain. As we proceed we shall find that the higher this gain, the better, and that 
ideally an op amp would have a —► oo. 

When a load is connected to the output pin, it will generally absorb power. 
The role of the circuitry internal to the op amp is to take this power from the 
external supplies Vcc and Vee and pass it on to the load. It is certainly a 
blessing that the whole process can be modeled with a mere dependent source! 
It is also apparent that without the external supplies, the internal circuitry and, 
hence, the dependent source would be electrically dead. 

It is worth noting that the internal source has been shown grounded even 
though the op amp has no ground pin provision and the ground reference is 
established by the supplies externally. Source grounding ensures that our circuit 
model, viewed as a supemode of a more complex circuit, satisfies KCL. 

The input terminals are called inverting and noninverting, and are identified 
by the — and + symbols. Their voltages, denoted as vn and Vp, are referenced 
to ground, just like the voltage v 0 of the output terminal. In the absence of any 
load the op amp yields 

( 6 . 1 } 

where 



t'.v 



+ 


Figure 6.3 Circuit model of the op 
amp. For the popular 741 op amp, 
n a ~ 200,000 V/V, and 

r 0 ~ 75 £2. 


l>o = Vp — Vn 


( 6 . 2 } 


is called the differential input voltage. Equation (6.2) can be turned around to 
yield 


vo 

f/j = — 
a 


(6.3) 


This allows us to find the input voltage vo needed to sustain a given output 
voltage vq in the absence of any load. 
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Exercise 6.1 In a circuit containing a 741 op amp find (a) v N if 
Wp = 1.0V and v 0 = -5 V, and (b) v P if v N = 3.0 V and v 0 = -2 V. 

ANSWER (a) 1.000025 V, (b) 2.99999 V. 


The Ideal Op Amp 

Equation (6.3) indicates that thanks to its large gain a , an op amp can sustain 
a nonzero output Vo with a vanishingly small differential input v D . Indeed, 
Example 6.1 revealed that in order to sustain vo = 5 V, a 741 op amp needs 
only vd = 25 pN. To sustain the same output, an op amp with a = 10 7 V/V 
would need an even smaller differential input, namely, v D = 5/10 7 = 0.5 //.V! 
It is apparent that in the limit a —> oo we obtain vq —> 0. However, the product 
avo remains determinate and equal to the given value of i > 0 . 

Our initiation to op amp circuits will be greatly facilitated if we start out 
with the idealized op amp model of Figure 6.4. In this model we let a -> oo. 
Moreover, to avoid worrying about any loading effects at the input and output 
ports, we assume r, = oo, r a = 0, and zero current flow at either input terminal. 
Though these are idealized conditions, current technology makes it possible to 
realize them to a highly satisfactory degree, so the level of performance of 
circuits using practical op amps comes quite close to that predicted using the 
idealized model. This explains the widespread use of op amps in analog design. 



Figure 6.4 Ideal op amp model: r,- = oo, 
a —► oo, r 0 = 0, and no current flows 
into or out of either input pin. 


6.2 Basic Op Amp Configurations 

In this section we investigate the two most basic op amp circuit topologies, 
namely, the inverting and noninverting configurations, and in so doing we in¬ 
troduce a number of important concepts, including negative feedback. Each 
configuration is analyzed using the op amp model of Figure 6.4 in the limit 
a After acquiring sufficient familiarity with these configurations, we 

introduce a speedier op amp circuit analysis technique in the next section. 
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The Noninverting Configuration 

The circuit of Figure 6.5(a) consists of an op amp and two external resistances. 
Since /?2 is connected between the output and one of the inputs, it is called 
a feedback resistance. To facilitate our analysis, we redraw the circuit as in 
Figure 6.5(b). Using Equation (6.1), along with the voltage divider formula, 
we have 

v 0 = a(v P - v N ) = a (v/ - * v 0 ) 

V 1 + liijti i J 

Since the voltage divider is feeding the signal v 0 f( 1 + R 2 /R\) back to the 
inverting input, it is said to provide negative feedback around the op amp. 
Negative feedback was conceived in 1927 by the American engineer Harold S. 
Black (1898-1983). 



° 'Vi 


Vl 


*=■ .... - 


*2 


(a) 


Figure 6.5 The noninverting configuration. 


Voltage divider 
(b) 


>V 0 


Collecting terms we obtain 
vo ( 1 + 


1 + R 2 /Rt ) aV ‘ 


If we now define the gain of the op amp circuit as 

a 




V} 1 + o/(l + Ri!R\) 
then it is readily seen that 


= n + ^ 


R\ J 1 + Ri/R i + <3 



(6.4) 


(6.5) 
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This result allows us to make a number of important observations: 

! (1) The circuit of Figure 6.5(a), made up of an op amp and a voltage divider, 

is still an amplifier. In fact, it is called a noninverting amplifier 
i; because its gain A is positive and, hence, v 0 has the same polarity as 

V/. 

(2) The gain A of the op amp circuit is independent of the gain a of the op 
■ amp. The former is called the closed-loop gain because it is obtained 

| by creating a feedback loop around the op amp via an external network, 

j By contrast, a is called the open-loop gain. 

j (3) The gain A is set exclusively by the external components. In fact, the 

op amp provides the inverse function of the external network. While 
I the divider divides vq by 1 + R 2 /R\ to yield v^, the op amp multiplies 

j vp by 1 T - R 2 /R\ to yield v Q . 

The absence of a from Equation (6.5) is highly welcome because a is a 
l poorly defined parameter: it varies with temperature and time, as well as from 

| one op amp sample to another. However, as long as it is sufficiently large 

; 10 make a /{I + R 2 /R\ + a) 1 in Equation (6.4), then .4 ->■ (1 + R 2 /Ri) 

| regardless of any variations in a. In particular, should the op amp fail, we can 

| simply replace it with one of comparable characteristics without significantly 

; affecting A. We now appreciate why it is desirable to have a -» oo! 

! The fact that the closed-loop gain A is set by an external resistance ratio 

i makes it easy to customize A to a particular application. If we use resistors 

: of suitable quality, we can make A as accurate as desired. Moreover, we can 

stabilize it by using resistances that track each other with temperature and time 
| in such a way as to ensure a constant ratio. You will agree that the ability 

to achieve accurate and stable functions using components of lesser individual 
: quality is quite ingenious! 


E 


Example 


6.2 


* I *2 



In the op amp circuit of Figure 6.5(a) specify resistances in the kQ range 
to achieve (a) A = 1 V/V, (b) A = 5 V/V, and (c) a variable gain over 
the range 1 V/V< A < 10 V/V by means of a 180-kQ potentiometer. 

Solution 

By Equation (6.5), R 2 = {A - 1)^. 

(a) Let R } = 10 kQ. Then, R 2 - (2 - 1)10 = 10 kQ. 

(b) Let Ri = 30 kQ. Then, R 2 = (5 - 1)30 = 120 kQ. 

(c) Let R 2 be the 180-kQ pot with the wiper tied to one of its 
extremes, as in Figure 6.6. Then, varying the wiper from end 
to end will vary R 2 from 0 Q to 180 kQ. Since we want A to 
vary from 1 V/V to 10 V/V, we must have 10 = 1 + 180//?i, or 
R\ = 20 kQ. 


Figure 6.6 Circuit of Example 6.2, (c). 
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Exercise 6.2 Using a 100-kQ potentiometer, design a noninverting 
amplifier whose gain varies from 10 V/V to 100 V/V as the wiper is 
swept from end to end. (Hint: To prevent A from dropping below 
10 V/V, you must use a suitable resistance in series with the pot.) 

ANSWER /f, = 1 .111 k£2; Ri‘. 10 k£2 in series with the potentiometer 
connected as a variable resistance from 0 to 100 k£2. 


To fully characterize the noninverting amplifier we need to know, besides its 
gain A, its input and output resistances /?, and R 0 . These resistances are depicted 
in Figure 6.7(a). To this end, it is convenient to refer back to Figure 6.5(b). Since 
no current flows into or out of the noninverting input pin, we have /?, = oo. 
Moreover, since the output is taken from the ideal dependent source, we have 
R 0 = 0. Putting our findings together we end up with the ideal noninverting 
amplifier equivalent of Figure 6.7(b). 


R x R 2 




Figure 6.7 The ideal noninverting amplifier has /?,- = oo, A = 1 + Ri/Rx, 
and R 0 = 0. 


► Example 6.3 

In the circuit of Figure 6.5(a) let R\ = 10 k£2, Ri = 20 kS2, and 
a = 10 5 V/V. Find A, and compare with the ideal case a -> oo. 


Solution 

By Equation (6.4), A = (1 + 20/10) x 10 5 /O + 20/10 + 10 5 ) = 
2.99991 V/V. Its percentage deviation from the ideal value A — 

1 + 20/10 = 3 V/V is 100 x (2.99991 - 3)/3 = -0.003%, a negligible 
value for all practical purposes! 
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Rolls of Honor 


T he professional society you 
will most probably join 
when you graduate, the In¬ 
stitute of Electrical and Electron¬ 
ics Engineers (IEEE), has a his¬ 
tory' going back more than 100 
years. 

marks the beginnings of IEEE, 
electrical theory had borne fruit 
in the fortn of numerous applica¬ 
tions. Maxwell had formulated 
his wonderful equations, Faraday 
had finished his work on electro¬ 
magnetic induction to clear the 
way for all types of industrial 
machinery, and both theory and 
technology were becoming in¬ 
creasingly complex. It was a 
boom time for all workers in the 
field, and what could be more 
natural than to form a profes¬ 
sional group to serve as a forum for exchanging 
information? The American Institute of Electrical 
Engineers (AIEE), founded in New York City on 
Ma>f 13^ :1884, was Lite tesidt. ■ 

Until about thirty years ago, there was a sec¬ 
ond professional group serving electrical and elec¬ 
tronics engineers—tto Institute of Radio Engineers 
(IRE); formed in 1912 as a result of the merger pf the 
Society of Wireless Telegraph Engineers and the 
Wireless Institute. AIEE and IRE joined forces in 
1963, and the merged group is what we know today 
as- : IEEE. 

IEEE presents numerous awards for outstanding 

contributions to electrical and electronics engineer¬ 
ing. The major ones, usually presented annually, are 
described here. 

The Edison Medal The oldest IEEE award is the 
Edison Medal, created by some of Edison’s associates 


in 1904 to celebrate the sil¬ 
ver anniversary of the birth of 
the incandescent lightbulh. In 
the somewhat floweiy words of 
those associates, “The Edison 
Medal should, during the cen¬ 
turies to come, serve as an hon¬ 
orable incentive to scientists, en¬ 
gineers, and artisans to maintain 
by their works the high stan¬ 
dard of accomplishment set by 
the illustrious man whose name 
and feats shall live while human 
intelligence continues to inhabit 
the world.” 

Elihu Thomson was the first 
recipient of the Edison Medal, 
awarded by the AIEE in 1909 
on behalf of the medal’s creators. 
One of the first of the great en¬ 
gineers working at General Elec¬ 
tric, Thomson held patents for high-frequency genera¬ 
tors and transformers, a three-coil generator, a system 
for incandescent welding, and a watthqur trieter. He 
is sometimes called “the father of protective ground- 
ing” because of his idea of using a grounding wire 
attached to the secondary winding of a transformer to 
prevent shock. : ; 

Down through the years since that first medal 
was awarded, Thomson has been followed by 
about 80 colleagues. The honor roll contains 
the most illustrious names in electricity. Some 
are easily recognizable: George Westinghouse 
(1911), Alexander Graham Bell (1914). Nikola 
Tesla (1916), Robert Millikan (1922), Edwin 
Armstrong (1942)—but most are not: Frank Sprague 
(1910), John Lieb (1923), Jam Rajchman (1974), 
and on and on. Unknown to the world at 
large, but eminent and honored in their own 
profession. 
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The Medal of Honor. The highest award in the IEEE 
is the Medal of Honor, created by the IRE in 1917 
and presented in that year to Edwin Armstrong, gen¬ 
erally acknowledged as the inventor of EM radio and 


. the Institute of Electrical 
and Electronics Engineers 
(IEEE) has a history going 
back more than 100 years. ” 


a pioneer in television. Other recipients include Mar¬ 
coni (1920), De Forest (1922), Kennelly (1932), and 
Noyce (1978). 

The Education Medal. Engineering educators are 
honored with this award for “excellence in teaching 
and ability to inspire students [and] leadership in elec¬ 
trical engineering education.” 

Some recent recipients are James Gibbons of 
Stanford (1985), Richard Adler of MIT (1986), Ben 
Streetman of the University of Texas at Austin (1989), 
James Meindl of Rensselaer (1990), and Ronald Scha¬ 
fer of the Georgia Institute of Technology (1992). 

The Alexander Graham Bell Medal. Created jointly 
by AT&T and IEEE in 1976 to commemorate die 
100th anniversary of the invention of the telephone, 
the AGB Medal is given to honor contributions to 
the field of telecommunications. Among the recipi¬ 
ents are Amos Joel, William Keister, and Raymond 
Ketchledge (1976) for their conception and develop¬ 
ment of electronic switching systems, David Slepian 
(1981) for his contribution to communication theory, 
and Andrew Viterbi (1984) for his work in telecom¬ 
munications and his inspired teaching. 

The Founders Medal. T hi s honor was established 
in 1952 by the IRE to mark significant contri¬ 


butions in the “leadership, planning, or administration 
Of affairs of great value to the electrical and electron¬ 
ics engineering profession.” It has been presented 
to such notable managers as David Samoff (1953), 
Elmer Engstrom (1966), William Hewlett and David 
Packard (1973), and Roland Schmitt (1992). 

The Lamme Medal. Benjamin Lamme was chief en¬ 
gineer of Westinghbuse from 1889 to 1924, and this 
medal was established in 1928 through a bequest from 
his estate. Lamme invented a motor that Westing- 
house used in its move to electrify U.S. railroads with 
alternating current. In one of the great marketing 
strategies of the 1890s, Lamme and his boss, George 
Westinghbuse, figured out a way to commercialize die 
Tesla two-phase induction motor once Westinghouse 
had purchased the patent from Tesla. The motor 
would work only in polyphase electrical systems, but 
none were available in the United States. Lamme and 
Westinghouse decided to create a lot of hoopla sur¬ 
rounding polyphase generators. Once the country was 
blanketed with these generators, the sales figures for 
Tesla’s motor automatically shot up. Lamme was one 
of the principal engineers designing Westinghouse’s 


“The highest award in IEEE 
is the Medal of Honor.: 


first power plant at'Niagara Falls, It was a Lamme- 
designed 5000-horsepower generator that kicked off 
power production at the Falls in 1895. 

As might be expected, the Lamme Medal is 
awarded for achievement in the development of elec¬ 
trical apparatus. Some recipients are Rudolf Hell- 
mund (1929; rotating electrical machinery), Henry 
Warren (1934, electric clocks), S. H. Morten- 
sen (1944, self-starting synchronous motors), and 
Marion Hines (1983, microwave applications of 
semiconductor diodes). 
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The Voltage Follower 

Removing R\ and replacing Ri with a wire turns the noninverting amplifier into 
the circuit of Figure 6.8(a). Its closed-loop gain is obtained by letting /?, = oo 
and /?2 = 0 in Equation (6.5), and it is 

lim A = 1 V/V (6.6) 

o 

Aptly called a unity-gain noninverting amplifier or also a voltage follower, 
the circuit admits the equivalent of Figure 6.8(b). 



Figure 6.8 The voltage follower has Ri = oo, A = 1 V/V and 
** = 0 . 


For voltage purposes the follower acts as a wire shorting the output to the 
input. However, for current purposes it acts as a resistance translator because 
the resistance seen looking into its input port is infinite, but that looking into its 
output port is zero. The circuit finds application as a voltage buffer when it is 
desired to eliminate interstage loading. 


Example 6.4 

A grounded source i> 5 = 9 V with internal resistance R s = 1 k£2 is to be 
fed to a grounded load R L = 2 kS2. Find the load voltage v L , the power 
p s supplied by the source, and the power p L dissipated by the load if the 
source is fed to the load (a) via a plain wire, and (b) via a voltage buffer. 


Solution 


(a) By connecting the load to the source directly, as in Figure 6.9(a), 
we create a voltage divider. So 


vl 


Rl 2 

Rs + Rl 1 + 2 


9 = 6 V 


Clearly, we have < t?s because of loading. Moreover, 
- 9 /(l + 2) = 3 mA, so p s = v s i Vs =9x3 = 
27 mW, and p L = v L i Rt =6x3= 18.75 mW. 







The Inverting Configuration 

In the circuit of Figure 6.10 V/ is applied to the inverting input of the op amp 
via R\, and R 2 plays again the role of feedback resistance. Since no cun-ent 
flows into or out of the inverting input pin, we must have i\ = i%, or 

vi ~ vn _ Vn ~ Vo 
R\ R 2 

Moreover, by Equation (6.1) we have 

Vo = <*(vp — vn) = a{ 0 — vn) = —av^ 



Figure 6.10 The inverting configuration. 
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ft 


Eliminating v N we obtain, after simple algebra, 

^ v o _ f Rz\ _ a _ 

v t \ Ri / 1 T RzfR\ a 


(6.7) 


Clearly, 


lim A = — 


Ri 

R\ 


( 6 . 8 ) 


Since its closed-loop gain is negative, the circuit is called an inverting amplifier. 
Owing to the fact that vj is now applied to the inverting input, the polarity of 
Vo is opposite to that of vj. We observe that A is set again by an external 
resistance ratio . By proper choice of this ratio, we can set the magnitude of A 
to any value we wish, including zero. By contrast, the gain of the noninverting 
configuration is never less than unity. 


Exercise 6.3 In the inverting amplifier of Figure 6.10 let R\ = 10 
and let R 2 be a potentiometer configured as a variable resistance from 0 
to 100 k£2. (a) Find the range of values of A if a = 00 . (b) Repeat, but 
with a = 10 5 V/V. 

ANSWER (a) -10 V/V < A < 0. (b) -9.9989 V/V < 4 < 0. 


We now wish to find the input and output resistances R; and R 0 , as depicted 
in Figure 6.11(a). Since the output is taken from the ideal dependent source, we 
again have R 0 = 0. To find /?,, we observe that since v N = —vo/a, for any 
finite vo we have 

lim v N = 0 V (6.9) 

a-^oo 

In words, the op amp keeps its inverting input node at ground potential regardless 
of V[ and vo, this being the reason why this node is called a virtual ground. 
Consequently the resistance seen by the source it/ is simply R, = R\. The ideal 
inverting amplifier equivalent is shown in Figure 6.11(b). Compared to the 
noninverting configuration, which enjoys /?,- = 00 , the inverting configuration 
has a finite R, and will generally cause loading at the input. 


N 



Figure 6.11 The ideal inverting amplifier has R; — R t , A = —Ri/R\, and 

Ro = 0. 
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Example 6.5 

A grounded source dj = 2 V with internal resistance R s = 10 k£2 is 
connected to an inverting amplifier having R\ = 30 k£2 and /?2 = 120 k£2, 
so that its unloaded gain is A = —120/30 = —4 V/V. Find vo as well as 
the amount of input loading. 


Solution 


The circuit is shown in Figure 6.12. To find vo we apply Equation (6.8), 
but with the series R s + /?[ in place of R\, 


v 0 = ~ 


Ri 


R s + R i 


■v s = - 


120 


10 + 30 


-2 = -3 x 2 


-6 V 


To find the amount of input loading we observe that R s and R i form a 
voltage divider, so 


vt 


Ri 

- - v s 

R s + Ri 


30 

10 + 30 


2 = 0.75 x 2 = 1.5 V 


indicating a 25% signal loss due to loading. 


v t R\ |)V R 2 



Figure 6.12 Circuit of Example 6.5. 


Remark If the source had R x = 0, there would be no loading and we 
would have vo = Avj = Avs = —4 x 2 = —8 V. However, because of 
loading, we have vq — Avj = —4 x 1.5 = —6 V. 


5 


Exercise 6.4 In the circuit of Example 6.5 find the value of R% that 
will compensate for the signal loss due to loading and yield vo = —8 V 

ANSWER 160 k£2. 

Exercise 6.5 Design a circuit which accepts its input from a source 
having an unknown series resistance R s , and amplifies it by —100 V/V. 
Show the final circuit. {Hint: Use a cascade amplifier, consisting of 
a noninverting amplifier stage to avoid input loading, followed by an 
inverting stage to provide polarity inversion.) 
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6.3 Ideal Op Amp Circuit Analysis 


The analysis of op amp circuits can be speeded up considerably if we exploit 
the fact that when an ideal op amp is operated with negative feedback, its input 
port develops zero voltage because 


lim Vo = lim — = 0 

a—► do Q 


( 6 . 10 ) 


for any finite v 0 , and it draws zero current because this is how op amps are 
designed. We say that the input port behaves as a virtual short: its characteristic 
is just a point at the origin of the i-v plane. It is important to realize that it is the 
op amp itself that drives v D to zero via the negative feedback network. Were we 
to break the negative feedback path, we would deprive the op amp of its ability 
to affect its own input and the virtual-short property would no longer hold. 

We can visualize the virtual short also from the following alternate view¬ 
point. Since v N = v P — vp. Equation (6.10) yields 


lim u/v = lim (vp — — 1 

a—*oc a—*oo V a / 


V P 


( 6 . 11 } 


indicating that the voltage at the inverting input of an ideal op amp will track 
that of the noninverting input, regardless of the value of the latter. The foregoing 
considerations lead to the following rule of op amp behavior: 


Op Amp Rule: An ideal op amp with negative feedback will output whatever 
voltage and current are needed to drive v D to zero, or, equivalently, to force 
v N to track v P . Moreover, the op amp will do this without drawing any 
current at either input terminal. 


You may find it reassuring to know that this rule is applied routinely by engineers 
as they analyze existing op amp circuits or design new ones. Though based on 
the ideal op amp model, this rule provides results that are, in most cases of 
interest, remarkably close to those provided by real-life op amps. 


An Illustrative Example 

As an example, let us use the op amp rule to find all node voltages in the circuit 
of Figure 6.13. To better understand the role of the op amp, consider first its 
surrounding network, explicitly redrawn in Figure 6.14(a). In the absence of the 
op amp the circuit carries no current. Hence, v P = 0 and v N = 5 V. 

If we now put the op amp in place, it will drive vo to whatever value is 
needed to make vy = v P . To find this special value of vo> refer to the equivalent 
circuit of Figure 6.14(b), where we use a broken line to evidence the virtual short 
established by the op amp. Since the nodes labeled u,y and v P appear shorted 
together, the 5-V source delivers the current 

i = ^3 = 1 mA (6.12) 
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Exercise 6.7 Use the virtual-short concept to derive the gains of the 
inverting and noninverting amplifier, A = —and A = 1 + R 2 /R\. 

Exercise 6.8 

(a) Use the virtual-short concept to find the closed-loop gain of the 
ideal voltage follower of Figure 6.8(a). 

(b) If ii/ — 10.0 V, find Vo and vo m , hence, compare with the case 
a = 10 5 V/V. 

ANSWER (b) 0, 10 V; 100 pW, 9.9999 V. 


Gain Polarity Control 

The circuit of Figure 6.15 consists of an op amp, three 10-k£2 resistances, and 
a switch SW. We have two situations: 

(1) 5W is closed. This grounds the noninverting pin, making the op 
amp act as an inverting amplifier with gain A = — R 2 /R 1 = —10/10, 
or 

A = -1 V/V (6.13a) 

(2) SW is open. Since the noninverting input draws no current, we must 

have i/f 3 = 0, so i>/? 3 = 0. By KVL, vp = vt — vr 3 = vj. By the op 
amp rule, = Vp = vj. Since the voltage across R\ is V/ — = 0, 

it follows that i Rf = 0. Since the inverting input draws no current, 
we must have ip 2 = ip = 0, indicating that Vp 2 must also be zero. 
Hence, vo = v N — v Rl — v N ~ vj, indicating that the gain A — v 0 /v / 
is now 


A = +1 V/V (6.13b) 

The function of the circuit is summarized by saying that, depending on 
whether the switch is open or closed, the circuit acts, respectively, as a unity- 
gain noninverting or inverting amplifier. 



Figure 6.15 Gain polarity control circuit. 
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Exercise 6.9 Consider the circuit obtained from that of Figure 6.15 
by connecting a fourth resistance /? 4 between the node labeled iv and 
ground. 

(a) Sketch the new circuit, and show that when SW is closed we have 
A = —R2/R1, and when SW is open we have A = 1 + Ri/R*- 

(b) Specify standard resistances in the kfi range so that A = —10 
V/V when SW is closed, and A = + 10 V/V when SW is open. 

ANSWER (b) /?, = 18 kfl, R 2 = ISO kfi, /? 3 = /f 4 = 20 kQ. 


Negative Resistance Converter 


In the circuit of Figure 6.16(a) we wish to derive an expression for the equivalent 
resistance R tq between the noninverting input and ground. To this end, let us 
apply a test voltage v as in Figure 6.16(b). Since no current flows into the 
noninverting input, we have ^ ^ 


Using the noninverting amplifier formula, 


vo 


R 2 
l + ~R~i 


v 


Eliminating vo yields, after simplification, i — —{Ri/ROv/R. Finally, letting 
R e q = vfi yields 


R *« = ~ir* I < 6 - ,4 > 


Clearly, as we apply ij, the circuit causes i to flow into the positive terminal 
of the test source rather than out, thus providing negative resistance behavior. 



find R tq . 
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Examples of applications for this circuit are V-I converters, to be studied in 
Section 6.5, and noninverting integrators, to be studied in Section 8.4. 


Exercise 6.10 A drawer contains op amps and 10-kfi resistors. Using 
only components from the drawer, design a circuit that simulates a 
' — 1.25-kQ negative resistance. Try minimizing the number of components 

\ you use. Show your final circuit. 


6.4 Summing and Difference Amplifiers 

Next to amplification, the two most basic operations are signal addition and sub¬ 
traction. These functions are provided by two classes of op amp circuits called, 
respectively, summing amplifiers and difference amplifiers. In instrumentation 
and measurement the need often arises for difference amplifiers with infinite 
input resistance. These are called instrumentation amplifiers. 


The Summing Amplifier 

The circuit of Figure 6.17 has n inputs ui through v n . These voltages supply n 
currents i i through i n via the corresponding resistances R\ through R n . These 
currents converge at the inverting input node and then, since no current enters or 
leaves the input pin of the op amp, they flow right into the feedback resistance 
Rf . We can thus write 

ip = t’i + h + • ■ ■ + i n (6.15} 


indicating that the inverting input node acts as a s umm ing junction for currents. 
As we know, the op amp keeps this node at ground potential, so Equation (6.15) 
can be rephrased as 


0 - vp 
R f 


Ui — 0 

Ri 




Vi — 0 

Ri 


+ • • • + 


Vn -0 


R 


n 



I 


Figure 6.17 Summing amplifier. 
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Solving for Vo we obtain 


/ Rf Rf Rf \ 

v ° = -{Ti v ' + T 2 V2 + -- + n; v ”) 


(6.16) 


indicating that the circuit yields a weighted sum of its inputs, and the weights 
are set by resistance ratios. Moreover, it is readily seen that the output resistance 
of the circuit is R (f = 0, and that the resistance /?,-* seen by the driving source 
u* coincides with the corresponding series resistance /?*,& = 1, 2. n. 


f 


Example 


6.6 


Using standard 5% resistances in the k£2 range, design a circuit which 
accepts three inputs, U|, v 2 , and u 3 , and yields vq = ~(2v\ + 3^2 + re¬ 


solution 

Equation (6.16) requires Rf/R\ = 2, Rf/R 2 = 3, and Rf/R 3 = 1. 
A set of standard values satisfying these conditions is R\ = 15 k£2, 
R 2 = 10 k£2, and /? 3 = R F = 30 kfi. 


1 


Exercise 6.11 (a) Using standard 5% resistances in the k £2 range, 

design a circuit which accepts two inputs t>i and v 2 and yields 
vo = —5(U] + 2 t> 2 )- (b) Repeat, but with vo = —2(v\/3 + Sv 2 ). 

ANSWER (a) R { = 20 kQ, R 2 = 10 k£2, R F = 100 kQ- 
(b) Ri = 150 k£2, R 2 = 10 kQ, R F = 100 kfl. 

Exercise 6.12 Design a circuit which accepts a source with 
internal resistance R s \ = 3 k£2, and a source V 52 with internal resistance 
R s 2 = 10 k£2, and yields vo = — <20fsi + lOi^)- Try minimizing the 
component count. Show the final circuit. 

ANSWER /f, = 2 kQ , R 2 = 0, R F = 100 kQ. 


If we make all series resistances equal to R\, the circuit of Figure 6,17 
yields 



(6.17) 
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and is called a summing amplifier because it amplifies the true sum of its inputs. 
If the feedback resistance is implemented with a potentiometer connected as a 
variable resistance from 0 to R F , then we have v 0 = A(i> ( + v 2 + ■ ■ ■ + u„), 
with A variable over the range -R f /R { < A < 0. Summing amplifiers find 
application in audio mixing, where signals representing different sound sources 
are combined together with different weights to produce a single sound channel. 
A summing amplifier can also be used to add a dc offset to a signal. 

The Difference Amplifier 

The op amp of Figure 6.18 is fed by the voltage v 2 at the noninverting side, and 
by the voltage ui at the inverting side. Since the circuit is linear, we anticipate 
an output of the type 


v 0 = A 2 v 2 - A]V] 


(6.18) 



Figure 6.18 Difference amplifier. 


To find Ai we suppress v 2 and calculate the contribution v D \ due to cj 
acting alone. It is apparent that with v 2 = 0 we also obtain v P = 0, indicating 
that from the viewpoint of U| the circuit acts as an inverting amplifier. Thus, 

R 2 

Woi = - —Ui (6.19) 


so A\ = R 2 /R\. To find A 2 we suppress V] and calculate the contribution v 02 
due to v 2 acting alone. It is apparent that making i>i = 0 turns the circuit into 
a noninverting amplifier with respect to v P , so 


V02 



1 + R 2 /R1 
- v 2 

l+/? 3 /*4 


( 6 . 20 ) 


where we have used the voltage divider formula to express v F in terms of v 2 . 
Thus, A 2 = (1 + R 2 jR\)j{\ -f- R'sjR 4 ). Letting vq = uoi +V 02 * we can express 
the output in the insightful form 



1 + ^ 3 //?4 ^ Vi ) 


( 6 . 21 ) 


indicating that the circuit yields a weighted difference between its inputs. 


\ 
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We now wish to find the input resistances Rn and R i2 seen by the sources 
v | and v 2 . Consider R i2 first. Since the noninverting input of the op amp draws 
no current, R i2 is found with the help of the partial circuit representation of 
Figure 6.19(a). Thus, 

Rj 2 = R 2 T - /? 4 (6.22a) 

To find Jfyi, we note that the negative feedback action by the op amp can be 
modeled with an internal VCVS of value 1 v/> to indicate that is forced to 
track v P . This is depicted in Figure 6.19(b). When looking into the inverting 
input we thus see the dynamic resistance r V cvs of this source, which is zero. 
Hence, Rn = R\ +rvcvs. ° r 

Rn=R { (6.22b) 

Moreover, the output resistance of the circuit is R„ = 0. Since Rn and Rn 
are finite, they will generally cause input loading if the driving sources have 
nonzero internal resistances. 




(a) (b) 

Figure 6.19 Partial circuits for the derivation of Rn and Rn- 


f 


Example 


6.7 


Design a circuit such that vq = 2v 2 — 3tq and Rn = Rn = 100 k£2. 


Solution 

By Equation (6.22b), R\ = /?,i = 100 kfi. By Equation (6.19), 

R 2 /R\ = 3, or R 2 = 3/?i = 3 x 100 = 300 kSl By Equation (6.22a), 
Ri + R 4 = Rj 2 = 100 k£2, so 1 + R 3 /R 4 = (/f 4 + /? 3 )/* 4 = I00//f 4 . 
By Equation (6.20), (1 + 3/l)/(100/J? 4 ) = 2, or R 4 = 50 kQ. Then, 

R$ — 100 — /f 4 = 50 k£2. In summary, R\ = 100 kfi, R 2 — 300 k£2, and 
/?3 = /?4 = 50 k!i2. 


Exercise 6.13 In the circuit of Figure 6.18 we have A 2 < (A] +1). We 
can achieve A 2 > (A] + 1) by connecting a fifth resistance R 5 between 
the node labeled and ground. 

(a) Sketch the modified circuit and show that A\, Rn, Rn , and R a 
remain unchanged, but A 2 = (1 + R 2 /R\ + R 2 /Rs)/0 + /? 3 //? 4 )- 
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(b) Specify resistances in the k£2 range to achieve Vo — 3(2i,' 2 — uj). 
Try minimizing the component count. 

ANSWER (b) Ri = 10 kQ, R 2 = 30 kQ, R 3 - 0, R 4 = oo, R 5 = 15 kfi. 


A difference amplifier is an amplifier that amplifies the true difference of 
its inputs to yield Vo — A(v 2 — ut). To achieve this function with the circuit of 
Figure (6.18) we must impose the condition 1 + R\/R 2 = 1 + R 3 /R^, or 


_ ^3 
Rl /?4 


after which Equation (6.21) simplifies as 


(6.23) 


Vq 


Ri 

Ri 


(v 2 - V!) 


(6.24) 


Equation (6.23) requires that the resistances form a balanced bridge. It is thus 
fair to say that what it takes to construct a difference amplifier is an op amp and 
a balanced resistance bridge. 


The Instrumentation Amplifier 

A common function in measurement and control is the amplification of the 
voltage difference between two nodes of a circuit, but without disturbing their 
individual voltages. The difference amplifier of Figure 6.18 does not meet this 
requirement because its finite input resistances Rn and R l2 will load down the 
individual nodes, altering their voltages as well as the currents entering or leaving 
them. What is needed is a difference amplifier with Rn = R i2 — oo. 

One way to meet this requirement is to precede a difference amplifier by two 
noninverting amplifiers to make the input sources see infinite input resistances. 
The result is the instrumentation amplifier of Figure 6.20(a). Let us derive an 
expression for vo in terms of i/j and v 2 . 

The op amp denoted as OA 3 is a difference amplifier, so 

R 2 

Vo — ~zr~ ( 1*02 — uoi) (6.25a) 

R i 

where Vo\ and voi are, respectively, the outputs of OAi and OA 2 . Since the 
inverting inputs of OA i and OA 2 draw no current, we can apply Ohm’s Law 
and write vo\ — voi = (#3 + /?4 + /C 3 )/, or 

vo\ — V 02 = (2*3 + * 4 )* (6.25b) 

where i is the current through the series * 3 -* 4 -* 3 , as shown in the subcircuit 
of Figure 6.20(b). Considering that OA\ keeps v Nl ~ v Pl — and OA 2 keeps 
v N2 = vp 2 = v 2 , the voltage difference across *4 is v\ —v 2 . This is also shown 






6.4 Summing and Difference Amplifiers 


267 




Figure 6.20 (a) Instrumentation amplifier; (b) subcircuit to find a relationship between 
(voi - Voz) and (vi - i> 2 ). 


in Figure 6.20(b). Using Ohm’s Law we can thus write 

IM - V2 


(6.25c) 


Substituting Equation (6.25c) into (6.25b), and then (6.25b) into (6.25a), we 
finally obtain 


/ 2R 3 \ R 2 

V0 ~V + lu) T l lv *- v0 


This expression indicates that the gain with which the circuit amplifies the dif¬ 
ference [v 2 — t>i) consists of two terms: (a) the term (1 + 2R 3 /R 4 ), representing 
the gain of the circuit made up of OA\ and OA 2 and the corresponding resistors 
(this circuit is referred to as the first stage) and (b) the term (Rz/Ri), represent¬ 
ing the gain of the difference amplifier based on OA 2 (this is referred to as the 
second stage). 


Example 6.8 

In the circuit of Figure 6.20(a) specify 1% resistances to achieve 
v 0 - 10 3 (u 2 - ih). 


Solution 

The gain of 10 3 V/V can be factored as the product of two terms in 
a variety of different ways, such as 1 x 10 3 , 2 x 500, V10 3 x VTo 3 , 
40 x 25, 10 3 x 1, and so forth. Let us arbitrarily implement it as 
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10 3 = yiO 3 x VTO 3 = 31.62 x 31.62. Let = R 4 = 1 kfl. Then, 
imposing 1 + 2 /? 3 /l = 31.62 yields R 3 — 15.3 k£2 (use 15.4 k£2, 1%). 
Likewise, imposing R 2 /I = 31.62 yields R 2 = 31.62 k£2 (use 31.6 kQ, 
1%). In summary, R\ — R 4 = 1 k£2, R 2 = 31.6 kQ, and R 3 = 15.4 k£2, 
all 1 % resistances. 


Exercise 6.14 

(a) Repeat Example 6.7, but configuring OA\ and OA 2 as voltage 
followers to save three resistances. 

(b) Show all node voltages in the circuit if U] = 505.0 mV and 
V 2 = 500.0 mV. 

ANSWER (a) R r = 1 kQ, R 2 = l M£2. (b) v 0 i = 505.0 mV, 
v 0 2 = 500.0 mV, vn 2 = u />2 = 499.5 mV, v Q — -5 V. 


6.5 Transresistance, Transconductance, and Current 
Amplifiers 

Even though the op amp is a voltage amplifier, with the help of suitable external 
components it can be configured to operate as any one of the other three amplifier 
types discussed in Section 5.4. 


Transresistance Amplifiers 


The transresistance amplifier, also called an I-V converter, is shown in Fig¬ 
ure 6.21(a). To find a relationship between Vo and ij we observe that since no 
current enters the inverting input pin, ij must flow right into R. Moreover, since 
this pin is a virtual ground, we can write if = (0 — vq)/R, or 


v 0 = —Rii 


(6.271 


The transresistance gain is —R, and is expressed in V/A. It is negative because 
ii is assumed to flow into the circuit. Inverting the reference direction of i; 
will of course yield a positive gain. As shown in Figure 6.21(b), the output 
port behaves as a CCVS. Figure 6.21(c) depicts the transfer characteristic of the 
circuit. 

A relationship of the type of Equation (6.27) could have been obtained by 
feeding ii directly to a grounded resistance R without the need for any op amp. 
However, with the op amp in place the input source sees /f, = 0 because it 
is connected to a virtual ground, and an output load sees R a = 0 because vq 
comes from the ideal internal source av D . According to Table 5.1, these are the 
ideal terminal characteristics of a transresistance amplifier, indicating that the 
role of the op amp is to prevent any loading both at the input and at the output. 





6.5 Trans resistance. Transconductance, and Current Amplifiers 


269 


R v 0 




Figure 6.21 (a) Transresistance amplifier, (b) Thdvenin equivalent of its output 
port, and (c) transfer characteristic of the circuit. 


► Example 6.9 

A certain photodiode receives light from a fiber optic cable and, depending 
on light intensity, it yields a current 0 < io < 100 pA. Design a circuit to 
convert this current to a voltage 0 < Vo < 10 V for delivery to a grounded 
load Rl = 2 kfl. What is the source-to-load current gain of the circuit? 

Solution 

Use the circuit of Figure 6.21 with R = 10/(100 x 10 -6 ) = 100 kfl. To 
ensure v 0 > 0, connect the diode so that i D flows out of the inverting 
input node, through the diode, and to ground. The current gain is 
; it/io = ( voIRlVid = (vo/id)/Rl = R/Rl = 100/2 = 50 A/A. 


Exercise 6.15 Using resistances not greater than 100 kQ, design a 
circuit that accepts two current sources z'i and 12 having unknown parallel 
resistances R t and Rj, and delivers Vo = (1 V/pA) (12 — i\) to an 
unknown load Rl , regardless of R\, R 2 , and Rl. The reference directions 
of both sources are from ground into your circuit. (Hint: Use two I-V 
converters and a difference amplifier.) 


Figure 6.22 shows an interesting I-V converter variant that uses a T net¬ 
work to achieve very high transresistance gains without necessarily requiring 
unrealistically large resistances. To find its transfer characteristic we note that 
KCL at the node labeled Uj yields ii + i\ — h, or 


if + 


0 — i>i 

Ri 


Ui - vp 

Ri 


But, since i t flows right into R, we have V\ = —Ri[. Substituting into the above 
equation and solving for the output yields 



( 6 . 28 a) 


( 6 . 28 b) 
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Figure 6.22 I-V converter with a T network 
in its feedback loop. 


indicating that the presence of R] and /tS effectively increases R by the multi¬ 
plicative factor k. 


E 


Example 6.10 


Using resistances not greater than 1 MQ, design an I-V converter with a 
transresistance gain of -0.2 V/nA. 


Solution 

If we were to use the circuit of Figure 6.21 we would need R = 
0.2/10 -9 = 200 MQ, an unrealistically large resistance. Instead, we 
use the circuit of Figure 6.22 with R = 1 MQ, and we then exploit its 
multiplicative action to raise its gain to 200 x 10 6 V/A. By Equation (6.28b) 
we want 200 = 1 + /? 2 /10 6 + Rt/Rx- To reduce inventory, let Ri also 
be 1 MQ. Then, imposing 200 = 1 + 10 6 /10 6 4- 10 6 //?] yields = 
5.05 kQ. 



Figure 6.23 Transconductance 
amplifier. 


Exercise 6.16 Repeat Example 6.9, but using resistances not greater 
than 10 kQ. 


ANSWER Use the circuit of Figure 6.22 with R — R 2 = 10 kQ and 
Ri = 1.25 kQ. 


Transconductance Amplifiers 

The role of a transconductance amplifier, also called a V-I converter, is to 
convert an input voltage vj to an output current i 0 which is independent of 
the particular load appearing at the output. Thus, the load must see an output 
resistance R 0 — oo. A popular V-I converter, known as the Howland circuit 
for its inventor, is shown in Figure 6.23. Let us find a relationship between i 0 
and Vj. 







Figure 6.24 (a) Transfer characteristic and (b) out¬ 
put characteristic of the V-l converter. 
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In light of Equation (6.30a) it is fair to say that what it takes to make a 
Howland circuit is an op amp and a balanced resistance bridge. The circuit 
achieves R 0 = oo through the positive feedback action provided by R 4 . 



Figure 6.25 Dc current source of 
Example 6.11. 


Exercise 6.17 Consider the circuit obtained from that of Figure 6.23 
by lifting the left terminal of R 1 from ground, connecting it to a voltage 
source v\, and renaming the source connected to /?* as v 2 . Obtain 
a relationship between i Q and iq, v 2 , and v L> and show that if the 
resistances form a balanced bridge, the circuit provides difference V-I 
conversion: io = (v 2 — V\)/R 2 . 




Example 6.11 


Design a 0.5-mA source. The circuit is to be powered from ±9 V 
batteries. 


Solution 


Let Vi = +9 V. Then, Equation (6.31) requires /?-* = v;jio = 9/0.5 = 
18 kfl. A suitable resistance set is R\ = R 3 = 18 k£2, and R 2 = R 4 = 
10 kfi. The circuit is shown in Figure 6.25. 


1 


Exercise 6.18 Repeat Example 6.11, but for a 2-mA current sink 
powered from ±15 V supplies. 

ANSWER iv = -15 V, Ri=R 3 = 7.5 kQ, R 2 = = 3 k«. 




Example 6.12 


Use the test-signal method to confirm that the resistance seen by the load 
in the circuit of Figure 6.25 is infinite. 


Solution 


Connect the left terminal of R 2 to ground and replace the load 
with a test source such as v = 1 V, Then = u//f 3 = 1/18 
mA (<-), v 0 = (1 + R 2 /R0v - (1 + 10/18)1 = 28/18 V, and 
itt 4 = ( v o — v)/R 4 = (28/18 — 1)/10 = 1/18 mA (|). Since the current 
coming via R 4 equals that leaving via the net current out of the test 
source is i = 0. Hence, R 0 = 1/0 = 00 . 
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Exercise 6.19 Label all node voltages and branch currents in the circuit 
of Figure 6.25, and calculate them if the load is (a) a 1-kfi resistance, (b) 
a 5-kf2 resistance, (c) a short circuit, (d) a 2-V source, positive at the top, 
and (e) a 2-V source, positive at the bottom. 


There is yet another elegant way of explaining how the circuit achieves 
R„ = oo. In light of Figure 6.16(a), the Howland circuit can be viewed as 
consisting of Vf , R^, and a negative resistance toward ground. The situation is 
depicted in Figure 6.26(a), where we have used Equation (6.14) to find that the 
value of this resistance is —(7?i //? 2 ) /? 4 , or —/? 3 , by Equation (6.30a). Applying a 
source transformation leads to the circuit of Figure 6.26(b), where the resistance 
seen by the load is R„ = R 3 (| (—R 3 ) = - R 3 ) = 00 , as it 

should be. This results in the circuit of Figure 6.26(c), where the load current 
is iq = vi/Rj, thus confirming Equation (6.31). 



(a) (b) (c) 

Figure 6.26 Illustrating how the V-l converter achieves R 0 — oc. 


Current Amplifiers 

Figure 6.27 shows two ways of configuring the op amp for current-mode opera¬ 
tion. In Figure 6.27(a) we have, by Ohm’s Law and KVL, i 0 = (v 0 —v P )/R 1 = 
(vs; — Rfii — vp)/R[. Since the op amp forces to track vp, we get 

io = 16.32) 

A negative gain signifies that if we source (or sink) current to the circuit, the 
latter will in turn sink (or source) current from the load. When the resistances 
are made equal the circuit is called a current reverser or a current mirror 
because it yields io = ~ii- 

Because the op amp inputs appear virtually shorted, the resistances in the 
circuit of Figure 6.27(b) experience the same voltage drop: R]i] = ^ 2 * 2 * By 
KCL, io ~ i 1 -|-12 — ij 4- (R 21 i)fR\, or 

io = it (6.33) 

Sourcing (or sinking) current to the circuit causes it to source (or sink) a current 
1 + Rj/Ri times as large to the load. 







Chapter 6 


Operational Amplifiers 




Figure 6.27 Inverting and noninverting current amplifiers. 


Exercise 6.20 Using standard 5% resistances, design a current amplifier 
such that (a) i 0 — 10/y and (b) i 0 = -10//. 

ANSWER (a) R l= 2 kfi, R 2 = 18 kfi; (b) Ri = 1 kSi, R 2 = 10 kQ. 


^ 6.6 Op Amp Circuit Analysis Using SPICE 

Op amp circuits can easily be simulated via SPICE using either of the op amp 
models of Figures 6.3 and 6.4. 



E 


Example 6.13 


Use SPICE to find all node voltages in the circuit of Figure 6.28, whose 
op amp is assumed ideal. 



© 


Figure 6.28 Analyzing an op amp circuit via SPICE. 
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Solution 

SPICE does not accept a = oo, so let us arbitrarily use a = 10 12 V/V, 
which is a fairly large gain. The input file is 

a rpmrpp op amp p:rcuit 


1.PE12 

After SPICE is run, the output file contains the following: 

(i) /. DODO ( 2 > j.onncj ( i) -3.0000 ( 6 ) - o. oo n u 

You may wish to verify these results by hand calculation. 



ri i 2 .-i-; 

zj': 2 6 iY 

H/ 3 6 2K 


21 GO 12 
. POD 


Exercise 6.21 Use SPICE to find all node voltages in the circuit of 
Figure 6.13. Do it first using an ideal op amp, then using a 741 type for 
which rj =2 M£2, a — 200.000 V/V, and r 0 — 75 £2. Compare the two 
cases, and comment. 


Transfer Characteristic 

SPICE can be directed to find the transfer characteristic of an op amp circuit via 
the . TF statement. As we know, its general form is 

,7F OuTV.Ak INOOURVK {6.34) 

where OUTVAR is the output signal, which must be either a voltage between a 
pair of nodes, V (N , N2 ) , or a current through a voltage source, I (VXXX). 
Moreover, IK'source is the independent input source, either vxxx or ixxx. 
The inclusion of the .1: statement causes SPICE to compute the gain A = 
outvar/Insourfl:, as well as the input and output resistances R t and R a of 
the circuit. 




Example 6.14 


Use SPICE to investigate the departure from the ideal of a 741 op amp 
configured as a noninverting amplifier with R\ = 1 k£2 and Ri = 99 k£2. 
Assume the circuit is driven by a 0.1-V source and drives a 2-k£2 load. 
Comment on the results. 
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Solution 

With the 741 data of Figure 6.3, the circuit appears as in Figure 6.29. 
The input file is 

A 741 NONTAVERTING AMP 

V T 3 0 DC 0.1 

R1 0 2 IK 

R2 2 6 9 9 K 

RL 6 0 2K 

*IIERE'S THE 741: 

RI 2 3 2MEG 
El 1 0 3 2 2 0 OK 
RO 1 6 ib 
. TF V(6) VI 
. END 



Figure 6.29 Finding the transfer characteristic of a 
practical op amp circuit. 

After SPICE is run, the output file contains 

NODE VOTjTAGE NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE 
(1) 10.3770 (2) 0.0999 (3) 0.1000 (6) 9.9948 

SMALL-SIGNAL CHARACTERISTICS: 

V(6)/VI = 9.995E+01 

TKPUT RESISTANCE AT VI = 3.835E+09 
OUTPUT RESISTANCE AT V(6 > = 3.7 5 0E-02 

Following is a comparison of the actual and ideal values, the latter 
being shown within parentheses: A = 99.95 (100) V/V, R t = 3.855 G£2 
(oo), R 0 = 37.5 m£2 (0 £2). SPICE confirms that, for practical purposes, 
the departure from the ideal is negligible. 

Remark Note that the voltage produced by the dependent source inside 
the op amp (10.3770 V) is greater than that appearing at the output pin 
(9.9948 V). This difference is the voltage drop across RO due to the 
current drawn by the load and the external feedback network. ^ 
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Exercise 6.22 Use SPICE to investigate the departure from the ideal 
of a 741 op amp configured as an inverting amplifier with /f] = 1 kQ 
and Ri= 1 M£2. Assume the circuit is driven by a 10-mV source and 
drives a 2-k£2 load. Comment on the results. 


Subcircuits 

A complex circuit often contains repeated blocks called subcircuits. An example 
is offered by the instrumentation amplifier of Figure 6.20(a) which contains three 
identical op amps as subcircuits. To avoid repeating the element statements each 
time a subcircuit is referenced, SPICE allows for a subcircuit to be defined in 
the input file only once. SPICE then automatically inserts the group of elements 
forming the given subcircuit wherever the latter is referenced. The group of 
element statements defining the subcircuit must be preceded by the statement 

..:-fCK: n' nnayn i:: na ... nn (6.35) 

and must be followed by the statement 

(6.36) 

where SUBNAME is the subcircuit name and k i through nn are the external 
nodes, which cannot be zero. Subcircuits are referenced by specifying pseudo¬ 
elements beginning with the letter x, followed by the circuit nodes to be used 
in expanding the subcircuit, followed by the subcircuit name. The general form 
of a subcircuit call is 

XYYY K1 NX . . , NN SUBNAMK (6.37) 

where yyy is an arbitrary alphanumeric string. An example will better illustrate 
the use of this facility. 
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El 1 0 3 2 2 0 OK 
RO 1 675 
.ENDS OPAMP 

*HERE'S THE MAIN CIRCUIT: 

VI 1 0 DC 1.000 
V2 2 0 DC 5.010 
R1 3 4 2OK 
R2 4 5 10K 
R3 5 6 2 OK 

♦FIRST-STAGE OP AMP REPHRENCES: 

XOA1 4 1 3 OPAMP 

XOA2 5 2 6 OPAMP 

R4 3 7 10K 

R5 6 8 10K 

R6 7 9 20OK 

R7 8 0 2 0OK 

♦SECOND-STAGE OP AMP REFERENCE: 
XOA3 789 OPAMP 
RT, 9 0 2K 
. END 



Figure 6.30 SPICE analysis of an instrumentation amplifier. 


After SPICE is run, the output file contains the following 

NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE 

(1) 5.0000 (2) 5.0100 (3) 4.9800 (4) 5.0000 

{5) 5.0100 (6) 5.0300 (7) 4.7904 (8) 4.7905 

(9) 0.9999 

You may find it instructive to examine each entry and justify its value 
the manner of Example 6.14. 
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Exercise 6.23 Using two 741 op amps, design a circuit that accepts 
! two inputs, tvi and v/ 2 , and yields two outputs, v 0 \ = v n + vn and 

■ u <22 = u/i — v/ 2 - Use SPICE with the subcircuit facility to verify that 

your circuit works correctly for vn = 3 V and vn = 2 V. 


▼ Summary 

• The op amp is a voltage amplifier with extremely high (ideally infinite) gain. 
It is used as a universal building block in analog circuit design, including the 
design of other types of amplifiers. 

• To function, an op amp needs to be powered. To simplify circuit diagrams 
we omit showing the power connections. However, power must be turned 
on when trying out an op amp circuit in the lab. 

• An op amp is operated in conjunction with an external network, which is 
designed to provide negative feedback around the op amp, that is, to create 
an electric path for the op amp output to be reapplied to the inverting input pin. 

• Ideally, it is desirable that the op amp have an infinite open-loop gain because 
this will make the closed-loop gain depend exclusively on the feedback net¬ 
work. Then, we can tailor the op amp function to any need by suitable choice 
of the feedback network, regardless of the particular op amp being used. 

• The most basic op amp configurations are the noninverting and the inverting 
amplifiers, which are implemented with the help of just a pair of external 
resistances. A particular case of the noninverting amplifier is the voltage 
buffer, which is used as an interstage coupling circuit to eliminate loading. 

• The analysis of circuits with ideal op amps can be speeded up significantly 
if we exploit the fact that for voltage purposes the input port appears as a 
short, and for current purposes it appears as an open. This is also referred 
to as the virtual-short concept. 

• The virtual-short concept forms the basis of the Op Amp Rule, which states 
that when operated with negative feedback, an op amp will output whatever 
voltage and current are needed to drive its differential input Vd to zero, or, 
equivalently, to force the inverting input v\' to track the noninverting input vp. 

• The Op Amp Rule is applied to the analysis of widely used op amp circuits, 
including summing and difference amplifiers, instrumentation amplifiers, I-V 
and V-I converters, and current amplifiers. 

• An op amp can be configured to simulate a negative resistance. An intriguing 
application of this type of resistance is to make the effective output resistance 
of a practical current source go to infinity, thus turning the source into an 
ideal one. 

• Op amp circuits are easily simulated with SPICE. Simulation can be used to 
check the results of hand calculations, or to assess the departure of a practical 
op amp circuit from ideal behavior. 
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▼ Problems 


6.1 The Operational Amplifier 

6.1 Given an op amp with gain a = 10 3 V/V, find (a) djv if 
tip = 0 and vo = 3 V, (b) v N if vp = 1.0 V and v 0 - -10 V, 
(c) v 0 if v N = 5.002 V and v P = 4.998 V, and (d) v P if 
vn = 3.5 V and vo = 3.5 V. 

6.2 An op amp with r, = 1 M£2, a = 10 5 V/V, r t) = 100 £2, 
and an output load R p = 2 k£2 is part of a circuit where vp = 0 
and vo = 10.0 V. Find the voltages across and the currents 
through r () and r x . 

6.2 Basic Op Amp Configurations 

6.3 (a) Find A for a noninverting amplifier with Ri = 10 k£2 
and R 2 = 20 k£2. (b) How does A change if a third resis¬ 
tance = 10 k£2 is connected in series with R|? In parallel 
with /f 1 ? 

6.4 Repeat Problem 6.3, but for the inverting configuration. 

6.5 (a) Design a noninverting amplifier with A = 5 V/V 
under the constraint that the total resistance used be 100 k£2. 
(b) Repeat, but for an amplifier of the inverting type. 

6.6 (a) A source 1 ^ = 1 V is fed to a voltage divider imple¬ 
mented with R a = 10 k£2 and R B = 30 k£l The voltage v B 
developed by R B is fed, in turn, to a noninverting amplifier 
having R\ = 10 k£2 and R 2 = 30 k£2, so that A = 4 V/V. 
Sketch the circuit, and find v B as well as the amplifier output 
vo- (b) Repeat, but for an inverting amplifier with R\ = 10 k£2 
and R 2 = 40 kS2, so that now A = —4 V/V. Comment on the 
differences. 

6.7 An inverting amplifier is implemented with /?! = 10 k£2, 
R 2 — 100 k£2, and an op amp with finite open-loop gain a — 
10 3 V/V. Sketch and label v/, vo, and vn versus time if n/ is 
a 1-kHz triangular wave with peak values of ±1 V. 

6.8 An inverting amplifier with /?] = 10 k£2 and R 2 = 

1 M£2 is driven by a source vj =0.1 V. Find the closed- 
loop gain A, the percentage deviation of A from the ideal 
value —R 2 /R\, and the inverting input voltage v N for the cases 
a = 10 3 , 10 4 , and 10 5 V/V. 

6.9 (a) An inverting amplifier is implemented with R[ = 

1 k£2 and R 2 = 100 k£2. Find the percentage change in 
the closed-loop gain A if the open-loop gain a changes from 
200,000 V/V to 50,000 V/V. (b) Repeat, but for a noninverting 
amplifier with R t = 1 k£2 and R 2 = 99 k£2. (c) Repeat, but 
for a voltage follower {R\ = 00 , R 2 = 0). 

6.3 Ideal Op Amp Circuit Analysis 

6.10 Find vn, v p , and v 0 in Figure P6.10. Check your 
results. 



Figure P6.10 

6.11 Find ujv. Up, and v 0 in Figure P6.ll. Check your 
results. 



Figure P6.11 

6.12 (a) Find vn, vp, and vq in Figure P6.12. (b) Repeat, 

but with a 5-k£2 resistance connected between the node labeled 
vn and ground. Check. 


v y 3 kQ 



Figure P6.12 

6.13 Find u^v, vp, and vo in Figure P6.13. Check. 



Figure P6.13 
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6.14 (a) Repeat Problem 6.13, but with a 6-kS2 resistance 
connected in parallel with the 1-mA source, (b) Repeat Prob¬ 
lem 6,13, but with the left terminal of the 1-mA source discon¬ 
nected from ground and connected instead to the node labeled 
vp. Check- 

6.15 Find R e q in the circuit of Figure P6.15. Check. 


IQkfl 20k£l 



Figure P6.15 

6.16 In the circuit of Figure P6.16 find vo and /?, . Check. 


20 kU 10 ktl 



Figure P6.16 

6.17 In the circuit of Figure P6.17 let R] = R 2 — 10 kf2. 
Find an expression for the gain A = vo/v/ in terms of the 
parameter k, with 0 < k < 1. What is the value of A with the 
wiper halfway between the top and the bottom? All the way 
to the top? All the way to the bottom? 


R ] R 2 



Figure P6.17 


6.18 Sketch the circuit of Figure P6.17, but with an addi¬ 
tional resistance R 4 between the inverting input pin of the 
op amp and ground. Then, specify suitable resistances so 
that the gain A — vo/vi varies over the range —100 V/V 
< A < +100 V/V as the wiper is varied from end to end. 
What is the value of + when the wiper is halfway? 


6.19 Using a 100-kf2 potentiometer, an op amp, and suit¬ 
able resistors in the k£2 range, design a circuit to synthesize a 
negative resistance that can be varied from — 1 k£2 to - 10 k£2 
as the wiper is varied from end to end. 


6.20 (a) Show that the circuit of Figure P6.20 has A = 
vo/vi = —k(.R 2 /R 1 ) with k = I + R4/R2 + R4/R3. and 
Ri ~ R], (b) Specify resistances not larger than 100 k£2 to 
achieve A = -200 V/V and Ri = 100 k£2. 


R [ R 2 Ri 



Figure P6.20 


6.21 Find the gain vo/v/ of the circuit of Figure P6.21. 


R R R R 



Figure P6.21 


6.22 (a) For the circuit of Figure P6.22 show that A = 
vo/v/ — —R 2 /R\ and /?, = — Rj). (b) Specify 

standard 1 % resistances in the k£2 range to achieve + = —100 
V/V and approach R, — 00 . 
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6.23 Three students are discussing the input resistance /f, 
of the noninverting amplifier of Figure 6.7(a). The first stu¬ 
dent says that since we are looking into the noninverting input, 
which is an open circuit (oc), we must have /?,■ = R oc = oo. 
The second student contends that since the input terminals ap¬ 
pear virtually shorted (vs) we must have R; = R vs + (flj || 
^ 2 ) = 0 4- ( Ri II R 2 ) = (Ri || Rz)- The third student claims 
that since the noninverting input is virtually shorted to the in¬ 
verting input, which is in turn a virtual ground (vg) node, we 
must have R t = R vs + R vg = 0 4- 0 = 0. Which student is 
right? How would you refute the other two? 

6.24 (a) Show that if the op amp of the illustrative example 
of Figure 6.13 has finite gain a, then vq = —5/(a + 2) V. (b) 
Use this result to recalculate all node voltages if a = 200,000 
V/V. Compare the results with the ideal case considered in the 
text and comment. 


6.4 Summing and Difference Amplifiers 

6.25 A two-input summing amplifier is implemented with 
J?i = 75 k£2, R 2 -- 100 kfi, and R F = 300 kfi. (a) If 
ui = 5 V, find v 2 for vo = 10 V; (b) if uj = 5 V, find v 2 for 
vo = —10 V; (c) if v 2 = 3 V, find ui for vo = 0 V. 

6.26 Using standard 5% resistances in the kS2 range, design 
a circuit to yield vo = -10(in 4- 2r>2 + 3u 3 + 4u 4 ). 

6.27 Find a relationship between vo and v\ through ug in 
the circuit of Figure P6.27. 



6.28 (a) Find a relationship between vo and uj through u 3 in 

the circuit of Figure P6.28. (b) Using standard 5% resistances 
in the k£2 range, design a circuit to achieve vo = 10(uj + 
vi + v 3 ). To minimize the component count, use only five 
resistances. Show the final circuit. 



Figure P6.28 


6.29 In the difference amplifier of Figure 6.18 let Ri = 
20 kfi, R 2 = 30 kfi, R 3 = 10 kQ, and R 4 = 5 kS2. (a) If 
vi = 2 V, find v 2 for v 0 = 9 V. (b) If v 2 - 5 V, find vi for 
vo = 0 V. 


6.30 (a) Using only one op amp and standard 5% resistances 
in the kS2 range, design a circuit to achieve vq = 10(u2 — 5ui). 
(b) Repeat, but for vo = 10(5u2 - vi). 

6.31 Show that the difference amplifier of Figure P6.31 yields 
vo — 2(R 2 /Ri)(l + Rj/Rg)(v 2 — vi), so its gain can be made 
variable by varying the single resistance Rq. 
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/?[ Rj ^2 



Figure P6.31 


6.32 Show that the difference amplifier of Figure P6.32 yields 
vo = (RifR\)(R g /— ui), so its gain can be made vari¬ 
able by varying the single resistance Re- 





Figure P6.32 


6.33 (a) Show that the circuit of Figure P6.33 yields 


vo 



1 + R3/R4 \ 

1 +R ] /R 2 Vi ) 


(b) Verify that if R 3 /R 4 = R\IRh the circuit is an instrumen¬ 
tation amplifier with gain A = 1 + RtfR\. 



6.34 The gain of the circuit of Figure P6.33 can be made 
variable by connecting a variable resistance Rc between the 
inverting input nodes of OA\ and OAi. Sketch the modified 
circuit; hence, letting R$ = R\ and R 4 = Ri, show that vo = 
A(v 2 — i>i), where A = 1 + Ri/R\ + IRiIRq. 

6.35 In the instrumentation amplifier of Problem 6.34 spec¬ 
ify standard 1 % resistances so that its gain can be varied over 
the range 10 < A < 10 3 V/V by means of a 100-k£2 poten¬ 
tiometer. 

6.36 Show that the two-op-amp circuit of Figure P6.36 is an 
instrumentation amplifier with vo = 2(1 4- RJRg)(vi — Vi), 
and specify suitable component values to make its gain variable 
from 10 to 100 V/V by means of a 10-k£2 potentiometer. 



Figure P6.36 


6.37 In a certain class of positioning systems the need arises 
for circuitry to convert from two-axis cartesian coordinate volt¬ 
ages i> t and i\ to three-axis non-orthogonal coordinate voltages 
v a , vb, and v c . The conversion constraints are v x = v a — v c , 
v y = Vb — (u a + v c )/2, and v a + Vb + v c = 0. Using three op 
amps and suitable resistances, design a circuit that accepts v* 
and v y and yields v a , vt>, and v c under the above constraints. 


6.5 Transresistance, Transconductance, and 
Current Amplifiers 

6.38 (a) Show that in Figure P6.38 we have vo = ~(R 2 /R\) 

v/ — Rjii - (b) Specify suitable resistances for gains of 

-10 2 V/V and -10 6 V/A. 


Figure P6.33 
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Figure P6.39 


6.40 For the circuit of Figure P6.40 obtain an expression 
of the type io = V[/R — vl/Ro- Hence, verify that if {Ri + 
R*,)/Rt, = Rl/R\, the circuit is a V-I converter with R 0 = 00 
and R = R1R5/R2. 


Figure P6.42 

6.43 Show that the circuit of Figure P6.43 is a current divider 
with io = (//(I + R 2 /R 1 ), regardless of the load. 



Figure P6.40 

6.41 For the circuit of Figure P6.41 obtain an expression of 
the type io = t'/ /R — vl/R 0 . Hence, verify that if R4/R3 = 
R2/R1, the circuit is a V-I converter with R 0 = 00 and R = 
R\R5/R2- 



Figure P6.43 

6.44 Three students are discussing the resistance R 0 seen by 
the load in the V-I converter of Figure P6.44. The first student 
notes that at the bottom the load sees the output resistance r 0 
of the op amp, which is assumed zero, whereas at the top it 
sees R; consequently, R 0 = R + r 0 = R + 0 = R. The 
second student observes that at the top the load sees not R but 
a virtual ground node (vg), so R 0 = R vz 4 - r 0 = 0 + 0 = 0. 
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The third student reports rumors that R„ = oc. Which student 
is right? How would you refute the other two? (Hint: Use the 
test-signal method.) 


R 



Figure P6.44 

6.6 Op Amp Circuit Analysis Using SPICE 

6.45 Use SPICE to find vs, vp, and vo in the circuit of 
Figure P6.10. Assume the op amp is ideal. 

6.46 Use SPICE to investigate the departure from the ideal 
of a voltage follower implemented with an op amp having 


r, = 250 k£2, r 0 — l k£2, and a — 10 4 V/V. Assume the 
circuit is driven by a I0.0-V source with a 10-kC2 internal 
resistance, and drives a 2-k£2 load. Comment on the results. 

6.47 In the instrumentation amplifier of Figure P6.33 specify 
suitable resistances for a gain of 1000 V/V. Hence, use the 
. SUBCKT facility of SPICE to verify the value of vo if uj = 
2.000 V and i>2 = 2.004 V. Assume op amps with r, = 1 M£2, 
r 0 — 100 £2, and a = I0 5 V/V, and a 2-k£2 load. 

6.48 In the V-I converter of Figure 6.24(a) let R\ = Ri = 
Rj = R 4 = 10 k£2, and v/ = 10 V. Assuming the op amp 
is ideal, use SPICE to find the Norton equivalent seen by the 
load. 

6.49 Repeat Problem 6.48, but for the case of a nonideal op 
amp having r, = 100 k£2, r 0 = 100 £2, and a = 10 3 V/V. 

6.50 In the I-V converter of Figure 6.23 let R = 100 k£2, 
/fi — 100 £2, and R 2 = 100 k£2. Use SPICE to find the 
equivalent resistance seen by the source i/ if the op amp is the 
741 type. Compare with the case of an ideal op amp. 







Energy Storage 
Elements 


7.1 Capacitance 

7.2 Inductance 


7.3 Natural Response of rc and rl Circuits 

7.4 response to DC and AC Forcing 
Functions 


T he circuits examined so far are referred to as resistive circuits because the 
only elements used, besides sources, are resistances. The equations gov¬ 
erning these circuits are algebraic equations because so are Kirchhoffs 
laws and Ohm’s Law. Moreover, since resistances can only dissipate en¬ 
ergy, we need at least one independent source to initiate any voltage or current 
in the circuit. In the absence of independent sources, all voltages and currents 
would be zero and the circuit would have no electrical life of its own. 

It is now time we turn our attention to the two remaining basic elements, 
capacitance and inductance. The first distinguishing feature of these elements 
is that they exhibit time-dependent characteristics, namely, i = C(dv/dt) for 
capacitance and v = L(di/dt) for inductance. For this reason, capacitances 
and inductances are said to be dynamic elements. By contrast, a resistance 
is a static element because its i-v characteristic does not involve time. Time 
dependence adds a new dimension to circuit behavior, allowing for a wider 
variety of functions as compared to purely resistive circuits. 

The second distinguishing feature is that capacitances and inductances can 
absorb, store, and then release energy, making it possible for a circuit to have 
an electrical life of its own even in the absence of any sources. For obvious 
reasons, capacitances and inductances are also referred to as energy-storage 
elements. 

The formulation of circuit equations for networks containing capacitances 
and inductances still relies on the combined use of Kirchhoffs laws and the ele¬ 
ment laws. However, since the characteristics of these elements depend on time, 
the resulting equations are no longer plain algebraic equations; they involve time 
derivatives, or integrals, or both. Generally referred to as integro-differential 
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equations, they are not as straightforward to solve as their algebraic counter¬ 
parts. In fact, they can be solved analytically only in a limited number of 
cases. Mercifully, this includes the cases of greatest interest to us. Even when 
a solution cannot be found analytically, it can be evaluated numerically using a 
computer, this being the reason why computer simulation such as SPICE plays 
an indispensable role in the analysis and design of circuits containing energy- 
storage elements. Though a previous exposure to integro-differential equations 
is helpful, it is not required because we shall develop solution techniques within 
the text as they naturally arise. 

In the present chapter, after introducing the capacitance and the inductance, 
we study the natural response of the basic RC and RL circuits, that is, the 
response provided by the circuit using the energy stored in its capacitance or 
inductance. This study introduces us to the concept of root location in the 
s plane, a powerful concept that we shall explore in greater detail as we proceed. 

We then use the integrating factor method to investigate how circuits con¬ 
taining these elements react to the application of dc signals and ac signals. The 
mathematical level is designed to provide a rigorous understanding of the various 
response components, namely, the natural, forced, transient, and steady-state 
components. Even though the responses to dc and ac signals may seem par¬ 
ticular, they nevertheless provide enough insight into the most relevant aspects 
of circuits containing dynamic elements to allow the designer to predict circuit 
behavior in most other situations of practical interest. 


7.1 Capacitance 

Capacitance represents the ability of a circuit element to store charge in re¬ 
sponse to voltage. Circuit elements that are designed to provide this specific 
function are called capacitors or condensers. 



Figure 7.1 Capacitor and circuit symbol for ca¬ 
pacitance. 


As shown in Figure 7.1(a), a capacitor consists of two conductive plates 
separated by a thin insulator. Applying a voltage between the plates causes 
positive charge to accumulate on the plate at higher potential and an equal 
amount of negative charge to accumulate on the plate at lower potential. The 
rate at which the accumulated charge varies with the applied voltage is denoted 
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\ as C and is called capacitance, 



Its SI unit is the farad (F), named for the English chemist and physicist Michael 
Faraday (1791—1867). Clearly, 1 F = 1 C/V. Figure 7.1(b) shows the circuit sym¬ 
bol for capacitance, along with the reference polarities for voltage and current. 

Recall from basic electricity that capacitance depends on the insulator type 
and the physical dimensions: 



where e is the permittivity of the insulator, S is the area of the plates, and d 
is the distance between them. For vacuum space e takes on the value e 0 = 
10 -9 /(36t r) F/m. Other media are described in terms of the ratio e r — s/e 0 , 
called the relative permittivity. 

A capacitor storing charge may be likened to a cylindrical tank storing water. 
The larger its cross-sectional area, the more water the tank can hold. Moreover, 
the lower the height needed to store a given amount of water, the greater the 
tank’s storage capacity. 

In general q may be some arbitrary function of i\ indicating that C may 
itself be a function of v. In this case the capacitance is said to be nonlinear. 


^ Example 7.1 

In reverse-based pn junctions, which form the basis of semiconductor 
diodes and transistors, q is related to v as 

<? = £?o\A + v/V 0 , and v > — V 0 

where Qq and Vq are appropriate pn junction parameters. Find the 
capacitance associated with the pn junction. 

Solution 

Using Equation (7.1) yields 

C — 1 

2 V 0 \/T + u/Vq 

indicating that this type of capacitance depends on the applied voltage v 
and is thus a nonlinear capacitance. 
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Linear Capacitances 

Of particular interest is the case in which q is linearly proportional to u, for 
then we must have q = Cv or 



with C independent of u. For obvious reasons, this type of capacitance is said 
to be linear. Unless stated otherwise, we shall consider only capacitances of 
this type. 

Equation (7.3) allows us to find the accumulated charge in terms of the 
applied voltage, or vice versa. For instance, applying 10 V across the terminals 
of a 1-^iF capacitance causes a charge q = Cv = 10 -6 x 10 = +10 pC 
to accumulate on the plate at higher potential, and a charge —q — —10 pC to 
accumulate on the other plate. Even though the net charge within the capacitance 
is always zero, we identify the charge stored in the capacitance as that on the 
positive plate. We thus say that applying 10 V across a l-/iF capacitance results 
in a stored charge of 10 pC. 


The /-if Characteristic 

To derive the i-v relationship for capacitance, refer to Figure 7.2(a) and suppose 
the applied voltage is increased by dv. By Equation (7.1), this causes the charge 
on the top plate to increase by dq = C dv and the charge on the bottom plate 
to decrease by a similar amount, indicating that current must flow from the 
source to the top plate and from the bottom plate back to the source. Even 


t>(V) 



Figure 7.2 (a) Voltage-driven capacitance and (b) waveforms of 
Example 7.3. 
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though no charges actually cross the insulator gap, it is convenient to regard 
current as flowing straight through the capacitor because this relieves us from 
worrying about internal details. This current is found as i = dqjdt. Substituting 
dq = C dv yields 



( 7 . 4 ) 


For obvious reasons, a capacitance is said to perform the operation of voltage 
differentiation. 

Equation (7.4) indicates that capacitive current depends not on voltage per 
se, but on its rate of change. This means that to sustain current through a 
capacitance, the applied voltage must change. The more rapidly voltage changes, 
the larger the current. On the other hand, if voltage is kept constant, no current 
will flow, no matter how large the voltage. Likewise, if the current through a 
capacitance is found to be zero, this means that the voltage across it must be 
constant, not necessarily zero. 

This behavior is readily visualized in terms of the aforementioned water 
tank analogy. Likening voltage to water level and current to water flow, we 
note that if there is any flow in or out of the tank, then the level must change. 
Conversely, a stationary level indicates the absence of any flow. 

In applying Equation (7.4) careful attention must be paid to the current 
direction relative to the direction of voltage change. For i to flow in the direction 
shown, v must increase. If v decreases , then i will flow in the opposite direction. 
This holds irrespective of the polarity of v. For instance, the current associated 
with a voltage change from +3 V to -f-4 V and that associated with a voltage 
change from -7 V to —6 V will have the same direction even though the 
polarities of the voltages themselves are opposite, because in both cases we 
have a voltage increase. 

One of the most important applications of capacitors is as dynamic memories 
(DRAMs) in computer systems. In this application a miniature capacitor is 
charged to some specified voltage and then the connections are broken to prevent 
current flow. This causes the capacitor to retain its charge and, hence, the 
specified voltage, thus providing a memory function. 


Uniform Charge/Discharge 

If a capacitance is charged or discharged at a constant rate, then dv/dt is 
constant and so is i, by Equation (7.4). Conversely, if a capacitance is driven 
with a constant current 7, then the rate of voltage change is constant. We can 
therefore replace the differentials in Equation (7.4) with finite differences and 
write I = C Av/At. Engineers often remember this relation in the form 

CAv = I At ( 7 . 5 ) 

In words, if a capacitance C is charged or discharged with a constant current I, 
then the voltage change Av during the time interval At is such that CAv = I At, 
or “cee delta vee equals i delta tee.” We stress once again that this relationship 
holds only if the capacitance current is constant. 
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E 


Example 


7.2 


How long does it takes for a l-/zF capacitance to charge to 10 V with a 
constant current of 1 mA? 


Solution 

A t = C Av/I = 10" 6 x 10/10 3 = 10 ms. 




Exercise 7.1 

(a) What current is needed to uniformly charge a 10-pF capacitance 
to 5 V in 4 ns? 

(b) What capacitance will charge to 10 V in 50 p s with a constant 
current of 10 mA? 

ANSWER (a) 12.5 mA, (b) 50 nF. 


Time Diagrams 

Since Equation (7.4) involves time, there is no straightforward way to visualize 
it in the i-v plane. Rather, we must exa mi ne v(t) and i(t) separately, using 
individual time diagrams. 


Example 7.3 

Sketch and label the current waveform developed by a 1-nF capacitance 
in response to the applied voltage waveform of Figure 7.2(b), top. 

Solution 

For 0 < t < 2 ps, v increases uniformly. The rate of increase is 
AvfAt = (10 - 0)/[(2 - 0) x 10" 6 ] - 5 x 10 6 V/s. During this time 
interval the capacitance draws a constant current i = C Av/At = 

10“ 9 x 5 x 10 6 = 5 mA. 

For 8 /is < / < 10 ps, v decreases uniformly at a rate that is now 
AvfAt = (0— 10)/[(10 —8) x 10“ 6 ] = -5 x 10 6 V/s. The corresponding 
current is again constant, but with opposite polarity , namely, i = —5 mA. 

At all other times v is constant, so i = Cdv/dt = C x 0 = 0. The 
current waveform is shown in Figure 7.2(b), bottom. 

In short, a voltage increase yields a positive current, a voltage 
decrease yields a negative current, and a constant voltage (not necessarily 
zero) yields zero current. 
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A CONVERSATION WITH 

Oscar N. Garcia 

NATIONAL SCIENCE FOUNDATION 



As Program Director for Interactive Systems at the National 
Science Foundation, Oscar N. Garcia funds research in in¬ 
teractive artificial intelligence. 


I n his new assignment as program director for in¬ 
teractive systems. National Science Foundation, 
Oscar N. Garcia encourages and promotes re¬ 
search in the field of human-computer interaction, 
while on leave from his professorship at George 
Washington University. After earning BS and MS 
degrees in electrical engineering from North Car¬ 
olina State University and working in industry and 
academia for some years, he earned his Ph.D. from 
the University of Maryland in 1969. 

With all your degrees in EE, it seems you never 
had any doubts about what your major would be. 
When exactly did you decide to be an electrical 
engineer? 

Probably when I was about ten years old. I was 
given a toy electric motor for Christmas that had to 
be assembled and wired, with directions in English— 
while I was growing up in Cuba, speaking Spanish, of 
course—and I could only follow the pictures. I took 
the pieces to an electrical engineering senior student 
who could read English to see if he could put it to¬ 
gether, and he failed to make it work after trying for 
quite a while. Heartbroken, I went back home and 
kept working on it while looking at the pictures and 
finally got it to work perfectly. So I decided that, 
somehow, ] had some talents that qualified me as a 
potential electrical engineer! And maybe that is how 
my conviction got started. 

Also, my friends told me that mathematics and 
physics were hard subjects that made engineering the 
most difficult career at the University of Havana. The 
challenge appealed to me, so in 1954 I signed up for 
the EE program. About that time the revolution was 
















Conversation with Oscar N. Garcia 


starting, there were student strikes and unrest, and the 
University was closed, so after working for a couple 
of years I saved enough to come to NC State, with 
the blessing of my anxious parents. 

Your current position has more to do with comput¬ 
ers than with EE. When and how did the switch 
come about? 

In 1963, teaching at Old Dominion University, I was 
asked by my Dean, Harold Lampe, to help bring in the 
first-ever computer to the school. I had used comput¬ 
ers in my MS thesis and had designed some parts for 



them in industry, but when the computer came in it 
was a major task to introduce it to the faculty and the 
students, and since I was one of the first hired in the 
EE department, the job fell on my shoulders. Then 
in 1970 I moved to the University of South Florida 
in Tampa as an associate professor in EE and contin¬ 
ued to work with computers and teach computer and 
microprocessor courses. I was lucky and received a 
grant to start a microprocessor laboratory, which was 
the spark to initiate a growing computer science pro¬ 
gram followed by a computer science and engineering 
department. 

So you think that there is a natural path from 
electrical engineering to computer science? 

Yes, in particular when you make a mid-point stop 
at computer engineering. The EE course called dig¬ 
ital circuits, for example, which is about how hard¬ 
ware works, started my interest on the software side 
because I wanted to simulate circuits and systems. 
As time went on, it became clear that software de¬ 


sign was to become a very important industry, and I 
became aware of the things that could be attempted 
in far-out possibilities like understanding human lan¬ 
guage. Now, most of what I teach are courses in 
artificial intelligence and speech recognition, so you 
could say that I have strayed pretty far afield from my 
original EE days, if you take a narrow view of EE. 

From back when you were in classical EE, what do 
you remember about teaching the circuits course? 

That this is the time when students start developing 
their critical and methodical thinking and analytical 
problem-solving skills. Maybe the hardest concept 
to grasp in this course is the idea of transient ver¬ 
sus steady-state analysis. If the students can relate 
these two concepts, and the ideas of frequency- and 
time-domain analysis, they’ll probably do well in the 
course. A difficult part of this course is to relate 
the math to the idealized physical situation—what a 
Laplace transform has to do with the circuit laid out 
on your lab bench, for instance. My advice here is 
graphs, graphs, graphs. Drawing graphs always helps 
you see the relationships you are trying to grasp, so 
you can never sketch too many of them. The circuits 
course is not only a good training ground for analyti¬ 
cal problem solving, it is also a pillar on which much 
of the electrical engineering curriculum rests. If the 
understanding is shaky, then the following courses 
may be shaky, too, so it is important to have a secure 
handle on the fundamentals here. 

What exactly is Artificial Intelligence or AI? 

It is a piece of software, a program, that can do its 
own reasoning, analogous to the manner in which hu¬ 
mans think and learn. In the early days, the cost, low 
memory capacity, and slow speed of computers pre¬ 
vented users from making them more interactive and 
“intelligent.” All aspects of their operation had to 
be anticipated and coded. If you missed a part of 
the syntax of the program—a comma, for example— 
the program would not run, and you were limited 

( Continued ) 
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( Continued ) 

in the things that you could represent inside the com* 
puter. Today, we try to incorporate meaning in the 
operation of programs, and we have programs capa¬ 
ble of understanding natural language, say English or 
Spanish. When you have a program that handles the 
record of your checks, for example, you can type a 
less precise instruction, such as “Find the check for 
my rent for last June,” and the machine goes right to 
work on it. 

Two concepts often associated with classical AI 
are knowledge-based systems and expert systems. 
You code into a program knowledge from an expert 
in a given field and the program can “infer” or reason 
things out when queried appropriately. The program 
reasons by drawing inferences: if this is true, then 
that is to take place. 

The ultimate goal of AI is to have computers 
do at least as well as humans in their best thinking 
and interactions, but we are a long way from that 
goal. My NSF work funds research in interactive AI 
to try to make human-computer communication eas¬ 
ier: computers that understand audible speech, com¬ 
puters that use virtual reality to help you visualize 
a many-variable problem. I have a graduate student 
who is hearing-impaired and a good lip-reader. He is 
teaching the computer how to lip-read. 

Are we talking Hal here, the computer in 2001 ? 

Just about, and not a moment too soon, since 2001 is 
just around the comer! 

Movies aside, how does it work re all y? 

We use a videotape of a person speaking a large 
number of known sentences in front of a camera. 
Then, working with the videotape, we find the fea¬ 
tures of the oral, cavity that relate to the sounds and 
train the computer to identify such sequences of fea¬ 
tures. The hardest part is to have the computer 
identify the sequences when they are put together 


in different sentences, since they are dependent on the 
surrounding sequences. Also, some sequences that 
sound differently look alike—“bet” and “pet,” for ex¬ 
ample. The ultimate goal of my student, Alan Gold- 
schen, is to have the lip-reading recognition augment 
the audible speech recognition. 

How will AI affect our daily life years ahead? 

I believe there are two parts to the answer here: AI 
will make it (1) easier for humans to live in a more 
complex world, and (2) easier for computers and hu¬ 
mans to communicate with each other. Imagine hav¬ 
ing on the dashboard of your car a computer that 
constantly receives information through radio waves 
about traffic and weather conditions in the proxim¬ 
ity of your location. You get in the car and say, 
“What is the fastest way to the airport right now?” 
Wait ten seconds, your best route shows up on the 
screen, and away you go. Or how about a car with 
a collision-avoidance radar connected to your com¬ 
puter? WeTl never know how many deaths could 
have been prevented had the drivers made a differ¬ 
ent split-second decision before the impact. What if 
all the cars came with radar-equipped computers and 
could use that nanosecond to make the best decision 
possible and take over the steering? Surely parents 


“I have a graduate student who is 

hearing-impaired _ He is teaching 

the computer how to lip-read. ” 


might sleep better when their children are out driving. 
The aim of the engineer is to make this world a better 
place to live in. I’d like to think that artificial intelli¬ 
gence is going to have a lot to do with that game plan. 








Exercise 7.2 Repeat Example 7.3 if (a) C = 10 nF; (b) C = 1 nF, but 
the height of the voltage waveform is 1 V, all time intervals remaining 
the same; (c) v is uniformly increased from 0 to 10 V over the time 
interval 0 < t < 4 ps, everything else remaining the same. Be neat and 
precise as you sketch and label the various waveforms. 


The v-i Characteristic 


Equation (7.4) can be turned around to find the voltage developed by a capaci¬ 
tance in response to an applied current, as in Figure 7.3(a). The result is 


v{t) = 


i fmdt + m 

E Jo 


(7.6) 


where u(0) represents the voltage across the capacitance at t = 0. For obvious 
reasons, a capacitance is said to perform the operation of current integration. 
By Equation (7.3), r(0) is related to the charge ^(0) initially stored in the 
capacitance as 

4(0) 


u(0) = 


(7.7) 


Of particular interest is the case in which current is constant, or i(t) = /, 
for then Equation (7.6) yields 


WO = + W0) 


(7.8) 


In words, forcing a constant current through a capacitance yields a linear voltage 
waveform, or a voltage ramp. The rate at which voltage ramps is dvfdt = / )C. 
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Figure 7.3 (a) Current-driven capacitance and (b) waveforms of 
Example 7.4. 
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Depending on current polarity, the ramp may be of the increasing or decreasing 
type. The capacitance’s ability to produce ramps is exploited in the design of 
waveform generators to synthesize the triangle and sawtooth waveforms. 


Example 7.4 

Sketch and label the voltage waveform developed by a l-/zF capacitance 
in response to the applied current waveform of Figure 7.3(b), top. Assume 
u(0) = 0 V. 

Solution 

For 0 < t < 0.5 ms, the current is constant. We can use Equation (7.8) 
and write u(r) = [(10 x 10“ 3 )/(10 _6 )]r +0 = 10 4 f, with t in s. This is an 
increasing voltage ramp because / > 0 over this time interval. The rate 
of increase is dvjdt = 10 4 V/s = 10 V/ms. At the end of this interval 
we have u(0.5 ms) = 10 4 x 0.5 x 10 -3 = 5 V. 

For 0.5 ms < t < 1 ms we have i < 0, indicating a decreasing 
voltage ramp. Since the magnitude of the current is the same, the rate 
of decrease is now dvjdt = —10 V/ms. Moreover, since the value of v 
at the beginning of the present time interval is 5 V, the decreasing ramp 
will be the mirror image of the increasing ramp of the previous interval. 
Hence, at the end of the present interval we must have u(l ms) = 0 V. 

Extending analogous reasoning to the subsequent time intervals, it is 
easily seen that the voltage waveform repeats itself every 1 ms, just as the 
current waveform does. The voltage response is shown in Figure 7.3(b), 
bottom. 


The results of Example 7.4 can be generalized by saying that, when driven 
with a symmetric square-wave current, a capacitance will develop a triangular 
voltage waveform having the same frequency as the applied waveform. 

The triangular wave has a dc component that, for given frequency, ca¬ 
pacitance, and current values, depends on the initial condition u(0). In the 
present case, with l>( 0) = 0 the dc component is +2.5 V. Had we imposed 
u(0) = —2.5 V, the dc component would have been 0 V, and the triangular 
wave would have been centered about the t axis. 


v (V) 



Cgs) 


Figure 7.4 Typical TV sweep 
waveform. 


Exercise 7.3 If the capacitance of Example 7.4 is changed to 0.5 pF, 
find the value of i>(0) for which the dc component of the triangular 
waveform will be 0 V. 

ANSWER -5 V. 

Exercise 7.4 The voltage waveform of Figure 7.4 is of the type 
used to control the horizontal sweep in TV sets. Sketch and label the 
current waveform that will cause a 2.2-nF capacitance to develop such a 
waveform. 
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Capacitive Energy 

The process of charging a capacitor involves the expenditure of energy. This 
energy is found by integrating power, which is now p = vi = vC dvjdt. Thus, 


w(0= f p($) d$= f 

Jo Jo 

For a linear capacitance this yields 


vC(dv/di:)d% 


Cvdv 


w{t) = -Cv 2 (t) 


For instance, the energy stored in a 1 -pF capacitance that has been charged to 
10 V is u; = 0.5 x KT 6 x 10 2 = 50 pi. 

Capacitive energy is stored in the form of potential energy in the electric 
field between the plates. The strength of this field is E = v/d , indicating that the 
thinner the insulator gap, the larger the electric field for a given applied voltage. 

Substituting v = qjC into Equation (7.9), we can express capacitive energy 
in terms of charge as 

w(r) = ic q2{t) (7 ' 10) 

indicating that capacitance can also be viewed as the ability of a device to store 
energy in the form of separated charge. 

Unlike resistances, which only absorb energy to dissipate it as heat, capac¬ 
itances can absorb energy from a circuit, store it, and return it to the circuit at a 
later time. Because of this, capacitances are said to be nondissipative elements. 


Example 7.5 

A 1 -pF capacitance is driven with the voltage waveform of Figure 7.5, 
top. Sketch and label the time diagrams of its current and instantaneous 
power. 

Solution 

Since u(r) consists of straight segments, we can again use i = C Av/At. 
With C in pF, Av in V, and Ar in ms, the units of i will be 
[KT 6 F][V]/[10~ 3 s] = [It)" 3 A] = [mA], We have the following cases: 

(1) 0 ms < t < 2 ms: i = C Av/At = 1 x 10/2 = 5 mA 

(2) 2 ms < / < 4 ms: i = 0 because v is constant 

(3) 4 ms < / < 6 ms: i = C Av/At = I x (—20)/2 — —10 mA 

(4) 6 ms < / < 8 ms: / = 0 because v is constant 

(5) 8 ms < / < 12 ms: i = C Av/At = 1 x 10/4 = 2.5 mA 

The resulting current waveform is shown in Figure 7.5, center. 
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Figure 7.5 Capacitance waveforms of 
Example 7.5. 
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Since the instantaneous power is p(t) = v(t)i(t), its time diagram 
is obtained by multiplying out the voltage and current waveforms point 
by point. The result is shown in Figure 7.5, bottom, which you are 
encouraged to verify in detail. 

Remark When p > 0 the capacitance absorbs energy, and when p < 0 
it releases energy. 


Exercise 7.5 Sketch and label the time diagram of the instantaneous 
power for the capacitance of Example 7.4. 


A Water Tank Analogy 

We observe that when u is positive and increasing, or negative and decreasing, a 
capacitance absorbs energy because current direction relative to voltage polarity 
satisfies the passive sign convention of Figure 1.5(b), just like a resistance. 
Conversely, when v is positive and decreasing , or negative and increasing, the 
capacitance releases energy because it conforms to the active sign convention 
of Figure 1.5(a). 

Again, the aforementioned water tank analogy may help. As we know, this 
analogy is based on the following correspondences: 

charge ++ water 

voltage *+ water level 

current ** water flow 

capacitance water tank 

Moreover, to accommodate both positive and negative water levels, we shall 
assume that the tank extends both above and below sea level, which shall cor¬ 
respond to 0 V. 

Now, if the water level inside the tank is above sea level and we want to 
raise it further, then we must pump water from sea level up into the tank, thus 
expending energy. Likewise, if the level inside the tank is below sea level and 
we want to lower it further, then we must expend energy to pump water out of 
the tank and up to sea level. 

By contrast, if the tank level is above sea level and we want to lower it, 
or if it is below sea level and we want to raise it, then we can let water flow 
freely from the tank into the sea or from the sea into the tank, indicating that 
energy is now released. 


Capacitances in Parallel 

If two capacitances are connected in parallel as in Figure 7.6(a), they share the 
same voltage u. By KCL, their individual currents add up to yield a net current 
* =*c,+t'c 2 = C\ dv/dt + C 2 dv/dt = (Ci + C 2 ) dvjdt, that is, i = C p dv/dt , 
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where 

<7.111 

The parallel combination of capacitances behaves as an equivalent capacitance 
whose value is the sum of the individual capacitances; see Figure 7.6(b). 
This can be justified physically by assuming Ci and C 2 to be capacitors having 
the same insulating material and thickness but different areas b) and .SS. 
Connecting their plates in parallel creates an equivalent capacitor with area 
S\ + S2. By Equation (7.2), its capacitance is C p = e(5i 4 - S 2 )/d = eS\/d + 
eSj/d — Ci + C2. 




(a) (b) 

Figure 7.6 Two capacitances in parallel are 
equivalent to a capacitance C p = Ci + C 2 . 


Note that if Cj = C 2 , then C p = 2C\. Note also that if one of the capaci¬ 
tances is much larger than the other, the smaller one can be ignored and C p will 
essentially coincide with the larger of the two. For instance, if Cj 3> C 2 , then 

c,~cj. 


Capacitances in Series 


If two capacitances are connected in series as in Figure 7.7(a), they carry the 
same current i. By KVL, their individual voltages add up to yield a net voltage 
v = i>C] + vc 2 . Using Equation (7.4), we can write dv/dt = d(vc , + vc 2 )/dt = 
dvc ] jdt + dx>c 2 /dt = i/C\ -\- 1 jC 2 — iC/C] -I- I/C 2 ), that is, dv/dt = i/C s , 
where 




(a) (b) 


Figure 7.7 Two capacitances in 
series are equivalent to a capacitance 
C, = CiC 2 /(Ci +C 2 ). 


The series combination of capacitances behaves as an equivalent capacitance 
whose reciprocal is the sum of the reciprocals of the individual capacitances; 
see Figure 7.7(b). To justify physically, assume Ci and C 2 are capacitors having 
the same insulating material and area, but different thicknesses d] and tf 2 - Con¬ 
necting them in series creates an equivalent capacitor with thickness d] + d 2 . 
By Equation (7.2), its capacitance C s is such that 1/Cj = (d\ +d 2 )/(£S) = 
d l /(sS)+d 2 /(eS) = 1/Ci + 1/C 2 . 
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C s is often expressed in the form 


C s 


CiC 2 
Cl + c 2 


<7.13} 


Note that if Ci = C 2 , then C s = Cj/2. Note also that if one of the capacitances 
is much smaller than the other, the larger one can be ignored and C s will 
essentially coincide with the smaller of the two. For instance, if Ci <4C C 2 , then 
C s — C\. 

It is interesting to note that the formulas for the series and parallel capaci¬ 
tance combinations are similar, respectively, to the formulas for the parallel and 
series combinations of resistances. 


Exercise 7.6 Given a 10-nF capacitance, what capacitance must be 
placed (a) in parallel to achieve 30 nF? (b) In series to achieve 2 nF? 

ANSWER 20 nF, 2.5 nF. 


N turns 




(b) 


Figure 7.8 Inductor and circuit 
symbol for inductance. 


Practical Capacitors 

Real-life capacitors satisfy Equation (7.3) only as long as q and v are confined 
within suitable limits. Moreover, when its connections are broken, a practical 
capacitor will not retain its charge indefinitely but will gradually discharge. This 
phenomenon, referred to as capacitor leakage, can be modeled with a parasitic 
resistance R p in parallel with a leakage-free capacitance. To cope with leakage 
in DRAMs, the capacitors are periodically recharged to their intended voltages 
to prevent loss of information. Aptly enough, this operation is called memory 
refreshing. 

By proper selection of e, S, and d, capacitors can be manufactured in a 
wide variety of values and performance specifications. One common fabrication 
technique is to use two sheets of metal foil separated by an insulator, such as 
paper, and roll them in tubular form to conserve space. In integrated-circuit 
technology the plates are fabricated by deposition of conductive material on a 
very small surface and are separated by an extremely thin insulator, in some 
cases as thin as a few hundred atoms across! Commonly available capacitances 
range from picofarads to millifarads, 

Capacitance arises naturally whenever conducting surfaces such as the wires 
of a cable, the traces of a printed circuit, or the leads of an electronic device 
come in close proximity. Called stray or parasitic capacitance, this unintended 
capacitance may at times be large enough to influence circuit bfehavior. 


7.2 Inductance 

Inductance represents the ability of a circuit element to produce magnetic flux 
linkage in response to current. Circuit elements .Specifically designed to pro¬ 
vide this function are called inductors. As shown in Figure 7.8(a), an inductor 
consists of a coil of insulated wire wound around a core. Sending current down 
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the wire creates a magnetic field in the core and, hence, a magnetic flux (f>. If the 
coil has N turns, the quantity X = N<p is called the flux linkage and is expressed 
in weber-turns. The rate at which X varies with the applied current is denoted 
as L and is called the self-inductance or simply the inductance of the coil, 

(7.14) 

Its SI unit is the henry (H), named for the American physicist Joseph Henry 
(1797-1S78). Figure 7.8(b) shows the circuit symbol for inductance, along with 
the reference polarities for v and i. 

Recall from basic magnetism that inductance depends on core material and 
physical dimensions according to the following generalized expression: 

(7.15) 


where p is the permeability of the core material, N is the number of turns, 
S is the cross-sectional area of the core, and l is the mean length of the flux 
path through the core. For a single-layer solenoid of length l and radius r, the 
denominator of Equation (7.15) is augmented by the term 0,9r. 

For vacuum space p takes on the value po = 4tt10 -7 H/m. Other media 
are described in terms of the relative permeability p r = p/po. When a high 
inductance value is needed, the core is made of a highly permeable material 
such as iron or ferrite. 




The ir-/Characteristic 

Referring to Figure 7.9(a), suppose the applied current is increased by the 
amount di , so that the flux linkage is increased by N d<p = Ldi. By Fara¬ 
day’s Law, this change in flux linkage induces, in turn, a voltage v = N d<p/dt 
across the coil. Eliminating N d<j>, we have 

(7.16) 


For obvious reasons, the inductance is said to perform the operation of current 
differentiation. 

Equation (7.16) indicates that inductance voltage depends not on current 
per se but on its rate of change. This means that to produce voltage across an 
inductance, the applied current must change. If the current is kept constant, no 
voltage will be induced, no matter how large the current. Conversely, if it is 
found that the voltage across an inductance is zero, this means that the current 
must be constant, not necessarily zero. 

Using the current direction arrow as reference, we observe that if i increases, 
u is positive at the tail of the arrow, indicating that the inductance is absorbing 
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i (mA) 



Figure 7.9 (a) Current-driven inductance and (b) waveforms of Ex¬ 
ample 7.6. 


energy; if i decreases, v is positive at the head of the arrow, and the inductance 
is now releasing energy. 









The i-v Characteristic 


Equation (7.16) can be turned around to find the current carried by an inductance 
in response to an applied voltage, as shown in Figure 7.10(a). The result is 



+ i(0) 


(7.17) 


where i (0) represents the inductance current at t — 0. For obvious reasons, an 
inductance is said to perform the operation of voltage integration. If voltage is 
constant, or u(r) = V, we can write 


i(t) = jt + i(0) (7.18) 

In words, forcing a constant voltage across an inductance yields a linear current 
waveform, or a current ramp. The rate at which the current ramps is difdt = 
V jL. Depending on voltage polarity, the ramp may be of the increasing or 
decreasing type. 

An important application for inductances is in switching power supplies, 
such as those found in personal computers. Here the inductance is switched 
periodically between an unregulated input voltage and a regulated output voltage, 
and the resulting current waveform is of the triangular type. 


V 
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Figure 7.10 (a) Voltage-driven inductance and (b) waveforms of 
Exercise 7.8. 
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Exercise 7.8 A certain inductance is used in a switching power supply. 
If its voltage and current waveforms are as shown in Figure 7.10(b), what 
is the value of the inductance? 

ANSWER 480 pH. 


The Principle of Duality 

You have realized by now that the description of inductance behavior parallels 
that of capacitance, provided we interchange C with L and / with v. This 
interchange relationship, called duality, stems from the formal similarity between 
the inductance characteristic v = Ldijdt and the capacitance characteristic i = 
C dv/dt. In words, L does to i what C does to v, and vice versa: C differentiates 
v and integrates i ; L differentiates i and integrates u. C responds to an applied 
square-wave current with a triangular voltage waveform; L responds to an 
applied square-wave voltage with a triangular current waveform. We shall take 
frequent advantage of the duality principle when studying the transient and ac 
responses of capacitive and inductive circuits. 


Inductive Energy 


The process of establishing magnetic flux inside an inductor involves an ex¬ 
penditure of energy. This energy is found by integrating power, which is now 
p = vi = iLdi/dt. Thus, 


= f p{ff)dt= = f 

Jo Jo 


w(t)= I p{$)d$= I iL{dijd%)d$= [ 

Jo 

For a linear inductance this becomes 


no 


Li di 



(7.19) 


It is not surprising that we could have anticipated this result using the duality 
principle. In fact, replacing C with L and v with i in Equation (7.9) yields 
Equation (7.19). 

Inductive energy is stored in the form of potential energy in the magnetic 
field inside the core. Alternatively, we can view inductance as the ability of a 
device to store energy in the form of moving charge, or current. As current is 
increased from zero to some nonzero value, energy is absorbed from the external 
circuit and stored in the inductance. As current is decreased back to zero, the 
magnetic field collapses and the accumulated energy is returned to the circuit. 
An ideal inductance is thus nondissipative. 

Inductances are often used to transfer energy from one circuit to another. In 
this application, the inductance is first connected to a voltage source to absorb 
energy, and then is switched to a load to release energy. This forms the princi¬ 
ple of a variety of power-handling circuits, such as voltage converters and the 
switching power supplies mentioned earlier. 
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Inductances in Series and in Parallel 


If two inductances are connected in series as in Figure 7.11(a), they carry the 
same current i. By KVL, their individual voltages add up to yield a net voltage 
v = v Ll 4 v L: = L \ di jdt 4- di/dt = (L\ 4- L 2 ) dijdt , that is, u = L s difdt , 
where 

(7-20) 

The series combination of inductances behaves as an equivalent inductance 
whose value is the sum of the individual inductances, see Figure 7.11(b), 

If two inductances are connected in parallel as in Figure 7.12(a), they share 
the same voltage v. By KCL, their individual currents add up to yield a net 
current i = i Ll + Thus, we can write di/dt = d(i L] + i/. 3 )/rfr = diijdt + 
diijdt = v/L\ + v/L-s = v(\/L\ 4 - \/L 2 ), that is, di/dt = v/L p , where 

(7.21) 


The parallel combination of inductances behaves as an equivalent inductance 
whose reciprocal is the sum of the reciprocals of the individual inductances; 
see Figure 7.12(b). L p is often expressed in the form 

l = LxLl (7.22) 

P L x +L 2 

It is interesting to note that the formulas for the series and parallel combi¬ 
nations of inductances are similar to those for resistances, but are dual to those 
for capacitances. 





(a) (b) 


Figure 7.11 Two inductances 
in series are equivalent to an 
inductance L s = L\ 4 7-2- 



(a) (b) 

Figure 7.12 Two inductances in parallel are equiv¬ 
alent to an inductance L p — L\L 2 /{L\ 4 £ 2 )- 


Practical Inductors 

Commonly available inductances range from microhenries to henries. Variable 
inductances are usually implemented by displacing the core relative to the coil. 

Practical inductors satisfy the ideal characteristics discussed earlier only 
approximately. One of the main limitations stems from the resistance of the 
winding, whose voltage drop may alter the v-i characteristic significantly. De¬ 
noting this unwanted resistance as R s , we can model a practical inductor with an 
ideal inductance L in series with a resistance R s , as shown in Figure 7.13. Using 


Practical inductor 



Figure 7.13 Circuit 
model of a practical 
inductor. 
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KVL, the v-i characteristic of this composite element is then u — Ldi/dt-\-R s i. 
Clearly, only in the limit R s i L di/dt can a practical inductor be regarded as 
ideal. 

Of the three basic circuit elements, the inductor is the least ideal. More¬ 
over, its bulkiness and heaviness, and the fact that it does not lend itself to the 
miniaturization techniques of integrated circuit fabrication, make this element 
the least popular in modem electronics. Nevertheless, inductors are still widely 
used in power supply design and high-frequency signal processing. 

All circuit elements exhibit a small amount of inductance due to the fact that 
the current through the element produces magnetic flux, which, in turn, is linked 
with the element itself. Called stray or parasitic inductance, this unintended in¬ 
ductance may at times be large enough to influence circuit behavior. Even a plain 
wire exhibits stray inductance, besides stray resistance and stray capacitance. 


Comparison of the Basic Elements 

Having completed the study of the three basic circuit elements, we summarize 
their most important characteristics in Table 7.1. 


TABLE 7.1 Comparison of the Basic Elements 


Symbol: 


R 

C 


L 

Definition: 

R± 

dv 

di 

r a 

dv 

L 4 

dk 

7i 

Expression: 

R = 

e 

p s 


L = 

n 2 s 

d— 

i-v: 

i = 

i 

— V 

R 

dv 

i = C — 
dt 

i = 

— J v d% + i (0) 

v-i : 

V = 

Ri 

v = ^ J id$ + u(0) 

u = 

4 

dt 

p or w : 

p = 

Ri 2 - — 

R 

w = -Ci' 2 

2 

w = 

■ \u 2 

2 

Series: 

R s = 

= R] +R 2 

c,_ ClC2 

Ci 4- C 2 

L s -- 

- L\ + L 2 

Parallel: 

Rp* 

R[R 2 

Cp = Ci + c 2 

T 

L\L 2 

R\ + Ri 

L p - 

L\ + L 2 


7.3 Natural Response of RC and RL Circuits 

The analysis of circuits containing energy-storage elements is still based on 
Kirchhoff s laws and the element laws. However, since these elements exhibit 
time-dependent i-v characteristics, the resulting circuit equations are no longer 
plain algebraic equations; they involve time derivatives, or integrals, or both. 

The simplest circuits are those consisting of a single energy-storage element 
embedded in a linear network of sources and resistances. However complex this 
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network may be, we can always replace it with its Th^venin or Norton equivalent 
to simplify our analysis. After this replacement, the network reduces to either 
equivalent of Figure 7.14, where for reasons of duality we have chosen to use 
the Th^venin equivalent in the capacitive case and the Norton equivalent in the 
inductive case. In either case we wish to find the voltage and current developed 
by the energy-storage element in terms of the source, the resistance, and the 
element itself. The manner in which this voltage or current varies with time is 
referred to as the time response. 



Figure 7.14 Basic first-order circuits. 


'5 


R 


o 

+ 

i) 


-o- 


L 


(b) 


First-Order Differential Equations 


In the circuit of Figure 7.14(a) we have, by the capacitance law, i = C dvfdt. 
By KVL, we also have v$ = Ri + i>. Eliminating i we obtain 


dv 

RC -H v = Vs 

dt 


(7.23) 


In the circuit of Figure 7.14(b) we have, by the inductance law, v = Ldijdt. 
By KCL, we also have is = v/R + i. Eliminating v yields 


L di 

i* +, = ' s 


(7.24) 


Both equations are of the type 


dy(t) 

T --- 


+ y (0 = *(0 


(7.25) 


where y(t), representing either v(t) or /(f), is referred to as the unknown 
variable, and ;c(f), representing either t\y(f) or /5(f), is referred to as the forcing 
function. Moreover, we have 


r = RC 


in the capacitive case, and 


L 

T = — 

R 


(7.26) 


(7.27) 


308 Chapter 7 Energy Storage Elements 


in the inductive case. Both RC and L/R have the dimensions of time. Conse¬ 
quently, r is called the time constant. 

Since Equation (7.25) contains both the unknown variable and its derivative, 
it is said to be a differential equation. Moreover, it is said to be of the first 
order because this is the order of the highest derivative present. Consequently, 
the circuits of Figure 7.14, each containing just one energy-storage element, are 
said to be first-order circuits. A circuit containing multiple capacitances (or. 
inductances) is still a first-order circuit if its topology allows for the capacitances 
(or inductances) to be reduced to a single equivalent capacitance (or inductance) 
through repeated usage of the parallel and series formulas. 

Despite its apparent simplicity. Equation (7.25) cannot be solved by purely 
algebraic manipulations. For instance, rewriting it as y = x — x (dy/dt) brings 
us no closer to the solution because the right-hand side contains the derivative of 
the unknown as part of the solution itself. Before developing a general solution, 
in the next section, we study the special but interesting case x(t) = 0. 

The Source-Free or Natural Response 

Letting x(f) = 0 in Equation (7.25) yields 

(7.28) 

Mathematically, this equation is referred to as the homogeneous differential 
equation, and its solution y(t) is referred to as the homogeneous solution. Since 
letting jt (r ) = 0 is equivalent to letting = 0 or i s = 0 in the original circuits, 
this particular solution is physically referred to as the source-free response. 
Lacking any forcing source, the response of the circuit is driven solely by the 
initial energy of its energy-storage element. 

Rewriting Equation (7.28) as y = ~z(dy/dt), we note that aside from 
the constant — t, the unknown and its derivative must be the same . You may 
recall that of all functions encountered in calculus, only the exponential function 
enjoys the unique property that its derivative is still exponential. We thus assume 
a solution of the type 

y(0 = (7.29) 

where e = 2.718 is the base of natural logarithms, and we seek suitable expres¬ 
sions for A and s that will make this solution satisfy Equation (7.28). 

To find an expression for s, we substitute Equation (7.29) into Equation (7.28) 
and obtain zs Ae 51 -I- = 0, or 

(rs 4- 1 )Ae st =0 

Since we are seeking a solution Ae st / 0, the above equality can hold only if 
the expression within parentheses vanishes, 

rs + 1 = 0 (7.30) 

This equation, called the characteristic equation, admits the root 

5 - 1 



T 


(7.31) 
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Since it has the dimensions of the reciprocal of time, or frequency, the root is 
variously referred to as the natural frequency, the characteristic frequency, 
or the critical frequency of the circuit, and it is expressed in nepers/s (Np/s). 
The neper (Np) is a dimensionless unit named for the Scottish mathematician 
John Napier (1550-1617) and used to designate the unit of the exponent of e s ', 
which is a pure number. 

Next, we wish to find an expression for A. This is done on the basis of the 
initial condition y(0) in the circuit, that is, on the basis of the initial voltage u(0) 
across the capacitance or the initial current i(0) through the inductance. These 
conditions, in turn, are related to the initial stored energy, which is uj(0) — 
(l/2)Cir(0) for the capacitance, and iu(0) = (1/2 )Li 2 (0) for the inductance. 
Thus, letting t -*• 0 in Equation (7.29) yields y(0) = Ae°, or 

A = y(0) (7.32) 

Substituting Equations (7.31) and (7.32) into (7.29) finally yields 


y(0 = yme~ t,T 


(7.33) 


As shown in Figure 7.15, y(t) is an exponentially decaying function from the 
initial value y(0) to the final value y(oo) = 0. Since the decay depends only 
on y(0) and r, which are peculiar characteristics of the circuit irrespective of 
any particular forcing function, this solution is also called the natural response. 
Thus, homogeneous solution, source-free response, and natural response are 
different terms for the same function of Equation (7.33). 


natural 



How a circuit manages to produce a nonzero response with a zero forcing 
function is an intriguing question, but, as stated, this behavior stems from the 
ability of capacitors and inductors to store energy. It is precisely this energy that 
allows the circuit to sustain nonzero voltages and currents even in the absence 
of any forcing source. These voltages and currents will persist until all of the 
initial energy has been used up by the resistances in the circuit. Contrast this 
with a purely resistive network where, in the absence of any driving source, 
each voltage and current in the circuit would at all times be zero. 
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The Time Constant r 

Mathematically, the time constant r serves the purpose of making the argument 
tjx of the exponential function a dimensionless number. Physically, it provides 
a measure of how rapidly the exponential decay takes place. The significance 
of r can be visualized in two different ways, as follows: 

Evaluating Equation (7.33) at t = r yields y(r) = y(O)?' 1 = 0.37y(0), 
indicating that after r seconds the natural response has decayed to 37% of 
its initial value. Equivalently, we can say that after r seconds the response has 
accomplished 100 — 37 = 63% of its entire decay. Thus, one way of interpreting 
the time constant is: 

(1) r represents the amount of time it takes for the natural response to 
decay to 1/e, or to 37% of its initial value. 

An alternative interpretation is found by considering the initial slope of 
the response curve. On the one hand, this slope can be found analytically 
by evaluating the derivative of Equation (7.33) at t = 0, that is, dy(0)/dt = 
(-l/r)y(0)f?° = —y(0)/r. On the other hand, it can be found geometrically 
as the ratio of the y-axis to the t-axis intercepts of the tangent to the curve 
at the origin. Since the y-axis intercept occurs at y(0), it follows that the 
t-axis intercept must occur at f = t in order to make the initial slope equal 
to the calculated value — y(0)/r. Thus, an alternate interpretation for the time 
constant is: 

(2) r represents the instant at which the tangent to the natural response at 
the origin intercepts the t axis. 

Either of these viewpoints can be exploited to find r experimentally by 
observing the natural response with an oscilloscope. 


Exercise 7.9 Show that the tangent to y(r) at any instant, not 
necessarily the origin, intersects the t axis x seconds later. 


We observe that the larger the value of r, the slower the rate of decay 
because it will take longer for the response to decay to 37% or, equivalently, 
the tangent at the origin will intercept the t axis at a later instant. Conversely, 
a small time-constant results in a rapid decay. This is illustrated in Figure 7.16. 

Decay Times 

It is often of interest to estimate the amount of time t e it takes for the natural 
response to decay to a given fraction e of its initial value. By Equation (7.33), t e 
must be such that ey(0) = y(0) exp(-/ £ /r), or e = exp(-f e /r). Solving for t s 
yields 


t s = —r Inf 


(7.34) 
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Figure 7.16 The larger the time constant 
r, the slower the rate of decay of the 
natural response. 


► Example 7. 


7 


Find the time it takes for the natural response to decay to (a) 50%, 
(b) 1%, and (c) 0.1% of its initial value. 


Solution 

(a) /o ,5 — —r In 0.5 = 0.69r zr 0.7r. 

(b) /o.oi = — t In 0.01 = 4.6r zr 5r. 

(c) fo.ooi = 6.9r — It. 


1 


Exercise 7.10 Find the time it takes for the natural response to decay 
from 90% to 10% of its initial value. 

i ANSWER 2.2r. 

i 

j Exercise 7.11 In the circuit of Figure 7.14(b) let is = 0 and 

= 100 12. If it is observed that i (173.3 ^s) = (1/2)/(0) = 50 mA, find 
(a) the value of L, and (b) the energy initially stored in the inductance. 

ANSWER (a) 25 mH; (b) 125 pc J 


Though in theory the response reaches zero only in the limit t oo, in 
practice it is customary to regard the decay as essentially complete after about five 
time constants (5r), since by this time the response has already dropped below 
1% of its initial value, which is negligible in most cases of practical interest. 


• The s Plane 

It is good practice to visualize the root of a characteristic equation as a point in 
a plane called the s plane. Though we shall have more to say about this plane 
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in Chapter 9, for the time being we ignore the vertical axis and use points of 
the horizontal axis to visualize our roots. Negative roots lie on the left portion 
of this axis, positive roots on the right portion. Moreover, this axis is calibrated 
in Np/s. 

Since the root s = — l/r is negative, it lies on the left portion of the axis. 
Moreover, the farther away the root from the origin, the more rapid the ex¬ 
ponential decay. Conversely, the closer the root to the origin, the slower the 
decay. This correspondence is depicted in Figure 7.17(a) and (b). 

It is interesting to note that in the limit of a root right at the origin, or 
1 /t 0, we have r —»■ oo, indicating an infinitely slow decay, as depicted in 
Figure 7.17(c). In fact, Equation (7.33) predicts y(t) = y(0)e~^°° = y(0), that 
is, a constant natural response. By Equations (7.26) and (7.27), the condition 
x = oo is achieved by letting R = oo in the capacitive case, and R = 0 
in the inductive case. As we know, when open-circuited, an ideal capacitance 
will retain its initial voltage indefinitely, so u(f) = u(0) for any t > 0; when 
short-circuited, an ideal inductance will sustain its initial current indefinitely, so 




y(t) 


y(0) 


Np/ S Ci¬ 


te) 


Figure 7.17 Correlation between characteristic root location in the 
s plane, shown at the left, and rate of decay of the natural response, 
shown at the right: (a) x small, (b) x large, (c) t = oo. 
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/ (/) = j'( 0) for any t > 0. As we know, the function associated with this type 
of response is the memory function. 


Example 7.8 

In the circuit of Figure 7.14(a) let vs = 0, R = 10 k£2, and C = 1 /zF, 
and let the energy initially stored in the capacitance be 50 /iJ. (a) Find 
the location of the root in the ^ plane, (b) Find 


Solution 

(a) r = RC = 10 4 x 10 -6 = 10 ms. The root is located at 
j = - 1/t = -1/0.01 - -100 Np/s. 

(b) Since ui = (1/2)Cu 2 , the initial voltage is u(0) = «J2w(0)/C = 
v/2 x 50 x 10- 6 /10- 6 = 10 V. Then, 


v(t) = lOe -100 ' V 


1 


7.4 Response to DC and AC Forcing Functions 

Having investigated the particular but important case in which x(t) = 0 in 
Equation (7.25), we now wish to find the solution for the case of an arbitrary 
forcing function x(t). We then turn our attention to the two types of forcing 
functions of greatest interest, namely, the dc and ac forcing functions. The 
level of mathematical detail is designed to provide a clear understanding of the 
various response components as well as the terminology. 


General Solution to the Differential Equation 


An elegant method for solving Equation (7.25) is provided by the integrating- 
factor approach, as follows. Multiplying both sides of Equation (7.25) by 
(1/r) exp {tj r) yields 


dy(t) 


e <>T + -y(t)e l/T = -x{t)e 


f/r 


dt r r 

Recognizing that the left-hand side is the derivative of a product, we can write 


dt 1 t 

Replacing t with the dummy variable £ and integrating both sides from 0 to t 
yields 

f Tt [><« cf/ '] = f 

JO di; J 0 T 

1 f' 

y(t)e" T - y(0)e° = - x(^ /T d$ 

T Jo 


that is, 
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where y(0) again represents the initial value of y. Finally, solving for y(t) 
yields the general expression for the solution. 


(7.35) 


This expression indicates that the response y(t) consists of two components. 
The first component, which is independent of the forcing function jc(/), is the 
already familiar natural response. The second component, which depends on 
the particular forcing function Jt(r), is called the forced response. For obvious 
reasons, the sum of the two components is called the complete response. To 
emphasize this, Equation (7.35) is often expressed in the form 




(7.37) 

(7.38) 

It is apparent that the forced response depends on the functional form of 
jc(£), that is, on the manner in which or in our RC and RL circuits vary 
with time. Depending on this form, evaluating the integral of Equation (7.38) 
analytically may be a formidable task, and numerical methods may have to 
be used instead. Mercifully, the cases of greatest practical interest are only 
two, namely, the case of a constant or dc forcing function, and the case of a 
sinusoidal or ac forcing function. 



Response to a DC Forcing Function 

A dc forcing function is a function of the type 

(7.39) 

where Xs is a suitable constant. This means that in the case of the RC circuit 
of Figure 7.14 we have v s = V s , and in the RL circuit we have i s = /y. 
Substituting Equation (7.39) into Equation (7.38) yields 

^forced = -e~ t/T f X s e^ /T d% = —e~ t/T x 
t J o r 

or 


|f 

'0 



^forced — XS (l — e ^ T ) 


(7.40) 
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Substituting into Equation (7.36) yields the complete response to a dc forcing 
function, 


y(t) = _y(0)e-' /r + Xj (1 - e~ l/T ) (7.41) 


Noting that in the limit / —oo this equation yields y(oo) 
Xs(l — e -tx: ) = X$, we can also write 


yU) = [y(0) - y(oo)]e t/z + y(oo) 


where 


+ 

(7.42) 


y(oc) = X.s 


(7.43) 


As depicted in Figure 7.18, the complete response is an exponential transi¬ 
tion from the initial value y(0) to the final value y(oo). This transition is again 
governed by the time constant r, which is now visualized as the time it takes for 
y(t) to accomplish (100 — 37)%, or 63% of the entire transition. Alternatively, 
r can be visualized as the time at which the tangent to the curve at the origin 
intercepts the y = _y(oc) asymptote. Either viewpoint can be exploited to find 
r experimentally by observing the response to a dc forcing function with an 
oscilloscope. 


v{f) 



Figure 7.18 Example of a complete response to 
a dc forcing function. 


Figure 7.18 illustrates the complete response for the case y(oo) > y(0) > 0, 
but analogous diagrams can be constructed for all other possible cases. Just keep 
in mind that Equation (7.42) holds in general, regardless of whether y(0) and 
y(oo) are positive, negative, or zero. Note that if X$ = 0, so that y(oo) = 0, 
the complete response reduces to the natural response. 

We shall use Equation (7.42) so often that it is worth committing it to 
memory. Moreover, when sketching transient responses, it is a good habit 
to show the tangent at the origin and label its intercept with the y = y(oo) 
asymptote explicitly. This makes it easier for the reader to identify the value of 
the time constant governing the transient. 
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Example 7.9 

In the circuit of Figure 7.14(a) let R = 10 C = 1 pp, and u(0) = 5 V. 
Find the response v(t) for t > 0 if (a) u 5 = 12 V, (b) u s = 1 V, and 
(c) vs = -3 V. 

Solution 

We have r = RC = 10 ms, or 1/r = 100 Np/s. 

(a) We have u(oo) = 12 V. Using Equation (7.42) yields 

u(0 = (5 - + 12= —7e~ im + 12 V 

(b) Now v(oo) = 1, so 

v(t) =4e~ im + 1 V 

(c) Now u(oo) = —3 V, so 

v(r) = 8e“ 100 ' - 3 V 


Exercise 7.12 In the circuit of Figure 7.14(b) let R = 150 Q, 

L — 30 mH, and i(0) = 100 mA, Find / (0.1 ms) if (a) i s = 200 mA, 
(b) i s = 50 mA, and (c) i s = -200 mA. 

ANSWER (a) 139.3 mA; (b) 80.33 mA; (c) -18.04 mA. 


The Transient and DC Steady-State Components 

Equation (7.42) reveals that the response to a dc forcing function can be regarded 
as the sum of two components, namely, an exponentially decaying component 
with initial magnitude y(0) —y(oc), called the transient component, and a time- 
independent component of value y(oo), called the dc steady-state component 
because this is the value to which the complete response will settle once the 
transient component has died out. To emphasize this, the complete response to 
a dc forcing function is often expressed as 


3^(0 — IVxsient H" ^ss 


where 


(7.44) 


Jxsient = 0(0) - y(oo)]e t/T 

>’ ss = y( OO) 


(7.45) 

(7.46) 


The two portions of y{t) are shown explicitly in Figure 7.18. 
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It is interesting to note that >' xs iem has the same functional form as >Wural 
and that it consists of two terms: the natural response itself, y{(5)e~ ,lT , and the 
term y(oc)e~' lT , which is brought about by the forcing function. We also note 
that y ss has the same functional form as the forcing function, y ss = y(oo) = X$- 
It is common practice to refer to the complete response to a dc forcing 
function as simply the transient response. This response, to be studied in 
detail in Chapters 8 and 9, is of fundamental importance because it allows us 
to deduce important properties that are characteristic of the particular circuit 
producing it. In fact, the design specifications for circuit systems are often 
given in terms of transient-response parameters. 


Response to an AC Forcing Function 

As we shall see in greater detail in Chapter 10, an ac forcing function is a 
sinusoidal function of the type 


x(t) = X m coscuf 


(7.47) 


where X m is called the amplitude and to the angular frequency of the ac signal, 
whose units are radians/s (rad/s). This means that in the capacitive circuit of 
Figure 7.14 we have = V,„cosa>r, and in the inductive circuit we have 

i s = \ m cos ait . Substituting Equation (7.47) into Equation (7.38) yields 


y forced = —^ l/T [ e* /T COS tO$ d$ 

T Jo 


(7.48) 


To calculate this integral, we use the following formula from the integral tables 

e°* cos d £ = —- -(a cos b% + bs\nb£) 

a- + b- 

Substituting into Equation (7.48) with a = 1/r and b = to, we obtain 

Air / - \ ^ 


X m _,i T 

Jforced — e X V i / \ 1 i "> V 

T ( 1 jx )“ + U)~ \ X 


- cos tot; + co sin to% 


) 


or 

Xm / . ■ —i/t\ 

ytorced - 1 -;-rr (cos tot + cot sin tot e 1 ) 

1 4- (co t) 1 

Using the trigonometric identity 

A cos a + B sin a = \J A 2 + B 1 cos [a — tan -1 (fi/A)] 
with A = 1, B = cot, and a = tot. Equation (7.49) becomes 


X, 


^forced — 

+ 




1 + (cot) 2 
X m 

y /1 + (on) 2 


cos (oot — tan 1 cot) 


(7.49) 


(7.50) 
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Substituting into Equation (7.36), using also Equation (7.37), and then re¬ 
grouping, we finally obtain the complete response 



(7.51) 


An example of a complete response is shown in Figure 7.19. 


y 



Figure 7.19 Example of a complete response to an ac forcing 
function. 


The Transient and AC Steady-State Components 

Equation (7.51) reveals that the response to an ac forcing function consists of 
two components, namely, an exponentially decaying component, called the tran¬ 
sient component, and an ac component, called the ac steady-state component 
because this is the value to which the complete response will settle once the 
transient component has died out. We emphasize this by writing 


y(t) — Vxsient + >’ss 


(7.52) 


where 


!Vxsient — ( 3’(0) 


X, 


1 + (io T) 2 

Jss = Y m cos (cot + <t>) 




(7.53) 


(7.54) 
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and, 


(7.55) 

(7.56) 


The quantities Y m and <j> are called, respectively, the amplitude and the phase 
angle of the steady-state component. 

Again, we observe that y xs i em has the same functional form as y n aturai and 
that it consists of two terms: the natural response itself, y{0)e~ t/x , and the term 
X m e~ 1,>z /(I +(o 2 z 2 ), brought about by the forcing function. We also note that y ss 
has the same junctional form as the forcing function: they are both sinusoidal, 
and they have the same frequency co. Moreover, both the amplitude and phase 
angle of y ss are frequency dependent parameters. 

It is common practice to refer to the ac steady-state component as simply 
the ac response. Like the transient response, the ac response is of fundamental 
importance because a number of important circuit features can be deduced by 
observing the ac response. The design specifications for circuit systems are often 
given in terms of ac-response parameters. The ac response will be studied in 
detail in Chapters 10 through 12. 


L Example 7.10 

In the RC circuit of Figure 7.14(a) let R = 1 k£2, C = 1 pF, and 
v s = 10cos27iT0 3 r V. Find the complete response v(t) for / > 0 if 
u(0) = 1 V. 


Solution 

We have r — RC — 10 3 x 10 -6 — 1 ms, cot = 27T10 3 x 10 -3 — 
2tt, and X m = 10 V. Applying Equation (7.53) yields u xsient = 

[1 - 10/(1 + 2 2 7r 2 )]e -1 ° 3/ , or 

tW = 0.753e _lo3f V 

By Equation (7.55), Y m — 10/\/l + (2 tt)^ = 1.572 V, and <f> = 
— tan ' 1 2 tt = —80.96°. Applying Equation (7.54) yields 

u ss = 1.572cos (27rl0 3 f - 80.96°) V 

The complete response is thus, by Equation (7.52), 

t>(0 = 0.753e" ,()3 ' + 1.572cos (2;r 10 3 f — 80.96°) V 


v — m 

m Vi + 

<f> = — tan -1 cot 


Figure 7.19 shows precisely this response. 
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Exercise 7.13 In the RL circuit of Figure 7.14(b) let R = 150 £2, 

L — 30 mH, and i$ = 0.1 cos27r10 4 t A. Find the complete response /(f) 
for t > 0 if /(0) = 0. 

ANSWER i (f) = —O^fT 5000 ' + 7.933 cos (2?r 10 4 r - 85.45°) mA. 


Concluding Remarks 

We conclude with the following observations, which hold regardless of whether the 
forcing function is of the dc or ac type: 

(1) The transient component is functionally similar to the natural response , that 
is, it is an exponentially decaying function. 

(2) The steady-state component is functionally similar to the forcing function, that 
is, it is of the dc type in the case of a dc forcing function, and of the ac type 
in the case of an ac forcing function. 

These observations, to which we shall return time and again, provide an important per¬ 
spective for the material of the subsequent chapters. Keep them in mind. 


▼ Summary 

• The capacitor and the inductor are energy-storage elements. The expression 
for capacitive energy is w = (1/2 )Cv 2 , and that for inductive energy is 
w = (1/2 )Li 2 . 

• The capacitance law is i = C dv/dt, and the inductance law is v = Ldi/dt. 
These laws are dual of each other. Since their laws are time-dependent, the 
capacitance and the inductance are also referred to as dynamic elements. 

• For a capacitance to carry current, its voltage must change. If the voltage is 
kept constant, the current is zero. We also say that the capacitance provides 
a memory function. 

• For an inductance to develop voltage, its current must change. If the current 
is kept constant, the voltage is zero. 

• The analysis of circuits with energy-storage elements is still based on the 
combined use of Kirchhoff s laws and the element laws. However, the circuit 
equations are now differential equations as opposed to the algebraic equations 
of purely resistive circuits. 

• The manner in which a circuit reacts to the application of a forcing signal is 
called the response. 

• A circuit with energy-storage elements is capable of producing a response 
even in the absence of any forcing function. This response is called the 
source-free response or the natural response because it is produced by the 
circuit spontaneously, using the energy available from its energy-storage el¬ 
ements. 
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• The natural response of a first-order circuit is a decaying exponential. The 
rate of decay is governed by the time constant r. Quantitatively, r is the 
amount of time it takes for the natural response to decay to 1/e or 37% of 
its initial value. 

• A source-free circuit can be described in terms of its characteristic equation. 
The root s of this equation is related to the time constant r as s = -1/r, 
and it lies on the negative portion of the horizontal axis of the .v plane. 

• The further away the root is from the origin, the smaller the time constant, 
and the faster the rate of decay of the natural response. Conversely, the 
closer the root to the origin, the longer the rate of decay. A root at the origin 
corresponds to the memory function. 

• When a forcing function is present, the response consists of two components, 
the natural component and the forced component. The natural component is 
an exponential decay, but the forced component depends on the functional 
form of the forcing function. 

• The two cases of greatest practical interest are the response to a dc forcing 
function, called the transient response, and to an ac forcing function, called 
the ac response. 

• In both cases the complete response consists of a transient component having 
the same functional form as the natural response, and a steady state compo¬ 
nent having the same functional form as the forcing function. The designation 
steady state refers to the condition achieved once the transient part has died 
out. 

• The ac response has the same frequency as the ac forcing function, differing 
only in amplitude and phase angle. Moreover, amplitude and phase angle 
are frequency dependent. 


▼ Problems 

7.1 Capacitance 

7.1 Find the capacitance of two metal plates, each 1 in. x 
1 in. in size (1 in. = 2.54 cm) and separated by an air gap 
0.1 mm thick. For air, e r — 1. 

7.2 Find the parasitic capacitance between two traces run¬ 
ning parallel to each other on opposite sides of a printed-circuit 
board. Assume the traces are 2 mm wide and 2 in. long, and 
the board is 1 mm thick with e r = 5. 

7.3 (a) A 1-juF parallel-plate capacitor has a 1-mm-thick 
ceramic dielectric ( e r — 7500). If the plates are square, find 
the length of each side of its plates, (b) Repeat for a 1-F 
capacitance, comment. 

7.4 (a) The parallel combination of two capacitances, val¬ 
ued 0.2 /U.F and 0.6 /iF and initially discharged, is charged to 


10 V. Find the charge and energy stored in each capacitance, 
(b) Repeat, but for the series combination. 

7.5 (a) In the circuit of Figure P7.5(a) find a relationship 

between C and C\ to make C eq = C. (b) Repeat, but for 
Figure P7.5(b). 


C, C, 



(a) (b) 


Figure P7.5 
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7.6 Find all possible capacitance values that can be obtained 
by interconnecting 2-nF, 3-nF, and 6 -nF capacitances. 

7.7 (a) Find C eq in Figure P7.7. (b) Repeat if all capaci¬ 
tances are equal to 10 pF. 


24 pF 



Figure P7.7 


polarity combinations that maximize and minimize the energy 
recoverable by bringing the voltage across the terminals of the 
series combination back to zero. What are the maximum and 
minimum values of this energy? 

7.11 (a) Show that a voltage change vi in the circuit of 

Figure P7.11 produces a voltage change v Q such that v„ = 
v iC\/{C\ + C2). (b) If C2 = 3 nF, v ( - = 5 V, and v D = 2 W y 
find C]. 


Ci 



Figure P7.11 


7.8 (a) Find C eq in Figure P7.8. (b) Repeat, but with C and 

D shorted together. 


10 pF 10 pF 



15 pF 20 pF 

Figure P7.8 

7.9 After having been charged separately, two capacitances 
are connected in series as in Figure P7.9. (a) Find the total 
stored energy, as well as the fraction of this energy that can be 
recovered by bringing the terminal voltage vab back to zero, 
(b) Repeat if the voltage across the 3-/rF capacitance is positive 
at the bottom. 



I-o B 

Figure P7.9 

7.10 Three capacitances C\ =2 fc F, Ci = 3 fiF, and C 3 = 
6 /iF are separately charged to tq = 5 V, V 2 — 6 V, and 
V 3 = 3 V, and then connected in series. Find the voltage 


7.12 (a) Show that a voltage change vj in the circuit of 

Figure P7.12 produces a voltage change v a such that v„ = 
-<C|/C 2 )Ui. (b) If Ci = 40 pF and C 2 = 10 pF, find u,- for 
i>„ = +8 V. 


c, c 2 



Figure P7.12 


7.13 (a) Show that each time the switch of Figure P7.13 is 

flipped to the right, a net charge q = C( vi - v 2 ) is transferred 
from iq to i j 2 . (b) Show that flipping the switch back and forth 
/o times per second causes the SW-C combination to act as an 
effective resistance R e ff = l/(/oC). (c) If C = 10 pF, what is 
Reff if fo = 1 kHz? /o = 1 MHz? 


sw 



Figure P7.13 


7.14 Find the current through a 50-nF capacitance if its volt¬ 
age is (a) u = 5(1 — 10 4 r) V, (b) v = 10(1 - <r'° 4 ') V, 
(c) u = 4 sin 10 4 r, and (d) v — 15 V. 
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7.15 Assuming the initial voltage across a l-/iF capacitance 
is r (0) =5 V, find v for t > 0 if the capacitance current is 
(a) i = 10 -5 r A, (b) i = 2e~^* A, (c) i = 0.5cosl0 5 f A, 
(d) i = 5 /xA, and (e) i = 0 A. 

7.16 The voltage across a 4-nF capacitance has the wave¬ 
form of Figure P7.16. Sketch and label its current i, instanta¬ 
neous power p , and stored energy w for 0 < t < 14 /is. 


v(V) 



Figure P7.16 


7.17 A one-port consists of a 2-nF capacitance in parallel 
with a 2-k£2 resistance. Sketch and label the current drawn 
by this one-port in response to the voltage waveform of Fig¬ 
ure P7.16. 

7.18 Sketch and label, for 0 5 t < 6 /is, the voltage devel¬ 
oped by an initially discharged 5-nF capacitance in response 
to the current waveform of Figure P7.18. 

(' (mA) 




Figure P7.21 

7.22 Find L eq in Figure P7.22 if L = 30 /iH. 


L 



7.23 Find the voltage across a 25-mH inductance if its cur¬ 
rent is (a) i = 10(1 — 10 2 r) A, (b) i = 5(1 — e _1 ° 2t ) A, 

(c) i = 10 mA, and (d) i = 2 sin 10 2 r A. 

7.24 Assuming the initial current through a 1-mH inductance 
is i(0) = 10 mA, find i for t > 0 if the inductance voltage is 
(a) v = 10 _5 r V, (b) v = 2e _1 ° 5f V, (c) v = 0.5cosl0 5 / V, 

(d) v = 15 V, and (e) v = 0 V. 

7.25 The current through a 500-/iH inductance has the wave¬ 
form of Figure P7.25. Sketch and label its voltage v and in¬ 
stantaneous power p for 0 < t < 6 /is. 


7.19 The voltage across a 0.5-/iF capacitance is u = 5 x 
sin 10 3 f V. Find the current i, power p, and stored energy w. 
Hence, plot them versus 10 3 r for 0 < 10 3 r < 2jr. 

7.2 Inductance 

7.20 (a) Find the number of turns wound on an air core 
6 mm in diameter and 5 cm in length that are needed to form a 
10-/iH solenoidal inductor, (b) How many turns must be 
added to increase the inductance to 15 /iH? (c) How does 
the inductance change if the core is made of iron, for which 
/i r - 2 x 10 3 ? 

7.21 (a) In the circuit of Figure P7.21(a), find a relationship 
between L and L 1 to make L eq = L. (b) Repeat, but for 
Figure P7.21(b). 


i (mA) 



7.26 A one-port consists of a 250-/iH inductance in series 
with a 300-fi resistance. Sketch and label the voltage it devel¬ 
ops in response to the current waveform of Figure P7.25. 
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7.27 Sketch and label, for 0 < t < 6 ms, the current drawn 
by a 2-mH inductance with zero initial stored energy in re¬ 
sponse to the voltage waveform of Figure P7.27. 


w(V) 



Figure P7.27 


7.28 The current through a 1.5 mH inductance is i = 2 x 
sin 10 6 t mA. Find the voltage u, power p, and stored energy 
w. Hence, plot them versus 10 6 f for 0 < 10 6 r < 2 tt. 

7.29 In Figure P7.29 find i s if (a) i L = 20sin (4 x JO 4 /) 
mA, (b) if, = 20sin(6 x 10 4 /) mA, and (c) if, = 20sin(5 x 
10 4 /) mA. 



Figure P7.29 


7.30 In Figure P7.30 find vs if (a) v c = 10sinl0 4 r V, 
(b) vc — 10 sin I0 5 / V, and (c) vc = 10 sin 10 6 / V, 


5 mH 



Figure P7.30 


7.3 Natural Response of RC and RL Circuits 

7.31 Given the differential equation 5 x 10 ~ 3 dy(t)/dt + 
2y{t) = 10 3 dr it) jdt — x(r), find its characteristic frequency. 

7.32 An exponential voltage decay u(f) = u(0)e“^ T is ob¬ 
served with an oscilloscope. If it is found that v(l p s) = 
12.28 V and v(7 ps) = 3.7 V, (a) find u(0) and r, and (b) pre¬ 
dict v(10 ps). 

7.33 If it is found that an exponential current i (r) = i (0)e~' /r 
takes 5.545 ms to decay from 8 mA to 2 mA, how long does 
it take to decay from 6 mA to 4 mA? From 9 mA to 1 mA? 


7.4 Response to DC and AC Forcing Functions 

7.34 Find the solution to the differential equation 2 dy{t) jdt + 
y(f) = 5e~ ! , with the initial condition y(0) = 10. Check your 
result. 

7.35 Find the solution to the differential equation 2 dy(t) jdt + 
3y(t) = x(r) if (a) *(/) = 2 te~‘, with the initial condition 
y(0) = 5, and (b) x(t) = 3e~ l cos2f, with the initial condition 
y(0) = 1. Check. 

736 The RC circuit of Figure 7.14(a) consists of a 1 -ptF 
capacitance, with an initial stored energy of 450 pj, and a 
l-k£2 resistance. If the circuit is subjected to a dc forcing 
voltage V 5 , and if it is found that v(2 ms) = 0, estimate V s . 

7.37 The RL circuit of Figure 7.14(b) consists of a 5-mH 
inductance and a 100-52 resistance, and is subjected to a dc 
forcing current of 25 mA. If it is found that i(40 ps) = 0, esti¬ 
mate i (0) as well as the initial stored energy in the inductance. 

7.38 For each of the following complete voltage responses, 
identify the natural, forced, transient, and steady-state com¬ 
ponents: (a) v = 5(1 -F e~ ! l r ) V; (b) v = 5(2 - e~ f l T ) V; 
(c) u = 5(3e~ 1 l T + 2) V. 

7.39 For each of the following complete current responses, 
identify the natural, forced, transient, and steady-state compo¬ 
nents: (a) i = 5(2 - 3e~ r/T ) A; (b) i = -5(1 - 3e _,/r ) A; 
(c) i = 10(1 - e- f / T ) A; (d) i = 5e~ t/z A. 

7.40 In the RC circuit of Figure 7.14(a) let R = 10 k£2, 
C = 2nF, and us = 10 cos 10 5 t V. Find the complete response 
v(r) if (a) u(0) = 5 V, (b) u(0) = 2 V, and (c) v(0) = 0. 

7.41 In the RL circuit of Figure 7.14(b) let R = 1 kS2, L = 

1 mH, and is = 10 cos 10 6 f mA. Find the complete response 
i (t ) if (a) i (0) = 0, (b) the initial stored energy in the induc¬ 
tance is tu(0) = 12.5 nj. (Beware that in (b) there are two such 
responses!) 

7.42 In the RL circuit of Figure 7.14(b) let R = 100 £2, L = 
250 pH, and i s = I m cos 10 6 r V. If j (0) = 2 mA, find l m for 
which the circuit will yield a zero transient component. What 
is the steady-state component? What is the forced component? 

7.43 In the RC circuit of Figure 7.14(a) let R = 20 k£2, 

C = 1 nF, and v s ~ lOcostu/ V. (a) If u(0) = 5 V, find w for 
which the circuit will yield a zero transient component, (b) If 

= 10 5 rad/s, find v(0) for which the circuit will yield a zero 
transient component, (c) If u(0) = 15 V, is it possible to adjust 
co for a zero transient component? 

7.44 If the ac steady-state response component of an RC cir¬ 
cuit is 3.638 cos (10 6 f — 75.96°) V, find the transient response 
component, given that u(0) = 10 V. What is the forcing func¬ 
tion? 
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7.45 If the transient response component of an RC circuit is 

3 e -io 3 / jjjg ac steady-state response component, given 

that u(0) = 10 V and the forcing function has a peak amplitude 
of 70 V. 

7.46 For each of the following complete current responses, 
identify the natural, forced, transient, and steady-state com¬ 


ponents: (a) i = 5[cos {cot + <p) + e r, ' T ] A; (b) i = 5 x 
[cos (cot + <f>) — e~^ x ] A; (c) i = 5 cos (cot -I- <p) A. 

7.47 For each of the following complete voltage responses, 
identify the natural, forced, transient, and steady-state 
components: (a) v = 5e~ 1,/z V; (b) u = 5cos(10 3 f — 
11.31°) V. 



Transient Response of 
First-Order Circuits 


8.1 

8.2 

8.3 


I n Section 7.4 we found that the response to a dc forcing function consists 
of a transient component and a dc steady-state component. The transient 
component has the same functional form as the natural response, which is an 
exponentially decaying function. The dc steady-state component has the same 
functional form as the forcing function, which is a constant function. We now 
wish to apply the mathematical concepts of Sections 7.3 and 7.4 to a variety 
of circuit configurations, but with greater attention to physical behavior. An 
engineer must always use physical insight to interpret mathematical results! 

In the present chapter we concentrate on first-order circuits, that is, circuits 
that contain only one energy-storage element or that contain multiple elements, 
but in such a way that they can be reduced to a single equivalent element via 
series/parallel combinations. In Chapter 9 we turn our attention to second-order 
circuits, with special emphasis on circuits that contain one capacitance or one 
inductance. 

We begin by examining in great physical detail how energy builds up and 
decays in simple capacitive and inductive circuits. In so doing, we develop a 
set of useful rules to facilitate the transient analysis of more complex networks. 

Next, we study the step and pulse responses of the basic R-C, L-R , 
C-R, and R-L circuits, and observe how these circuits behave in terms of signal 
distortion as well as passing or blocking the dc component of an input pulse 
train. 

We then turn to capacitive circuits using op amps. After examining the 
classical integrator and differentiator configurations, we use the op amp to il¬ 
lustrate another important systems concept, this time the concept of root location 
control. In particular, we illustrate the use of an op amp to create a root in the 
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right half of the s plane and thus obtain a diverging response, a situation that 
cannot be achieved with a purely passive circuit. 

As usual, we conclude the chapter by illustrating the use of SPICE to per¬ 
form the transient analysis of circuits. The SPICE facilities introduced in this 
chapter are the . tran statement and the pulsr function. 


8.1 Basic RC and RL Circuits 

In this section we take a closer look at the physical aspects of the transient 
behavior of basic RC and RL pairs. However, we must first state two important 
rules that will greatly facilitate our transient analysis of these circuits. 


The Continuity Conditions 

Capacitance current and voltage are related as ic = Cdvc/dt. The faster the 
change in u c , the greater i c . If u c were to change instantaneously, dvc/dt 
would become infinite, and so would ic. An infinite current, however, would 
require the existence of an infinite amount of power at the capacitor terminals. 
Since this is physically impossible, we have the following rule, known as the 
voltage continuity rule for capacitance: 

Capacitance Rule 1: The voltage across a capacitance cannot change instan¬ 
taneously, that is, at any instant to we must have i>c(fo+) = ur(to- ), 

where is the instant right after to, and to- is the instant right before to. 

Note that the continuity rule applies to vc, not to ic; ic can indeed change 
instantaneously without violating Rule 1. We can readily visualize this rule 
using the water tank analogy, where water level is likened to voltage, and water 
flow to current. To bring about an instantaneous level change would require 
adding or removing water from the tank in zero time, a physically impossible 
task. Current flow can undergo brusque changes, however, as when we suddenly 
open a spigot to let water out of the tank. 

Turning now to inductance, whose voltage and current are related as vl = 
Ldi L jdt , we observe that if i L were to change instantaneously, di L jdt would 
become infinite and so would Uf This is again physically impossible, as it would 
require the existence of an infinite amount of power at the inductor terminals. 
Hence, we have the following current continuity rule for inductance: 

Inductance Rule 1: The current through an inductance cannot change instan¬ 
taneously, that is, at any instant to we must have j L (fo+) — Il(U)-)- 

Inductors are also called chokes to reflect their tendency to oppose sudden 
changes in current. Note that the continuity rule applies to inductive current, 
not to inductive voltage , The latter can indeed undergo instantaneous changes 
without violating Rule 1. 


DC Steady-State Behavior 

If the voltage Vc across a capacitance is known to have stabilized as some 
constant value Vc, not necessarily zero, the capacitance is said to be in dc 
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steady state. Once in this state, it draws no current from the rest of the circuit 
because ic = C dV c fdi = C xO = 0. This behavior is summarized as follows: 

Capacitance Rule 2: In dc steady state, a capacitance behaves as an open 
circuit, that is, ic = 0. 

Likewise, if the current ii through an inductance is known to have stabilized 
as some constant value I L , not necessarily zero, the inductance is said to be in dc 
steady state, and the voltage across its terminals is = L df/dt = 1x0 = 0. 
Consequently, 

Inductance Rule 2: In dc steady state, an inductance behaves as a short 
circuit, that is, v L = 0. 

These rules indicate that if an energy-storage element in a circuit is known to be 
in dc steady state, we can replace it with an open circuit if it is a capacitance, or 
a short circuit if it is an inductance, and thus simplify our analysis considerably. 
Table 8.1 compares capacitance and inductance behavior. Note again the dual 
behavior of the two elements. 


TABLE 8.1 Comparison of L and C Behavior 


Element 

C 

L 

DC steady-state condition 

vc = constant 

il = constant 

DC steady-state behavior 

open circuit 

short circuit 

Cannot change instantaneously 

vc 

IL 

Can change instantaneously 

ic 

VL 


The R-C Circuit 

In the circuit of Figure 8.1(a) assume the capacitance is initially discharged so 
that q — 0. Then, by Equation (7.3), we have v = q/C = 0/C = 0. Moreover, 
i = (0 - v)/R = 0. 



(a) (b) 

Figure 8.1 Flipping a switch to charge a capacitance, and equiv¬ 
alent circuit for t > 0 + . 


At an instant that we arbitrarily choose as t = 0 we flip the switch to 
connect R to V s , ending up with the situation of Figure 8.1(b). The resulting 
current / = (Fy — v)/R will charge C toward V s according to Equation (7.23), 
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which now becomes 

RC ^ + v = V s (8.1) 

dt 

A word of caution is necessary at this point. The instant t = 0 is exceptional 
because the switch voltage is in the process of changing from 0 to V 5 and, as 
such, is not a single-valued function of time. To avoid any ambiguities, we 
assume Equation (8.1) to begin at / = 0 + , where 0 + denotes the instant just 
after t = 0, when the switch voltage has fully attained the value Vs. Likewise, 
t = 0“ shall denote the instant just before t = 0, when the switch voltage is still 
zero. With this in mind, the solution to Equation (8.1) shall also be assumed to 
begin at t = 0 + . 

Such a solution is provided by Equation (7.41), but with t = 0 + instead of 
t = 0. Because of the voltage continuity rule, we have u(0 + ) = u(0“) = 0, 
indicating that the natural component in Equation (7.41) is zero. The solution 
is thus the forced component. To summarize, just prior to switch activation we 
have 


u(0“) = 0 


{8.2a) 


and thereafter, 


v(t>0 + ) = V s {\-e-' /RC ) (8.2b) 

The current is readily found as t C dv/dt. Differentiation of the preceding 
expressions yields 

i{0") = 0 (8.3a) 

i{t > 0 + ) = ~e~ rlRC (8.3b) 

R 

The responses are shown in Figure 8.2. It is interesting to note that u is contin¬ 
uous but i is discontinuous at the origin. This does not violate Rule 1, however, 
as continuity applies to voltage, not to current. Because of its abrupt jump in 
magnitude, the current waveform is referred to as a spike. 

Both transients of Figure 8.2 are governed by the time constant z = RC. 
Increasing R reduces the charging current, and increasing C increases the amount 
of charge that needs to be transferred. In either case the transients will be slowed 
down. Conversely, decreasing R results in faster transients because the charging 
current is increased. In the limit R —> 0, C would try to charge instantaneously. 


V{t) I to 




(a) 


(b) 


Figure 8 2 Voltage and current responses of the circuit of Figure 8.1(a). 
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But to do so would require an infinitely large current spike from Vs, which we 
know to be physically impossible. In a practical situation current is limited by 
the internal resistance of the source and the connecting wires, indicating that 
charge buildup, however rapid, cannot be instantaneous. The spark that we 
observe in the laboratory when we connect a capacitor directly across a battery 
attests to the large current spike involved. 


Example 8.1 

In the circuit of Figure 8.1 let V s = 10 V, R — 1 M£2, and C = 1 pF. 
(a) How long does it take to charge C to 4 V? (b) To what value must 
we change R for this time to be 0.2 s? 


Solution 

(a) We have RC — 10 6 x 10“ 6 = 1 s. By Equation (8.2b) we must have 
4 = 10(1 -e- f/1 ), or t = r In (5/3) = 1 x 0.511 =0.511 s. 

(b) To decrease the time from 0.511 s to 0.2 s we must decrease R 
in proportion; /f„ ew = (0.2/0.51 l)tf o]d = 0.392 x 1 = 392 kfi. 


Exercise 8.1 In the circuit of Figure 8.1, let Vs = 10 V and 
R = 20 k£2. If v is observed with the oscilloscope and it is found that it 
takes 30.5 ps to rise to 5 V, find C. 

ANSWER 2.2 nF. 


Suppose that after the capacitance of Figure 8.1(a) has fully charged to Vs, 
the switch is flipped back down at an instant that we again choose as t = 0 for 
convenience. This is shown in Figure 8.3(a). With the source out of the way, 
we end up with the source-free circuit of Figure 8.3(b). 

By the voltage continuity rule we must have u(0+) = u(0 - ) = V s . Con¬ 
sequently, at t — 0 + , the top plate holds the charge +CV S and the bottom 



Figure 8.3 Flipping a switch to discharge a capacitance, and 
equivalent circuit for t > 0 + . 


L 
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plate the charge —CV 5 . Moreover, the initial stored energy in the capacitance is 
uj(0 + ) = (1/2 )CVj. Thanks to this energy, C will be able to sustain a nonzero 
voltage even though V$ has been switched out of the circuit. This voltage, in 
turn, will cause R to draw current and gradually discharge C. Though the ref¬ 
erence direction is still shown clockwise for consistency, the discharge current 
actually flows counterclockwise, out of the top plate, through the resistance, and 
back into the bottom plate. 

The discharge process is governed by Equation (7.23), which now becomes 


dv 

RC — 1 > — 0 

dt 


(8.4) 


Rewriting as dv/di = —v/(RC) indicates that v decreases at a rate proportional 
to v itself. Initially, when v is large, we have a proportionally rapid discharge 
rate. As the discharge progresses, the rate decreases in proportion, making the 
discharge slower and slower. This process, similar to emptying a water tank by 
opening a spigot at the bottom, is an exponential decay. In fact, it is the natural 
response predicted by Equation (7.33). We thus have 


v(O') = V s 


(8.5a) 


v(t > 0+) = V s e- ,!RC 


(8.5b) 



(8.6a) 

(8.6b) 


»(/) 



(a) (b) 

Figure 8.4 Voltage and current responses of the circuit of Figure 8.3(a). 


The rate of decay is governed by the time constant RC. The larger R or C, 
the slower the decay. In the limit R —> 00 the decay would become infinitely 
slow because there would be no current path for C to discharge. Hence, C would 
retain its initial voltage V$ indefinitely, thus providing a memory function. 
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I n all the time the Nobel 
Prize in Physics has been 
in existence, only one per- j 
son has received it twice: 

John Bardeen, In today’s 
slang, we are definitely talk¬ 
ing “rocket scientist” here, 
even though Bardeen’s work 
was never with NASA, His 
1972 Prize, shared with Leon 
Cooper and Robert Schrieffer, 
was for his work on super¬ 
conductivity, His 1956 Prize, 
shared with Walter Brattain 
and William Shockley, was 
for the invention of the tran¬ 
sistor, which is the work we 
are most interested in here. 

Bardeen was born in 
Madison, Wisconsin, in 1908 
and was a child prodigy. Be¬ 
cause of his whiz-kid perfor¬ 
mance in school, the nine-year-old child was pro¬ 
moted from third grade directly to seventh, and he 
graduated high school at age 15. He then earned his 
BS and MS degrees in electrical engineering from 
the University of Wisconsin. After a few not-very 
exciting years as a geophysicist for Gulf Oil, he re¬ 
turned to graduate school, at Princeton this time, and 
was awarded his doctorate in mathematical physics in 
1936. Service in Naval Ordnance during World War 
II was followed by a position at Bell Labs in 1945. 

The scientific world Bardeen entered in 1945 was 
very different from that of the early workers in elec¬ 
tricity (or any other field, for that matter). Research 
departments were becoming a major part of bigger 
and bigger corporate behemoths like AT&T and GE, 


and scientific research was 
done ; either in these corpo¬ 
rate; settings or in the aca¬ 
demic arena, By the 1950s 
the days of the lone inven¬ 
tor, struggling to find enough 
money to buy equipment plus 
one meal a day, were pretty 
thuch over. Figures like Lee 
De Forest fending off patent 
suits or Thomas Edison filing 
diem had given way to sci¬ 
entists working as members 
of teams, taking home reg¬ 
ular paychecks, and leaving 
any legal issues to the corpo¬ 
rate lawyers. Thus, Bardeen 
did not have to track down 
a warehouse to rent, as Tesla 
had, or open a laboratory in 
Newark like Edison. Instead 
he moved his family to Sum¬ 
mit, New Jersey, close by Bell Labs in neighboring 
Murray Hill, and went to work not as a lone genius but 
as part of a team. The group he joined was headed by 
Shockley and was newly formed to study solid-state 
physics. 

Aiming to make an amplifying device using 
semiconductor material, Shockley had the idea that 
a positive electrode placed near but not in physical 
contact with a semiconducting material would pull 
electrons to the surface of the semiconductor (the 
“field effect”) and thus increase its conducting abil¬ 
ity. Such enhanced conductivity was not observed 
in any of the experiments run by Shockley’s team, 
however, and Bardeen and his colleague Walter Brat¬ 
tain were assigned the task of figuring out why. To 



I^OU^ 

John Bardeen 

Two-Time Winner 



John Bardeen (shown here), together with William 
Shockley and Walter Brattain, received a joint Nobel 
Prize in 1956 for their invention of the transistor. 
In 1972, Bardeen (together with Leon Cooper and 
Robert Schrieffer) received a second Nobel for work 
on superconductivity. (Courtesy of University of Illinois) 
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test one of their ideas, Bardeenand Brattain designed 
an experiment that, via the field effect, should have 
decreased conductivity in the semiconductor. What 
happened, though, because the gold electrode they 
were using came into cqntact with the germanium . 
semiconductor while a voltage was being applied, was 
that die conductivity ihctetised:. Bardeen and iflrat- / 
tain had comeup 3 with a new dteyfeej^ *pieir'dh%>v-, . 
cry was that an electrode at a semiconductor surface ' 
doesn’t pull electrons from the interior to the surface 
but rather pushes positive charge carriers {“holes”) 
from near the surface into the interior* a phenomenon 
tailed “hole injection.” Seeing that injected holes in¬ 
creased the conductivity at a second electrode placed 
in contact with the same semiconductor and biased* 
with an opposite voltage, Bardeen and Brattain de¬ 
signed a device in which the two electrodes were very; 
close together. In other words, they made the first 
injection bipolar transistor, in the form of a point- 
contact “emitter of holes” and a nearby point-contact 
“collector of holes.” 

Thus from Shockley’s original quest—an ampli¬ 
fying semiconductor device based on the electric field 
effect and not realized until much later—was bom 
the hole injection device of Bardeen and Brattain, the 
prototypical bipolar transistor. The Nobel Prize was 
awarded to these two men for this most significant 
discovery of the century and to Shockley for the pn 
junction version of the transistor he developed later. 

Once AT&T executives were given a demonstra¬ 
tion of how this new device could amplify a sig¬ 
nal, in December 1947, work on applications began, 
a first task being to find a name. The prize went 
to Bell Labs colleague John Pierce. Because his 
work at that time was with vacuum tubes, Pierce was 
used to thinking in terms of transconduction. Re¬ 
alizing that the new invention revolved around the 
opposite property, transresistance, he started free- 
associating names that would tie in with “resistor,” 
“thermistorand so forth, and from “transresistance” 
came “transistor." 

After this epochal work, Bardeen turned the light 
of his genius on another solid-state phenomenon, 
superconductivity (“returned,” to be more accurate 


about it, b&jausc he had aiready been working inthis 
field before his transistor day^). He left Bell Lab$ip 
1951 and accepted a professorship in, electrical engi-' 
neering at the University of Illinois, a post heheld 
untilhisdeathia l$91.. y., ! ;/y 

■ j _; use ap | old%shione^ 

by his; fellow scientists. <7bd quiet, SoM qi his 
graduate students would say, and thus were barn fee 

‘ 1 '■ ' ' ■' 1 '■ :r' , 

■■ 

, ' !l ^ •••" " '• ,1 i' 

“Bardeen was, to use an old - 
fashioned word, a gentleman — quiet, 

M modest, and respected and 
admired by his fellow scientists. ” 


nicknames “Silent John” and “Whispering John.”) He 
was, in the words of Nick Holonyak, Jr., who was 
first Bardeen’s student at the University of Illinois 
and then his colleague there, “the nicest man you ever 
met.” One story often told about Bardeen has him go¬ 
ing home after work on that day in 1947 when the first 
successful transistor demonstration was made, sitting 
down at the kitchen table, and softly saying to his 
wife, “We discovered something today.” 

Besides science, Bardeen’s great passion was 
golf. Colleagues report that on the golf course, the 
quiet, self-effacing Dr. Jekyll scientist was wont to 
be replaced by, if not so extreme a character as Mr. 
Hyde, then at least by a more exuberant and expres¬ 
sive individual, liable to be found shouting—“Did you 
see that? Did you see that shot I just made!”—after 
a particularly good play. A golf ball containing a 
Sony transistor radio, presented to Bardeen on his 
60th birthday by George Hatoyama, Sony’s first re¬ 
search director, was a treasured possession for the 
remainder of his life. 









The C-R Circuit 

Interchanging the roles of the capacitance and resistance in the R-C circuit of 
Figure 8.1(a) turns it into the C-R circuit of Figure 8.5(a). Though the current 
response is not affected by this interchange, the voltage response will be different 
because we are now observing it across R rather than C. 

Assume prior to switch activation the circuit is in steady state so that C, 
by Rule 2, acts as an open circuit. Then, by Ohm’s Law, v(0 ~) = Ri (0 ) = 
R x 0 = 0, indicating that the voltage across C must also be zero. 

As the switch is flipped up, the voltage of the left plate jumps from 0 V 
to Vs- By Rule 1, the voltage across C right after switch activation must still 
be 0 V. For this to be possible, the voltage of the right plate must also jump 
from 0 V to Vs, so that v(0 + ) = V s . With a nonzero voltage drop, R will draw 
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! = 0 C V(t) 



(a) 


(b) 


Figure 8.5 C-R circuit and its forced response to a dc voltage Vs- 


current and cause C to charge exponentially. In summary, 

u(0") = 0 (8.7a) 

v(t > 0 + ) = Vse~ ,/RC (8.7b) 

This response is shown in Figure 8.5(b). We observe that v now exhibits a 
discontinuity at / = 0. This does not violate Rule 1, however, because this rule 
applies to the voltage across the capacitance, not to the individual plate voltages. 

If the switch is left in the up position long enough to allow u to fully decay 
to 0 V, the capacitance will achieve its dc steady state, in which the voltage at 
the left plate will be Vs and that at the right plate will be 0 V. Consequently, 
the final stored energy will be wc = (1/2)CV|. 



Figure 8.6 C-R circuit and its natural response. 


Suppose now the switch is flipped back down, at a time that we again choose 
as t = 0, as shown in Figure 8.6(a). This causes the voltage of the left plate 
to jump from Vs to 0 V, and that of the right plate to jump from 0 V to -V s , 
by the continuity rule. Consequently, i>(0 + ) = — Vs, causing R to draw current 
and discharge C, 

u(0“) = 0 (8.8a) 

v(t > 0 + ) = -V s e-' /RC (8.8b) 

This response is shown in Figure 8.6(b). Voltage is again discontinuous at t = 0, 
but without violating Rule 1. We also note the creation of a negative voltage 
transient using a positive voltage source. This feature is exploited in the design 
of certain types of voltage inverters. 
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Exercise 8.2 In the circuit of Figure 8.6(a) let V s = 5 V, R = 10 kQ, 
and C = 0.2 pF. (a) Find the charge in the capacitance at t = 1 ms. 
(b) Find the time at which the energy in the capacitance has dropped to 
10% of its initial value. 

ANSWER (a) 606.5 nC, (b) 2.303 ms. 


t = o 



Figure 8.7 Flipping a switch to 
investigate the forced response 
of the RL circuit. 


The RL Circuit 


In the circuit of Figure 8.7 assume the inductance has zero initial stored energy 
so that, by Equation (7.19), /(0“) = 0. Flipping up the switch connects the 
source Is to the RL pair, causing current and, hence, energy to build up in the 
inductance. For t > 0 + , this process is governed by Equation (7.24), 


L di 
R dt 


+ i = Is 


(8.9) 


By the current continuity rule we must have /(0 + ) = / (0 ) = 0. Consequently, 
the solution to Equation (8.9) is the forced response 


H 0“)=0 

i{t > 0+) = I s (1 - e - t/a/R} ) 

The voltage is found as v = Ldi/dt. Differentiation yields 


(8.10a) 

(8.10b) 


v(0~) =0 

v(t > 0 + ) = RI s e~' l(LIR) 


(8.11a) 

(8.11b) 


These responses are shown in Figure 8.8. Comparison with the capacitive re¬ 
sponses of Figure 8.2 further substantiates the duality principle. We also note 
that i is continuous at the origin, but v exhibits a spike. This does not violate 
Rule 1, however, as the latter applies to inductive current, not to voltage. 

Both responses are governed by the time constant L/R. Increasing L slows 
down the responses because it takes longer to build up energy in a larger induc¬ 
tance. However, increasing R now speeds up the responses. We justify this by 
noting that the voltage response is scaled by R. Consequently, a larger R results 
in a larger v and, hence, in a faster rate of current buildup, since dijdt = v/L. 


i(t) v(t) 




(a) (b) 


Figure 8.8 Voltage and current responses of the circuit of Figure 8.7. 
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In the limit R —► oo, current buildup in the inductance would be instan¬ 
taneous and it would be accompanied by an infinitely large and infinitely brief 
voltage spike (a physical impossibility as we know). In a practical circuit this 
spike will be limited by the finite internal resistance of the source, confirming 
that current buildup in an inductance, however rapid, cannot be instantaneous. 


Exercise 8.3 

(a) In the circuit of Figure 8.7 let Is = 1 mA, R — 10 k£2, 
and L = 10 mH. Assuming zero initial stored energy in the 
inductance, find the amplitude and duration of the ensuing 
voltage spike (take the duration to be about five time constants.) 

(b) Repeat, but for R = 1 MSI Compare with part (a); comment. 

ANSWER (a) 10 V, 5 jus; (b) 1000 V, 50 ns. 


If the switch is left in the up position for a sufficiently long time, all of Is 
will eventually be diverted through L and none through R , thus causing v to 
collapse, by Ohm’s Law, to zero. As we know, this is the dc steady state for 
the inductance. The final stored energy in the inductance is w L = (1/2)L/J. 

Suppose now the switch is flipped back down at an instant again chosen as 
t = 0, as depicted in Figure 8.9. Once more, we end up with a source-free 
circuit. By the continuity rule we have / (0 + ) = t(0 _ ) = Is, indicating that after 
switch activation L will continue to draw current. With the source out of the 
circuit, this current will have to come from R, so that u(0 + ) = —RI S . As a 
consequence of this voltage, the inductance current will start to decay, producing 
the natural response 

r (0 ) = I s (8.12a) 

i(t > 0+) = lse~’ /iL/R) (8.12b) 

The voltage is found as u = Ldi/dt. Differentiation yields 

u(0“) = 0 (8.13a) 

v(t > 0+) = -RI s e~ t/a/R) (8.13b) 

Both responses are shown in Figure 8.10. 

The responses are governed by the time constant L/R. The smaller R, the 
slower the decay. In the limit i? —> 0 the decay would become infinitely slow 
because L would have no means to dissipate its energy. Thus, the current Is 
would flow indefinitely inside the inductance, and we would have a memory 
effect. In practice, the nonzero resistance of the winding and connections will 
cause the inductance current to decay to zero eventually. This is similar to 
capacitor leakage, except that the parasitic resistance of a practical inductor is a 
far more serious limitation than is the parallel leakage of a practical capacitor. 
This explains why inductors are never used for long-term energy storage. 


i = o 



Figure 8.9 Flipping a switch to 
investigate the natural response 
of the RL circuit. 
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m 



v(t) 



Figure 8.10 Voltage and current responses for the circuit of Figure 8.9. 


Conversely, the larger R is, the quicker the decay, and the larger and briefer 
the voltage spike. If an attempt is made to open-circuit an inductor or a trans¬ 
former carrying a nonzero current, an arc may develop across the switch whereby 
the stored energy is dissipated in ionizing the air along the path of the arc. 
This feature is exploited in automobile ignition systems, where the coil current 
is periodically interrupted by the distributor to develop an arc across a spark 
plug. 


Exercise 8.4 Referring to Figure 8.9, verify that the energy available 
from L at the beginning of the transient equals the energy dissipated by 
R during the entire transient. 

Exercise 8.5 

(a) Sketch and label the current through the resistance in the circuit 
of Figure 8.7. Be neat and precise. 

(b) Repeat, but for the circuit of Figure 8.9. 


8.2 Transients in First-Order Networks 

We now generalize the techniques of the previous section to the case in which an 
energy-storage element is part of a more complex circuit, or network. Subjecting 
the network to a sudden change, such as the activation of a switch, will cause the 
energy-storage element to respond with a transient. This, in turn, will force all 
other voltage and current variables in the circuit to readjust accordingly, since 
Kirchhoff s laws must be satisfied at all times. 

If the circuit surrounding the energy-storage element consists of resistances 
and sources and is thus linear, all voltage and current transients in the circuit will 
be exponential and will be governed by the same time constant t. Assuming 
t = 0 as the instant of occurrence of the sudden change, each transient will take 
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on the form of Equation (7.42), namely. 


y(t > 0 + ) = [y(0 + ) - y(oo)]e f/T + y(oo) 


(8.14) 


This expression is uniquely defined once we know y(0 + ), y(o o), and r. For 
completeness, we also want to know v(0 — ) in order to tell whether there is 
any discontinuity at / = 0. In the following we shall assume that by the time 
the sudden change is applied, the circuit has had sufficient time to reach its 
dc steady state. Following is a systematic procedure for finding the above 
parameters: 

(1) Find y(0 _ ), the steady-state value of the response preceding the sudden 
change. This is achieved by examining the circuit before the change, 
when the capacitance acts as an open circuit and the inductance as a 
short circuit. Also record the voltage u c (0 _ ) across the capacitance, 
or the current ii( 0 _ ) through the inductance, which will be needed in 
the next step. 

(2) Find y(0 + ), the value of the response just after the sudden change. 
This is achieved by replacing the capacitance with a voltage source of 
value u c (0 + ) = u c (0 ), or the inductance with a current source of 
value ir( 0 + ) = //.(0 — ). Note that these replacements hold only at the 
instant t = 0 + , after which vc{t ) or ic(t) will indeed change to reflect 
energy buildup or decay. Clearly, the equivalent circuit of the present 
step is only a snapshot of our network at t = 0 + . 

(3) Find y(oo), the steady-state value of the response in the limit r-»oo. 
This is achieved by examining the circuit long after the sudden change, 
when the capacitance will again act as an open circuit and the induc¬ 
tance as a short circuit. 

(4) Find the equivalent resistance R cq seen by the energy-storage element 
during the transient. Then use, respectively, 


(8.15a) 

(8.15b) 


R eq is found using Method 2 of Section 5.2, though in particular cases 
simple inspection may suffice. 

In general, the procedure uses three equivalent circuits, one for each of 
the first three steps, and possibly a fourth circuit to find /f eq . Once we have 
all parameters in hand, we substitute them into Equation (8.14) to obtain the 
response as a function of time. 

It is often of interest to know how long it takes for a response to swing 
from a given value y(/i) to a value yfo)- By Equation (8.14) we can write 
y(ti)-j(oo) = [y(0 + )-y(oo)k -,|/T and y(r 2 )-y(oo) = [y(0 + )-y(oo)]e“' 2/r *. 


T = R e qC 
T = L/ R e q 
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Dividing the two equations pairwise yields [y(ti) —y(oo)]/[y(f 2 ) —y(oo)] = 
e i!2 ~‘ ]) / T . Taking the natural logarithm of both sides and simplifying we obtain 


r 2 — t\ = x In 


y(fi) - j(oo) 

yfa) ~ y(oo) 


( 8 . 16 ) 


Let us now apply the procedure to actual examples. 


Capacitive Examples 


t: 


Example 8.4 

Sketch and label v(r) for the circuit of Figure 8.11(a). 



Solution 

We need to find i>(0 _ ), u(0 + ), u(oo), and r. The sequence is illustrated 
in Figure 8.12, where the units are [V], [mA], and [k£2j. 

Figure 8.12(a) depicts the steady state prior to switch activation. 
With C acting as an open circuit, we can use the voltage divider 
formula and write v(0“) = [1/(3 + 1)]12 = 3 V. Moreover, using KVL, 
i/c(0-) = 12 - 3 = 9 V. 

Figure 8.12(b) provides a snapshot at t = 0 + . By the continuity rule, 
the voltage across the capacitance just after switch activation must still be 
9 V regardless of the external circuit conditions. We model this behavior 
with a 9-V voltage source, as shown. Then, by KVL, u(0 + ) = —9 V. 

Figure 8.12(c) depicts the steady state after the transient has died out. 
The voltage divider formula again yields v(oo) =3 V. 

From Figure 8.12(c) we also note that the resistance seen by the 
capacitance is R tq = 3 || 1 = 750 £2. Thus, t = RC = 750 x 10 -7 = 
75 ps. Substituting into Equation (8.14) yields 

t/(0~) = 3 V 

v(t > 0 + ) = 3 - 12e- ,/(75 ^ s) V 
The sketch of v versus t is shown in Figure 8.11(b). 
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(c) 


Figure 8.12 Circuit of Figure 8.11(a) for (a) t = 0 , (b) f = 0 + , and 
(c) t — ► 00 . 




Exercise 8.6 Repeat Example 8.4 if the switch, after having been in 
the down position for a sufficiently long time, is flipped up at t = 0. 

ANSWER u(0“) = 3 V, v(t > 0+) = 3 + 12e"''< 75 ^ s) V. 


Example 8.5 

Find u(r) in the circuit of Figure 8.13. 

/ = o 0.2 pF 



Solution 

The sequence is illustrated in Figure 8.14, where the units are [V], [mA], 
and [kf2]. In Figure 8.14(a) we have, by Ohm’s Law, t>(0 - ) = -1 x 4 i x 
and tx = 5/10 = 0.5 mA. Hence, u(0 - ) = —2 V. Moreover, KVL yields 
Uc (0-) = 5-(-2) = 7 V. 
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<x < 10 


1 < 






Figure 8.14 Circuit of Figure 8.13 for (a) t — 0 , (b) t — 0 + , and 
(c) t -»■ oo; (d) finding R eq . 

Opening the switch removes the 5-V source from the picture, as 
shown in the remaining figures. KCL at the supemode surrounding 
the 7-V source in the snapshot circuit of Figure 8.14(b) yields 
0 = ix + 4 i x + v(0 + )/l, or v(0 + ) = — 5i x . KVL around the outer loop 
clockwise yields lOi* = 7 4- u(0 + ) or i x = [7 + u(0 + )]/10. Eliminating 
ix and solving for u(0 + ) yields u(0 + ) = —7/3 V. 

In Figure 8.14(c) it is apparent that i x = 0, so 4 i x = 0 and, hence, 
d(oo) = 0. 

To find the resistance R eq seen by C during the transient, replace 
C with a test source as in Figure 8.14(d). KVL around the outer loop 
clockwise yields 10/x = v + 1/]. KCL at the supemode surrounding the 
test source yields 0 = i x 4- 4 i x + i\. Eliminating i'i yields i x = v/15. 
But, i = i x , so that i = u/15. Hence, /f eq = v/i = v/(v/\5) = 15 kS2. 
Finally, r = R eq C = 15 x 10 3 x 0.2 x 10 6 = 3 ms. Substituting the 
calculated data into Equation (8.14), 

u(0“) = -2 V 


u(r > 0 + ) = --e _,/(3 ms) V 
3 
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ANSWER u(0“) = 0, u(r > 0+) = le~ !i{Q1 ms) - 2 V, 250.6 /is. 


Example 8.6 

(a) Sketch and label i(t) in the circuit of Figure 8.15(a). 

(b) Find the time at which i = 0. 


H" v -^ 2- 7r - 

1 l' = ( > J /j^ 

12V Ql f,n =p°- 1 l iF Q) lmA > 2kn 0 Oy/ | 

T T T -i /120 


Figure 8.15 Circuit of Example 8.6 and its response. 


Solution 


(a) After gaining sufficient experience we can visualize the 
intermediate steps mentally. 

At t = 0“ the switch is open and C acts as an open. 
KCL at the upper center node yields i(0~) + 1 mA = 0, or 
t(0 ) = -1 mA. 

Since the capacitance voltage does not change during switch 
closure, the voltage across the 3-k£2 resistance also remains 
unchanged, thus yielding /(0 + ) = t(0^) = —1 mA. 

For t —> oo, C acts again as an open. Considering that the 
switch is now closed, we can apply the superposition principle, 
along with Ohm’s Law and the current divider formula, and 
write i(cxd) = 12/(3 + 2) — [2/(3 + 2)]1 =2 mA. 

The value of /i eq during the transient is found by 
suppressing the sources. Considering that the switch is closed, 
we have /f eq = 3 || 2 = 1.2 kfi. Hence, r = /f eq C = 

1.2 x 10 3 x 0.1 x 10 6 = 120 /is. The sketch of / versus t is 
shown in Figure 8.15(b). 

(b) The time it takes for /(/) to reach 0 A is, by Equation (8.16), 
t = 120In [(-1 - 2)/(0 - 2)] = 48.66 /is. 


Exercise 8.8 Suppose the switch in the circuit of Figure 8.15(a), after 
having been closed for a sufficiently long time, is opened at t = 0. Find 
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Figure 8.17(a) depicts the steady state prior to switch activation. 
With L acting as a short circuit, u(0“) — 5 V. Moreover, /;.(0 ) = 

5/1 +5/2 = 7.5 mA. 

Figure 8.17(b) provides a snapshot at t = 0 + , with L replaced 
by a 7.5-mA source to reflect current continuity. Using Ohm’s Law, 
u(0+) = 2 x 7.5 = 15 V. 

Figure 8.17(c) depicts the steady state after the transient has died out. 
By inspection, u(oo) = 5 V. 

From Figure 8.17(c) we also note that the resistance seen by L during 
the transient is /? eq = 2 k£2. Then, x = L/R eq = 10 x 10 _3 /(2 x 10 3 ) = 
5 ijl s. Substituting into Equation (8.14) yields 

v«T) = 5 V 

v(t > 0+) = 5 + 10e -r/(5 ^ V 
The sketch of versus t is shown in Figure 8.16(b). 


Exercise 8.9 Suppose the switch in the circuit of Figure 8.16(a), after 
having been open for a sufficiently long time, is closed at t = 0. Find 
the current i (/) supplied by the 5-V source. 

ANSWER f(0") = 2.5 mA, i(t > 0+) = 5[1.5 - e _f/(15 " s) ] mA. 


Example 8.8 

Sketch and label v(t) in the circuit of Figure 8.18(a); hence, find the 
instant when u(f) = 10 V. 


v (V) 




(b) 


Figure 8.18 Circuit of Example 8,8 and its response. 


Solution 

Refer to Figure 8.19, where the units are [V], [A], and [£2]. In 
Figure 8.19(a) we have, by the voltage divider formula, u(0“) = 
[1/(3 + 1)] 12 = 3 V. Also, / L (0") = 12/(3 + 1) = 3 A. 
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i L ( 0 -> 



(c) 


Figure 8.19 Circuit of Figure 8.18(a) for (a) / = 0 , (b) t = 0 + , and 
(c) t oo. 


In Figure 8.19(b) we apply the superposition principle, along 
with the voltage divider formula and Ohm’s Law, to write i>(0 + ) = 
[1/(2 + l)]12 + 3 x (2 || 1) = 6 V. 

In Figure 8.19(c) we have u(oo) = 12 V. Moreover, the 
resistance seen by L is R eq = 1 || 2 = 2/3 £2. Consequently, 
r = L/R e q = 4 x 10~ 3 /(2/3) = 6 ms. Substituting into Equation (8.14), 

t;((T) = 3 V 

v(t > 0 + ) = 12 - 6*T f/(6 ms) V 

The sketch of v versus t is shown in Figure 8.18(b). 

The amount of time it takes for i>(f) to reach 10 V is, by 
Equation (8.16), 


t = 6 In 


6-12 

10-12 


= 6.592 ms 


1 


Exercise 8.10 Find the power pit) = u(/)/(*) delivered by the source 
in the circuit of Figure 8.18(a) if the switch, after having been closed for 
a sufficiently long time, is opened at t = 0. 

ANSWER p(Or) = 144 W, pit > 0+) = 36 (1 + e~ t/0 ms >) W. 
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(d) finding R eq 


By the continuity rule, the inductance current at t = 0 + is still 1/3 A, 
as shown in Figure 8.21(b). KCL at the upper rightmost node yields 
1/3 + i x = u(0 + )/3, where i x = [4 i x - v(0 + )]/2. Eliminating i x yields 
i’(0 + ) = -2 V. 

In Figure 8.21(c) we have u(oo) = 4/*, where i x = 0 because the 
2resistance is now short-circuited. Hence, u(oo) = 0. 

Suppressing the independent source and applying a test voltage 
as in Figure 8.21(d), we have, by KCL at the upper rightmost node, 
i + i x = (4f‘* + u)/3. But, by Ohm’s Law, i x = -v/2. Eliminating i x 


3mH 



Figure 8.20 Circuit of Example 8.9. 
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yields / = v/6. Thus, R sq = v/i = 6 £2, r = 3 x 10 3 /6 = 0.5 ms, and 

u«T) = 4 V 

v(t > 0+) - -2tr f/(500 ^ v <4 

- — -.— -~___i 


r~ -—-—-—--- 

Exercise 8.11 Repeat Example 8.9, but with the two sources 
interchanged with each other. 

ANSWER u(0") = -6 V, v(t > 0+) = - 6e -'/ (50 ° ^ V. 

Exercise 8.12 Referring to Figure 8.13, find v(t) if the capacitance is 
replaced by a 30-mH inductance. 

ANSWER u(0“) = -5 V, v(t > 0+) = 35 e ""< 2 V. 

Exercise 8.13 Referring to Figure 8.20, find u(r) if the inductance is 
replaced by a l-/rF capacitance. 

ANSWER u(0") = 3 V, v(t > 0+) = le"^ 6 ^ V. 


8.3 Step, Pulse, and Pulse-Train Responses 

The activation of a switch is not the only form of effecting a sudden change in a 
circuit. Another common form is by means of a step signal, that is, a signal that 
changes abruptly from one value to another. As we proceed we shall see that the 
step response provides precious information about the dynamic characteristics 
of a circuit. 

If a positive-going step is followed at some later instant by a negative-going 
step of equal amplitude, the resulting signal is the pulse. The pulse response 
is of great interest in computer electronics, where information is represented by 
means of pulses. 

Step Response of R-C and L-R Circuits 

Referring to Figure 8.22, we note that in dc steady state both circuits yield 
v o = V]. This is so because in this state C acts as an open, so that vq = 
v/ — Ri = vi — R x 0 = U/ in the R-C circuit; moreover, L acts as a short, so 
that v 0 — Vf — vi = u/ — 0 = vj in the L-R circuit. 


R L 




Figure 8.22 The R-C and L-R circuits. 
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If we apply a positive-going step of amplitude V m , each circuit will yield 
u o (0“) = 0 and t>o(oo) = V m . Moreover, by the continuity rules, uo(0 + ) = 0 
in both cases. Substituting into Equation (8.14), we have 


(8.17a) 

(8.17b) 


where the two circuits have, respectively, 

r = RC (8.18a) 

r = L/R (8.18b) 

This response is shown in Figure 8.23(a). 



Figure 8.23 Response of the R-C and L-R circuits to (a) a positive¬ 
going step and (b) a negative-going step. 


fo(0 ) - 0 

voO i0 + ) = V m (1 


A measure of how rapidly a circuit responds to a positive-going step is 
the rise time t r , defined as the amount of time it takes for the response to 
rise from 10% to 90% of its final value. Using Equation (8.16) we get t r = 
x In [(0.1 V m - V m )/(Q.9V m - V m )] = rln9, or 

t r = 2.2r (8.19) 

By similar reasoning, the response to a negative-going step is 


(8.20a) 
(8.20b) 

and is shown in Figure 8.18(b). This response is characterized by the fall time 
tf, the time it takes for v 0 to fall from 90% to 10% of its initial value. Using 
Equation (8.16) as before yields 


vo(0~) = V m 
V 0 (f > 0 + ) = 


tf = 2.2r 


( 8 . 21 ) 
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Example 8.10 


In the circuit of Figure 8.22(a) R is measured with the ohmmeter and 
found to be 33 k£2, and t r is measured with the oscilloscope and found to 
be 725 ps. Find C. 


Solution 

By Equations (8.18a) and (8.19), C = z/R = t r /(2.2R) = 725 x 
lCT 6 /(2.2 x 33 x 10 3 ) = 10 nF. 




Exercise 8.14 If in the circuit of Figure 8.22(b) R = 20 Q and 
tf = 5.493 ms, what is the value of L? 

ANSWER 50 mH. 


Pulse Response of R-C and L-R Circuits 

Figure 8.24 shows the response of the R-C and L-R circuits to a single pulse. 



Figure 8.24 Pulse response of the R-C and 
L-R circuits. 


For 0 < t < IF, Vo is an exponential transition from i>(0 + ) = 0 toward 
v(oo) = V m , 


v O (0<t <W) = V m {l~e~^ T ) 


(8.22a) 


For t > W , that is, for (t - IF) > 0, v 0 is an exponential decay with initial value 
vo(W) = V m (1 — e _vv 7 r ) and u(oo) = 0. It is readily seen that this portion of 
the response can be expressed as v 0 (t > W) = u 0 (W)e -(f_w ' )/r . Eliminating 
t>o(VF) and simplifying, we get 


v 0 (t >W)=V m (e w / T 


(8.22b) 
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Example 8.11 


An R-C circuit with R = 10 kfl and C — 1 nF is driven with a 5-V, 
1.5-ps pulse. Find Vo for (a) t — 4 p s, (b) t — 1.5 ps, and (c) t — 12 ps. 


Solution 

(a) We have V m = 5 V, W = 7.5 ps, and r = 10 4 x 10“ 9 = 10 ps. 
Using Equation (8.22a), v 0 (4 ps) = 5(1 - e" 4/, °) = 1.648 V. 

(b) By Equation (8.22a), u 0 (7.5 ps) - 5(1 - fr 7 - 5/1 °) = 2.638 V. 

(c) By Equation (8.22b), v 0 (12 ^s) = 5(e 75/1 ° - l)*- 12710 = 
1.682 V. 


Exercise 8.15 An L-R circuit with L = 50 mH and R = 1 k£2 
is driven with a 10-V, 100-/AS pulse. Find the two instants at which 
v 0 (t) =5 V. 

ANSWER 34.66 ps, 127.4 ps. 


Pulse-Train Response of R-C and L-R Circuits 

If an R-C or an L-R circuit is subjected to a pulse train with duty cycle d, the 
response consists of exponential buildups alternated with exponential decays. 
After a sufficient number of pulses, the steady-state situation of Figure 8.25 is 
reached, where the response alternates between Vf, and V#. To find Vi and V#, 
we use the following: 

v 0 (0 < t < dT) - (V L - V m )e~ t/T + 

v 0 (dT < t < T) = y„e- {t - dT)lt 

Calculation of the first expression at t = dT and the second at t 
respectively, 

V H = (V t - V„)e- dT l‘ + V m 
V L = V H e-' T - dT V' 


— T yields, 

(8.23a) 

(8.23b) 
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Figure 8.25 Pulse-train response of the R-C and L-R circuits. 
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This system of equations is readily solved for the two unknowns, 


(8.24a) 

(8.24b) 


Depending on the magnitude of r relative to T, we have three different 
possibilities, depicted in Figure 8.26 for the case d = 50%: 

(1) x « 7\ One can readily verify that Equations (8.24) predict Vi —> 0 
and V H V m , indicating that v 0 has sufficient time to essentially reach 
the extremes of its range. Physically, the pulses and their spacings are 
long enough to allow for the energy in the capacitance or inductance 
to fully build up or decay within each subcycle. Figure 8.26(a) reveals 
that, aside from a slight rounding of the edges, the shape of v 0 is similar 
to that of V[. In the limit x T the input pulses are thus transmitted 
to the output with negligible distortion. 


) 

i 

v i 


V m 


/ 


r 

1 K7 

i r 


_0 

1_ 

i _LI_ 

1 __^ 


T 0 772 T 3/72 2 7' 

(a) 





Figure 8.26 Response of the R-C and L-R circuits to 
a 50% duty-cycle pulse train for (a) r 7, (b) t = 
r/2, and (c) t » T. 






8.3 Step, Pulse, and Pulse-Train Responses 353 


(2) t = T/2, Now vo has only a limited amount of time to perform its ex¬ 
ponential transitions. Letting T/z =2 and d = 0.5 in Equations (8.24) 
yield V L = 0.269and V H — 0.731 V m . As shown in Figure 8.26(b), 
vo is a fairly distorted version of Vj. 

(3) r»r. Because of the long time constant, vo can now accomplish only 
the initial portions of its exponential transitions. Since these portions 
are essentially straight segments, vo now approximates a triangle wave 
with a small peak-to-peak amplitude. In Chapter 7 we learned that 
integrating a square wave yields a triangle wave. For this reason the 
R-C and L-R circuits are, in the limit z » T, referred to as integrators. 

We also observe that in the limit T/t -> 0 Equations (8.24) predict Vf 
Vh dV m , indicating that v 0 now approximates a dc signal of value dV m . 
Since this coincides with the full-wave average of Vi, the R-C and L-R circuits 
are, in the limit r » T, also referred to as averaging filters. 


Example 8.12 

In the circuit of Figure 8.22(a), let R = 10 k£2 and C = 0.1 pF, and 
let Vj be a 5-V pulse train with a 50% duty cycle. Find the pulse 
train frequency for which vo will approach a triangular wave with a 
peak-to-peak amplitude of 10 mV. 


Solution 

We have r = RC = 10 4 x 10 -7 = 1 ms. The average value of vo is 
2.5 V, and the peak values of vo are 2.5 V ± 5 mV, that is, 2.495 V and 
2.505 V. Use Equation (8.23b) to impose 

2.495 = 2.505e _(r_0 ' 5r)/r 


Solving for T yields T = 0.008r = 0.008 x 10 3 = 8 ps. Thus, 
f = \/T = 1/(8 x 10“ 6 ) = 125 kHz. 




Exercise 8.16 Repeat Example 8.12, but for a 25% duty cycle. 
ANSWER 93.75 kHz. 


Step Response of C-R and R-L Circuits 

Referring to Figure 8.27, we observe that in steady state both circuits yield 
v 0 = 0, so that we must have uo(0 - ) = 0 and u(oo) = 0. Using the continuity 
rules, it is also seen that, at t = 0 + , vo must experience the same jump as Vj. 
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Figure 8.27 The C-R and R-L circuits. 


As shown in Figure 8.28(a), the response to a positive-going step is 

(8.25a) 
(8.25b) 

and that to a negative-going step, shown in Figure 8.28(b), is 


(8.26a) 
(8.26b) 

In both cases r is as given in Equation (8.18). Note the circuit ability to produce 
a negative spike in response to a negative-going input step, even though v { itself 
is never negative. 


v o (0~) =0 

Vo(t > 0+) = - V m e~ tix 


v 0 ( 0") = 0 
Vo (t > 0+) = V m e~ t/v 




^ m 

0 



0 T 


(a) 



Figure 8.28 Response of the C-R and R-L circuits to (a) a positive-going 
step and (b) a negative-going step. 


Pulse-Train Response of C-R and R-L Circuits 

Figure 8.29 shows the steady-state response of the C-R and R-L circuits to 
a 50% duty-cycle pulse train. We observe that the current through C and the 
voltage across L must average to zero, for otherwise there would be unlimited 
energy buildup in these elements. Consequently, v 0 will also average to zero, 
this being why the C-R and R-L circuits are also known as dc blocking circuits. 
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0 772 


T 3772 2 T 

(a) 



(b) 


v Q 



Vo 



<d) 

Figure 8.29 (a) Applied pulse train and response of 
the C-R and R-L circuits for (b) r » T, (c) r = 
T/2, and (d) r <£ T. 


We again identify three cases of interest: 

(1) r » T. With a long time constant there is insufficient time for appre¬ 
ciable energy buildup or decay in the capacitance or inductance within 
each subcycle. The input pulses are thus transmitted to the output with 

negligible distortion. 

(2) r = T /2. The pulses undergo greater distortion because there is more 
time for energy buildup or decay within each subcycle. 

(3) r <$; 7\ Now there is sufficient time for essentially complete energy 
buildup or decay within each subcycle. Consequently, vq consists of a 
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series of spikes, the polarity of each spike reflecting the direction of the 
corresponding transition of vt. Since the response now approximates 
the derivative of the applied signal, the C-R and R-L circuits are, in 
the limit r <K 7\ referred to as differentiators. 


Exercise 8.17 Referring to the waveforms of Figure 8.29, show that 
with d = 0.5 the peak values of v 0 are ± V m /{\ 4- e~ TllT ). Then, discuss 
the cases r T, r = T/2, and r <SC T. 


8.4 First-Order Op Amp Circuits 

RC circuits provide a fertile area of application for op amps. Thanks to its ability 
to draw energy from its own power supplies and inject it into the surrounding 
circuitry, the op amp can be used in ingenious ways to create effects that cannot 
be achieved with purely passive RLC components, let alone with resistors and 
capacitors but no inductors. The analysis of op amp circuits is based, as usual, 
on the virtual-short concept. 


The Differentiator 

In the circuit of Figure 8.30(a) we know that the op amp, via the feedback path 
provided by the resistance, keeps its inverting input at virtual ground potential. 
We thus haveic = Cd{v } -0)fdt = Cdv { /dt, and i R = (0 -v 0 )/R = -v 0 /R. 
Since no current flows into or out of the inverting input pin, we must have 
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Figure 8.30 Differentiator and input/output waveform example. 
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i c — i R . Substituting and rearranging yields the transfer characteristic 


v Q (t) — -RC 


dvj(t) 

dt 


(8.27) 


In words, the output is proportional to the time-derivative of the input. The 
proportionality constant -RC is negative and has the dimensions of time, or 
seconds (s). The circuit is aptly called a differentiator. Figure 8.30(b) shows 
how it differentiates a triangular input wave to produce a square output wave. 
Physically, it works as follows: 


(1) During the time intervals over which i?/ increases, ic flows toward the 
right. By KCL, i R also flows toward the right, making vo negative as 
the left terminal of R is at virtual ground potential. 

(2) During the times when vj decreases, ic and, hence, i* flow toward the 
left, making vq positive. 


Exercise 8.18 

(a) Referring to the waveforms of Figure 8.30, show that 

V om =4 RCfV im , where / is the frequency of the input wave. 

(b) Repeat, but for an ac input with amplitude V, m . 

ANSWER (b) V om = 2nRCfV im . 


r 


Example 8.13 

Find the transfer characteristic if the circuit of Figure 8.30(a) also includes 
a resistance R p in parallel with C. 


Solution 

Assuming all currents flow toward the right, we have, by KCL and the op 
amp rule, i Rp + i c = i r, or (u/ - 0 )/R p 4- C d(v t - 0 )/dt = (0 - v 0 )/R . 
Solving for vo yields 

R _ n „dv,{t) 
vo(t) = ~ — Vi(t) — RC 

R n dt 


The Integrator 

Interchanging R and C in the circuit of Figure 8.30(a) yields the circuit of 
Figure 8.31(a). KCL and the op-amp rule allow us to write i R = ic, or 
(i>/ — 0 )/R = C x d( 0— vo)/dt. Solving for dvo yields dvo = — (l//?C)v/ dt. 
Changing t to the dummy variable £, and then integrating both sides from 0 to 
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t, we obtain 


vo(t ) = 


1 

~RC 


f 


vi$)d$ 


+ W>(0) 


( 8 . 28 ) 


where u o (0) is the output voltage at t = 0. Its value is determined by the charge 
stored at this time in the capacitance. 

Aptly called an integrator, the circuit yields an output which is proportional 
to the time-integral of the input. The proportionality constant -l/RC is negative 
and has the dimensions of the reciprocal of time, or s _1 . 

Of particular interest is the case in which the input voltage is constant, or 
f/(0 = V } , for then Equation (8.28) simplifies as 


v O (t) = -~~t + v o (0) ( 8 . 29 ) 

In words, applying a constant voltage to an integrator yields a linear output 
waveform, or ramp. The rate at which the output ramps is dv 0 /dt = - V { / RC . 
With Vi > 0 we obtain a decreasing ramp, and with Vj < 0 we obtain an 
increasing ramp. Thanks to its ability to produce ramps, the integrator finds 
application in the design of waveform generators to synthesize triangle and 
sawtooth waves. Figure 8.30(b) shows how the circuit integrates a square wave 
to produce a triangular wave. Its physical operation is as follows: 


(1) During the times when i>/ > 0, i R and, hence, i' c flow toward the 
right, causing the voltage across the capacitance, which is (0 — Vo), to 
increase. But, since the left plate is kept at virtual ground potential, v 0 
must thus decrease. 

(2) During the times when 17 < 0, i R and, hence ic flow toward the left. 
This causes the voltage (0 - v 0 ) across the capacitance to decrease. 
Consequently, vq will now increase. 
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The integrator is the workhorse of op amp RC circuits. Common application 
areas, besides signal generation, are signal processing (such as waveshaping and 
filtering) and instrumentation and control. 



The Noninverting Integrator 


The circuit of Figure 8.32 is the V—I converter of Figure 6.23, but with a capac¬ 
itance as the load. Adapting Equation (6.31) to the present case, the capacitance 
current is 

ic = (8.30) 

R i 

The op amp acts as a noninverting amplifier with respect to vc , 




Using the capacitance law, we can write Vj/R i = /'c = Cdvc/dt = [C/(l + Figure 8.32 The noninverting 
Ri/R\)]dvo/dt, or dvo = [(1 + R 2 /R\)/(R\C)] x Vjdt. Changing t to the integrator. 
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dummy variable £ and then integrating both sides from 0 to t, we obtain 


vo(0 = 


1 + Rij /?i 

R^C 


/' 


vi(%)d% + u o (0) 


18.32) 


The circuit is again an integrator. However, since the constant of proportion¬ 
ality (1 + Ri/R\)f( R\C) is now positive , the circuit is called a noninverting 
integrator. 

By contrast, the circuit of Figure 8.31(a) is an inverting integrator. If vj is 
kept constant, the noninverting integrator will yield an increasing ramp when 
vj > 0 and a decreasing ramp when vj < 0, just the opposite of the inverting 
integrator. 


Exercise 8.21 Let the circuit of Figure 8.32 have R\ = Ri = 100 k£2 
and C = 10 nF. Sketch and label vj and vo versus t if Vf is a square 
wave as in Figure 8.31(b) top. Assume V im = 1 V, T = 2 ms, and 
v 0 (0 ) =0 V. 


• Creating Divergent Responses 

The circuit of Figure 8.33 can be regarded as an R-C circuit terminated on 
a variable negative resistance. Moreover, the switch allows us to exclude the 
source for the purpose of investigating the natural response of the circuit. 



Figure 8.33 Using an op amp to create diver¬ 
gent responses. 


We observe that as the wiper is swept from end to end, the variable resistance 
changes from 0 to 20 k£2, that is, from 0 to 2R. Its value can thus be expressed 
as 2kR, as shown, where k is a fraction controlled by the wiper position, 
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By Equation (6.29b), the equivalent resistance R 0 seen by C is R 0 — RJ 
{R/R -2 kR/R), or 

(8.34) 

As k is varied from 0 to 1, R 0 varies from R, through oo, to — R. It is precisely 
the ability to make R 0 negative that interests us. To appreciate this feature, let 
us find a relation between vo and v s . 

The op amp amplifies the capacitance voltage vc by \ +2kR/R = ]+ 2k, 
thus yielding 

vo = (1 + 2k)v c (8.35) 



KCL at the noninverting input node and the capacitance law yield 
vs ~ vc _ r dvc_ v c - Vq 
R dt + R 

Eliminating vc, the differential equation governing the circuit is 


RC dv 0 
1 - 2k ~dT 


+ v 0 = 


1 + 2 k 
1-2 k 


Since we are only interested in the natural response, we first connect the 
circuit to the source v s to inject energy into C, then we flip the switch down to 
exclude the source and see how the circuit does on its own. Thus, for t > 0 + , 
the governing equation is 

RC dvoit) 

*-—— —--h uo(t) =0 (8.38) 

1 — 2k dt 

This is the familiar homogeneous form of Equation (7.28), but with r = 
RC/{\ —2k). The root of the characteristic equation is s = — 1/r, or 


2k - 1 


and the solution is > 0 + ) = uc>(0 + )e v \ or 


v 0 {t > 0+) = v o {0 + )eTfr' 


We identify three important cases: 


(1) k < 0.5, so that s < 0. The location of the root in the s plane is on the 
left half of the horizontal axis. As we know, the natural response is a 
decaying exponential, indicating that for k < 0.5, our circuit responds 
just like an ordinary RC circuit. 

(2) k = 0.5, so that 5 = 0. The root now lies right at the origin, and the 
natural response is constant, vo(t > 0 + ) = u o (0 + ). Note that with 
k = 0.5 the resistance ratios are matched, so that our circuit reduces to 
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the noninverting integrator of Figure 8.32. We thus conclude that the 

characteristic equation of an integrator admits a root right at the 
origin of the s plane. 

(3) k > 0.5, so that s > 0. The root now lies on the right half of the hor¬ 
izontal axis, and Equation (8.40) predicts an exponentially diverging 
natural response because the coefficient of t in the exponential term is 
positive. This type of response is depicted in Figure 8.34. 


* 


o 


1 h 


%(0 



Figure 8.34 A root on the right half of the horizontal axis of 
the s plane corresponds to an exponentially diverging natural 
response. 


Physically, a diverging natural response stems from the op amp ability to 
inject into the RC circuit more energy than R can dissipate. It is this additional 
energy that leads to an ever-increasing voltage buildup across C. By contrast, 
in a purely passive RC circuit, energy dissipation by R causes C to gradually 
discharge. 


Example 8.15 

In the circuit of Figure 8.33 let C = 0.1 pF. Assuming u c (0 + ) = 1 V, 
find vo(t) if the wiper is (a) all the way to the left, (b) halfway, and 
(c) all the way to the right. 

Solution 

RC = 10 4 x 10 -7 = 1 ms. 

(a) With the wiper to the left, fc = 0; t/ o (0 + ) = (1 + 2k)v c (0 + ) = 
(1 + 2 x 0)1 = 1 V; s = (2k - 1 )/RC = -1/lCT 3 Np/s; 

vo(t > 0 + ) = \e~ t/{X ms) V 

This is an exponentially decaying response. 

(b) With the wiper halfway we have k — 0.5, and v 0 (0 + ) = 

(1 + 2 x 0.5)1 = 2 V. The root is s = (2k - l)/flC = 0 Np/s, 
so that v 0 (t > 0 + ) = u(0 + )e°, or 

v 0 (t > 0 + ) = 2 V 






8.5 Transient Analysis Using SPICE 


363 


This is a constant response, representing a memory function. 

(c) With the wiper to the right, k = 1; u o {0 + ) = (l+2x 1)1 = 3 V; 
j = (2* - l)/RC = +1/10- 3 Np/s; 

v 0 (t > 0 + ) = 3e ,/a ms) V 

This is an exponentially diverging response. 


Exercise 8.22 

(a) In the circuit of Figure 8.33 specify C so that, with the wiper set 
3/4 of the way to the right, the natural response diverges with a 
time constant of +10 ms. 

(b) If t>c(0 + ) = 1 £iV, how long does it take for vo to rise to 10 V? 
ANSWER 0.5 ^F, 152.0 ms. 


• The Root Locus 


The effect of k upon the root s of the characteristic equation can be visualized 
graphically by means of the root locus, that is, the trajectory described by s as 
k is varied from 0 to 1. In our circuit, s moves from — 1//?C, through 0, to 
+ 1 IRC, The locus is shown in Figure 8.35. 

It is interesting to note that the root locus of a passive RC circuit extends 
only up to the origin. By contrast, with the inclusion of an op amp, the locus 
can be made to spill into the right half of the s plane. It is precisely the ability 
to control root locations in ways not possible with purely passive circuits that 
makes op amps especially useful in the design of a variety of important circuits 
such as filters and oscillators. 



Figure 8.35 Root locus for the circuit 
of Figure 8.33. 


8.5 Transient Analysis Using SPICE 

SPICE has the ability to perform the transient analysis of circuits containing 
energy-storage elements and to tabulate or plot the response as a function of 
time. Following is a description of the statements to direct SPICE to perform 
this type of analysis. 



Energy-Storage Elements 

The general forms of the statements for the energy-storage elements are 

CXXX Ki Nl - VALUE IC=TCOND (8.41a) 

LXXX Lt- U VALUE IC-1COND (8.41b) 

As depicted in Figure 8.36, these statements contain 

(1) The name of the element, which must begin with the letter c: if it is a 
capacitance and the letter L if it is an inductance. 
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(2) The circuit nodes N + and N - to which the element is connected. 

(3) The element value, in farads or henries. 

(4) The initial condition, icond. This is the initial voltage uc(0 + ), in volts, 
across the capacitance, or the initial current ii(0 + ), in amperes, through 
the inductance. The polarity of i>c(0 + ) is positive at N+ and negative at 
N- . The direction of i’z,(0 + ) is from N+, through the inductance, to N . 
If the initial condition specification is omitted, SPICE will automatically 
assume it to be zero. 



(a) <b) 

Figure 8.36 SPICE terminology for capac¬ 
itors and inductors. 


As seen in the previous sections, the transient analysis requires the determi¬ 
nation of the conditions in the energy-storage elements at the instant in which 
the transient response is to begin. If prior to this instant the circuit is known 
to be in dc steady state, these conditions can be found using the dc analysis 
capabilities of SPICE discussed in Section 3.6. 



E 


Example 8.16 


Use SPICE to find t>c(0 ) and u(0 ) in the circuit of Figure 8.11(a). 


Solution 

From Figure 8.37(a), the input file is 

FINDING THE DC STEADY STATE 
VI I 0 DC 12 

R1 1 2 3 K 

R 2 2 , 0 IK 

C 1 2 0.1U 
.DC VI 12 12 1 
.PRINT DC V(l,2) V(2) 

. END 

After SPICE is run, the output file contains the following: 

VI. V(l,2) V (2) 

1.20GE+G1 9 .000E+00 3.0002+00 
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Figure 8.37 SPICE circuits to find the transient response of the 
circuit of Figure 8.11(a). 


We thus have u c (0 ) = V ( 1, 2 ) = 9 V, and v(0 - ) = V ( 2 ) = 3 V, in 
agreement with Example 8.4. 



Exercise 8.23 Use SPICE to find the dc steady state at t = 0~ for the 
circuit of Figure 8.13. 

Exercise 8.24 Use SPICE to find the dc steady state at t = 0“ for the 
circuit of Figure 8.16(a). 


The than and .plot tran Statements 

The transient analysis in SPICE is invoked by means of the . TRAN statement, 
whose general form is 

. TRAN TSTRP "’STOP TSTART TMAX PNC (8.42) 

where TSTE? represents the printing or plotting increment, in seconds; TSTART, 
TSTOP, and tmax are, respectively, the start time, stop time, and maximum step 
for the analysis, also in seconds. If tstart is omitted, SPICE automatically 
assumes it to be zero. If tkax is omitted, the step defaults to TSTEP or to 
( tsTOP-TSTART )/50, whichever is smaller. The optional UIC (Use Initial 
Conditions) keyword directs SPICE to use the initial conditions specified by the 
lC = iCONL options in the element statements of Equation (8.41). 

SPICE does not provide the transient response in analytical form. Rather, it 
gives us the plot of one or more circuit variables. Thus, along with the . TR/\N 
statement, we must also use the . PLOT tran statement, whose general form is 

. PLOT TRAN OUTVAR1 OUT VAR 2 ... OUT VAR 8 (8.43) 

O'JTVAR 1 through outvar8 are the desired voltage or current output variables, 
for a maximum of eight such variables per statement. 
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Example 8.17 


Use SPICE to find the transient response of the circuit of Figure 8.11(a). 


Solution 

SPICE does not have the ability to open or close switches. However, we 
can find the transient response using the circuit of Figure 8.37(b), which 
depicts the situation after switch activation, and we can exploit the initial 
conditions obtained via the dc analysis of the circuit of Figure 8.37(a), 
which depicts the situation prior to switch activation. The input file for 
the circuit of Figure 8.37(b) is 

PLOTTING THL TRANSIENT' RESPONSE 

VI 1 0 DC 12 

R1 1 2 3 K 

R2 2 0 1 K 

C 0 2 0.1U IC = 9 

.TRAN 1 OU 4 0 011 NIC 

.PLOT TRAN V(2) 

. END 


TIME 
(*)- 


V<2) 

-l.OODOE+Ol -5,OOOOE+OQ Q.OOOOE+OO 5.0000E+00 


1.OOOOE+Ol 


0.OQQE+OO 
1.000E-0S 
2,OOOE-05 
3.00QE-05 
4.000E-05 
5.000E-05 
6.OOOE-05 
7. OOOE-05 
8.00QE-05 
9.000E-05 
1.000E-04 
1.100E-04 
1.200E-04 
1.300E-04 
1.40QE-04 
1.500E-04 
1.6OQE-04 
1.70QE-O4 
1.800E-04 
1.900E-04 
2.000E-04 
2.100E-04 
2.200E-04 
2.30QE-04 
2.400E-04 
2.500E-04 
2.600E-04 
2.700E-04 
2.800E-04 
2.900E-04 
3.000E-04 
3.100E-04 
3.200E-04 
3.300E-04 
3.400E-04 
3.500E-04 
3.600E-04 
3.700E-04 
3.80QE-04 
3.900E-04 
4.00QE-04 


-9.000E+00 
-7.503E+00 
-6.19BE+00 
-5.052E+00 
-4.044E+00 
-3.158E+00 
-2.392E+0O 
—I.721E+00 
-1.130E+00 
-6.099E-O1 
-1.613E-01 
2.325E-01 
5.790E-01 
8.837E-01 
1.147E+00 
1.378E+00 
1.581E+00 
1.7S9E+00 
1.914E+00 
2.049E+00 
2.168E+00 
2.273E+00 
2.363E+00 
2.442E+0Q 
2.512E+00 
2.574E+00 
2,627E+00 
2.673E+00 
2.714E+00 
2.7S0E+00 
2.781E+Q0 
2.808E+00 
2.832E+00 
2.853E+00 
2.872E+00 
2.SSSEfOO 
2.902E+00 
2,914E+00 
2.925E+00 
2.934E+00 
2.942E+00 



Figure 8.38 Plotting the response of the circuit of Figure 8.37(b). 


A few remarks are in order. First, note that the left plate of the 
capacitor is now connected to ground to reflect the new switch position. 
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Moreover, we express the initial condition as found in Example 8.16 as 
tc 9, and we use the uic keyword in the .tran statement to direct 
SPICE to make use of this condition. 

For a good visualization of the response, we want TSTEP to be 
much less than the time constant of the circuit and I’STOP to be well 
into the steady-state region. From Example 8.4 we know that r = 75 /its. 
A reasonable choice for these parameters is TSTEP = 10 /xs and 
tstop — 400 ias. Also, omitting tstart makes it zero by default. 

After running SPICE we obtain the listing of Figure 8.38. 


! Exercise 8.25 Use SPICE to plot the transient response of the circuit 
j of Figure 8.13. 


The Graphics Post-Processor 

The PSpice™ version of SPICE is equipped with a graphics post-processor which 
displays the results of SPICE analysis graphically and interactively. Made avail¬ 
able also in the classroom version of PSpice, this processor is activated by in¬ 
cluding the statement . PROBE in the input file. Once the PSpice analysis is 
complete, the Probe post-processor starts up automatically. The types of signals 
to be displayed and the relative formats are input by the user interactively via 
self-explanatory menu-driven commands. Once the desired waveform is dis¬ 
played on the screen, it can be printed out on paper. It is fair to say that the 
Probe post-processor acts as a form of software oscilloscope. 

To illustrate the use of this capability, we replace the .plot statement 
with the . PROBE statement in the input file of Example 8.17, so that it 
becomes 


: EOCCIKG THE TRANS:EOT RKSPONEH CHINO PROBE 

v: : o dc 12 

!■' 1 : 2 0 :y. 

C 0 2 0. Ill 1C = 9 
.THAN ;0U 400U UTC 
.PROBE 
. END 

After running PSpice, the Probe post-processor comes on automatically and 
asks for the signals we want to display. We enter 0, 3, and V(2), and 
obtain the printout of Figure 8.39, whose quality is much better than that of 
Figure 8.38. 


Exercise 8.26 Use PSpice along with the Probe post-processor to 
display the transient response of the circuit of Figure 8.16(a). 
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Ous lOOus 2QOus 300u3 400us 

□ 0 ■ 3 o V(2) 

Tine 

Figure 8.39 Using the Probe post-processor to display the response of the circuit of 
Figure 8.37(b). 




Figure 8.40 SPICE pulse function. 


The Pulse Function 

To find the pulse response of a circuit, SPICE allows for any independent source 
to be of the pulse type. The general forms of the statements for pulse sources 
are 

VXXX N+ N- PULSE (Vl V2 TD TR TF PW PER) (8.44a) 

IXXX N+ N- PULSE (II 12 TD TR TF PW PER) (8.44b) 

As illustrated in Figure 8.40 for a pulse voltage source, these statements specify 
trapezoidally shaped pulses that repeat with period PER. VI (or 11) is the initial 
value of the source, in volts (or amps), and V2 (or 12) is the value during the 
pulse, also in volts (or amps). TD is the delay tj between t = 0 and the inception 
of the pulse, in seconds. TR, TF, pw, and PER are, respectively, the rise time 
t r , fall time tf, pulse width W , and period T, all in seconds. 


Example 8.18 

Shown in Figure 8.41 are the equivalent circuits of a computer clock 
generator and its load. Use PSpice to display the source and load 
waveforms if the source is a 50-MHz pulse train with each pulse having 
V L = 0.2 V, Vfi = 3.6 V, t r = 3 ns, tf = 2 ns, = 0, and W = 7.5 ns. 


Solution 

The period is T — 1/(50 x 10 6 ) = 20 ns. Using a step of 0.5 ns to ensure 
a reasonable resolution, and a window of 50 ns to display several periods, 
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Figure 8.41 Circuit of Example 8.18. 


the input file is 

CLOCK GENERATOR LOADING 

VS : 0 REESE ( 0.2 3.6 0 3 NS 2NS 7 . bI\S 2 0NS) 

R.S 1 2 50 

CS 2 0 10? 

SE 2 0 IK 

L’E 2 0 50? 

-TRAN 0.5NS 5ONS 
.PROBE 
. EK’D 



a V(l) ■ V(2) 

Tim* 

Figure 8.42 Pulse response of the circuit of Figure 8.41. 


After directing the Probe post-processor to display V ( 1 } and V ( 2 ) we 
obtain the traces of Figure 8.42. 


We observe that by specifying a pulse width much longer than the transient 
component of the circuit, the pulse function will approximate a step function. 
Moreover, if VI < V2, we have a positive-going step, and if Vl > ¥2, we have 
a negative-going step. 
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Exercise 8.27 Use SPICE to confirm the integrator response of 
Figure 8.31. Specify R and C so that V im = V om = 5 V, and T = 1 ms. 


▼ Summary 

• Transients in first-order circuits obey the general expression y(r) = 
[y(O) — y(oc)]e -//r + y(oo). 

• The time constant is r = R eq C or r = L/R sq , where R cq is the equivalent 
resistance seen by C or L during the transient. 

• Transient analysis exploits the fact that the voltage across C or the current 
through L cannot change instantaneously; moreover, in dc steady state C 
acts as an open circuit, and L as a short. 

• During a sudden change in the circuit, C acts as a voltage source trying to 
maintain the value it had right before the change, and L acts as a current 
source trying to maintain the value it had right before the change. 

• To find how a first-order circuit responds to a sudden change occurring at 
/ = 0, we need to examine the circuit at t = 0 t = 0 + , and t = o o. 
Moreover, we need to find R eq for t > 0 + . 

• The step responses of RC and LR circuits are characterized by the rise time 
and the fall time. 

• The R-C and L-R circuits will pass a voltage pulse train of period T with 
negligible distortion only if r <K T. If r » T, the R-C and L-R circuits act 
as integrators. 

• The R-C and L-R circuits pass the dc component of the input voltage. 

• The C-R and R-L circuits will pass a voltage pulse train of period T with 
negligible distortion only if r » T. If t « T, the C-R and R-L circuits act 
as differentiators. 

• The C-R and R-L circuits block out the dc component of the input voltage. 

• The most basic first-order op amp circuits are the differentiator and the in¬ 
tegrator. The integrator can be implemented in two versions, the inverting 
and the noninverting versions. 

• An intriguing application of the op amp is root location control, especially 
the creation of roots in the right half of the s plane, a physical impossibility 
with passive circuits alone. 

• A root in the left half-plane corresponds to a decaying response; a root in 
the right half-plane corresponds to a diverging response; a root right at the 
origin corresponds to a steady or constant response, a function known as the 
memory function. 

• SPICE can be directed to perform the transient analysis of a circuit via the 
.TRAN statement. A useful function in this type of analysis is the PULSR 
function. 



Problems 


371 


▼ Problems 

8.1 Basic RC and RL Circuits 

8.1 (a) Find the voltage change brought about by subjecting 
a 1-^tF capacitance to a current pulse having an amplitude of 
1 mA and a duration of 1 ms. (b) What current pulse amplitude 
is needed to effect the same voltage change in 1 jus? In 1 ns? 

8.2 A 2-nF capacitance with 100 nJ of stored energy is con¬ 
nected in parallel with a 5-k£2 resistance at t — 0. How long 
does it take for the voltage across the parallel combination to 
decay to 1 V? To 1 mV? 

8.3 In the R-C circuit of Figure 8.1 let R = 100 kS2 and 
C = 1 nF. If it is found that v(75 /xs) = 2.362 V, what is the 
value of vs? Of u(100 /xs)? 

8.4 Assuming ui(0 - ) = 20 V and U 2 (0 — ) = 10 V in the 
circuit of Figure P8.4, (a) show that i(t > 0 + ) = 1.5e~' ,,(t6 ms) 
mA and obtain expressions for U|(r > 0 + ) and i>2 0 > 0 + ); 
(b) find the stored energy at t = 0 + and at t = oo; (c) verify 
that the difference between the two energies is dissipated by 
the resistance. 



HD 


Figure P8.4 

8.5 In the circuit of Figure P8.5 the voltage and current for 
t > 0 are v = lOc -105 ' V and i = SOe -103 ' fi A. Find R, C, r, 
the initial stored energy, and the energy dissipated by R from 
t = 0 to r = 0.5 ms. 


8.8 In the RL circuit of Figure 8.9 let Is — 1 A, R = 20 S3, 
and L = 1 mH. Sketch and label v(t) and i(t) if the switch is 
pushed down until the inductance energy decays to 6.25% of 
its initial value, and then is flipped back up. 

8.9 (a) Assuming the switch in the circuit of Figure P8.9 has 
been open for a long time prior to t = 0, find u(r). (b) Repeat, 
but with the switch closed during t < 0“ and opening at / = 0. 
(Hint: Use Thdvenin’s Theorem.) 



Figure P8.9 

8.10 In the circuit of Figure P8.10 the voltage and current 
for t > 0 are v = 10e -106 ' V and i = 2c -106f mA. Find R, 
L, r, and the energy dissipated in the resistance from / = 0 to 
t = 0.5 /xs. 



Figure P8.10 



Figure P8.5 


8.6 (a) Find the current change brought about by subjecting 
a 1-mH inductance to a voltage pulse having an amplitude of 
1 V and a duration of 1 ms. (b) What voltage pulse amplitude 
is needed to effect the same current change in 1 /rs? In 1 ns? 

8.7 A source-free RL circuit has L = 10 mH and R = 2 k£2. 
If it is found that v(4 ji s) = 13.48 V, what is the stored energy 
in the inductance at t = 0? At t = 10 /xs? 


8.2 Transients in First-Order Circuits 

8,11 (a) Assuming the circuit of Figure P8.ll is in steady 

state at t = 0 - , find v(t). Hence, identify its natural, forced, 
transient, and steady-state components, (b) Repeat, but with 
the switch open for t < 0“ and closing at t = 0. 



/ = 0 


1 k£2 



r—] 

w 

3kil< 

> 5 mA ^ 


> 1 JiF — 

> 


Figure P8.11 
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8.12 (a) Find the response u(t) for the circuit of Figure P8.12 

assuming it is in steady state at f = 0 . Hence, identify its nat¬ 
ural, forced, transient, and steady-state components, (b) Re¬ 
peat, but with the switch initially closed and opening at t = 0. 


/ = 0 



8.13 Assuming the circuit of Figure P8.13 is in steady state 
at t — 0 - , find i(t). 


2k 



8.17 Assuming the circuit of Figure P8.17 is in steady state 
at t = 0 “, find u(t). 



8.18 Repeat Problem 8.17, but with the inductance replaced 
by a 1-jxF capacitance and with the switch open during r < 0 
and closing at t = 0. 

8.19 Assuming zero stored energy in the inductance at t — 0, 
sketch and label v{t), t > 0, in the circuit of Figure P8.19. 


3k£l 



8.14 Repeat Problem 8.13, but with the capacitance replaced 
by a 500-/./H inductance, and with the switch open during t < 
0“, and closing at t = 0. 

8.15 Assuming the circuit of Figure P8.15 is in steady state 
at t = 0~, sketch and label v(t), 

/ = 0 



8.16 Repeat Problem 8.15, but with the inductance replaced 
by a 22-nF capacitance and with the switch closed during t < 
0“ and opening at t = 0. 


8.20 (a) Find k r in the circuit of Figure P8.20 for a time 

constant of 20 ms. (b) Assuming zero stored energy in the 
capacitance of t = 0, sketch and label u(r), t > 0. 


30 kQ lOkfi 



8.21 Assuming the circuit of Figure P8.21 is in steady state 
at r = 0“, find ux(f)- 



L 
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8.22 Assuming the circuit of Figure P8.22 is in steady state 
at t — 0~, find u(f). 



1 H &v(t) 


Figure P8.22 

8.23 Repeat Problem 8.22, but with the inductance replaced 
by a 3 -/aF capacitance and with the switch in the down position 
for t < 0“ and in the up position for ( > 0 + . 

8.24 Find u(f) in the circuit of Figure P8.24 if (a) v(0) = 0, 
(b) v(0) = 6 V, (c) v(0) = 12 V and a 2.4-kQ resistance is 
connected in parallel with the dependent source. 



Figure P8.24 


8.25 (a) Assuming the circuit of Figure P8.25 is in steady 

state at / = CT, find i(t). 



8.26 After having been in position A for a long time, the 
switch of Figure P8.26 is flipped to position B at t = 0 and 
then to position C at t = 2 ms. Sketch and label v(t) for 
— 1 ms < / < 10 ms. 



8.27 Repeat Problem 8.26, but with the inductance replaced 
by a 100-/J.F capacitance. 


8.28 After having been closed for a long time, the switches 
of Figure P8.28 are opened simultaneously at t = 0. (a) Find 
i(r), f > 0 _ . (b) Sketch and label the voltages across the 
capacitances. What are their values as t —► oo? Justify physi¬ 
cally. 



8.29 After having been open for a long time, the switches 
of Figure P8.29 are closed simultaneously at t = 0. (a) Find 
v(t), t > 0 _ . (b) Sketch and label the currents through the 
inductances. What are their values as t -*■ oo? Justify physi¬ 
cally. 


2011 100 Q 10 mH 



8.30 Assuming the circuit of Figure P8.30 is in steady state 
at t — CT, sketch and label v(f) for -1 ms < t < 5 ms. 



Figure P8.30 


8.31 In the circuit of Figure P8.31 the lamp goes on when 
v reaches 15 V. When on, the lamp acts like a 10-kfl resistor 
and discharges the capacitance until u drops to 5 V. At this 
point the lamp goes off, behaving as an open circuit and thus 
allowing the capacitance to recharge. Once v again reaches 
15 V, the cycle repeats, indicating a flashing effect, (a) Sketch 
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and label v for the first few cycles of oscillation, assuming 
i>(0) = 5 V. (b) Find the duration of each cycle and, hence, 
the flashing frequency. (Hint: Use Equation (8.16)). 

1 MQ 

I-vW—|-1 



Figure P8.31 


8.3 Step, Pulse, and Pulse-Train Responses 

8.32 Sketch and label the response vo of the circuit of 
Figure P8.32 if (a) vj is a positive-going step with ampli¬ 
tude V m = 9 V, and (b) u/ is a single pulse with amplitude 
V m = 6 V and width W = 3 jis. 

3k£2 



Figure P8.32 

8.33 Repeat Problem 8.32, but with the capacitance replaced 
by a 5-mH inductance. 

8.34 In the C-R circuit of Figure 8.27(a) let R = 20 kS2 and 
C = 2 nF. Sketch and label both vj and vo versus t if v; has 
the doublet waveform of Figure P8.34 with V m = 10 V and 
VI/ = 50 ijl&. Show your waveforms for —W < : < AW. 


1/ 

y Voltage doublet 


v m 

_0 




~Vm 

0 

w 

2 W * 


Figure P8.34 


15kfi 



8.37 Repeat Problem 8.36, but with the capacitance replaced 
by a 200-inductance. 

8.38 In the circuit of Figure P8.19 find t;(r) if the current 
source, after having been at 5 mA for a long time, is suddenly 
changed to —3 mA at t = 0. 

8.39 In the circuit of Figure P8.20 let k r — 10 k£2. Sketch 
and label i x versus t if the voltage source, after having been at 
14 V for a long time, is suddenly changed to 7 V at 
t = 0. 


8.4 First-Order Op Amp Circuits 

8.40 (a) An inverting op amp integrator has R = 100 k£2 and 
C = 1 nF. Assuming C is initially discharged, sketch and label 
vo if Vi is a voltage doublet of the type of Figure P8.34, with 
V m = 0.5 V and W = 1 ms. (b) Repeat, but for a noninverting 
integrator of the type of Figure 8.32 with R { = R 2 = 100 kS2 
and C = 1 nF. 

8.41 Find vo in the circuit of Figure P8.41 if vi is a 
5-V positive-going step and the top plate of C has an initial 
voltage of 1 V. Then, identify the natural, forced, transient, 
and steady-state components of i>q. 


33 kfl 33 kn 



8.35 Repeat Problem 8.34, but for the L-R circuit of Fig¬ 
ure 8.22(b), with L = 6 mH and R = 200 S2. 

8.36 Assuming the circuit of Figure P8.36 is in steady state, 
find v(t ) if, at t = 0: (a) is = 1 mA and vs is suddenly 
changed from 0 to 9 V; (b) v$ = 15 V and is is suddenly 
changed from 0 to 0.5 mA. 


Figure P8.41 


8.42 Repeat Problem 8.41, but with R and C interchanged 
with each other. Assume the capacitance is initially dis¬ 
charged. 
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8.43 (a) Assuming the capacitance in Figure P8.43 is initially 

discharged, sketch and label vq if Vj is a 2-V positive-going 
step, (b) Repeat, but if vj is a single, 2-V, 5-ms pulse. 



Figure P8.43 


8.44 Assuming the circuit of Figure P8.43 is in steady state, 
sketch and label vo if v/ is a 1-V, 200-Hz, 50% duty-cycle 
pulse train. Show vo both with and without the capacitance. 

8.45 Assuming the circuit of Figure P8.45 is initially in 
steady state, sketch and label vo versus t if, at t = 0, vj 
changes abruptly (a) from 0 to 1 V; (b) from 1 V to —1 V. 



Figure P8.45 


8.46 Assuming the left plate of the capacitance of 
Figure P8.45 has an initial charge of +100 nC, sketch and label 
vo versus t for 0“ < t < 15 ms if vj is a voltage doublet of 
the type of Figure P8.34 with V m = 1 V and W = 5 ms. 

8.47 For the circuit of Figure P8.47 sketch and label vo 
versus t if u/, after having been at —2 V for a long time, is 
changed to +1 V at t = 0. At what instant is no = 0 V? 


30 k £2 20 k£2 100 k£2 



Figure P8.47 


8.48 Assuming zero initial energy in the capacitance of Fig¬ 
ure P8.48, sketch and label vo if D/ is a single 5-V, 0.5-ms 
pulse. 



Figure P8.48 


8.49 Find vo for the circuit of Figure P8.49 if vj is a 10-V 
positive-going step. Assume an initially discharged capaci¬ 
tance. 



Figure P8.49 


8.50 In the circuit of Figure P8.50 find vo (f > 0) if uc (0) = 
1 mV. How long will it take for vq to reach 12 V? 


100 kQ 100 k£2 



8,51 (a) Derive a differential equation relating u/ and vq in 

the circuit of Figure P8.41. (b) Repeat with R and C inter¬ 
changed. 
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8.5 Transient Analysis Using SPICE 

8.52 Use the Probe post-processor of PSpice to display v(t ) 
in the circuit of Figure P8.11. 

8.53 Use the Probe post-processor of PSpice to display v(t) 
in the circuit of Figure P8.12. 

8.54 Use the Probe post-processor of PSpice to display i(t) 
in the circuit of Figure P8.25. 


8.55 Use the Probe post-processor of PSpice to display u(t) 
in the transformer circuit of Figure P8.30. 

8.56 Use the Probe post-processor of PSpice to display vj 
and vo(t ) in the op amp circuit of Figure P8.41 if u/ is the 
voltage doublet of Figure P8.34 with V m = 1 V and W = 
15 ms. Assume C is initially discharged. 

8.57 Use the Probe post-processor of PSpice to verify the 
converging, constant, and diverging responses of Exam¬ 
ple 8.15. 





Transient Response of 
Second-Order Circuits 


9.1 Natural Response of Series and Parallel 9.3 

RLC Circuits 9.4 

9.2 Transient Response of Second-Order 9.5 
Circuits 


I n this chapter we turn our attention to second-order circuits, that is, circuits 
containing two energy-storage elements that cannot be reduced to a single 
equivalent element via series/parallel reductions. A second-order circuit may 
contain two capacitances, two inductances, or one of each. The last case 
is by far the most interesting because it may result in oscillatory behavior, a 
phenomenon found neither in first-order circuits nor in passive second-order 
circuits with two energy-storage elements of the same type. This phenomenon 
stems from the ability of energy to flow back and forth between the capacitance 
and the inductance, just as energy flows back and forth between the mass and 
the spring of a mechanical system. 

We begin by formulating the differential equations governing the series RLC 
and the parallel RLC circuits, and we find that the roots of the characteristic 
equation and, hence, the natural response, are characterized in terms of two pa¬ 
rameters known as the undamped natural frequency coq and the damping ratio if. 
Varying the damping ratio changes the location of the roots in the s plane as 
well as the damping characteristics of the response. 

Overdamped responses consist of exponentially decaying terms similar to 
those of first-order circuits; however, underdamped responses consist of decay¬ 
ing oscillations, a feature unique to higher-order passive circuits with mixed 
energy-storage element types. When subjected to a step function, an under¬ 
damped circuit exhibits overshoot and ringing, phenomena not possible with 
first-order circuits. Our mathematical analysis of the response under different 
damping conditions is of interest also to other fields, such as mechanical engi¬ 
neering and control. 


Step Response of Second-Order Circuits 
Second-Order Op Amp Circuits 
Transient Analysis Using SPICE 
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We then turn our attention to second-order op amp circuits and show that 
using an op amp to provide a controlled amount of positive feedback, it is 
possible to position the roots of the characteristic equation anywhere in the 
i' plane. This allows us to achieve not only damped oscillations using energy- 
storage elements of the same type, but also diverging oscillations, a feature not 
possible with purely passive circuits. Moreover, this kind of behavior is achieved 
without the use of inductors, which are generally undesirable in modem design. 
Clearly, in this chapter we are witnessing some of the most intriguing properties 
of the op amp. 

We conclude by illustrating the use of SPICE to display the transient re¬ 
sponse of second-order circuits. 


9.1 Natural Response of Series and Parallel RLC 
Circuits 

In this section we study the source-free or natural response of linear circuits 
containing a capacitance and an inductance either directly in series or in parallel 
with each other. Once the remainder of the circuit is replaced by its Thevenin 
or Norton equivalent, we are left with the basic configurations of Figure 9.1, 
known as the series RLC and the parallel RLC circuits. 


R i| 

-AV-j|- 

I + v R - + tv - + 

1,1 Cp [—;— 

(a) 




(b) 


Figure 9.1 Basic second-order RLC circuits: 
(a) series and (b) parallel configurations. 


Referring to the series circuit of Figure 9.1(a), we have, by KVL, vl + 
vr + v c = vs. Differentiating both sides with respect to time yields dv L /dt + 
dv^/dt + dvcfdt = dvs/dt . Letting Vi — Ldi/dt , vr = Ri, and dvc/dt = 
i jC , and dividing through by L yields 


d 2 i R di 1 1 dvs 

dt^ + Tdt + LC l = ~L~dt 


(9.1) 


Applying dual reasoning to the parallel circuit of Figure 9.1 (b) we have, by 
KCL, ic + ir + il = is- Differentiating both sides yields di c jdt + diR/dt+ 
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dii/dt = dis/dt. Letting i c = Cdv/dt, i R = v/R, and dii/dt = vjL, and 
dividing through by C yields 

^Z + _L^ + _L = I^ (9 ?! 

dt 2 RC dt LC V C dt 

Both equations are second-order differential equations because this is the 
order of the highest derivative present. It is not surprising that the inclusion of 
an additional energy-storage element has increased the order of the circuit and 
its equation. 


The Characteristic Equation 

We wish to investigate the source-free or natural response of both circuits, 
that is, the response with us = 0 or is = 0. Since this makes dv s /dt = 0 or 
dis/dt = 0, both equations are of the type 


d 2 y(t) 
dt 2 


+ 


dy(t ) 
dt 


+ a>ly(t) = 0 


0.31 


where y(t), representing either v or i, is the unknown variable; two, having 
the dimensions of radians/second (rad/s), is called the undamped natural fre¬ 
quency; ? (zeta) is a dimensionless parameter called the damping ratio. The 
reasons for this form and terminology will become apparent shortly. 

The expressions for two and £ are found by equating the corresponding 
coefficients. Thus, letting twjj = 1 jLC yields 




(9.4) 


both for the series and parallel circuits. Moreover, letting 2ftwo = R/L yields 
C = (R/L)/(2coo) t or 


K= l -RycjL 


(9.5) 


for the series circuit; likewise, letting 2£cwo = 1 /RC yields 


1 1 
IRyfCjL 


(9.6) 
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for the parallel circuit. Note the duality of the two expressions. 
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Equation (9.3) states that a linear combination of the unknown function and 
its first and second derivatives must equal zero. The function and its derivatives 
must cancel somehow, suggesting an exponential solution of the type 

y(t) = Ae st (9.7) 

Let us now seek suitable expressions for A and s that will make this solution 
work. Substituting into Equation (9.3) yields s 2 Ae sl + 2$co Q sAe s! + oj G Ae st = 
0 , or 

C ? 2 4- 2 ^(Oqs 4- coo)Ae st = 0 

Since we are seeking a solution Ae st ^ 0, the expression within parentheses 
must vanish, 

s 2 + 2$(o 0 s 4- Wq = 0 ( 9 . 8 ) 

This equation is known as the characteristic equation because the parameters 
a>o and f depend only on the elements R, L, and C and the way they are 
interconnected to form the circuit, regardless of the voltages or currents. Conse¬ 
quently, we expect it to provide information about the character of the natural 
behavior of the circuit. 

The roots of the characteristic equation, variously called the natural fre¬ 
quencies, the characteristic frequencies, or the critical frequencies of the 

circuit, are readily found ass, i 2 =-i:£yo± \f\ 2 &\ - o)q, or 

*1,2 = (-? ± vV ~ l)wo (9.9) 

indicating that the response will actually consist of two components, y t = A v e Slt 
and y 2 = A 2 e Slt . This is not surprising as we now have two energy-storage 
elements instead of one. If >i and y 2 satisfy Equation (9.3), so does their sum, 
y = yi + y 2 t as you can easily verify by substitution. The most general solution 
is thus 


y(0 = Aie Slt + A 2 e S2t (9.10) 

where A\ and A 2 are suitable constants to be determined on the basis of the 
initial conditions for y(f) and its derivative. 

While R , L, and C are always real and positive, S] and s 2 may be real or 
complex, depending on whether the discriminant (f 2 - 1) in Equation (9.9) is 
positive or negative. We have the following important cases: 

(1) ? > L so that £ 2 — 1 > 0. In this case the roots are real, nega¬ 
tive, and distinct. For reasons that will become apparent shortly, the 
corresponding response is said to be overdamped. 

(2) 0 < f < 1, so that — 1 <0. In this case the roots are said to be 
complex conjugate, and the response is said to be underdamped. 

(3) ? - 1, so that t; 2 — 1 — 0. The roots are still real and negative, but 
they are now identical. The response is said to be critically damped. 

(4) £ = 0. The roots are said to be purely imaginary, and the response is 
said to be undamped. 

Equations (9.4) through (9.6) indicate that coq depends only on L and C, 
while £ depends also on R. 
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Varying the Damping Ratio 

To investigate the various response types we keep L and C fixed and vary R with 
a potentiometer to achieve different values of f. This is shown in Figure 9.2. 
In either circuit the function of the dc source is to inject energy into the circuit 
so that the latter can store it in its capacitance and/or inductance, and reuse it 
to produce the natural response once the source is excluded from the circuit. 
As usual, we shall assume that the switch has been in the position shown long 
enough to allow for the circuit to reach its dc steady state, where i'c = 0 and 
v L = 0. 

Before considering examples of the various response types, let us find the 
initial values of y(t) and its derivative because we shall need them later on to 
calculate the constants A\ and Ai. 



Figure 9.2 Investigating the natural response of the series and parallel RLC config¬ 
urations for different damping conditions. 


E 


Example 


9.1 


In the series RLC circuit of Figure 9.2(a) find the current i(0 + ) and its 
derivative di(0 + )/dt just after switch activation. 


Solution 

During the steady state preceding switch activation, the capacitance 
acts as an open circuit and the inductance as a short circuit. Hence, 
i £ (0 - ) = 0, and u c (0 _ ) = Vy. 

By the inductance and the capacitance continuity rules, i(t) = 
*l(0 + ) = *l( 0 - ) = 0, and i>c(0 + ) = uc(0 - ) = Vy. By the inductance law, 
di(0 + )/dt = di L (0 + )/dt = v l (Q + )/L. To find u L (0 + ), apply KVL: 
v R ( 0+) + vc (0 + ) + M0+) = 0, or v L (0 + ) = -u*(0+) - u c (0+) = 
-Ri(Q + ) — V s = -V s . Substituting yields di(0 + )/dt = -Vs/L. In 
short, the initial conditions for the given circuit are 

i(0 + ) = 0 
di{ 0 + ) _ V s 
dt ~ L 


(9.11a) 
(9.11b) <4 
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Overdamped Response 

If K > I- the roots are real, negative, and distinct, and they are expressed in 
nepers/second (Np/s), as usual. According to Equation (9.10), the response is 
the sum of two decaying exponentials having, respectively, A\ and A 2 as initial 
values, and ri = — l/^i and z 2 = — l/s 2 as time constants, 

(9.13) 

where, by Equation (9.9), 




It is good practice to visualize the roots of the characteristic equation as 
a pair of points in a plane of roots called the s plane, already introduced in 
Section 7.3 for first-order circuits. As shown in Figure 9.3(a), a real and neg¬ 
ative root pair is represented by a pair of points on the negative portion of the 


‘‘(A) 



(a) (b) 


Figure 9.3 Real, negative roots, and example of an overdamped response. 
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horizontal axis at Si = — 1/rj and s 2 = -l/r 2 . As we know, this axis is 
calibrated in Np/s. 

We now wish to develop expressions for A\ and A 2 in terms of the initial 
conditions of the circuit. Evaluating the unknown variable and its derivative 
at t = 0 + we obtain y(0 + ) = A]C° + A 2 e° — A\ + A 2 , and dy(0 + )/dt — 
~(l/Ti)A\e° - (1/t 2 )A 2 £?° = —(l/rj)Ai - (l/r 2 )A 2 . Solving for A\ and A 2 
yields 

„ 1 = ^(V) + t2 W (9.15,) 

x\ - r 2 V at J 

A 2 = —— (y(0 + ) + t, <9-15b) 

r 2 - ri \ at / 


Example 9.2 

In the series RLC circuit of Figure 9.2(a) let Vs = 12 V, R = 5 £2, 

C = 50 mF, and L = 0.2 H. Sketch and label i(t). 

Solution 

For the serie s configuration we use Equation (9.5) and find f = 

0.5 x 5 x y^SO x 10 _3 /0.2 = 1.25. Since £ > 1, the response is 
overdamped. By Equation (9.4), co o = I/a/ 0.2 x 50 x 10 -3 = 10 rad/s. 
Substituting into Equation (9.14) we obtain xi =0.2 s, and r 2 = 0.05 s. 

To find A i and A 2 , use Equation ( 9 . 11 ), namely, j '( 0 + ) = 0 
and di(0 + )/dt = -V s /L = - 12 / 0.2 = -60 A/s. Substituting into 
Equation ( 9 . 15 ) yields A\ = [ 0 . 2 /( 0.2 — 0 . 05 )] x [0 — 0.05 x 60 ] = —4 A, 
and A 2 = [ 0 . 05 /( 0.05 - 0 , 2 )] x [0 - 0.2 x 60 ] = 4 A. Consequently, 

i(0 - ) = 0 (9.16a) 

/(/ > 0 + ) = —Ae~ t/02 + 4e" ,/a05 A (9.16b) 

To sketch /(/) for t > 0 + , we first graph the two exponential decays 
separately, then we add them up algebraically, point by point. The result 
is shown in Figure 9.3(b). The fact that the response comes out negative 
indicates that i (t) actually flows counterclockwise. This is not surprising 
since the polarity of the voltage stored in the capacitance is such that 
current will flow out of the top plate, through R and L, and back into the 
bottom plate. 


Exercise 9.2 In the parallel RLC circuit of Figure 9.2(b) let I s = 
12 mA, R = 150 Q, L = 5 mH, and C = 20 nF. Derive an expression 
for v(t). Hence, sketch and label it. 

ANSWER u(0") = 0, u(f > 0 + ) = 2.25 [g-'A 3 - 333 * s > - e~ t/0 ° " s) ] V. 
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E 


Example 9.3 


In the overdamped series RLC circuit of Example 9.2 find the voltage 
across each element as a function of time. 


Solution 

(a) Referring to the voltage polarities of Figure 9.1 (a) we have, by 
Ohm’s Law, v R = Ri. Multiplying both sides of Equations (9.16) 
by R yields 

MO") =0 

v R (t > 0+) = -20e~ t/0 - 2 + 2Oe-' /0 ' 05 V 

(b) By the inductance law, v L = Ldi/dt. Differentiating both sides 
of Equations (9.16) and multiplying by L yields 

vt«n =0 

v L (t > 0 + ) = 4<r' /0 * 2 - 16e w/0 - 05 V 

(c) By the capacitance law, v c = (1/C) f i(r)dt. Integrating both 
sides of Equations (9.16) with respect to time and dividing by 
C, we get 

uc(0") = 12 V 

v c (t > 0+) = 16e~ t/0 - 2 - 4e~ l/0 - 05 V 


Remark Note that vr and vc are continuous at t = 0 but vi jumps from 
v L (0~) = 0 to u L (0 + ) = -16e-° + 4e-° = -12 V. This jump is required 
in order to ensure the continuity of v c ■ As we know, the continuity rule 
for inductance applies to it but not to v L . 


Exercise 9.3 In the overdamped parallel RLC circuit of Exercise 9.2 
find the current through each element as a function of time. Discuss your 
results. 

ANSWER i R ( 0") = 0; i R (t > 0+) = 15 [ e -'/(3-333^) _ e -r/(3o* S )] mA; 

/ C ((T) = 0; i c (t > 0+) = 1.5e~ t/(30tt v - 13.5e-C< 3 - 333 ^> mA; 
i L { 0“) = 12 mA; i L (t > 0 + ) = 13.5c-' /(30/is) - 1.5c -,/(3 - 333 ' <s) mA. 


Underdamped Response 

If 0 < t; < 1, the discriminant is negative and can be rewritten as s/f 1 — 1 = 
jy/l - f 2 , where 


j = sf-i 


(9.17) 
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is a dimensionless quantity known as the imaginary unit. The roots can thus 
be expressed as 

Si t2 —-<x ± j(Od ( 9 . 18 } 

where 

( 9 . 19 } 

is called the damping coefficient, and 

( 9 . 20 } 

is called the damped natural frequency. 

For the root s\ = —a + jco d , co d is also referred to as the imaginary part 
of 5], while —a is, by contrast, referred to as the real part of 5 i . For the root 
— —a — jo)j the real part is still -a; however, the imaginary part is now 
— io d . Both vj and 52 are examples of complex variables. Since their imaginary 
parts are opposite to each other, s \ and 52 are said to form a complex-conjugate 
pair. 

Though both a and (o d have the dimensions of the reciprocal of time, or 
5 — 1 , we shall continue to express a in nepers/second (Np/s), whereas we shall 
express u> d in radians/second (rad/s) to distinguish between the two. To evidence 
their complex nature, we shall express S[ and 52 in complex Np/s. In summary, 
denoting the physical units of a given quantity x as [x], we have 

[a] = Np/s 

[co d } - [wo] - rad/s 

[ 51 ] = fo] = complex Np/s 

To visualize complex roots in the s plane we need two axes: a horizontal 
axis for plotting real parts, and a vertical axis for imaginary parts. The former 
is calibrated in Np/s and is called the real axis; the latter is calibrated in rad/s 
and is called the imaginary axis. For instance, the root 5] = -3 4- j 4 complex 
Np/s is the point of the s plane having an abscissa of —3 Np/s and an ordinate 
of +4 rad/s. Its conjugate S 2 = —3 — j 4 complex Np/s is the point having an 
abscissa of —3 Np/s and an ordinate of —4 rad/s. As shown in Figure 9.4(a), 
two conjugate roots are located symmetrically with respect to the real axis. 

We now wish to find the underdamped response. This is obtained by substi¬ 
tuting Equation (9.18) into Equation (9.10). However, it is shown in Appendix 3 
that >’(/) can be put in the more insightful form 

( 9 . 21 ) 

where A and d are the usual initial-condition constants. This function, called 
a damped sinusoid, has angular frequency co tl , phase angle 6, and an ex¬ 
ponentially decaying amplitude, A~ at . The rate of decay is governed by the 
time constant r = 1/a = 1 /< ojq. Moreover, by Equation (9.20), the damped 
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/(A) 



(a) (b) 


Figure 9.4 Complex-conjugate roots, and example of an underdamped response. 


frequency co d is always less than the undamped frequency coq. The smaller the 
value of (, the slower the decay and the closer co d is to a> 0 . We are now bet* 
ter able to appreciate the reason for referring to the roots of the characteristic 
equation as frequencies. 

Physically, the oscillations stem from the ability of stored energy to flow 
back and forth between L and C, whereas the damping stems from energy loss 
in R. This is similar to a mechanical system consisting of a mass, spring, and 
damper. If we inject energy into the system by hitting the mass, the system 
will oscillate at a frequency determined by the mass and spring characteristics. 
During each cycle, the kinetic energy of the mass is converted to potential energy 
in the spring and vice versa. At the same time, part of the energy is dissipated 
into heat because of friction in the damper, thus causing the oscillations to 
die out. The smaller the friction, the longer the persistence of the oscillations. 
Clearly, in this analogy the mass and the spring are the energy-storage elements, 
and the damper simulates dissipation by R. 


Example 9.4 

Repeat Example 9.2 with R lowered to 1 

Solution 

By Equation (9.5), f = 0.5 x 1 x y^O x 10 -3 /0.2 = 0.25, indicating an 
underdamped response. By Equations (9.19) and (9.20), a = 0.25 x 10 = 
2.5 Np/s and a> d = 10Vl - 0.25 2 = 9.682 rad/s. 

Let us now find A and 0 on the basis of the initial conditions of 
Equation (9.11), namely, i(0 + ) = 0 and di(Q + )/dt = —60 A/s. By 
Equation (9.21), ;‘(0 + ) = Ae° cos (0 + 0) ~ 0, that is, A cos# = 0. Since 
A cannot be zero, it follows that 0 = 90°, indicating that our solution can 
be expressed as /(f) = Ae~ at sin co d t. 
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Next, differentiate i(t) and compute it at t =0 + . This yields 
di(0 + )/dt = — aA^°sinO ± cosO = co d A, or A = 

[di(0 + )/dt]/(o d = -60/9.682 = -6.197 A. Finally, 

i(0~) = 0 (9.22a) 

i(t > 0+) = -6.197*" 2 5 ' sin 9.682/ A (9.22b) 

To sketch i(t) for / > 0 + , we first graph two exponential decays 
having ±A — ±6.197 A as initial values, and r = 1 fa = 1/2.5 = 0.4 s 
as the common time constant. These curves, shown as thin curves 
in Figure 9.4(b), are the envelopes of the sinusoid. Next, we 
sketch the sinusoid itself. Expressing it in the more familiar form 
sinftjjt — sin(2;r t/T d ), we find that the period of oscillation T d is such 
that co d = 2n/T d , or 

T d = — (9.23) 

Oi d 

In the present case, T d = 2^/9.682 = 0.6489 s. As shown, at t = 0.4 s 
the envelopes are down to 37% of their initial values, and at t = 0.6489 s 
the sinusoid completes its first cycle. 


Exercise 9.4 Repeat Exercise 9.2, but with R = 500 £2. 

ANSWER v(0-) = 0, v(t > 0+) = -6.928e- 50 * 103 ' sin 86,603/ V. 


Critically Damped Response 

Suppose we have an underdamped circuit and we vary R to increase its damping 
ratio. As f approaches unity, the discriminant (f 2 — 1) approaches zero. When 
f crosses unity, the roots change from complex to real because the discriminant 
crosses zero. Consequently, the response changes from oscillatory to nonoscil- 
latory. Imposing f = 1 in Equations (9.5) and (9.6) indicates that this change 
occurs when R reaches a critical value, R c , such that 

R c = 2 s/ljC (9.24) 

for the series circuit, and 

R c = l -^fLjC (9.25) 

for the parallel circuit. Physically, when R = R ct all available energy from the 
energy-storage elements is dissipated by the resistance within a single cycle, thus 
precluding any further oscillation. A circuit with f = 1 is said to be critically 
damped because its response represents the borderline between oscillatory and 
nonoscillatory responses. 

There is a mathematical peculiarity associated with critical damping because 
the roots are now equal: = $ 2 = —wo- Equation (9.10), whose derivation 

was based on the assumption of distinct roots, is no longer the correct solution. 
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Mathematically it can be shown that repeated roots give rise to natural compo¬ 
nents of the form te st , along with e st . The general form of a critically damped 
response is then y(r) = A\e~ tlz + A 2 te ~^ T , or 

49.26a) 
(9.26b) 

where A\ and A 2 are the usual initial-condition constants. It is easy to verify 
that this is indeed the correct solution by substituting it into Equation (9.3). 

When f = 1, the roots are real, negative, and identical As shown in Fig¬ 
ure 9.5(a), their s -plane representation consists of two coincident points located 
on the real axis at —l/r. 


y(t) = (Ai + A 2 t)e t/T 

1 

£WQ 


Im 


si.*2 


(a) 


i( A) 



Figure 9.5 Coincident roots, and example of a critically damped response. 


Example 9.5 

Find the value of R for which the series RLC circuit of Example 9.2 
becomes critically damped. Hence, assuming the circuit is in steady state 
prior to switch activation, sketch and label i(t). 

Solution 

R c = 2y/LjC - 2V0.2/0.05 = 4 £2; r = 1 M> - 1/10 = 0.1 s. 

Next, find A\ and A 2 using Equation (9.11), that is, i(0 + ) = 0 and 
di(0 + )/dt = —60 A/s. By Equation (9.26a), /(O') = A { e° + A 2 0e° = 0. 
This yields A\ = 0, so that i(t) = Aite - *^. Differentiating and 
computing at t = 0+ yields di(0 + )fdt — A 2 [e° - (l/r)0e°] = -60 A/s, 
that is, A 2 = —60 A/s. Finally, 


i(0") = 0 

i(t > 0 + ) = -60 te~ t/0A 


A 


(9.27a) 

(9.27b) 
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As seen in the graph of Figure 9.5(b), the response starts at zero, peaks 
at t = r, and then returns asymptotically to zero. 




Exercise 9.5 Find the value of R for which the parallel RLC circuit 
of Exercise 9.2 becomes critically damped. Then, find v(t) if the circuit 
is in steady state prior to switch activation. 

ANSWER R c = 250 £2; u(0") = 0, v(t > 0 + ) = -6 x 10 5 r*r f/ < 10 ^ V. 


A familiar example of a critically damped system is the automobile suspen¬ 
sion system, which is so designed to ensure a smooth ride in spite of possible 
bumps or potholes in the road. The suspension can be checked by suddenly 
pushing down either the front or the rear end of the car and then observing how 
it comes back up. Clearly, this is the natural response of the suspension system. 
Depending on its damping characteristics, a competent mechanic should be able 
to diagnose the state of the springs and the shock absorbers. 


Undamped Response 

The decay of an underdamped response is caused by energy loss in the resistance. 
The smaller this loss, the slower the decay. In the limiting case of zero loss, the 
response would never die out and the outcome would be a sustained oscillation. 
In our mechanical analogy this situation corresponds to frictionless oscillation. 

Power loss in the resistance is related to the natural response as p R = Ri 2 
in the series circuit, and p R = v 2 /R in the parallel circuit. To achieve lossless 
operation, we must therefore have 


R = 0 


(9.28) 


for the series circuit, and 


R = oo 


(9.29) 


for the parallel circuit. Either condition yields £ = 0, by Equations (9.5) 
and (9.6). Letting f = 0 in Equations (9.19) through (9.21), we obtain a = 0, 
(£> d = o)q, and y = Ae° cos (a^r 4- 9), or 


y(0 = A cos (coot + 0) 


(9.30) 


where A and 9 are the usual initial-condition constants. Since this is an un¬ 
damped sinusoid, its angular frequency coq is called the undamped natural 
frequency. The period of oscillation is To = Itt/coo. 

When f = 0, the roots are purely imaginary. As shown in Figure 9.6(a), 
their s-plane representation consists of two points located symmetrically on the 
imaginary axis at ±a>o. 
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Figure 9.6 Purely imaginary roots, and example of an undamped response. 


E 


Example 


9.6 


Repeat Example 9.2, but with R = 0. 


Solution 

We still have coq — 10 rad/s, so T = 2jt/ 10 = 0.6283 s. Moreover, 

0 = 90°, so j = A sina>of. Differentiating and computing at t = 0 + yields 
di(0 + )/dt = coq A = —60 A/s, or A = — 6 A. We thus have 

i (O’) = 0 (9.31a) 

i{t > 0 + ) = —6 sin 10/ A (9.31b) 

As shown in Figure 9.6(b), this is a sine wave having an amplitude of 
6 A and a period of 0.6283 s. 


Exercise 9.6 Repeat Exercise 9.2, but with R = oo. 
ANSWER u(0") = 0, v(t > 0 + ) = -6 sin 10 5 t V. 


Example 9.7 

For the undamped circuit of Example 9.6 verify that energy flows back 
and forth between L and C. 

Solution 

The instantaneous energies of L and C are, respectively, w L = (1/2 )Li\ 
and wc = (1/2 )Cv^- For t > 0 + we have it — i(t ) = -6sin 10/ A, and 
vc = (1/C) / i(t) dt = 12cos 10/ V. Substituting and using the identities 
sin 2 a = (1 — cos2a)/2, and cos 2 a — (14- cos 2a)/2 we finally obtain, 
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for t > 0 + , 

wt = 1.8(1 — cos20r) J 
wc = 1.8(1 + cos20r) J 

It is readily seen that both energies alternate between 0 J and 3.6 J but 
are out of phase with each other, indicating that when one reaches its 
maximum the other reaches its minimum, and vice versa. Moreover, 
wi + wc = 3.6 J = constant, confirming the absence of any energy losses 


The underdamped natural frequency a>d is always less than the undamped 
natural frequency a>o , and the underdamped period I'd is always longer than the 
undamped period Tq. Increasing £ decreases toj and increases 7^, as per Equa¬ 
tions (9.20) and (9.23). As if -> 1, we have cuj -» 0 and Td -* oo, in agreement 
with the fact that the response changes from oscillatory to nonoscillatory. 

In a practical LC circuit the undamped condition cannot be achieved because 
the losses in the stray resistances of its elements and interconnections cause 
the oscillation to eventually die out. However, using additional circuitry to 
continuously reinject into the system the exact amount of power that is dissipated 
in its resistances, it is possible to maintain a sustained oscillation, giving the 
appearance of undamped operation. This principle forms the basis of a certain 
class of oscillators. Typically, an oscillator consists of a timing element, such 
as an LC pair or a quartz crystal to establish the frequency of oscillation, and an 
active device such as an amplifier to compensate for energy losses. A familiar 
analog of an electrical oscillator is a mechanical pocket watch, which uses the 
energy stored in its spring to compensate for the friction losses of its balance 
wheel and thus maintain a sustained oscillation. 

• The Root Locus 



The effect of f upon the roots of the characteristic equation can be visualized 
graphically by means of the root locus. This is the system of trajectories de¬ 
scribed by the roots as £ is varied over its range of possible values. Figure 9.7 
shows the locus for a second-order passive RLC circuit as £ is varied from 
f > 1 all the way down to f = 0. 

With £ > 1, both roots are located on the negative real axis. As £ decreases, 
the roots move toward each other on the real axis until they coalesce when the 
condition < = 1 is reached. This corresponds to critical damping. 

Decreasing £ below unity causes the roots to split apart and move along 
symmetric trajectories toward the imaginary axis, which they reach in the limit 
£ = 0. Using the Pythagorean Theorem, the radial distance r of an underdamped 
root from the origin is, by Equations (9.19) and (9.20), r = Va 2 + Wj = 
o)o = \/*jLC = constant, indicating that the trajectories are circular arcs with 
radius coo. 

As shown in greater detail in Figure 9.8, given a root pair s i and s 2 on these 
arcs, we can state the following: 


Figure 9.7 Root locus for a 
second-order passive RLC 
circuit. 



(1) The abscissa of S] (or s 2 ), called the real part of s\ (or $ 2 ), represents Figure 9.8 The abscissa of s\ is 
the negative of the damping coefficient, —a = — (too- —a, and the ordinate is a y. 
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(2) The ordinate of si, also calle d the im aginary part of si, represents the 
damped frequency oj d = coq >/l -- C 2 . 

(3) The distance of either root from the origin represents the undamped 
frequency two. 

(4) The damping ratio is readily found as £ = yj 1 — (cod/coo) 2 . 


9.2 Transient Response of Second-Order Circuits 


Having studied the natural or source-free response of RLC circuits, we now 
investigate the transient response, that is, the response to a dc forcing function 
jc(r) = X$. The equation governing the circuit now takes on the general form 

d 2 y(t) dy(t) 2 , , 

2 +2$a>o—-^-+cD 0 y(t)=co 0 y(oc) (9.32) 


The response will generally consist of a transient component and a dc steady - 
state component, 


y(t) — yxsient + Tss 


(9.33) 


The transient component takes on the same functional form as the natural 
response. Depending on the damping conditions of the circuit, this component 
will be overdamped if £ > 1, critically damped if f = 1, and underdamped if 
0 < f < 1. As we know, the corresponding functional forms are, respectively. 


(9.34a) 

(9.34b) 

(9.34c) 


yxsient — B\e ^ 1 + B^e ^ 2 
yxsient = (^1 "f" B2t)e ^ 
yxsient = Be~ at cos (co d t + 9) 


where B i and B- L , or B and 9, are determined on the basis of the initial value 
y{0 1 ) of the function and the initial value dy(0 + )/dt of its derivative. Moreover, 


(f ± VS 2 ~ l) "o 

1 

(Do 

a = t;w o 
(Dd = (Do 


(9.35a) 

(9.35b) 

(9.36a) 

(9.36b) 


The steady-state component represents what is left of y (t) after all transients 
have died out, that is, 
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The procedure to find how a second-order circuit, assumed to be initially 
in its dc steady state, responds to a sudden change such as the activation of a 
switch or the application of a step function is as follows: 

(1) Find y(0 + ) and dy(Q + )/dt using the continuity rules for capacitance 
and inductance. 

(2) Find y(oc) using dc steady-state circuit analysis techniques. Recall that 
in steady state C acts as an open circuit and L as a short circuit. 

(3) Find < and coq. If, with all independent sources suppressed, L and C 
appear either in series or in parallel with each other, then cdq = 1 /y/TC 
and £ = jR eqy /C/L for the series case, and £ = \/{R tq ^JC/L) for 
the parallel case, where /f eq is the equivalent resistance seen by the 
LC pair. If L and C are neither in series nor in parallel, then we must 
derive the differential equation governing the circuit and put it in the 
standard form of Equation (9.3) to find f and a>o. 

(4) Based on the value of f, select the proper form of Equation (9.34), and 
find B[ and B 2 , or B and 6, so as to make Equation (9.33) satisfy the 
initial conditions of Step 1. 

Compared with first-order circuits, second-order circuits require the addi¬ 
tional initial condition dy(Q + )/dt. Moreover, instead of the single circuit pa¬ 
rameter t, we now need the parameter pair < and too, which may require the 
tedious task of formulating a differential equation. In Chapters 14 and 16 we 
shall use, respectively, network Junctions and Laplace transforms to find tran¬ 
sient responses much more efficiently. 


Example 9.8 

Assuming the circuit of Figure 9.9 is in steady state prior to switch 
activation, find u(r). 

Solution 

By the voltage continuity rule, u(0 + ) = u(0“) = 25 V. By the capacitance 
law and the current continuity rule, dv(0 + )/dt = ic(0 + )/C = i^(0 + )/C = 
ii(0~)/C = 0. In summary, 

u(0 + ) = 25 V 

r/i>(0 + ) _ Q 
dt 

By inspection, u(oo) = [4/(2.25 + 4)]25, or 

Woo) = 16 V 

Since the resistance and c apacitance are in seri es with each other, 
we have ojq = 1 j-jLC = l/>/9 x 10 3 ( 1/90) 10 6 = 100 krad/s, and 
C = (1/2) R eq *fC/L, where R eq is the resistance seen by the LC pair 


2.25 kfl 



9mH 

W-1 


1 

90 




Figure 9.9 Circuit of Example 9.8. 
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with the source suppressed, or R eq = 2.25 || 4 = 1.44 kSX Hence, 
f = i x 1.44 x 10 3 x v/a/90)10-V(9 x 10 -3 ) = 0.8 < 1. We thus have 
an unde rdampe d respo nse with a = f £i>o = 0.8 x 100 = 80 kNp/s, and 
~ y/l — £ 2 a >o = Vl — 0.8 2 x 100 — 60 krad/s. Its functional form is 

v(t > 0 + ) = Be -80 * 10 *' cos (60 x 10 3 / + 0)+16 V 

To find B and 0 we observe that 

u(0 + ) = BcosO + 16 = 25 V 

dt>(0 + ) , , 

-— B(-80 x 10 3 cos 6 — 60 x 10 3 sin#) — 0 

dt 

The second equation yields tan# = —80/60, or 9 = — tan -1 (4/3) = 
—53.13°; the first equation yields B = (25 - 16)/[cos (—53.13°)] = 15 V. 
Consequently, 

v(t > 0 + ) = 15e -80xlo3r cos (60 x 10 3 / -53.13°) + 16 V 


Exercise 9.7 Repeat Example 9.8, but with the switch initially closed 
and opening at t = 0. 

ANSWER u(r > 0+) = 3[e -,/(5 - 4e - '/ (20 &] + 25 V. 




Example 


9.9 


Assuming the circuit of Figure 9.10 is in steady state prior to switch 
activation, find v(t). 


/ = <) 



Solution 

By the voltage continuity rule, u(0 + ) = uc(0 + ) = vc (0~) = u/,(0~) = 0. 
Applying the capacitance law, KCL, the current continuity rule, and 
the current divider formula, Cdv(Q + )/dt = ic(0 + ) = 6.5 - //,(0 + ) = 
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I 6.5 - li(O-) = 6.5 - [12/(12 + 13)]6.5 = 3.38 A. Hence, dv(Q + )/dt = 
; 3.38/{l/3 x 10 3 ) = 10,140 V/s. To summarize. 


By inspection, 


u(0 + ) = 0 


rfu(0 + ) 

dt 


10,140 V/s 


v(oo) — 0 


Since the resistance and capacitance are in parallel with each other, 
we have coo = \/>J LC = 100 rad/s and f = \/{2Rc^^/CjL), where 
S eq is the resistance seen by the LC pair with the source suppressed, or 
R eq = 0+ 12 = 12 Q. Hence, £ = 1.25 > 1, indicating an overdamped 
response. Using Equation (9.35a) we find z\ = 20 ms and t 2 = 5 ms, so 

v(t > 0 + ) = B,e - f/(20 ms) + B 2 e-‘ /{S ms) 


To find Si and Si we observe that 

u(0 + ) = Sj + B 2 = 0 

du(0 + ) -Si B 2 _ 

dt ~ 20 x lO" 3 5 x lO- 3 “ ’ 

Solving for B\ and B 2 and substituting gives 

u(r > 0 + ) = 67.6(e" ,/(20 ms) - <T r/(5 ms) ) V 


1 


Exercise 9,8 In the circuit of Figure 9.10 find the current flowing 
downward through the inductance if the switch, after having been closed 
for a long time, is opened at t = 0. 

ANSWER i(t > 0 + ) = 4.225e -60f cos(80r - 36.87°) + 3.12 A. 


► Example 9.10 

Assuming the circuit of Figure 9.11 is in steady state prior to switch 
activation, find v(t > 0 + ). 


R L 

i = 0 1 £1 1 H 



Figure 9.11 Circuit of Example 9.10. 
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Solution 

We have i>(0 + ) = u( 0 “) = 0, and Cdv(0 + )/dt = ic(0 + ) = 
i{0 + ) - u(0 + )/l = i(0~) —0 = 0. To summarize, 

v(0 + ) = 0 

du(0+) =Q 
dt 

By the voltage divider formula, u(oo) = [1/(1 + 1)] V 5 :, or 

u(oo) = 3 V 


Suppressing the source reveals that L and C are neither in series nor 
in parallel with each other. Thus, to find £ and ioq, we must derive the 
differential equation of the circuit. Applying KVL and KCL, along with 
the element laws, we obtain, for t > 0 + , 

,. di 

Vs = 1 i + 1 ——|- v 
dt 

„ dv v 
i — 1 —V t 

dt 1 

Eliminating i and collecting gives 

d 2 v „ dv 

—r + 2— + 2 v = V s 
dt 2 dt 

Comparison with Equation (9.32) yields to$ ~ 2 and 2£a>o = 2, or 
coq = V2 and £ — I/a/2. Since f < 1, we have a n underdamped 
response with a = £wo = 1 Np/s, and co^ — a/1 — 

v(t > 0+) = Be~‘ cos (t + 0) + 3 V 


= 1 rad/s. Thus, 


Imposing the initial conditions to find B and 0 yields 

v(t > 0 + ) = 3[1 - Vie-' cos (t - 45°)] V 


1 


Exercise 9.9 Repeat Example 9.10, but with the inductance and 
capacitance interchanged with each other. 

ANSWER v(t > 0) = 'bVie-' 12 cos (tf 2 + 45°) V. 


9.3 Step Response of Second-Order Circuits 

The step response of second-order circuits plays a central role in electrical en¬ 
gineering. Its importance stems from the fact that many circuits of practical 
interest are of the second order. Even higher-order systems often exhibit a 
predominantly second-order behavior, this being the reason why design and per¬ 
formance specifications are often given in terms of second-order step-response 
parameters. 
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In this section we investigate the step response using the RLC circuit of 
Figure 9.12 as a vehicle. We assume the circuit, after having had sufficient time 
to reach its dc steady state, is subjected to a voltage step u/ of amplitude V m , 
that is 


f V m for t > 0 
10 for t < 0 


(9.38) 


Using the continuity rules, it is readily seen that the initial conditions are 
vq (0 + ) = u c (0+) = MO") = o, or 


u o (0 + ) = 0 


(9.39a) 


and dv o (0 + )/dt = t‘c(0 + )/C = i L (0 + )/C = i L (0~)/C = 0/C, or 

dvp( 0+) Q 

dt 


(9.39b) 


Moreover, the steady-state component is readily found as Vqus) = c/(oo) — 
Rin(o o) - u L (oo) = V m - R x 0 - 0, or 


VO (ss) — V m 


(9.40) 


As we know, the undamped natural frequency (Oq and the damping ratio f 
for a series RLC circuit are 


(9.41a) 


(9.41b) 

The step response can be expressed as 

Vo(t > 0 + ) = Uo(xsiem) + Vm (9.42) 

Depending on the damping conditions, foment) ma y take on any one of the 
three forms of Equation (9.34). 

For £ > 1 the transient component is overdamped, and it consists of two 
decaying exponentials with time constants 


“ 0 = 7r? 

f = \rVcJl 


*1,2 


1 

(j ± \/ f 2 — T j (Wo 


(9.43) 


Substituting Equation (9.34a) into Equation (9.42) and imposing the initial con¬ 
ditions of Equation (9.39), we obtain 


(9.44) 



Figure 9.12 Investigating the step 
response of a series RLC circuit. 
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A Real Horse Race: The Invention of Television 



E very -schoolchild can re- ■ ; “ 1 

cite the litany of Edison 
inyentihg the %ht jbulb, 

Bell the telephone, Marconi 
the radio—but who invented 
television ?. The answer to this ; 
question, in the politically in¬ 
correct language of a 1950s 
magazine article, is that tele- rj 
Vision was definitely ■■‘not.;'a 
one-man invention.” 

Pioneers in television 
took one of two roads in de¬ 
signing their systems: me- „ , * , . ■ 
chamcal or electronic. In Ms photograph shows> 
1B84 in Germany, Paul Nip- the y crem , 
kow patented a television sys¬ 
tem haying a perforated disk that, when rotated in 
front of an image, divided the image into a series of 
horizontal lines. This was the first step on the me¬ 
chanical road to television. The first steps on the 
electronic road were taken in 1887, when the English 
physicist William Crookes invented the cathode ray 
tube (CRT), and in 1897, when Karl Braun of the 
University of Strasbourg modified the Crookes tube 
so that its walls would glow when struck by electrons. 

In 1911 an English scientist named A. Camp¬ 
bell Swinton described an electronic television sys¬ 
tem comprised of a Crookes lube as the transmitter 
and a Braun tube as the receiver. No one working 
in England at the time, Swinton included, even re¬ 
motely thought this marvelous system could ever be 
built, though. At about the same time, a Russian 
physicist, Boris Rosing, was thinking along the same 
lines as Swinton. Not so pessimistic as his English 
counter-parts about the feasibility of assembling such 
a system. Rosing patented his television tube in 1907. 
More important as far as the development of tele- 




Early televisions were bulky pieces of furniture, as 
this photograph shows, President Eisenhower is on 
the screen. fUFi/Bettmami) 


vision is concerned, however, 
is that he passed on his ideas 
and his enthusiasm to one 
of his star pupils, Vladimir 
Zworykin. This young Rus¬ 
sian university student, who 
fled the Revolution and ended 
up in Pittsburgh working for 
Westinghouse in 1919. is the 
first of several inventors who 
can be called “the father of 
television." 

In the early 1920s prog- 

pieces offiimitunas f S * aS tein * “ ade “ 

dent Eisenhower is on die e ec ^ ronic ^ me ' 

chanical front. At Westing- 

house, Zworykin was perfect¬ 
ing his CRT electronic scanner, while in Schenectady, 
New York, General Electric was using a mechanical 


“Every schoolchild can recite the 
litany of Edison inventing the light 
bulb, Bell the telephone , Marconi the 
radio—but who invented television?’’ 


assemblage of mirrors and rotating perforated disks 
to send images from a transmitter in the laboratory to 
receivers in several nearby homes. Meanwhile, out in 
Utah a high-school student named Philo Farnsworth, 
the second person entitled to the accolade “father of 
television," was sketching out for his physics teacher 







The Invention of Television 



By the 1990s, miniaturization allows televisions to fit in the 
palm of one ’s hand—iiterally, (Michael Newman/PhotoEdit) 


how an electronic television system could be built. 
Farnsworth found a financial angel in the person of 
George Everson, who bankrolled the boy in a secret 
laboratory, located first in Los Angeles and later in 
San Francisco, to work out his electronic television 
scheme. 

Zworykin’s work in Pittsburgh bore fruit first, 
and in December 1923 he filed for a patent on 
a television camera, billed as “an iconoscope, the 
first entirely electronic sender.” His patent was not 
granted until December 1938, however, and the in¬ 
tervening unprotected years allowed Farnsworth to 
get himself firmly established. One possible rea¬ 
son for the problems Zworykin’s patent applica¬ 
tion ran into was lack of support from the people 
at Westinghouse. After a 1924 demonstration of 
fuzzy images, Zworykin was sent back to the draw¬ 
ing board, where he stayed for the next six years. 
When his bosses were no more enthusiastic about his 
1930 model, Zworykin decided it was time to quit. 


At the same time, a self-taught inventor in Day- 
ton, Ohio, C. Francis Jenkins, working alone with no 
financial backing, used a mechanical transmitter to 
send an image across the airwaves from Anacosta, 
Virginia, to Washington, IX!. Setting up his own 
broadcasting station in Maryland, he began selling 
television receivers as early as 1928. 

The United States was not the only hot place for 
television research. England had the bug, too. Yet 
another “father” of the medium is the Scotsman John 
Logie Baird, who in 1925 used Nipkow’s perforated 
disk to stage London’s first television demonstration. 

And so the race was on. 

1927: Farnsworth applies for a patent on his elec¬ 
tronic transmitter, which he calls an “image 
dissector"; AT&T uses its mechanical setup to 
broadcast Herbert Hoover’s image from Wash¬ 
ington to New York and begins broadcasting a 
signal from New York to the suburbs of New 
Jersey. 

1928; GE broadcasts with a mechanical system in 
Schenectady; Baird uses his mechanical sys¬ 
tem to send a signal from England to the United 
States; Sarnoff tells RCA stockholders that the 
day of “sight by radio” is just around the cor¬ 
ner; Jenkins is selling his receivers to thou¬ 
sands of customers. 

1930: Sarnoff hires Zworykin, who tells his new boss 
it will cost about $100,000 to get his system up 
and running (the final bill would run to more 
than $5 million); Farnsworth’s patent granted; 
Zworykin checks up on what Farnsworth is do¬ 
ing and reports that it’s nothing RCA should 
worry about. 

1931; Baird is still touting his mechanical system 
in England; Electric and Musical Industries 
(EMI) in England and Westinghouse, RCA, 
AT&T, and Farnsworth in the United States are 
all taking the electronic path; GE sticks with 
the mechanical. 

1932: Farnsworth v Zworykin lawsuit filed, with ev¬ 
ery judicial level upholding Farnsworth’s claim 
to the first electronic TV patents. 

( Continued ) 
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( Continued ) 

1933: Zworykin’s improved iconoscope camera al¬ 
lows scenes to be lit with regular levels of light, 
rather than the extemely bright (and therefore 
hot) lights necessary for Farnsworth’s camera. 

1936: England’s BBC broadcasts alternate weeks of 
Baird’s mechanical system and EMI’s elec¬ 
tronic system and lets the public decide; 
EMI wins. 

1939: Its TV system a big hit at the New York 
World’s Fair, RCA begins the first U.S. 
electronic television service; RCA settles with 
Farnsworth on the 1932 lawsuit: Samoff wants 
to buy Farnsworth out, but all Farnsworth will 
agree to is to license RCA to produce televi¬ 
sion systems using his dissector; it is the first 
(and last) time RCA is on the paying end of a 
licensing deal; head RCA patent lawyer Otto 
Schairer has tears in his eyes when he signs 
the agreement. 

1941: FCC authorizes commercial TV broadcasting; 
World War II stops all television research. 

1946: Uncle Milty enters America’s living rooms. 

So who is the inventor of television? Most histo¬ 
rians agree that, on the U.S. front, the joint “winners” 


were Farnsworth and Zworykin. Farnsworth had most 
of the ideas in place first, and the patent protection, 
but his camera—the “image dissector”—needed unbe¬ 
lievably intense lighting; Zworykin’s camera needed 
much less light and is the one that paved the way for 
the cameras of today. 

Jenkins’s enterprise was not successful mainly 
because it was mechanical, and he died in 1934 with¬ 
out ever jumping on the electronic bandwagon. His 
lack of financial backing up against the research bud- 


“Pioneers in television took one 
of two roads in designing their 
systems: mechanical or electronic. ” 


gets of RCA and others probably also had something 
to do with his oblivion. In Great Britain, Baird is con¬ 
sidered the first name in television despite the fact that 
it is Swinton’s electronic system that has endured. 


Example 9.11 

In the circuit of Figure 9.12 let R — 3 £2, L — 1 H, and C = l F. Find 
the response to a 1-V input step. 


Solution 

By Equation (9.41) we have coo = l/Vl x 1 = 1 rad/s and 
? = (3/2)flJT = 1.5 > 1. By Equation (9.43), r, = 

1/[(1.5 - \/l.5 2 - 1)1] = 2.618 s and z 2 = 1/[(1.5 4- Vl.5 2 - 1)1] = 
0.382 s. Substituting into Equation (9.44) we obtain 

v 0 {t > 0 + ) = 1 - 1.171e -,/2 ' 618 + 0.171e -f/0 ' 382 V 


This response is shown in Figure 9.13 as the curve labeled f = 1.5. 
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Figure 9.13 Step response of a series RLC circuit with wq = 
1 rad/s as a function of the damping ratio £. 
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Exercise 9.10 In the circuit of Figure 9.12 let L = 10 mH and 
C = 10 nF. Specify the value of R for an overdamped response with 
C = 1.25. Hence, find the value of the response 10 jus after the 
application of a 10-V input step. 

ANSWER 2.5 kQ, 2.364 V. 


For f = 1 the transient component is critically damped with the time 
constant 

r = — (9.45) 

(do 


Substituting Equation (9.34b) into Equation (9.42) and imposing the initial con¬ 
ditions of Equation (9.39), we obtain 


v Q (t > 0+) 



(9.46) 


Example 9.12 

Find the value of R that makes the circuit of Example 9.11 critically 
damped. Hence, find the response to a 1-V input step. 
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yields 

vo(t > 0 + ) = 1 - 1.155e -0,5f cos (0.8660f —30°) V 
This response is shown in Figure 9.13 as the curve labeled £ = 0.5. 


I 




Exercise 9.12 Assuming C = 1 pF in the circuit of Figure 9.12, 
specify suitable values for R and L so that the roots of the characteristic 
equation are s K 2 = (—4 ± /3)10 3 complex Np/s. Hence, find the circuit’s 
response to a 10-V input step. 

ANSWER R = 320 £2, L = 40 mH, v 0 (t > 0 + ) = 10[1 - (5/3) x 
e- 4xl ° 3, cos(3 x 10 3 r -51.13°)] V. 


For convenience, also shown in Figure 9.13 are the responses corresponding 
to £ = 1/V2, K = 0.35, and £ = 0.2. We immediately note that the smaller 
the value of f, the more rapidly the response rises. Moreover, for £ < 1 we 
observe two distinctive features: 

(1) The underdamped responses rise above V m , a phenomenon referred to 

as overshoot. 

(2) After the overshoot, the underdamped responses decay toward the 
steady-state value V m in an oscillatory manner, a phenomenon referred 

to as ringing. 

It is readily seen that the smaller the value of the more pronounced the 
overshoot and the longer the time it takes for the ringing effect to die out. 


Overshoot 


The maxima and minima of an underdamped response are found by calculat¬ 
ing the time derivative of Equation (9.48) and setting the result to zero. The 
derivative is 

= B [— ae~ a1 cos (iojt + 9) — sin {(o d t + £>)] 


where B = — V m (yJ 1 — if 2 and 9 = — sin 1 Letting a = £a>o = (— sin 6*)a>o 
and a>d — ojo\/I “ f 2 = (cos^)ojo and factoring out the common terms we 
obtain 

dvo _ 

-= Bco^e [sin# cos + 9) — cos 9 sin (tuj/ + 0)] 

dt 

By a well-known trigonometric identity, the term within brackets reduces to 
sin ( Wat + $ — 9) — sino^f. Thus 


dv 0 

dt 


= Bco^e at sinoj^f 


This derivative vanishes for t = oo and for co^tn = nit, or 

nit 


t n = 


n = 0, 1,2,... 


(9.49) 


Wi-^ 


(9.50) 


404 


Chapter 9 Transient Response of Second-Order Circuits 


We are interested in the first maximum, which occurs at 



Substituting into Equation (9.48) yields 

1 


voih) - Vn 


1 - 


Since cos (tt — 6) = — cos# — —y/l — £ 2 , we finally obtain 

-ttC 




cos (it — 9) 


v 0 (h) = V m 


1 + exp 


v/r^F, 

Referring to Figure 9.14, we define the normalized overshoot as 
Qg_i) V m 

~ V m 

Substituting and simplifying yields 



(9.51) 


(9.52) 


(9.53) 


v 0 (t) 



Multiplying by 100 yields the overshoot in percentage form. We note that the 
overshoot depends only on the damping ratio £. There is no overshoot for £ > 1. 
However, for 0 < £ < 1, the smaller the value of f, the larger the overshoot. 
In the limit f —> 0 the overshoot approaches 100%. 
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Example 9.14 

Calculate the percentage overshoot of the circuit of Example 9.13 as well 
as the instant at which the overshoot occurs. 


Solution 

Using Equation (9.53), OS = exp[(-7r x 0.5)/-%/1 - 0.5 2 ] = 0.163, or 
16.3%. By Equation (9.51), t\ = jt/(1 Vl - 0.5 2 ) = 3.63 s. ^ 


Exercise 9.13 Calculate the percentage overshoot of the circuit of 
Exercise 9.12, as well as the instant at which the overshoot occurs. 

ANSWER 1.5%, 1.047 ms. 


Settling Time 

The time it takes for an underdamped response to settle within a given band 
V m (i ± e) is called the settling time and is denoted as t s . As shown in Fig¬ 
ure 9.15, this parameter can be estimated as the time it takes for the positive 
envelope to decay to the value (1 + e)V m , 

V m ^1 + -j2==e- at ^j ~ (1 +e)V m 

Simplifying and rearranging yields e at ’ ~ l/fe^/l - f 2 ). Taking the natural 


v o (0 



Figure 9.15 Illustrating the settling time /j. 
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logarithm of both sides and letting a = $coo finally yields 



(9.54) 


It is readily seen that the smaller the value of e or of the longer the settling 
time. For f 1, Equation (9.54) can be approximated as t s ~ —(In e)/^coq. 




Example 9.15 


(a) Estimate the time it takes for the response of Example 9.13 to 
settle within 5% of its final value. 

(b) Repeat, but for 0.1% of the final value. 


Solution 

(a) We have = 0.5 Np/s, y/l — £ 1 2 = 0.8660, and e = 0.05. By 
Equation (9.54), t s = -(1/0.5) ln(0.05 x 0.8660) = 6.279 s. 

(b) Likewise, t s = -(1/0.5) ln(0.001 x 0.8660) = 14.10 s. 


Exercise 9.14 Find the time it takes for the response of the circuit of 
Exercise 9.12 to settle within 1 mV of its final value. 

ANSWER 2.43 ms. 


9.4 Second-Order Op Amp Circuits 

At the end of Section 8.5 we demonstrated the unique ability of first-order op 
amp circuits to create roots in the right half of the complex plane, a feature not 
possible with purely passive circuits. In this section we investigate second-order 
op amp circuits and demonstrate that it is possible not only to create roots in the 
right half of the complex plane but also to create complex roots without using 
any inductances, that is, using only resistances and capacitances as passive 
elements. Two important advantages accrue from the use of op amps: 

(1) The ability to manipulate root locations in the complex plane opens up 
a wide range of applications for RC op amp circuits, such as filters and 
oscillators. 

(2) The elimination of inductances allows for a high degree of circuit minia¬ 
turization, as practical inductors tend to be bulky and heavy. It also 
results in improved circuit performance, as the inductor is the least ideal 
of the three basic elements. 
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To fully appreciate the role of the op amp, we first examine a second-order 
passive circuit containing resistances and capacitances but no inductances, and 
we show that the roots of its characteristic equation are always real and negative. 
Next, we demonstrate that the inclusion of an op amp to provide a controlled 
amount of positive feedback allows for the same circuit to realize complex mots, 
and that these roots can be placed anywhere in the complex plane, including the 
right half. 


A Second-Order Passive Inductorless Circuit 


The passive circuit of Figure 9.16 consists of two cascaded RC stages and 
contains no inductors. To find £ and ax o, we first derive the differential equation 
governing the circuit, then we put it in the standard form of Equation (9.32) to 
extract £ and coq. 

By KCL, /'i = (2 + It, and i 2 = 4- Expressing currents in terms of voltages 
via Ohm’s Law and the capacitance law, 

vs ~ _ v\-v c dv i 

Ri ~ R 2 ' dt 
i>i — v „ dv 

R 2 ~ Cl ~dt 

Eliminating i>i and rearranging yields, 

d 2 v dv i 2 

~tt + 2£cl>o ——(- 

dt 2 dt 


" Vr,*2C,c 2 

1 «r, + R.c . - R,C. 

2 V/?1^2C]C 2 

As we know, £ determines the damping characteristics of the circuit. To 
examine it in closer detail, we introduce the variable 


after which £ can be expressed as 




The reader can easily verify that 


(9.59) 

and that the minimum is reached in the limits R 1 /R 2 —*■ 0 and x —> 1. Con¬ 
sequently, this circuit admits only real, negative roots, so its natural response 
can never be of the underdamped type. 



R | i*i R 2 



Figure 9.16 A second-order passive 
inductorless circuit. 
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Example 9.16 


In the circuit of Figure 9.16 let C\ = C 2 = 10 nF, R j = 40 kft, and 
/?2 = 10 kQ, Find the roots of its characteristic equation. 


Solution 

By Equations (9.55) and (9.56), 

1 


(Oq = 


y/4 X 10 4 X 10 4 X (10 -8 ) 2 


— 5 krad/s 


( = -(4 x 10 4 + 10 4 + 4 x 10 4 )10 -8 xojq = 2.25 

indicating an overdamped response. The roots are = 
(-f ± y/S 2 ~ l)^o = (-2.25 ± V2.25 2 - 1)5000, or 

Ji = -1172 Np/s 
j 2 = -21, 328 Np/s 

As expected, they are real, negative, and distinct. 




Exercise 9.15 Find t>(r) in the circuit of Example 9.16 if v s is a 2-V 
positive-going step and both capacitors are initially discharged. 

ANSWER v(t > 0+) = 2-2.116e“' /(853 -' ^ s> + 0.116e _f/(4689 ^ s) V. 


Im 

I 
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Figure 9.17 Root locus for the 
passive inductorless circuit of 
Figure 9.16. 


Figure 9.17 shows the root locus of our circuit. It is interesting that the 
circuit yields distinct roots even when /?iCi = R 2 C 2 . Physically, this stems 
from the fact that the stage is being loaded by the R 2 C 7 stage. Loading 

can be eliminated by interposing a voltage buffer between the two RC stages. 
If this is done, with R { C\ = R 2 C 2 , the roots will be coincident. Alternately, 
loading can be minimized by imposing R\ <$; R 2 . 

In summary, the natural response of the passive inductorless circuit of 
Figure 9.16 can never be of the underdamped type. It can be made to ap¬ 
proach critical damping by letting R 2 R\ to minimize loading, and letting 
C 2 = {R\/R 2 )C] to minimize 




Example 9.17 


(a) In the circuit of Figure 9.16 specify suitable component 
values for two real negative roots 5] = —500 Np/s and s 2 — 
-2000 Np/s. 

(b) Modify the component values so that the roots are brought closer 
together. 
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Transient Response of Second-Order Circuits 



Figure 9.18 A second-order active inductorless circuit. 


The transfer characteristic of the amplifier is v = Kv 2 , where 


19 . 60 ) 


Since the circuit consists of two RC stages and a gain-of-A' amplifier, it is also 
referred to as a KRC circuit. Pursuing a similar approach as for Figure 9.16, 
we have 

- ”i _ c d(V] -v) V] ~v 2 
4 R ~ dt + R 

V\ — V 2 d\)n 

——*—— = C - ~ 

R dt 

Substituting v 2 = v/K , eliminating v t , and rearranging gives 

d 2 v dv , 9 

+ 2<&j 0 — + w 0 v — KcoqVs 

where 

(9.61) 

(9.62) 

We observe that now t; depends on the amplifier gain, indicating that by 
proper selection of K we can make £ assume a variety of different values, 
including zero or even negative values! With the values of R\ and R 2 shown, 
gain is variable over the range 1 V/V < K < 3 V/V, so £ can be varied over 
the range 

-0.75 <f< 1.25 (9.63) 

Let us now investigate circuit behavior as a function of K. 

For 1 V/V < K < 1.25 V/V we obtain 1 < f < 1.25. As for the passive 
inductorless circuit, the roots are real and negative. 

For K > 1.25 V/V we obtain £ < 1, causing the roots to split apart and 
become complex conjugate. As we know, this results in oscillatory behavior. 
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In an RLC circuit this behavior stems from the ability of stored energy to flow 
back and forth between the capacitance and the inductance. In a KRC circuit 
there are no inductances, but it is now the amplifier that acts as a vehicle for 
energy flow between its own power supplies and the two RC stages. This flow 
takes place via the feedback capacitance. 

For K = 2.25 V/V we obtain £ = 0, indicating purely imaginary roots and 
an undamped oscillation. Physically, when K is set to this value, the amount 
of energy injected via the feedback path matches exactly that dissipated by the 
resistances of the two RC stages. In RLC circuits the undamped condition is 
achieved by letting R —► 0 in the series case, or R —*■ oo in the parallel case. In 
practice, however, neither circuit will meet this condition because of component 
nonidealities and other parasitic losses, particularly in the inductor. Thus, any 
oscillation in a passive RLC circuit will eventually die out. By contrast, in a 
KRC circuit we can achieve a sustained oscillation by adjusting K to 2.25 V/V. 


Creating Roots in the Right Half of the $ Plane 


The most striking feature of the KRC circuit, however, is its ability to provide 
negative values of £, a feature not possible with passive RLC circuits. In fact, 
for K > 2.25 V/V we obtain ( < 0. S ince the roots of the characteristic 
equation are s L 2 = ± j(Ooy/\ — £ 2 , with £ < 0 the real part, — £coo 

becomes positive, indicating that the root locus will now extend into the right 
half of the complex plane. Moreover, the response can be written as 


v 0 (t) = cos (aWl + 0 ) 


(9.64) 



Figure 9.19 A complex root pair in the right half of the s plane corresponds to a diverging 
sinusoid. 


»oVl -; 2 / 
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where A and 6 are the usual initial-conditions c onstants . This function rep¬ 
resents a sinusoid having angular frequency wq\/1 - f 2 , phase angle 6, and 
an exponentially increasing amplitude, Ae l(,a)ot . Such a function, shown in Fig¬ 
ure 9.19, is referred to as a diverging sinusoid. Physically, when K >2.25 V/V, 
the amount of energy injected by the amplifier during each cycle exceeds that 
dissipated by the resistances of the two RC stages, thus yielding a regenerative 
effect in which the oscillations grow in magnitude according to a geometric 
progression. 

In a practical circuit the oscillations will grow until some nonlinearity, which 
is always present in some form, limits the output swing and, hence, the amount 
of energy that the amplifier can reinject into the circuit. Once this condition 
is achieved, the circuit will provide sustained oscillations. The mechanism for 
starting oscillations using a negative value of f and then exploiting a nonlinearity 
to achieve f = 0 at the desired amplitude is applied to the design of sinusoidal 
oscillators. 


• The Root Locus 

Figure 9.20 shows the root locus of our illustrative circuit. Its salient features 
are summarized as follows: for 1 V/V < K < 1.25 V/V the locus lies on the 
negative real axis; for 1.25 V/V < K < 2.25 V/V the locus consists of circular 
arcs in the left half of the complex plane; for 2.25 V/V < K < 3 V/V the locus 
extends into the right half of the complex plane. For K > 1.25 V/V, the radial 
distance of either root from the origin is ojq, indicating that the trajectories are 
circular arcs with radius coq. 

Im 



Figure 9.20 Root locus for the circuit of 
Figure 9.18. 


t: 


Example 9.18 


In the circuit of Figure 9.18 specify suitable component values for 
si, 2 ~ +600 ± j 800 complex Np/s. 
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Solution 

We must have 

-Ccoq = 600 Np/s 
(WoV 1 - < 2 = 800 rad / s 

Dividing the two equations pairwise yields —f/\/l-£ 2 = 600/800, 
whose solution is £ = —0.6. Then, wo = 600/(—f) = 600/0.6 = 10 3 rad/s. 

To achieve the desired value of <wo, arbitrarily select C = 0.1 fi F. 
Then, Equation (9.61) requires R — 1/(2ioq C) = 1/(2 x 10 3 x 10' 7 ) = 

5 kfi. We thus use if = 5 kfi and 4 R = 20 k£2. 

To achieve the desired value of f we must have, by Equation (9.62), 
K = 2.25 - £ = 2.25 + 0.6 = 2.85. Equation (9.60) requires, in turn, that 
R 2 /R\ = K-\ = 1.85. With Ri = 10 kO, Ri must be set to 18.5 kfi. 


Exercise 9.17 Suppose in the circuit of Figure 9.18 the resistance 
denoted as 4 R is changed to R to simplify inventory. Moreover, let R 2 
be a 50-kft potentiometer, (a) Show that we now have wq = \/RC and 
f = 1.5 - 0.5K. (b) Specify R, C, and the wiper settings of R 2 for 
two = 10 4 rad/s and f = 0.5, 0, and -0.5. In each case, sketch and label 
the root locations in the s plane. 

ANSWER (b) R = 10 k«, C = 10 nF, R 2 = 10 k£2, 20 k&, and 30 kS2. 


9.5 Transient Analysis Using SPICE 

The SPICE facilities discussed in Section 8.5 can easily be applied to the analysis 
of second-order circuits. An example will better illustrate. 



Example 9.19 

Use PS pice to find the response of a series RLC circuit to a 10-V input 
step. Use R = 400 £), L = 10 mH, and C = 0.01 n F, and observe the 
response across the capacitance. 



Solution 

The circuit is shown in Figure 9.21, and the input file is 

STRP RESPONSE OF SECOND-ORDER CIRCUIT 
VI I 0 PULSE(0 10 10US 1US 1US 2 SOUS) 

R .1 2 400 
L 2 3 10KU IC-0 
C 3 0 0.0 1UF :c=o 
.TRAN 5US 2 SOUS UIC 
. PROBE 
. END 



Figure 9.21 Second-order 
circuit of Example 9.19. 
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After directing the Probe post-processor to display v ( 1 ) and V ( 3 ) we 
obtain the traces of Figure 9.22. 



Ti»e 


Figure 9.22 Step response of the circuit of Figure 9.21. 


1 


Exercise 9.18 Repeat Example 9.19, but for the following resistance 
values: (a) R = R c , where R c is the resistance corresponding to critical 
damping; (b) R = 10R C ; (c) R = 0.1R C . 

Exercise 9.19 Use PSpice to find the response of the circuit of 
Example 9.19 to a 5-kHz, 2-V peak-to-peak square wave. 

Exercise 9.20 In the second-order op amp circuit of Figure 9.18 let 
R = 10 k£2, 4 R = 40 k£2, and C = 10 nF. Use PSpice to find the 
circuit’s response to a 1-V input step if the wiper is set halfway. 


▼ Summary 

• The second-order circuits of greatest interest are the series RLC and the 
parallel RLC configurations. Their transient behavior is characterized in terms 
of the undamped natural frequency o)q and the damping ratio {. 

• Both circuits have co 0 — 1 j jLC. Moreover, f = (1/2 )R^/C/L for the 
series RLC, and £ = 1/(2 R^/C/L) for the parallel RLC. The parameter 
C controls the 5-plane locations of the roots of the characteristic equation as 
well as the nature of the transient response. 

• For < > 1 the roots are real, negative, and distinct, and lie on the negative 
real axis of the 5 plane. The transient response is overdamped and consists 
of two exponentially decaying components. 
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• For 0 < £ < 1 the roots are complex conjugate, and lie in the left half of the 
s plane, at locations symmetric about the real axis. Th e transie nt response is 
a damped sinusoid with damped frequency coj = a»o\/l — tf 1 , and damping 
coefficient a = £coq. Moreover, represents the ordinate of the upper root, 
and —a its abscissa. 

• For ( = 1 the roots are real and coincident and lie at the same location on the 
negative real axis. The transient response is now said to be critically damped. 

• For £ = 0 the roots lie on the imaginary axis, at locations symmetric with re¬ 
spect to the origin. The response is an undamped sinusoid with frequency too. 

• The oscillatory behavior of underdamped and undamped RLC circuits stems 
from the flow of energy back and forth between L and C. 

• The step response of an underdamped circuit exhibits overshoot and ringing. 
The smaller ( is, the greater the overshoot and the longer the ringing. 

• The settling time is the time it takes for a step response to settle within a 
given band around its final, steady-state value. 

• A second-order passive circuit in which the energy-storage elements are of 
the same type has always f > 1, and its transient response can never be 
underdamped. 

• Using an op amp to provide a controlled amount of positive feedback around 
a second-order passive circuit made up of two RC stages, we can make £ 
less than unity, or even negative. 

• If f is negative, the roots lie in the right half of the s plane. If the root pair 
is complex, the response is a diverging sinusoid. 

• The presence of the op amp not only allows for a far greater control over root 
locations, but it avoids the use of inductors, which are generally undesirable 
components. 

▼ Problems 

9.1 Natural Response of Series and Parallel RLC Circuits 

9.1 Show that for an overdamped circuit with roots sj and 
52 we have o)q = *Js\si and f = |s[ + S 2 l/ 2 n>o. 

9.2 (a) A parallel RLC circuit has f = 1.25 and coq = 

20 krad/s. If R = 80 £2, find L and C as well as the roots 5] 
and 52- (b) If the same elements are connected in series, how 
do we change R to ensure the same damping ratio? 

9.3 (a) Specify suitable element values for a parallel RLC 
circuit so that 5i = —2000 Np/s and 52 = -5000 Np/s, un¬ 
der the constraint that the initial resistance current, in mA, 
and the initial resistance voltage, in V, be numerically equal. 

(b) Repeat, but for a series RLC circuit. (Hint: Use the results 
of Problem 9.1.) 

9.4 For t > 0 + , the voltage in the parallel RLC circuit of 
Figure 9.2(b) is v = 2(5e- 10 ' - e~ 5t ) V. If R = 2/3 £2, find 
L and C, as well as their initial stored energies. (Hint: Use 
the results of Problem 9.1.) 


9.5 For t > 0 + , the current in the series RLC circuit of 
Figure 9.2(a) is i = 7e -5/ — 3e r A. If R = 6 £2, find the 
stored energies in L and C at t = 0 + . (Hint: Use the results 
of Problem 9.1.) 

9.6 (a) Find the time t m at which the response of the over¬ 
damped series RLC circuit of Example 9.2 reaches its greatest 
magnitude, as well as the magnitude itself, (b) Repeat, but for 
the overdamped parallel RLC circuit of Exercise 9.2. 

9.7 Find v(t > 0) in the circuit of Figure P9.7, given that 
u c (0) = 9 V and i L (0) = 0.5 A. 



Figure P9.7 
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9.8 (a) Show that for an underdamped circuit with roots 
S| ,2 = ~ a ± we have &>o = s/a 1 4 - tuj and £ = a/ 

Va 2 4 - of d . (b) Specify suitable element values for a series 
RLC circuit with S[ 2 = — 3000 ± /4000 complex Np/s if C = 
0.5 pF. (c) Repeat, but for a parallel RLC circuit with L = 
10 mH. 

9.9 Sketch and label, versus t, the energy it>c(0 stored in 
the capacitance and the energy wi(t) stored in the induc¬ 
tance of the underdamped series RLC circuit of Example 9.4. 
Hence, verify the flow of energy back and forth between the 
two elements. (Hint: Use the identity ^cosa + fisina = 
i /a 2 + B 2 cos [a + tan -1 (—B/A)].) 

9.10 Repeat Problem 9.9, but for the parallel RLC circuit of 
Exercise 9.4. 


9.11 (a) Specify suitable element values in a series RLC 
circuit with R = 10 kft for a coincident root pair si ,2 = 
—10 5 Np/s. (b) Repeat, but for a parallel RLC circuit. 

9.12 (a) Find the voltage across each element in the critically 
damped series RLC circuit of Example 9.5. (b) Find the current 
through each element in the critically damped parallel RLC 
circuit of Exercise 9.5. 

9.13 (a) Find the time t m at which the response of the crit¬ 
ically damped series RLC circuit of Example 9.5 reaches its 
greatest magnitude, as well as the percentage of the stored en¬ 
ergy still left in the circuit, (b) Repeat, but for the critically 
damped parallel RLC circuit of Exercise 9.5. 

9.14 Assuming the circuit of Figure P9.14 is in steady state 
at t = 0 “, find u(r > 0 + ). 


r = 0 



Figure P9.14 


9.17 In the circuit of Figure P9.16 increase the 400-ft resis¬ 
tance until the circuit yields f = 0.8. Hence, find i(t > 0+). 

9.18 Repeat Problem 9.16 for the circuit of Figure P9.18. 


3ft 1ft 



Figure P9.18 

9.19 Repeat Problem 9.14 for the circuit of Figure P9.19. 



9.20 Repeat Problem 9.14 for the circuit of Figure P9.20. 



Figure P9.20 

9.21 In the circuit of Figure P9.20 find n for f = 5/3. 
Hence, find v(t > 0 + ) if at t — 0“ the circuit is in steady 
state. 


9.15 In the circuit of Figure P9.14 find the resistance value 
that will result in critical damping. Hence, find v(t > 0 + ). 

9.16 Assuming the circuit of Figure P9.16 is in steady state 
at t = 0 “, find i(t > 0 + ). 


50 mH 



9.22 Repeat Problem 9.16 for the circuit of Figure P9.22, 


10 V 


f = 0 1 H 


‘"'Y 6Q 



k i‘x 

*' = 2 

3fts|((0 = 


Figure P9.22 

9.23 In the circuit of Figure P9.22 find k ; for critical damp¬ 
ing. Hence, find ; (/ > 0 + ) if the circuit is in steady state at 
t = 0~. 


Figure P9.16 
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9.24 (a) In the circuit of Figure P9.24 obtain a differential 

equation in u(r) for t > 0 + . Hence, put it in the standard form 
of Equation (9.3) to show that 



(b) Verify that the preceding expressions tend to the familiar 
series RLC expressions for R 2 —>■ 00 , and the parallel RLC 
expressions for R\ ->■ 0, as it should be. 


t - 0 L 



Figure P9.24 


9.25 Show that if L and C are interchanged with each other 
in t he circuit of Figur e P9.24, £ remains unchanged and too = 

+ R\/R 2 )LC. 

9.26 In the circuit of Figure P9.24 let is — 2 A, R\ = 18 £2, 
R 2 = 6 £2, L — 1 H, and C = 1/36 F. Assuming the circuit 
is in steady state at t = CT, obtain the initial conditions u(0 + ) 
and dv(0 + )/dt. Hence, using the results of Problem 9.24, find 
u{f) for t > 0 + . 

9.2 Transient Response of Second-Order Circuits 

9.27 Assuming the circuit of Figure P9.27 is in steady state 
at t = 0“, find i{t > 0 + ). 


r = 0 



Figure P9.27 


9.28 Repeat Problem 9.27, but with the switch initially open 
and closing at t = 0. 

9.29 (a) Assuming the circuit of Figure P9.29 is in steady 
state at t = CT, find v(t > 0 + ) if is — 1 A. (b) Find is so that 
Uxsient = 0; what is v(t > 0+)? (c) Find is so that u ss = 0; 
what is v(t > 0+)? 



Figure P9.29 

9.30 Assuming the circuit of Figure P9.30 is in steady state 
at t = 0“, use the results of Problem 9.24 to find v(t > 0 + ). 


100 pH 



100 £2 


Figure P9.30 

9.31 Repeat Problem 9.30, but with the switch originally 
closed and opening at t = 0. How long does it take for 
v(t > 0+) to come within 1% of its steady-state value? 

9.32 Find i(t > 0 + ) in the circuit of Figure P9.16 if the 
switch, after having been closed for a long time, is opened at 
t = 0. Hence, estimate the instant /[ > 0 for which i(t\) = 
(l/2)i(oo). (Hint: Use the results of Problem 9.24.) 

9.33 Assuming the circuit of Figure P9.33 is in steady state 
at t = 0 _ , find u(t > 0 + ). 


? = 0 2 £2 



Figure P9.33 

9.34 Repeat Problem 9.33, but with the capacitance and in¬ 
ductance interchanged with each other. (Hint: Use the results 
of Problem 9.25.) 

9.35 Assuming the circuit of Figure P9.35 is in steady state 
at l = 0“, find u(t > 0 + ). 


10 pF 



Figure P9.35 
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9.36 Repeat Problem 9.35, but with the capacitance and in¬ 
ductance interchanged with each other. 

9.3 Step Response of Second-Order Circuits 

9.37 (a) The step response of a certain series RLC circuit 
exhibits a 30% overshoot and a 1-MHz ringing frequency. If 
R = 1 kfl, find L and C. (b) Find the overshoot and the 
ringing frequency if R is changed to 2 k£2. (c) Find R c such 
that for R > R c there is no more ringing. 

9.38 (a) In the circuit of Figure P9.38 find vo(t > 0 + ) if 
is, after having been off for a long time, is turned on to 1 A 
at t = 0. (b) Find the percentage overshoot and its instant of 
occurrence. 


3 £2 1 Q 



Figure P9.38 

9.39 (a) In the circuit of Figure P9.39 find v(t > 0 + ) if i /, 

after having been at — 1 A for a long time, is changed to 4-1 A 
at t =0. (b) Find the time it takes for vo to settle within 
0.1 V of its final value. 



Figure P9.39 

9.40 Repeat Problem 9.39, but with the capacitance and in¬ 
ductance interchanged with each other. 

9.41 Suppose in the circuit of Figure P9.39 the resistance is 
lowered to 10.8 S2. If ij, after having been at 10 A for a long 
time, is changed to 5 A at t =0, find the instants at which 
vo reaches its maximum and minimum values. What are these 
values? 

9.42 Assuming the circuit of Figure P9.42 is in steady state 
at / = 0 _ , find vo(t > 0+) if vj is changed from 0 to 12 V at 
t = 0. (Hint: Use the results of Problem 9.24.) 



Figure R9.42 


9.43 Repeat Problem 9.42, but with the capacitance and in¬ 
ductance interchanged with each other. (Hint: Use the results 
of Problem 9.25.) 

9.44 If the circuit in Figure P9.44 is in steady state at / = 0" 
and i s is changed from 0 to 1 mA at t = 0, find (a) k v for a 
1 0% overshoot, (b) the instant at which the overshoot occurs, 
and <c) the time it takes for v to settle within 10 mV of its 
final value. 



Figure P9.44 


9.45 (a) Assuming the circuit of Figure P9.45 is in steady 

state at i = 0 _ , find r(/ > 0 + ) if is changes from 0 to 9 A 
at / = 0. (b) Repeat, but with the source i s replaced by a 
voltage source vs, positive at the top, changing from 0 to 10 V 
at t = 0. 



Figure P9.45 


9.4 Second-Order Op Amp Circuits 

9.46 Find the damping ratio f for the circuit of Figure P9.46, 
and show that f > 1. 


Li Li 



Figure P9.46 


9.47 Derive a differential equation relating vo to vj in the 
circuit of Figure P9.47. Hence, find the percentage overshoot 
of uo as well as its instant of occurrence if v/ is a 1-V step. 
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Figure P9.47 

9.48 Derive a differential equation relating vo to v; in the 
circuit of Figure P9.48. Hence, assuming zero initial stored 
energy in its capacitances, find vo if v/ changes from 0 to 1 V 
at t = 0. 


9.50 Derive a differential equation relating vo to v; in the 
circuit of Figure P9.50. Hence, find £ and coq. 


100 kD 




Figure P9.48 

9.49 Derive a differential equation relating vo to u; in the 
circuit of Figure P9.49. Hence, find f and <j)q. 



Figure P9.50 

9.5 Transient Analysis Using SPICE 

9.51 Use the Probe post-processor of PSpice to display u(i) 
in the circuit of Problem 9.7. 

9.52 Use the Probe post-processor of PSpice to display v(r) 
in the circuit of Figure P9.20. 

9.53 Use the Probe post-processor of PSpice to display v(t) 
and graphically estimate the overshoot in the circuit of Fig¬ 
ure P9.38 if is is a 1-A current step. 

9.54 A series RLC circuit with R = 1 £2, L = 0.2 H, 
C =0.05 F, and with zero initial stored energy is driven by 
a 10-V voltage pulse having a duration of 0.8 s. Use the 
Probe post-processor of PSpice to display the voltage appearing 
across each element 

9.55 (a) Use the Probe post-processor of PSpice to display 
i>o(0 in the op amp circuit of Figure P9.47 if vj is a l-V step. 
Assume both capacitances are initially discharged, (b) Repeat, 
but with an initial charge of -1-2 nC at the top plate of the 1-nF 
capacitor. 

9.56 Assuming initially discharged capacitances, use the 
Probe post-processor of PSpice to display vo (0 in the op amp 
circuit of Figure P9.50 if vj is a l-V step. 
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10.1 Sinusoids and Phasors 10.3 AC Response of First-Order Circuits 

10.2 AC Response of the Basic Elements 10.4 AC Response of Second-Order Circuits 


H aving devoted the previous two chapters to the study of the transient 
response, we now turn our attention to the other basic response type, 
the ac steady-state response. As we know, this is the response to a 
sinusoidal forcing function after all transients have died out. 

There are many reasons for selecting the sine wave as the forcing function. 
One of these is just a practical one. To begin with, alternators generate electric 
power in sinusoidal form, and this is also the form in which power is most 
efficiently transmitted and distributed to households and industries. For reasons 
of efficiency, sinusoidal waves are also used in commercial radio and television 
broadcasting. Here, electromagnetic energy is radiated by means of a sinusoidal 
wave called the carrier. In AM broadcasting the carrier amplitude is changed or 
modulated according to the information signal to be broadcast; in FM broadcast¬ 
ing the parameter being modulated is the carrier frequency. Finally, in dial-tone 
telephones information is transmitted in sinusoidal form as, for instance, when 
computers are linked together via modems. Considering the importance of the 
utility power and electronic communications in modem life, this reason alone 
would suffice to justify our study of the ac response. 

There is, however, another deeper reason for studying the ac response, 
namely, because nature itself seems to have a decidedly sinusoidal character. 
For instance, the natural response of an underdamped second-order circuit is 
a damped sinusoid, just like the vibration of a guitar string, the motion of a 
pendulum, the perturbation produced on the surface of a pond by the throwing of 
a stone, and countless other phenomena. It was perhaps this observation that led 
the French mathematician lean Baptiste J. Fourier (1768-1830) to the important 
discovery that the mathematical functions governing the physical world can be 
expressed as suitable sums of purely sinusoidal components. This conclusion, 
which the beginner may find hard to accept intuitively, but which can be proven 
rigorously, has far-reaching implications, for it allows us to find the response to 
any periodic signal, regardless of its waveform. To this end, we first investigate 
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the responses to the signal’s individual sinusoidal components; then, using the 
superposition principle, we add up these partial responses to obtain the overall 
response. Thus, ac analysis constitutes a far more general analytical tool than 
one might at first think. 

A third reason for studying the ac response is one of mathematical conve¬ 
nience. It stems from the important property that the derivatives and integrals of 
a sinusoid are still sinusoidal. Since in a linear circuit each branch voltage and 
current is generally related to the forcing function by a linear differential equa¬ 
tion, it follows that a sinusoidal forcing function will induce sinusoidal forced 
responses throughout the circuit. Thus, the sinusoidal function allows a much 
easier mathematical analysis than other functional forms. 

In Section 7.4 we learned that the response to an ac forcing function con¬ 
sists of two components, the transient component and the ac steady-state com¬ 
ponent. The transient component is an exponentially decaying function, and the 
ac steady-state component is a sinusoidal junction with the same frequency as 
the forcing function, but differing in amplitude and phase. Moreover, both the 
amplitude and phase of the response are frequency dependent. 

A sufficiently long time after turning on an ac source, the transient com¬ 
ponent will have died out, leaving only the ac steady-state component. It is 
precisely upon this component, simply called the ac response, that we shall 
concentrate in the present chapter. This response can be found by formulating 
and solving the differential equation(s) governing the circuit. Since it deals with 
sinusoids, which are functions of time, this approach is referred to as time- 
domain analysis. In this chapter we use it to gain a basic understanding of the 
ac response of the individual circuit elements as well as simple combinations 
thereof, such as the RC, RL, and RLC circuits. Our goal is to familiarize 
ourselves with the most salient features of the ac response, particularly the fre¬ 
quency response. We also investigate how this response relates to the transient 
response of the previous chapters, and we do this both for first- and second-order 
circuits. 

Time-domain ac analysis, though feasible for simple circuits, becomes pro¬ 
hibitive as circuit complexity increases. An alternate approach, based on an in¬ 
genious technique known as frequency-domain analysis, achieves the desired 
results using algebraic equations instead of differential equations. Moreover, 
the formulation of these equations is similar to that of resistive circuits, indicat¬ 
ing that we can apply the experience acquired in the earlier part of the book to 
the analysis of ac circuits as well. 

In frequency-domain analysis a sinusoidal signal is represented in terms of 
a vectorlike quantity known as a phasor. We introduce this concept in this 
chapter to help the student develop the habit of always visualizing an ac signal 
in terms of its phasor. With this in mind, we shall be better prepared to meet 
the challenges of the next chapter. 


10.1 Sinusoids and Phasors 

Until now we have been expressing an ac signal as x(f) = X m sin (2^7/7) — 
X m sin 2nft, where ,v(t) is the instantaneous value of the signal, X m is the ampli¬ 
tude, T is the period, and / is the frequency. As shown in Figure 10.1(a), x(t) 
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alternates between +X m and — X m , and completes a full cycle of oscillation every 
T seconds. Moreover, the number of oscillations completed in one second is /. 


x(t) 



*(f) 



Figure 10.1 Plot of the sine function: (a) ver¬ 
sus time t; (b) versus the angle cut. 


To simplify the notation, it is convenient to introduce the angular frequency 



( 10 . 1 ) 


after which our ac signal can be expressed more concisely as x(f) = X m sin tuf. 
Since the argument cot of the sine function has the dimensions of an angle, 
its unit is the radian (rad). Hence, to is stated in radians per second (rad/s). 
As shown in Figure 10.1(b), the plot of x(t) versus cot repeats itself every 
2 7z radians. 

By Equation (10.1), T and / are related to co as 

f = £- < 10 - 2 » 


T 


2 n 


(10.3) 


co 

To avoid confusion with the angular frequency co, f is sometimes called the 
cyclical frequency or the ordinary frequency. Recall that co is stated in rad/s 
and / in Hz. 
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Since sin (0) = 0, the sine waveform goes through the origin. When observ¬ 
ing an ac signal with the oscilloscope, it is always possible to adjust the trigger 
control to make the waveform cross the t axis right at the origin. However, when 
simultaneously observing ac signals at different nodes of a circuit, we find that 
they generally cross the t axis at different instants. If the observation is made 
with a dual-trace oscilloscope, we can still adjust the trigger to force one of the 
waves through the origin, but the other will generally cross the t axis earlier 
or later, depending on the particular node. Clearly, the form *<7) = X m sin a;/ 
is not general enough because it describes only sinusoids that go through the 
origin. To represent an ac signal regardless of when it crosses the t axis we 
must introduce an additional parameter called the phase angle. 


General Expression for an AC Signal 


Following common practice, we shall represent an ac signal in the general form 


x(r) = X m cos (cot + 9) 


(10.4) 


where 


x(r) is the instantaneous value of the signal 
X m is its amplitude or peak value 
to is the angular frequency, in rad/s 
t is time, in s 

8 is the phase angle, in rad or degrees 


The reason for switching from the sine to the cosine function is simply one of 
conformity to prevailing notation. Using the trigonometric identities sin a = 
cos (a —x/2) and cos a = sin (a + jt/ 2), we can easily convert from the sine 
to the cosine or vice versa, so the choice of one form over the other is purely 
arbitrary. 

To understand the role of the phase angle, recall that the cosine function 
reaches its maxima when its argument is an integral multiple of 2 tt, that is, when 
cot + 8 = ±2nn, where n is an arbitrary integer. The maximum corresponding 
to n = 0, referred to as the central peak, occurs when cot+ 8 =0, that is, when 


cot = —9 


(10.5) 


Clearly, with 0=0, the central peak occurs at t = 0. However, when 9 > 0, 
the central peak occurs at a negative value of cot, indicating that the waveform 
is shifted toward the left, as shown in Figure 10.2(a). This shift is referred to 
as lead. Conversely, if 9 < 0 the central peak occurs at a positive value of cot. 
As shown in Figure 10.2(b), the waveform is now shifted toward the right, and 
the shift is now referred to as lag. 

Given a shift 8 along the cot axis, the corresponding shift along the t axis 
is, by Equation (10.5), t = —9jco, Letting co = 2jt/ 7\ we can express time shift 
in terms of the period as 


(10.6a) 
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40 40 




Figure 10.2 Illustrating the effect of the phase angle 9. 


where 9 is stated in radians. If 9 is stated in degrees, then 


9 

360 


T 


(10.6b) 


Of special interest is the case 9 = ±tt rad, or 9 = ±180°, which corre¬ 
sponds to a time shift of half a period, T /2. Using the trigonometric identity 
cos (tot ± 7 r) = — cos tot, we see that subjecting an ac signal to a phase shift of 
n radians, or 180°, or to a time shift of T / 2 , has the same effect as multiplying 
it by —1. Phase reversal is readily achieved by sending the signal through an 
inverting amplifier. 

While 9 can be either in radians or in degrees, the term tot is always in 
radians because to is stated in rad/s. When using the calculator to compute 
the sum (tot + 0 ), make sure to express cot and 9 in the same units, and that 
the calculator is configured accordingly! To convert from degrees to radians, 
multiply degrees by 27r/360, or jt/180. To convert from radians to degrees, 
multiply radians by 180 /tt. 




Example 10.1 

A 1-kHz sinusoidal voltage reaches its central peak at t = +0.2 ms. 
If its amplitude is 5 V, what is its instantaneous value at (a) t = 0? 
(b) t = 0.6 ms? 


Solution 

By Equation (10.1), to = 2jr/ = 2jz x 10 3 = 6,283 rad/s. By 
Equation (10.5), 9 = —tot = —6,283 x 0.2 x 10 -3 = —1.257 radians = 
— 1.257 x 180 /tt = -72°. We can therefore write 

17(f) = 5 cos (6,283/ -72°) V 

where the term 6,283/ is stated in radians whereas the phase angle is 
stated in degrees. This mixed notation, though lacking rigor, is quite 
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common in engineering practice. For the given values of t, 

(a) v(0) = 5cos(0 - 72°) = 1.545 V 

(b) r(0.6 ms) = 5 cos (6,283 x 0.6 x 10“ 3 - 72°) = 

5 cos(3.770 rad - 1.257 rad) = -4.045 V. 


1 


Exercise 10.1 The instantaneous value of a 1-MHz sinusoidal current 
is 5 mA at t = 0, and —8.660 mA at t = 0.25 /is. Find (a) the amplitude 
and phase angle, and (b) the amount of time shift of the central peak 
relative to the instant t = 0. 

ANSWER (a) 10 mA, 60°; (b) -166.7 ns. 


Phase Difference 

In ac observations and measurements it is often of interest to know the phase 
difference between two signals having the same frequency. Denoting these 
signals as 

x (r) = X m cos (r ot + 0 X ) (10.7a) 

y (/) = Y m cos (cot + 0 V ) (10.7b) 

we define their phase difference as 

0 = 9, - 6 X ( 10 . 8 ) 

For obvious reasons, <f> is also said to represent the phase of y(t) relative to that 
of Jt(r). Note that if 9 X = 0, then <f> = 9 y . 

Phase, like voltage, is a relative concept, in the sense that it is always 
possible to designate a particular signal in a circuit as the reference signal and 
arbitrarily assign it zero phase angle. The phase angle of any other signal in the 
circuit will then coincide with the phase difference between that signal and the 
reference signal. 

Depending on the value of 0, we have several important cases: 

(1) 0 = 0. The two signals are said to be in phase with each other. 

(2) <p > 0. In this case we say that y(/) leads jc(f) by 0 rad, or by 
f = (4>j2n)T s. 

(3) 0 < 0. In this case we say that y(t) lags jc (r) by 0 rad, or by t = 
(c})/2jt)T s . 

(4) 0 = ±jt/ 2 = ±90°. The two waves are said to be in quadrature. 
When one reaches its maxima or minima, the other goes through zero, 
and vice versa. Their relative time shift is T/4. 

(5) 0 = ±n = ±180°. The two waves are said to be in anti-phase. When 
one reaches its maxima, the other reaches its minima, and vice versa. 
Their relative time shift is T/2. 

By suitably adding or subtracting integral multiples of 2n rad, or 360°, 0 
can always be constrained within the range — jr <0 < jt, or —180° < 0 < 180°. 
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Figure 10.3 Measuring phase differ¬ 
ence with the oscilloscope. 


For instance, if y(t) leads x(t) by 240°, we can also say that y{t) leads x(t) by 
240 — 360 = —120°, or that y(r) lags x{t) by 120°. This is si mi lar to expressing 
the time of the day without ever exceeding 30 in the designation of the minutes, 
as when we express 8:40 as 20 to 9. 

Phase difference is readily measured with a dual-trace oscilloscope. First, 
set both channels to the ac mode and adjust the vertical balance control so that 
the zero-volt baselines of both channels coincide at the center of the screen. 
Then, apply the signals and measure their relative time delay At as well as 
the period T. Finally, obtain the phase difference, in degrees or in radians, 
respectively as 

<p = 360 y { 10.9a) 

<t> = (10.9b) 


► Example 10.2 _ 

Referring to the oscilloscope display of Figure 10.3, find the phase 
difference between the two signals. 

Solution 

By inspection, Af = 2 div and T = 10 div. By Equation (10.9a), 

0 = 360 x 2/10 = 12°. We can thus state that Vi leads V 2 by 12° or, 
equivalently, that v 2 lags i>i by 12 °. 


Exercise 10.2 Two signals, ui(r) = 8cos (2?rl25, OOOf + 0\) V and 
v 2 = 6 cos (2 jt 125,000r -t- 6 \ —45°) V, are to be observed with a 
dual-trace oscilloscope with a vertical scale setting of 2 V/div and a 
horizontal setting of 1 /ns/div. Show how the two signals would appear 
on the screen if the oscilloscope is triggered on (a) the positive slope of 
ui(f) and (b) the negative slope of v 2 . 


Phasors 

It has been stated that if we apply a sinusoidal signal to a circuit made up of 
resistances, capacitances, inductances, and possibly dependent sources, all re¬ 
sulting voltages and currents in the circuit will oscillate with the same frequency 
oj as the applied signal, differing only in amplitude and phase angle. The goal 
of ac analysis, then, is to find the amplitudes and phase angles of these voltages 
and currents; w is of no concern because it is the same throughout. We thus need 
a notation that focuses on amplitude and phase angle alone. This is provided 
by the phasor, a vectorlike item whose length is designed to convey amplitude 
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information and whose angle with respect to a reference axis is designed to 
convey phase-angle information. Specifically, given the ac signal 

x(r) = X m cos (cot + 6) (10.10) 

the corresponding phasor is denoted as X and is represented in shorthand form 

as 

( 10 . 11 ) 

In words, phasor X has length X m and angle 9, where X m is the peak ampli¬ 
tude and 9 is the phase angle of the signal. This correspondence, depicted in 
Figure 10.4, is visualized as 

jt(r) = X m cos (u>t + 9) 

$ t t (10.12) 

x =X m [9 

x(t) 


lOf 


(a) (b) 

Figure 10.4 An ac signal and the corresponding phasor. 

The length of phasor X, also called the modulus or magnitude of X, is 
non-negative by definition, and is denoted as |*|, 

1*1 = (10.13a) 

The angle of phasor X, also called the argument of X, is denoted as < X and 
is always measured counterclockwise relative to the positive horizontal axis, as 
indicated by the arrow, 

<X = 9 (10.13b) 

It is important to note that the correspondence between an ac signal and its 
phasor is bidirectional. Given a phasor X, the corresponding ac signal is 

x(t ) = |*| cos {cot + < *) (10.14) 

We wish to stress that though phasors look like vectors, they do not obey the 

rules of vector analysis studied in statics and dynamics courses. The rules of 
phasor manipulation will be studied in great detail in Section 11.1. 
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Example 10.3 

(a) What is the phasor corresponding to the ac voltage of 
Example 10,1? 

(b) What is the ac current corresponding to the phasor I = 
0.010/60° A? 

Solution 

(a) Since v(t) — 5 cos {wt — 72°) V, we have, by inspection, 
V = 5 /-72° V. 

(b) By inspection, i(t) = 10 cos (cot + 60°) mA. 


Note that if we wish to find a phasor by mere inspection of its ac signal, 
the latter must be expressed in the standard form of Equation (10.4). 


Example 10.4 

Find the phasors corresponding to (a) x(t) = 2.5 sin (cot + 25°) and 
(b) x(t) = —30cos ( cot + 60°). 

Solution 

(a) First, convert from the sine to the cosine function, 

sin (cot + 25°) = cos (cot + 25° — 90°) = cos (cot — 65°). 
Then, by inspection, X = 2.5 /-65° . 

(b) Because of the negative sign, we must first convert to 
the standard form. Thus, x(t) — —30 cos(<wt + 60°) = 

30 cos (cot + 60° — 180°) = 30cos(wt — 120°), Then, 

X = 30/ —120°. 


Exercise 10.3 The voltage i>;(r) = 2cos (cot -(-45°) is applied to 
an inverting amplifier having gain A = — 5 V/V. (a) Find the phasor 
corresponding to the output voltage v 0 (t). (b) If the amplifier drives 
a 2-kQ load, find the phasor corresponding to the current i£,(f) being 
sourced to the load. 

ANSWER (a) V a = 1 0/-135° V; (b) I L = 5 /-135° mA. 


10.2 AC Response of the Basic Elements 

Having developed the mathematical tools to handle ac signals, we wish to inves¬ 
tigate the ac behavior of the three basic circuit elements, that is, R, L, and C. 
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In so doing we shall also appreciate the convenience of visualizing ac signals in 
terms of their phasors. In the following we express ac voltages and currents as 

u(r) = v m cos (cot + 0 V ) (10.15a) 

i(f) = I m cos (c ot + Oj) (10.15b) 


AC Response of the Resistance 


Applying the ac voltage of Equation (10.15a) causes a resistance to respond with 
the current i(t) = v(t)/R = (V m /R) cos (tot + 9 V ). This current is of the type 
of Equation (10.15b), with amplitude and phase angle 



01 = 0v 


(10.16a) 

(10.16b) 


In a resistance, the voltage and current amplitudes are related by Ohm’s Law, 
V m = Rl m . Moreover, in a resistance, voltage and current are always in 
phase with each other. Figure 10.5(b) shows the voltage and current wave¬ 
forms for the case 9 V = 0. The corresponding phasor diagram is shown in 
Figure 10.5(c). 



Figure 10.5 AC response of the resistance. 


I V 


(c) 


AC Response of the Capacitance 

Subjecting a capacitance to an ac voltage as in Figure 10.6(a) results in the 
current i = Cdv/dt — —coCV m sin (cot + 6 V ). Using the trigonometric identity 
— sin a = cos (a + 90°), we can write i(t ) — coCV m cos (cot + 0 V + 90°). This 
is an ac current with amplitude and phase angle 


l m — toCV m 

9i =01,+ 90° 


(10.17a) 

(10.17b) 
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In a capacitance, the current and voltage amplitudes are still linearly proportional 
to each other. However, the proportionality constant is now frequency depen¬ 
dent. Moreover, in a capacitance, current always leads voltage by 90°. This 
phase relationship is illustrated in Figure 10.6(b) in terms of the waveforms, and 
in Figure 10.6(c) in terms of the corresponding phasors. 

A word of caution is necessary at this point. Considering that the applied 
voltage is the cause and the resulting current is the effect, the fact that the current 
leads the voltage should not give the impression that the effect is preceding the 
cause! By the capacitance law, i(t) = C dv(t)/dt, the instantaneous value of i 
depends on the rate of change of v at that specific instant, not on the previous 
and certainly not on the subsequent rates! Thus, the current waveform goes 
through zero when the voltage waveform peaks out, and it peaks out when the 
voltage waveform reaches its steepest slope, at the instants of its zero crossings. 
Hence the 90° phase difference between the two waves. 

Equation (10.17), derived for the case in which the applied signal is a 
voltage, also holds for the case of an applied current. The amplitude and phase of 
the resulting voltage are related to those of the applied current as V m = l m jojC 
and 6 V = 0; — 90°. We now say that the voltage waveform lags the current 
waveform by 90°. 

AC Response of the Inductance 

Subjecting an inductance to an ac voltage as in Figure 10.7(a) results in a current 
i such that Ldifdt = v. Using Equation (10.15b), L di jdt = ~ojLl m sin (cot+ 0,-) 
= o>LI m cos (cot + 0; +90°). Equating this expression to that of v of Equa¬ 
tion (10.15a) yields ooLl m = V m and 9, + 90° = 0„, or 

(10.18a) 
(10.18b) 

In an inductance, the current and voltage amplitudes are linearly proportional to 
each other with a frequency-dependent proportionality constant. Moreover, in 


/ =^L 

m ojL 

0i =e v - 9o c 


I 
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an inductance, current always lags voltage by 90°. These features are depicted 
in Figure 10.7(b) and (c). 

If the applied signal is a current, the resulting voltage is related to the 
forcing current as V m = wLI m and 9 V = 4- 90°. We now say that the voltage 

waveform leads the current by 90°. 
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Exercise 10.4 A circuit element is subjected to the current 
i(t) = 10cos (2tt 10 3 r + 120°) mA. Derive an expression for the voltage 
waveform as well as its phasor if the element is (a) a 2-k£2 resistance, 
(b) a 0.5-^F capacitance, and (c) a 10-mH inductance. 

ANSWER (a) 20 /120° V; (b) 3.183/30° V; (c) 0.628 /-150 V. 


Limiting Cases 

For capacitance, l m = toCV m . In the limit co -*■ 0, also called the low-frequency 
limit, we have I m —*■ 0, indicating that C acts as an open circuit. By contrast, 
since V m = l m jcoC , in the limit co oc, also called the high-frequency limit, we 
have V m — 0, indicating that C now acts as a short circuit. We summarize as 

AC Rule for Capacitance: At low frequencies a capacitance acts as an open 
circuit, at high frequencies as a short circuit. 

For inductance we have V„, = coLl m , indicating that in the low-frequency 
limit L acts as a short circuit because V m 0, By contrast, since I m = V m /coL, 
in the high-frequency limit, L acts as an open circuit because now I m —> 0. As 
expected, inductive behavior is dual to capacitive behavior. In summary, 

AC Rule for Inductance: At low frequencies an inductance acts as a short 
circuit, at high frequencies as an open circuit 

These important rules, summarized in Table 10.1, are worth keeping in mind as 
we start developing a feel for ac circuits. 


TABLE 10.1 Limiting AC Behavior for 
Capacitance and Inductance 


Limit 

C 

L 

co —0 

open circuit 

short circuit 

co —> oo 

short circuit 

open circuit 


10.3 AC Response of First-Order Circuits 

Having examined the ac behavior of the basic elements, we now investigate 
the ac response of combinations of elements. The simplest such combinations 
are the series RC and RL circuits, which we examine in the present section, 
and the series and parallel RLC circuits, which we investigate in the next section. 
Since our analysis deals with sinusoidal functions of time, we refer to it as time- 
domain ac analysis. 
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We recall from Section 7.4 that the response to an ac forcing function con¬ 
sists of two components: (a) the transient component, in the form of a decaying 
exponential, and (b) the ac steady-state component, which is the response after 
the transient part has died out. In ac analysis we are exclusively interested in 
the steady-state part, simply called the ac response. This response has the same 
functional form as the forcing function, that is, it is sinusoidal with the same 
frequency w. Moreover, its amplitude and phase angle are frequency dependent. 


The C-R Circuit 

In the circuit of Figure 10.8(a) we wish to find the response i to the ac voltage 
u. Were R present alone, i would be in phase with i>; were C present alone, i 
would be leading u by 90°. With R and C present simultaneously, we expect 
the outcome to be a compromise, with <f> somewhere in between. 



Using the capacitance law, along with KVL and Ohm’s Law, we have 
i = C d(v - Ri)/dt, or 


n „di „ dv 

RC — —1 -1 = C —— 
dt dt 

(10.19) 

Assuming a forcing voltage of the type 


l’(f) = V m coscot 

(10.20) 

we postulate a current response of the type 


((f) = Im COS {cot + <t>) 

(10.21) 


and we seek suitable expressions for I m and <p that will make i satisfy Equa¬ 
tion (10.19). 

Substituting Equations (10.20) and (10.21) into Equation (10.19) yields 
—wRCl m sin (cot + <}>) + I m cos (cat + <j>) = —coCV m sin cot 
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Using the trigonometric identities sin (cot + <p) = sin art cos ^ -(-cos cot sin <p, and 
cos (cot + <p) = cos cot cos 4> — sin cot sin<£, and collecting terms in cos cot and 
sin cot we obtain 

[cos0 — coRC sin0]/ m cosotf — [(sin<£ + coRC cos^)/ m — coCVw] sin<w/ = 0 

In order for this equality to hold at all times, the coefficients of cos cot and sin cot 
must each vanish, that is, 


cos <p — coRC sin <p = 0 (10.22a) 

(sincp + coRC cos0)/ m — coCV m =0 (10.22b) 

Using the trigonometric identity (sin0)/(cos <p) = tan0, Equation (10.22a) 
yields 

tan (10.23) 

coRC 

Next, using the trigonometric identities cos <p = 1 / \/l + tan 2 <p and sin cp = 
(tan tp ) j 1 + tan 2 cp, along with Equation (10.23), we can readily verify that 

sin <p + coRC cos <j> = yj 1 + (coRC) 2 


Substituting into Equation (10.22b) and solving for I m provides the amplitude 
relationship between i and v, 


V m coRC 
R y/l + ((0RC) 2 


(10.24a) 


Moreover, Equation (10.23) yields (p = tan" 1 (\JooRC). Using the trigonometric 
identity tan -1 (1 /a) = 90° — tan" 1 a, we obtain the phase relationship between 
i and u. 


<p = 90° - tan -1 coRC 


(10.24b) 


These equations confirm the frequency-dependent nature of the amplitude 
and phase relationships. Figures 10.8(b) and 10.8(c) depict these relationships 
for the special to value that makes coRC = 1. Comparison with the resistance 
and capacitance responses of Figures 10.5 and 10.6 confirms that the C-R circuit 
yields a response intermediate between those of its individual components. 




Example 10.6 


In the circuit of Figure 10.8(a) let V m — 10 V, R = 1 kQ, and C = 1 nF, 
Find v(t) and i(t ) for (a) to = 10 5 rad/s, (b) to = 10 6 rad/s, and 
(c) co = 10 7 rad/s. 





10.3 AC Response of First-Order Circuits 


435 


Solution 

(a) We have V m /R — 10/1 = 10 mA, and <oRC = 10 5 x 10 3 x 10 -9 
0.1 rad. By Equation (10.24), l m = 10 x O.l/VT+'O.l 2 = 
0.9950 mA and <f> = 90 — tan -1 0.1 = 84.29°. Thus, 

u = lOcos lO 5 ? V 

i = 0.9950cos (10 5 f + 84.29°) mA 

(b) Now (oRC = 1 rad, I m = 10 x 1/Vl + l 2 = 7.071 mA, and 
4> = 90 - tan" 1 1 = 45°. Thus, 

v = 10 cos 10 6 r V 

i = 7.071 cos (10 6 f + 45°) mA 

(c) ojRC = 10 rad, l m = 10 x 10/Vl + 10 2 = 9.950 mA, and 
<p = 90 - tan“ 5 10 = 5.71°. Thus, 

v = lOcos 10 7 r V 

i = 9.950cos (10 7 t + 5.71°) mA 
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A CONVERSATION WITH 

Socorro Curiel 

PACIFIC BELL 



As a switching equipment engineer for Pacific Bell, Socorro 
Curiel now manages budgets and human resources instead 
of transistors and resistors. 


S ocorro Curiel is currently working as a 
switching equipment engineer for the Orange- 
Riverside Business Unit of Pacific Bell in Ana¬ 
heim, California. She earned a degree in electrical 
engineering from Loyola Marymount University in Los 
Angeles in 1988. 


Ms, Curiel, what made you decide to study elec¬ 
trical engineering? 

Initially, I considered studying computer science in 
college. However, by the end of my junior year in 
high school I had already begun to explore other op¬ 
tions. Recruiters from the Army came to our school 
and gave us all the ASVAB aptitude test, and because 
I scored very high in electronics, one of the recruiters 
sold me on going to West Point Academy and major¬ 
ing in avionics. I eventually decided against accepting 
the scholarship to West Point. I received the nomi¬ 
nation from my congressman, but my family talked 
me out of going 3000 miles away. Instead, I opted to 
enroll in the electrical engineering program at Loyola 
Marymount University, which was closer to home. 


Are you glad you made that switch? 

Definitely. I found the EE courses very challeng¬ 
ing, which is probably what I liked best about them. 
Also, 1 held a job as a computer operator/programmer 
during my first two years in college, which included 
tutoring in computer science. I helped other students 
learn about mainframe computers and write programs 
in Pascal and FORTRAN. That early experience con¬ 
vinced me that I would be happier on the engineering 
side than on the computer side. Consequently, I went 
to work at Hughes Aircraft Radar Systems Group for 
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the next two years as a student electrical engineer. 
There I learned the realities of electrical engineering, 
and then there was no turning back. 

Where else have you worked? 

I worked with the California Department of Trans¬ 
portation. I designed the highway lighting circuits 
for some of the on/off ramps that were part of the 
expansion of the Harbor Freeway in Los Angeles, as 
well as those for the Century Freeway. This was the 
first time I got to apply all the theories and laws that I 
had learned in my circuits courses. The loading infor¬ 
mation for most of the electronic components came 
from the manufacturers, but the rest of the design 
work required working with Kirchhoff s current and 
voltage laws. I guess my circuits course was the first 
one that paid off for me. 

And then you came to Pacific Bell? 

Yes. I’m currently a project manager working with 
budgets, schedules, and human resources instead of 
transistors and resistors. It’s challenging, but in a 
different way. The engineering courses I took trained 
me to handle not only engineering, but all other types 
of problems as well. Thinking like an engineer means 
being able to confront any problem with the same an¬ 
alytical approach. Whether it’s “Which circuit com¬ 
ponent will work best here?” or “How do we com¬ 
plete this project with x number of dollars and in y 
amount of time?” or even “Which graduate school 
should I apply to?” for that matter, I still have to 
resort to many of the principles I learned in my engi¬ 
neering courses. 

What do you predict for the EE industry in the 
near future? 

My bet is that the future is in communications, 
both personal and global. There are new develop¬ 
ments every day in that industry. I plan to move 
quickly from the installation and implementation end 
of this business to the front edge, where the re¬ 
search and development happens. For example, the 
advancement of wireless personal communications 


technology—cellular phones, paging systems—is im¬ 
pressive but nowhere near perfection. There are still 
too many limiting factors. For one thing, these con¬ 
nections still catch too much static. Engineers need 
to figure out a way to effectively reduce all that noise. 

Another problem is that the airwaves can get very 
crowded, and the FCC enforces strict regulations to 
control all frequency bands. Since it is inevitable that 
the number of cellular phones and personal pagers is 
going to increase, engineers will have to resolve this 
problem. Multiplexing at extremely high transmission 
rates is very expensive. Today, only NASA and the 
federal government use transmission rates in the giga- 


"... the future is in communications, 
hath personal and global. ” 

hertz range, but this won’t be true for long. Engineers 
will need to develop a method of using high trans¬ 
mission rates for commercial use that is simple and 
inexpensive. Today global communication is either 
by satellite or by underwater fiber-optic cable. Engi¬ 
neers are developing new methods that have higher 
quality and cost substantially less. These are just a 
few of the areas in communications that are evolving 
and are going to explode in the next few years. 

What advice do you have for EE students? 

Building on what I have just said, I would add that 
everything in the electronics part of our lives is con¬ 
stantly changing and improving. If you’re planning to 
be an engineer, you need to realize that you can make 
significant contributions. Your electrical knowledge 
in addition to the general problem-solving skills you 
are learning in your engineering courses can make you 
a potent agent for change. Don’t allow your thinking 
to conform to the way things are done today. Try 
always to imagine new and innovative methods of 
getting the job done. 
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The High-Pass Function 


The manner in which the behavior of a circuit varies as a function of frequency 
is called the frequency response. This response is best visualized by means of 
frequency plots, as follows. If we rewrite Equation (10.24a) as 

4 = (10.25) 

then the frequency dependence of the amplitude and phase relationships is 
uniquely characterized by the pair of functions 

(10.26a) 
(10.26b) 

where we have set 


him (<w) — 


vim 


sj 1 + (f ofcOo ) 2 


<p{co) = 90° — tan 1 (co/coq) 


a )o = 


1 

RC 


(10.27) 


This quantity, having the same dimensions as a>, or rad/s, is called the char¬ 
acteristic frequency of the circuit because it depends only on its components, 
regardless of the signals. 

The plots of H m {(o) and (pica) versus (to/too), called the magnitude and 
phase plots, are shown in Figure 10.9. It is instructive to justify these plots in 
terms of physical behavior. We do this by considering the following cases: 


(1) co/coq 1. At high operating frequencies the capacitance is given 

insufficient time to appreciably charge or discharge within each cycle, 
indicating that vc —0. In fact, at high frequencies C acts as a short 
circuit compared to R, causing most of the applied voltage to be dropped 
across R, or vr -> v. Hence, l m — > V m /R and i is essentially in phase 
with u. This is confirmed by Equations (10.26), which predict H,„ 1 

and <p 0. Clearly, in the high-frequency limit the C-R circuit exhibits 
resistive behavior. This is depicted in Figure 10.10(a). 

(2) co/coo « 1. At low frequencies C has sufficient time to fully charge 
or discharge within each cycle, so vc ^ This agrees with the fact 
that at low frequencies C acts as an open circuit compared to R, or R 
as a short compared to C. With v c v, it follows that vr —>■ 0, or 
/ m ->■ 0. Moreover, since / = Cdv c /dt -> Cdv/dt , i now leads i> by 
90°. This is confirmed by Equations (10.26), which predict H m 0 and 
<p 90°. Clearly, in the low-frequency limit the C-R circuit exhibits 
capacitive behavior. This situation is depicted in Figure 10.10(b). 

(3) (o/coq = 1. When the applied frequency w is made equal to the char¬ 
acteristic frequency tno. we expect an intermediate behavior between 
resistive and capacitive. In fact, Equation (10.26b) predicts <p — 45°. 
Moreover, Equation (10.26a) predicts H m = 1/V2 = 0.707, indicating 
that we now have l m = (V m //?)/->/2. 
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Figure 10.9 Frequency plots of magnitude and 
phase for the high-pass function. 


In light of the foregoing discussion it is evident that the C-R circuit provides 
a substantial amount of current response at high frequencies, but an insignifi¬ 
cant amount at low frequencies. For this reason the function H m (to) of Equa¬ 
tion (10.26a) is referred to as a high-pass function. The frequency selectivity 
of the C-R circuit is exploited on purpose in the synthesis of filters. 

The average power dissipated in the resistance is P = (1/2) RI*- This power 
is maximized in the high-frequency limit, where we have I m = V m /R. Thus, 


c 




Figure 10.10 Limiting behavior of the C-R 
circuit for (a) a> —► oo, and (b) a> —> 0. 




440 Chapter 10 AC Response 


Pmay. — (l/Z)R(V m /R) 2 , or 


1 V 2 

= - -f- (10.28a) 

L K 

By contrast, the average power dissipated at to = too, where 1„, = (V m /R)/^2, 
is P((o/(D 0 = 1) = (1/2 )R1 2 = (l/2)R(V 2 /R)/2, or 

P(co/co 0 = 1) = ^P max (10.28b) 

Consequently, the characteristic frequency wq is also called the half-power fre¬ 
quency. We also make the following observations: 

( 1 ) Since applied signals whose frequencies lie within the range (o 0 < to < 
oo yield responses that are at least half as powerful as the strongest 
response, this range of frequencies is called the pass band. 

(2) By contrast, signals with frequencies in the range 0 < to < to® yield 
responses that are less than half as powerful as the strongest response. 
This range is called the stop band. 

(3) Since too marks the edge of the stop band, it is also called the cutoff 
frequency. Thus, characteristic frequency, half-power frequency, and 
cutofffrequency are different designations for the same parameter coq. 


The L-R Circuit 


In the circuit of Figure 10.11(a) we expect an intermediate response between 
that of a resistance and that of an inductance. Applying the inductance law, 
along with KVL and Ohm’s Law, we have v — Ri = Ldi/dt, or 


L di . 1 

Rdt +l = R V 


Substituting Equations (10.20) and (10.21) we obtain 


(10.29) 


coL 

Im cos (cot + <p )- —fn sin {(Ot + <j >) 

A 


1 

— V m cos cot 



Figure 10.11 AC response of the L-R circuit. 



















The Low-Pass Function 

If we rewrite Equation (10.30a) as 

Im = (10.31) 

A 

then the frequency response of the L-R circuit is uniquely characterized by the 
pair of functions 

(10.32a) 
<10.32b) 

where 

(10.33) 

is the characteristic frequency, in rad/s. 
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Figure 10.12 Frequency plots of magnitude and 
phase for the low-pass function. 


The plots of H m (co) and 4>(co) versus (w/coq) are shown in Figure 10.12. 

We again justify these plots using physical insight. 

(1) (oftoo <<C 1. At low operating frequencies L acts as a short circuit 
compared to R , making the L-R circuit exhibit resistive behavior as 
depicted in Figure 10.13(a). We thus have v R v, so that I m -> V m /R, 
and i is essentially in phase with v. This agrees with Equations (10.32), 
which predict H m —>■ I and <p —► 0°. 

(2) co/wq 1. Now L acts as an open circuit compared to R, or R 
as a short compared to L, making the L-R circuit exhibit inductive 
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We thus have v R -*■ 0, so that I m —► 0 and i now lags u by 90°. Sure 
enough. Equations (10.32) predict H m —*■ 0 and <j> —> — 90 D . 

(3) (»/a> 0 = 1. Now the circuit behaves halfway between resistive and 
inductive, with <f> = —45° and H m — 1/^2 = 0.707, or /„, = (V m /R)/ 
sfl. When this condition is met the average power dissipated in R is 
down to half its maximum, which now occurs in the low-frequency 
limit. For this reason coq is also called the half-power frequency. 

The L-R circuit provides a substantial amount of current response at low 
frequencies, but an insignificant response at high frequencies. The function 
of Equation (10.32a) is aptly referred to as a low-pass function. The 
following definitions hold: 

(1) The frequency band 0 < co < (Oq is called the pass band; applying 
signals with frequencies within this band yields responses that are at 
least half as powerful as the strongest response. 

(2) The frequency band o>o < w < oo is called the stop band. 

(3) The borderline frequency wq is the cutoff frequency. 

Relation Between the Transient and AC Responses 

Looking back at our studies of first-order circuits, we note, on the one hand, 
that they can be characterized in terms of their transient response via the time 
constant r, where r = RC for capacitive circuits, and r = L/R for inductive 
circuits. On the other hand, they can be characterized in terms of their ac 
response via the characteristic frequency coq, where too = l/RC for capacitive 
circuits and coq = R/L for inductive circuits. 

It should be clear by now that the two types of responses are just alterna¬ 
tive means for gaining insight into the behavior of the same circuit. Once the 
parameter characterizing one response is known, the other is found via either of 
the following relations, 


(10.34a) 

(10.34b) 


OR) = 1/r 
r = 1 /a> 0 


Example 10.8 

The transient response of a C-R circuit is observed with the oscilloscope 
and it is found that it takes 1 ms to accomplish 50% of the entire 
transition. What is the cutoff frequency of this circuit, in Hz? 

Solution 


By Equation (7.34) we must have 10 3 = —rln0.5, or r = 
1.443 ms. Then, the cutoff frequency is / 0 = — 1/2tit = 

l/(2ir x 1.443 x 10“ 3 ) = 110.3 Hz. 
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Exercise 10.7 The ac response of a C~R circuit is observed with the 
oscilloscope, and the frequency of the forcing signal is adjusted until the 
response is phase-shifted by 30° with respect to the forcing signal. If this 
frequency is 27.56 kHz, what is the time constant of this circuit? 

ANSWER t = 10 /is. 


Concluding Remarks 


The time-domain ac analysis of the basic C-R and L-R circuits requires formulating 
the differential equation governing the circuit, substituting the expression for the forcing 
signal and the resulting response, and then performing suitable trigonometric manipula¬ 
tions to find the desired amplitude and phase relationships. This is a tedious process, 
which soon becomes prohibitive as circuit complexity increases. In the next chapter we 
present an ingenious technique, known as phasor analysis, that allows us to derive the 
same relationships via a much quicker process based on algebraic equations rather than 
differential equations. 


10.4 AC Response of Second-Order Circuits 

In this section we apply time-domain ac analysis to second-order circuits. Specif¬ 
ically, we study the series RLC and the parallel RLC configurations, which we 
already know to be the most interesting examples of this class of circuits. 



Figure 10.14 The series 
RLC circuit. 


The Series RLC Circuit 


As we know, the series RLC circuit of Figure 10.14 is governed by Equa¬ 
tion (9.1), rewritten here for convenience: 

T „ d 2 i _ dv 

LC —r + RC ~— + i = C — (10.35) 

dt 2 dt dt 

Assuming an applied voltage of the type 

v(t) - V m cos (Dt (10.36) 

we postulate a response of the type 

i(f) = I m cos (cot+ <p) (10.37) 


and seek suitable expressions for I m and <j). Substituting into Equation (10.35), 
we obtain -a> 2 LCI m cos (cot +(f>) - coRC I m sin (cot + <p) + I m cos (col + 0) = 
—coCV m sin cur. Expanding and collecting, we have 

[(1 — co 2 LC ) cos 0 — coRC sin cf> ] l m cos cot — 

([(1 — co 1 LC) sin0 4- coRC cos0]/ m — coC'V m ) sinwr = 0 
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As we know, the coefficients of coscuf and sin art must each vanish. Divid¬ 
ing both coefficients by (1 - to z LC) and equating them to zero gives 

cos <f> - , sin<£ = 0 (10.38a) 

1 — (t) l LC 

( sin * + T ^kc cos *) “ T=^tc = 0 l10 ' 38bl 

These equations are formally identical to Equation (10.22), provided we make 
the following substitution in the latter 

a>RC -* , (10.39) 

1 — co l LC 

We can thus reuse the results of Equation (10.24) without repeating the tedious 
trigonometry. Substituting Equation (10.39) into (10.24) yields, after minor 
manipulations, the frequency-dependent amplitude and phase relationships 

(10.40a) 


(10.40b) 



^Example 10.9 

I (a) In the circuit of Figure 10.14, let R =75 £2, L = 5 mH, and 
C = 1 juF. If 


u(t) = 10cos(10 4 f -I- 60°) V 


find i(t). 

(b) Repeat, but for to = 10 5 rad/s. 


Solution 

(a) coRC = 10 4 x 75 x 10" 6 = 0.75 rad; 1 - co 2 LC = 1 - (10 4 ) 2 x 
5 x 10" 3 x 10- 6 = 0.5; l m = (10/75) x 0.75/V0.5 2 + 0.75 2 = 
110.9 mA; 4> = tan" 1 (0.5/0.75) = 33.69°; 0, = 9 V + <f> = 

60 + 33.69 = 93.69°. Thus, 

i(0 = 110.9 cos (10 4 / + 93.69°) mA 

(b) With to = 10 5 rad/s we have toRC = 7.5 rad; 1 — to 2 LC = —49; 
l m = 20.17 mA; tj> = -81.30°. Thus, 

i (r) = 20.17 cos (10 5 r -21.30°) mA 
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The Band-Pass Function 


We now wish to investigate the frequency response of our circuit. However, 
before proceeding we wish to put Equation (10.40) in more pleasing and concise 
form. To this end, consider the term 


1 - <o 2 LC 1 / 1 
(oRC. ~ R V^C 
If we introduce the parameter 



1 

Ois/LC 


- wJTc 


(10.41) 


1 

COO = , - 

4lc 


called the characteristic frequency, and the dimensionless number 


(10.42) 


RVCfL 


(10.43) 


called the quality factor of the series RLC circuit, then Equation (10.41) be¬ 
comes 


1 — (if hC _ n ("0 to \ 
coRC \ (o to o/ 

Substituting into Equation (10.40), and rewriting Equation (10.40a) as 


(10.44) 


An — g Hm(pj) (10.45) 

it is readily seen that the frequency dependence of the amplitude and phase 
relationships is characterized by the function pair 


(10.46a) 


(10.4Gb) 


where frequency appears either as cd/cqo or its reciprocal coq/w. 

Unlike the ac response of a first-order circuit, which is characterized by 
the single parameter tuo, the response of a second-order circuit involves two 
parameters, coq and Q. The amplitude and phase plots will thus consist of 
families of curves, each curve corresponding to a different value of Q. These 
plots are shown in Figure 10.15. For reasons to be discussed in Chapter 14, it 
is convenient to use a logarithmic scale for to/ wq. We again find it instructive 
to justify these plots using physical insight. 
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Figure 10.15 Frequency plots of magnitude and 
phase for the band-pass Junction. 


(1) a>Ja >o <K 1. In the low-frequency limit C acts as an open circuit com¬ 
pared to L and R, making i —> 0. Indeed, Equations (10.46) predict 
H m 0 and <p -*■ 90°, indicating capacitive behavior at low frequen¬ 
cies. This is depicted in Figure 10.16(a). 

(2) to/w o » 1. In the high-frequency limit L acts as an open circuit com¬ 
pared to C and R, again making i -* 0. We now have H m 0 
and (j> -► -90°, indicating inductive behavior, as depicted in Fig¬ 
ure 10.16(c). 

(3) co/coq — 1. At this borderline frequency the response exhibits a peak, a 
phenomenon referred to as resonance. Consequently, coq is also called 
the resonance frequency. At this frequency Equations (10.46) predict 


C L 



(b) a> = a>o, and (c) o> -> oo. 
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H m = 1 and <f> = 0°, so l m = V m /R, by Equation (10.45). The 
CL pair now acts as a short circuit, yielding the equivalent situation 
of Figure 10.16(b). Evidently, at resonance the RLC circuit exhibits 
resistive behavior. Resonance is studied in detail in Chapter 13. 


The bell-shaped profile of H m (<o) indicates that the series RLC circuit pro¬ 
vides a substantial amount of current response in the neighborhood of o>o> but 
insignificant response at low and high frequencies. Consequently, the function 
H m (w) of Equation (10.46a) is referred to as a band-pass function. 

Since H m (w) is maximum for co = co Q , so is l m and so is the power dissipated 
in the resistance. Moreover, since H m (eo) drops off to zero at either side, two 
frequencies must exist, oji < coq and ojh > coq, where power is down to half 
its maximum value. As depicted in Figure 10.17, these frequencies, aptly called 
the half-power frequencies, must be such that 


H m (oj L ) = H m (co H ) = = J_ = 0.707 

V2 V2 

Imposing H m (to) = 1/a/ 2 in Equation (10.46a) and squaring both sides gives 

1 + e2 -y =2 

V G> CO Q J 

This second-order equation is readily solved for co/coq to yield 



(10.47a) 

(10.47b) 


Hm 



Figure 10.17 Illustrating the half-power frequen¬ 
cies coi and coh, and the bandwidth BW. 
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Multiplying out pairwise and simplifying, we find the interesting property 

(10.48) 

We now introduce the following definitions: 

(1) The frequency ranges 0<to < (o^ and coh <oj<oo are called the stop 
bands because applying signals with frequencies within these bands 
yields responses less than half as powerful as the strongest response. 
For this reason, w L and con are also called the cutoff frequencies. 

(2) The frequency range <ol < co < ojh is called the pass band, and the 
difference 

(10.49) 

is called the half-power bandwidth or simply the bandwidth BW of 
the band-pass function. Subtracting Equation (10.47a) from Equa¬ 
tion (10.47b) yields {cl>h — oiiA/aiQ = 1/2, or 

(10.50) 

We observe that the higher the Q, the narrower the bandwidth BW for 
a given resonance frequency coq. Clearly, Q gives a measure of the degree of 
frequency selectivity of a band-pass function. A common application of high- Q 
band-pass circuits is frequency tuning in radio receivers. 

L Example 10.10 _ 

In the circuit of Figure 10.14 let R = 50 Q, C = 10 nF, and L = 10 mH. 
Find o. Q , a>i , o>h, and BW. 

Solution 

By Equation (10.42), a>o = 1/VlO -2 x 10 -8 = 100 krad/s. By 
Equation (10.43), Q = 1 /(50 A /l0-®/I0- 2 ) = 20. By Equation (10.47a), 
(Wi/10 5 = v"l + 1/(4 x 20 2 ) - 1/(2 x 20), or co L = 97.531 krad/s, 
and w H = (10 5 ) 2 /(97.531 x 10 3 ) = 102.531 krad/s. Finally, by 
, Equation (10.50), BW = 10 5 /20 = 5 krad/s. < 
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The Parallel RLC Circuit 

In the parallel RLC circuit of Figure 10.18 we wish to find the voltage response 
to an ac current. Before committing ourselves to mathematical derivations, let 
us use physical insight to anticipate the frequency response. 



Figure 10.18 The parallel RLC circuit. 


For co —> 0, L acts as a short, making v —> 0; for to —► oo, C acts as 
a short, again making v —► 0. By contrast, at intermediate frequencies, where 
L and C no longer act as shorts, we expect an appreciable amount of voltage 
response, or v ^ 0. Hence, we anticipate again a bell-shaped profile of the type 
of Figure 10.17. 

Turning now to quantitative analysis, we recall that the parallel RLC is 
governed by Equation (9.2), rewritten here for convenience: 


2 v L 

—T H-h v 

dt 2 R dt 


di 

dt 


(10.51) 


This equation is formally identical to Equation (10.35), provided we interchange 
i and v, L and C, and R and 1 /R. This we could have anticipated using 
duality considerations. We can thus reuse the results obtained for the series 
RLC circuit just by effecting the above interchanges. After this is done, the 
frequency response of the parallel RLC is 


V m = RI m x H m (co) 


H m (co) = 


£ oL/R 

v/(l -w 2 LC ) 2 + {coL/R ) 2 


<p{co) = tan 


1 - (o 2 LC 

coL/R 


(10.52) 

(10.53a) 

(10.53b) 


The functions H m Uo) and <p{co) can again be put in the neater forms of Equa¬ 
tion (10.46) provided we let 


1 

tWQ = , - 

y/LC 

Q = R^/cJl 


(10.54) 

(10.55) 


The expression for the resonance frequency is the same as for the series RLC 
circuit. However, the quality factor of the parallel RLC circuit is the reciprocal 
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of that of the series RLC circuit, again reflecting the duality principle. Clearly, 
Equations (10.47) through (10.50) hold both for the series and the parallel RLC 
circuits, provided we use the appropriate expression for Q. 


Exercise 10.9 Repeat Exercise 10.8, but for the parallel RLC circuit. 
Compare with the series RLC circuit, comment. 

ANSWER 31.42 kQ, 5.066 nF. 


Relation Between the Transient and AC Responses 

Looking back at our studies so far, we note, on the one hand, that RLC cir¬ 
cuits can be characterized in terms of their transient response, having the un¬ 
damped natural frequency, u)o — 1 j-JLC, and the damping r atio where 
< — (\/2) R*JC/L for the series RLC circuit, and £ = 1/(2 Ry/C/L) for the 
parallel RLC circuit. On the other hand, RLC circuits can be characterized in 
terms of their ac response, having the characteristic frequency, coo = 1/vTc, 
and the quality factor Q, where Q = \/(RyJC/L) for the series RLC circuit, 
and Q = R-JC/L for the parallel RLC circuit. The transient and ac responses 
are just alternative means for gaining insight into the behavior of the same cir¬ 
cuit. Once the parameters of one response are known, those of the other are 
found by exploiting the fact that coo is the same for both responses, and Q and 
£ are related as 

Q = 1/2? (10.56a) 

f = 1/2(2 (10.56b) 


► Example 10.11 

| The step response across the capacitor of a series RLC circuit is observed 
with the oscilloscope. If this response has OS = 73% and fy = 995 Hz, 
find (dq and Q. 

Solution 

Find £ via Equation (9.53). Thus, letting 73 = 100 exp f— tt£/\/ 1 — £ 2 ) 
yields C = 0.1. Hence, Q = 1/2< = 1/0.2 = 5. 

Find wq via Equation (9.47b). Letting lit x 995 = Vl — 0.1 2 &>o 
j yields o»o = 2 tt x 1000 rad/s. 


Exercise 10.10 The ac response of a series RLC circuit is observed 
with an oscilloscope, and it is found that it peaks at 100 kHz and has a 
bandwidth of 25 kHz. If the circuit is now subjected to a 10-V step and 
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the response is observed across the capacitance, predict the maximum 
value attained by the response, as well the frequency of its damped 
oscillation. 

ANSWER 16.73 V, 99.22 kHz. 


▼ Summary 

• AC signals play a prominent role in electrical engineering. An ac signal 
is expressed as x(t) = X m cos (cot + 0), where X m is the amplitude, co the 
angular frequency, and 0 the phase angle. 

• Phase angle represents angular shift along the cot axis. If 9 > 0, the shift is 
toward the left; if 6 < 0, it is toward the right. 

• The ac response of a circuit is the response to an ac forcing signal after all 
transients have died out. If the circuit consists of resistances, capacitances, 
inductances, and possibly dependent sources, all steady-state voltages and 
currents in the circuit will oscillate with the same frequency as the applied 
source, differing only in amplitude and phase angle. 

• The amplitude and phase angle of an ac signal define a vectorlike item called 
a phasor. Given a signal x(t) = X m cos (cot + $), the corresponding phasor 
is XX J0 . 

• For resistance we have I m = V m /R, or V m = R/ m ; moreover, voltage and 
current are always in phase. 

• For capacitance we have I m = wCV m , or V m = (1 /coC)I m ; moreover, current 
always leads voltage by 90°. 

• For inductance we have I m = V m /coL, or V m = aoLI m - moreover, current 
always lags voltage by 90°. 

• For a series C-R circuit we have I m = ( V m fR) x H m (w/coq), where H m (co/coq) 
is the high-pass function, and ojq = 1 jRC is the characteristic frequency 
of the circuit; moreover, current leads voltage by the amount 0 = 90° - 
tan -1 (co/coq), so 0° < 0 < 90°. 

• For a series L-R circuit we have I m = (V m /R)x H m (co/a> 0 ), where H m (w/ ( o 0 ) 
is the low-pass function and coq = RjL is the characteristic frequency of the 
circuit; moreover, current lags voltage by the amount d> = - tan' 1 (co/aon) 
so -90° < 0 < O ’. 

• The low-pass function is H m ((o/co 0 ) = 1/y^l + ( co/cop) 2 , and the high-pass 
junction is H m (co/(t>o) = (cojoof)j\J 1 + (aojaof) 2 . In either case ojq is also 
called the half-power frequency or the cutoff frequency. 

• For a first-order circuit, the time constant z of the transient response and the 
characteristic frequency coq of the ac response are related as coq = 1/r or 
T= l/(Oo. 

• For a series RLC circuit we have l m = (V m /R) x H m ((o/co 0 ), and for a 
parallel RLC circuit we have V m = RI m x H m (oo/a> 0 ), where H tn (co/o> Q ) is 
the band-pass function and coq is the characteristic frequency of the circuit. 
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• The band- pass function is H m {a>/ ojq) = 1/y^l + Q 2 {(Oq/(o — co/coo) 2 , where 
dj 0 = 1 /V LC is also called the resonance frequency, and Q is the quality 
factor. For the series RLC circuit, Q = 1 /(R«fC/L)\ for the parallel RLC 
circuit, Q — Ry/C/L. 

• The bandwidth of the band-pass function is BW = cl>h — where col and 
(Oh are the half-power, or cutoff, frequencies. We have Q = wo/BW. The 
higher the Q, the narrower the BW. 

• For a second-order circuit, the undamped natural frequency of the transient 
response is the same as the characteristic frequency of the ac response. 
Moreover, the damping ratio £ and the quality factor Q are related as Q = 
l/2f,orf = 1/2 Q. 


▼ Problems 

10.1 Sinusoids and Phasors 

10.1 Given the ac voltage v(/) = 120V2cos (10 3 7rf+ 30°) V, 
find its amplitude (in V), period (in ms), angular frequency (in 
rad/s), cyclical frequency (in Hz), and phase angle (in rad). 
What is ii at t = 0? At t — 0.5 ms? At t = -0.5 ms? 

10.2 An ac current i(f) has an amplitude of 10 mA and 
completes one full cycle in 1 /xs. If i(0) = 5 mA, express i (t ) 
in the standard cosine form, with the phase angle in degrees. 
Hence, find the instant at which the center peak occurs. 

10.3 Given the ac current i{t) — 10V2cos (10 5 / +45°) A, 
find I m , /, T, 9 (in rad), the smallest / (r > 0) for which 
i = 0, and the smallest t (f > 0) for which dijdt = 0. 

10.4 At t = — 1 /us an ac voltage u(r) is zero and going 
negative; v{t ) is next zero and going positive at / = 3 /xs, and 
u(0) = —30 V. Express v(t) in the standard cosine form. 

10.5 Given the ac voltages 

ui (r) = 10 sin (2n60t -I- 45°) V 
V 2 (t) = 20cos (27r60/ -I- 30°) V 

V 3(0 = -15 sin (2;r60/ + 75°) V 

sketch their phasors. Then, find the phase angle by which iq 
leads or lags V 2 , iq leads or lags iq, and iq leads or lags 113 . 

10.6 Given the ac voltage v(t) = 160cos (2zr 10 4 r —135°) V, 
find the expression for the ac voltage obtained by (a) delaying 
v(t) by 25 jus and (b) advancing v(t) by 50 /xs. Show the 
corresponding phasors. 

10.7 Find the phasors corresponding to the following ac 
signals; (a) u(r) = 10 cos(2/ — 75°) V; (b) i(f) = 10 sin 
(r - 45°) A; (c) i(r) = -15cos(10 3 / + 10°) mA; (d) i>(f) = 
12 cos( 10 3 f- 7 r/ 4 ) /xV; (e)i(r) = 100cos [2ir(f - 1/16)] /xA. 

10.8 Find the 1-MHz ac signals corresponding to the fol¬ 
lowing phasors: (a) Vi = 1 0/120° V; (b) I 2 = 2/ —45° A; 
(c) V 3 = 1/0° V. 


10.2 AC Response of the Basic Elements 

10.9 (a) A 3-k£2 resistance carries an ac current with an 
amplitude of 4 mA. If the ac voltage across the resistance has 
a period of 1 ms and is —6 V at t = 0 (using the passive sign 
convention), find the angular frequency as well as the phase 
angle of the current, (b) What is the power dissipated by the 
resistance at t = 1 ms? At 1 = —0.25 ms? 

10.10 Find the voltage developed in response to the current 
/ (/) = 5 cos (2 tt 10 3 / + 120°) A by (a) a 10-S2 resistance, (b) a 
10-/xF capacitance, and (c) a 10-mH inductance. 

10.11 In response to a certain current, a 1-mH inductance 
develops the voltage u(/) = 200cos(10 5 r + 30°) V. What is 
the voltage developed in response to the same current by a 
30-£2 resistance? By a 500-nF capacitance? Express your 
results in terms of both sinusoids and phasors. 

10.12 The household ac voltage is applied to an unknown 
circuit element, and the resulting current is measured with 
an appropriate instrument. Let / rms denote the rms value of 
current and 4> the phase difference between voltage and cur¬ 
rent. Assuming the passive sign convention, find the element 
if (a) /rms = 3.183 A and <f> = 90°, (b) / rms = 2.262 A and 
4> = -90°, and (c) / rms = 2 A and 0 = 0°. 

10.13 A circuit element is subjected to the ac voltage t?(r) = 
100 cos (10 3 / -I- 30°) V. Find the instantaneous power (absorbed 
or released?) at t = 0 if the element is (a) a l-k£2 resistance, 
(b) a 10-/xF capacitance, and (c) a 25-mH inductance. 

10.3 AC Response of First-Order Circuits 

10.14 In the C-R circuit of Figure 10.8(a) let u = lOcos 
10 3 f V, C = 1 /xF, and R — 500 £2. Find the power dissipated 
by R at t = 0. 

10.15 In the L-R circuit of Figure 10.11(a) let w = 10 x 
cos (10 6 f + 90°) V, R = 2 k£2, and L = 3 mH. Find the power 
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(absorbed or released?) by the inductance at (a) t = 0 and 
(b) t = 2 fis. 

10.16 If the voltage across and current through the series 
combination of a resistance and an unknown energy-storage 
element are 

ip = 200cos(10 2 r +60°) V 

i = 5.547 cos(10 2 t + 93.69°) mA 
find the resistance as well as the unknown element. 

10.17 Repeat Problem 10.16, but with 

i = 3cos(10 6 / + 30°) mA 
v = 15 cos (10 6 / +66.87°) V 

10.18 A voltage source vs = 10 cos (10 3 r - 90°) V, a resis¬ 
tance R = 50 £2, and an inductance L = 50 mH are connected 
in series. Find the maximum instantaneous power delivered by 
the source, dissipated by R, and absorbed by L. What are the 
smallest instants (r > 0) at which these maxima occur? 

10.19 Repeat Problem 10.18, but with the same source con¬ 
nected in series with a l-kS2 resistance and a 1-juF capacitance. 

10.20 In the C-R circuit of Figure 10.8(a) let u = Vo cos cot. 
Denoting the voltage across C as vc = Vi cos (cot + <p\), pos¬ 
itive reference at the left, plot the ratio V\/Vq and cj>\ versus 
frequency. Hence, verify that this is a low-pass function, and 
justify it physically. 

10.21 In the L-R circuit of Figure 10.11 (a) let v = Vo cos cot. 
Denoting the voltage across L as vl = Vi cos (cot + (fa), pos¬ 
itive reference at the left, plot the ratio V 2 /F 0 and <pi versus 
frequency. Hence, verify that this is a high-pass function, and 
justify it physically. 

10.22 Find u(t) in the circuit of Figure P10.22. 

1 pF 

|| n = 0.1 

+ 

v(t) 

Figure PI 0.22 

10.23 Find v(t) in the circuit of Figure P10.23. Show its 
phasor. 


1 k£l 



Figure P10.23 

10.24 Find u(f) in the circuit of Figure P10.24. 



1 k£2 



2kn 


Figure P1Q.24 

10.25 Find v(t) in the circuit of Figure P10.25. Show its 
phasor. 



Figure P10.25 

10.26 If a C-R circuit responds to a 6-V step with the current 
i = 3e - '^ 10 mA, find the ac voltage needed to ensure the 
current i ~ 3 cos (2 x 10 5 r) mA. 

10.27 If the L-R circuit of Figure 10.11(a) responds to the 
ac voltage v = 4.717cosl0 3 t V with the current 1 = 10 x 
cos (10 3 f - 32°) mA, find the current response to a 12-V step. 


10.4 AC Response of Second-Order Circuits 

10.28 The series RLC circuit of Figure 10.14 has R — 5 £2, 
L = 250 ^.H, and C = 4 nF. (a) Find tup, Q, BW, col, and 
a>H- (b) Find the frequencies o:>i and <02 at which l m is 50% 
of its maximum value. 

10.29 The parallel RLC circuit of Figure 10.18 has L = 
250 p H and C = 4 nF. Find (a) R for Q = 100, (b) BW, and 
(c) the frequencies co\ and on at which V m is down to 10% of 
its maximum value. 

10.30 Using C = 100 pF, specify R and L in a parallel RLC 
circuit for col = 99.005 Mrad/s and = 101.005 Mrad/s. 

10.31 In the circuit of Figure P10.31 let u ( - = 10 cos cot V. 
Find the value of 00 for which the peak amplitude of v 0 reaches 
its maximum value, as well as this value itself. 



Figure P10.31 
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10.32 In the series RLC circuit of Figure 10.14 let v = 
Vo cos cur, and let vc — Vi cos (cot 4 - 0 i) be the voltage across 
C, positive reference at the left, (a) Find expressions for Vi 
and 0i. (b) Plot the ratio Vi/Vo versus co if R = -J2 £2, 
L — 1 H, and C = 1 F. Hence, justify the low-pass behavior 
of this circuit. 

10.33 In the series RLC circuit of Figure 10.14 let v = 
Vo cos cur, and let vp = V 2 cos (cur + 02 ) be the voltage across 
L, positive reference at the left, (a) Find expressions for V 2 
and 02 ■ (b) Plot the ratio V 2 /V 0 versus co if R = -Jl Q, 
L = 1 H, and C = 1 F. Hence, justify the high-pass behavior 
of this circuit. 

10.34 In the series RLC circuit of Figure 10.14 let v = 

Vo cos cur, and let 1)3 = vc + = V 3 cos (cot + 03) be the 

sum of the voltages across the CL pair, positive reference at 


the left, (a) Find expressions for V 3 and 0 3 . (b) Plot the ratio 
V 3 /V 0 versus co if R = 1 £2, L = 1 H, and C = 1 F. Hence, 
justify the band-reject behavior of this circuit. 

10.35 If a series RLC circuit responds to a 10-V step with 
the current i = [1 /(25 V^3)]^ —10&/ sin 10 6 V3r A, find the ac 
current response to the voltage v = 10 cos 10 6 r V. 

10.36 If a series RLC circuit responds to the ac voltage 
v = 100cos250r V with the current i = 4.678 cos (250r — 
79.22°) A and the peak amplitude of i is maximized for cu = 
100 rad/s, find the current response to a 10-V voltage step. 

10.37 If the parallel RLC circuit of Figure 10,18 responds 
to a 33-mA current step with the voltage v = 10VlTe -100f x 
sin 300vTTt V, find the current needed to ensure an ac voltage 
with a peak value of 10 V and in phase with the applied current. 
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11.1 Phasor Algebra 11.4 Op Amp AC Circuits 

11.2 AC IMPEDANCE 11.5 AC ANALYSIS USING SPICE 

11.3 Frequency-Domain Analysis 


T he objective of ac analysis is to find the steady-state response y(t) to an 
ac forcing function x(t). Chapter 10 focused on time-domain ac analysis, 
so called because it deals with functions of time. This type of analysis 
requires the formulation and solution of differential equations and is 
illustrated diagrammatically in the left column of Table 11.1. Though it can in 
principle be applied to the study of any circuit, it is tedious and lengthy, requiring 
extravagant trigonometric manipulations. As circuit complexity increases, this 
approach becomes prohibitive both in terms of time and effort, and we need a 
more efficient method to obtain the ac response of a circuit. 


TABLE 11.1 Time and Frequency 
Domain Analysis 


Time Domain 

Frequency Domain 

x{t) 

X(<o) 

i 

i 

Differential eqns. 

Algebraic eqns. 

i 


y(t) 

Y(a>) 


The answer is provided by phasor analysis, an ingenious technique de¬ 
veloped by the German-bom American mathematician and engineer Charles P. 
Steinmetz (1865-1923). Instead of dealing with sinusoidal functions of time, 
this technique deals directly with their phasors, and it achieves the goals of ac 
analysis via algebraic equations rather than differential equations. Moreover, it 
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uses the circuit theorems and techniques of resistive circuits, indicating that we 
can extend the experience acquired in earlier chapters to the analysis of ac cir¬ 
cuits as well. Also called frequency-domain ac analysis because phasors are, 
in general, functions of frequency, phasor analysis is one of the most important 
tools of electrical engineering, and (though referred to by different names) it is 
applied also in other branches of science and engineering. Frequency-domain 
analysis is illustrated diagrammatically in the right column of Table 11.1, where 
X(w) and y(to) are the phasors of jr(r) and y{/). This type of analysis is based 
on complex variables. Though a previous exposure to this topic is helpful, it 
is not required because we develop the analysis from the beginning and only 
to the extent that fulfills our needs. The properties of complex variables are 
summarized in Appendix 4. 

The chapter begins with the study of how time-domain operations upon 
sinusoids translate into frequency-domain operations upon their phasors. Next, 
we introduce the important concept of impedance. This is a generalization of 
the concept of resistance, which reduces ac circuit analysis to a procedure much 
like resistive circuit analysis. In fact, we illustrate its application to ac voltage 
dividers, the node and loop methods, Thevenin and Norton transformations, 
and so forth. The circuit examples considered are of the types engineers see 
every day. 

AC circuits provide a fertile area of application for op amps. After in¬ 
vestigating basic circuits such as integrators, differentiators, and low-pass and 
high-pass circuits with gain, we illustrate another interesting op amp ability, 
namely, impedance transformation. We do this by discussing the capacitance 
multiplier and the inductance simulator. 

We conclude by illustrating the use of SPICE to check the results of ac 
analysis by hand. SPICE can be directed to plot or tabulate the frequency 
response via the .AC statement. Alternately, it can be directed to tabulate or 
plot the response as a function of time via the SIN function and the .TRAN 
statements. 


11.1 Phasor Algebra 

In this section we develop the necessary tools for the mathematical represen¬ 
tation and manipulation of phasors. Though phasors resemble vectors, they 
do not necessarily obey the same rules. We recall from Section 10.1 that 
given a sinusoidal function of time Jt(r) = X m cos(a)t +0), the corresponding 
phasor is ^(o>) = X m [9. When analyzing circuits in the time domain, 
the most common operations that we perform upon sinusoids are (a) multi¬ 
plication or division by a constant, or magnitude scaling , an operation arising 
whenever we apply Ohm’s Law or divider and amplifier formulas; (b) differen¬ 
tiation and integration, arising when we apply the capacitance and inductance 
laws; and (c) addition and subtraction, arising when we apply Kirchhoff s 
laws. We now wish to express these operations in phasor form. Namely, 
given a time-domain (t-domain) operation upon a sinusoid x(t) to obtain a new 
sinusoid y(t), 

t- domain 

x(t) -► y(t) 

operation 
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we wish to find the corresponding phasor operation upon X(co), also called 
frequency-domain (co-domain) operation, that will yield the correct phasor Y(co), 


operation 

where X(co) and Y(co) are the phasors of x(/) and y(f). 

Magnitude Scaling 

Consider the sinusoid jc(r) = X m cos (cot + 9) having the phasor 

X = X m [6 (11.1) 

Multiplying x(t) by a positive constant k yields kx(t) = kX m cos (cot + 9). 
This is a sinusoid with the same frequency and phase angle, but amplitude kX m . 
Denoting its phasor as kX, we have 

kX = kX m [Q_ (11.2) 

Simitar considerations hold when jc(/) is being divided by a constant k, since 
dividing by k is equivalent to multiplying by l/k. This can be summarized as 

Phasor Rule 1: Multiplying (or dividing) a sinusoid by a positive factor k is 
equivalent to multiplying (or dividing) its phasor by the same factor. 

As an example, let us express Ohm’s Law v(t) = Ri(t ) in phasor form. 
Denoting the phasors of v(t) and i(t) as V and 7, Rule 1 states that we can 
simply write V = RI. As another example, consider the voltage divider formula, 
v c (t) = [R 2 /(Ri + R 2 )]Vi(t). Denoting the phasors of t’,(f) and v Q (t) as V,- and 
V„, Rule 1 states that V 0 = [R 2 /(R\ + RiWi- 

Polarity Inversion 

Inverting an ac signal is equivalent to phase-shifting it by 180°. Indeed, if the 
original signal is x(/) = ^ m cos(wt +6), then ~x(t) ~ —X m cos (cot + 9) — 
X m cos (cot + 9 ± 180°), where ±180° means that we can either add or subtract 
180°, the result being the same. Denoting the phasor of -x(t) as —X, we have 

-X = X m /e ± 180° (11.3) 


The phasor — X can be thought of as the result of subjecting X to a 180° 
rotation. This rotation is symbolized by the placement of the operator — in 
front of X. Just as placing the operator in front of 9 yields 3, placing the 
operator - in front of a phasor signifies a 180° rotation. Clearly, applying the 
— operator twice yields the original phasor, — (— X) = X. Moreover, multiplying 
a sinusoid by a negative constant k is equivalent to first scaling its phasor by 
|fc|, and then rotating it by 180°. 














The / Operator 

A 180° rotation can also be viewed as the result of two consecutive 90° rotations. 
Let the symbol j denote the operator yielding a 90° counterclockwise rotation 
so that we have, by definition. 


jX = X J9 + 90° 


(11.4) 


Applying the j operator twice yields ( j(jX)) — j(X m /9 + 90° ) = X m 
{& + 180° = —X, that is, j(jX) = —X. For this identity to hold, we must 
in effect have j 2 = — 1, or 


-1 

; = v^r 


(11.5) 


indicating that the j operator is just the imaginary unit yf—\. 

Applying the j operator three times yields j(j(jX)) = j{j 2 X) = j(—X) = 
-jX = X m /6 + 270° . Applying it four times yields again the original phasor, 
j*X = j 2 (j 2 X) = —(—X) = X. These operations are depicted in Figure 11.1(a). 

At times we shall find it convenient to use the reciprocal operator, l/j. 
To find its effect, multiply numerator and denominator by j so that 1/y = 
j/j 2 = j /(~0 = ~j- Thus, i\/j)X = -jX = -OX) = -(X m /0+9Q° ) = 
X JO +90° - 180° , or 


-X = XJ9 - 90° 
j 


( 11 . 6 ) 


Likewise, we have (1 /j 2 )X = X m jd — 180° , ( \fp)X = X m j9 — 270° , and 
(1 j j*)X = X. It is apparent that dividing a phasor by j rotates it clockwise 
by 90'. This is depicted in Figure 11.1(b). Summarizing, we can say that 

multiplying a phasor by j rotates it counterclockwise by 90° and dividing 
a phasor by j rotates it clockwise by 90°. 




(a) 


(b) 


Figure 11.1 Geometric interpretation of the j and 1 /j operators. 
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The j and 1 j j operators are very important concepts because they provide 
algebraic interpretations for geometric operations. We thus expect phasor ma¬ 
nipulations to be algebraic, in contrast with manipulations of sinusoids, which 
are of the integro-differential type. Moreover, since this algebra involves both 
real quantities, such as magnitudes and arguments, and imaginary quantities, 
such as j and 1/y, it is called complex algebra. 


Differentiation 


Given the sinusoid x(t) = X m cos {cot +0), whose phasor is X = X m [9_, the 
derivative 


■X'der (t ) — 


dx{t) 

dt 


(11.7) 


is Xder = —coX m sin (cot + 9) = coX m cos (cot + 0 -)- 90°). The corresponding 
phasor is A’der = eoX m jd + 90° , which can be viewed as the result of scaling 
X by co to obtain the phasor coX and then applying the operator j to rotate coX 
counterclockwise by 90°. We can thus express X& tr in terms of X in the concise 
form 


In words. 


^der = jO)X 


( 11 . 8 ) 


Phasor Rule 2: Differentiating a sinusoid is equivalent to multiplying its 
phasor by jco. 


As an example of the application of this rule, let us express the capacitance 
law i(t) = Cdv(t)jdt in phasor form. Denoting the phasors of v(t) and i(t) 
as V and I, Rule 2 states that we can simply write / = ja>CV. Likewise, the 
phasor form of the inductance law, v(t) = Ldi(t)/dt , is V = jcoLl. These 
examples clearly show how differential operations upon sinusoids translate into 
algebraic operations upon the corresponding phasors. 


Integration 

Consider the indefinite integral 

*im(0 - J x{t)dt (11.9) 

or, -Tint = f x m cos (cot + B) dt = (\/(o)X m sin (cot + 9) = (1 /co)X m cos (cot + 
9-90°). Its phasor is 2f jnl = (1 /co)X J9 - 90° , and it can be viewed as the 
result of scaling X by \/co to obtain the phasor (1 Jco)X and then applying the 
operator 1 j j to rotate (1 jco)X clockwise by 90°. We can thus express X& a in 
terms of X concisely as 



















In words, 


Phasor Rule 3: Integrating a sinusoid is equivalent to dividing its phasor 

by jw. 

As an example of the application of this rule, the phasor form of the ca¬ 
pacitance law v(t) = (1/C) fi{t)dt is V = (1 /jcoC)I. Likewise, the phasor 
form of the inductance law i(t) = (1 /L) J v(t)dt is / = (1/ jeoL)V. Clearly, 
integration operations upon sinusoids turn into algebraic operations upon the 
corresponding phasors. 


The Complex Plane 

The presence of the j operator allows us to express a phasor as a complex 
variable and to visualize it in a two-dimensional space called the complex 
plane. The horizontal axis of this plane is called the real axis because its points 
represent real numbers. Positive numbers lie on its right portion, negative 
numbers on its left portion, and zero at the origin. A positive real number such 
as 3 can be expressed as 3/0°. A negative real number such as —4 can be 
expressed as 4/180° . 

Subjecting a positive real number such as 3 /0° to a 90° counterclockwise 
rotation yields j(3/0°) = 3 /90° , which lies on the upper portion of the vertical 
axis. This is depicted in Figure 11.2. Conversely, subjecting a negative real 
number such as 4/180° to a 90° counterclockwise rotation yields j (4 /180° ) = 
4/—90° , which lies on the lower portion of the vertical axis. This is also depicted 
in Figure 11.2. Of course, the numbers 3 /90° and 4/—90° could also have been 
obtained by applying a 90° clockwise rotation to, respectively, the numbers 
3 /180° and 4/tT. Since JQIQP) = j 3 and /( 4/180 0 ) = j(~ 4) = -j4, both 
numbers are said to be imaginary numbers because they are multiples of j = 
v^—T. Moreover, since both numbers lie on the vertical axis, the latter is aptly 
called the imaginary axis. 


Im 

4 


JH 


+ 


-4 


3 


+ 


*• 


Re 


t 


-J4 


Figure 11.2 The complex plane. 
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Rectangular Coordinates 

To develop a complex-plane representation for a phasor, consider once again the 
sinusoid x{t) = X m cos (cot + 0). Expanding gives jc{f) = X m (cos cut cos # — 
sino)f sin6>), which can be rearranged as 


x(t) = ( X m cos0) cos cot + ( X m sin0)cos(o>t +90°) 


Letting 


X r = X m cos 0 
Xi = X m sin 0 


(11.11a) 

(11.11b) 


allows us to write 


;t(r) = X r cos ( cot + 0°) + Xi cos (cot + 90°) 


( 11 . 12 ) 



Figure 11.3 Rectangular 
representation of a complex 
variable X, 


indicating that an arbitrary sinusoid can be expressed as the sum of two si¬ 
nusoidal components in quadrature with each other. These components have, 
respectively, X r and Xi as amplitudes, and 0° and 90° as phase angles. Their 
phasors are thus X r = X r /0° = X r and X, = X,- /90° = jX { . This is shown in 
Figure 11.3. Regarding X r and Xi as vectorlike components of X, we can write 
X = X r + X it or 


x = X, + JXi 


(11.13) 



This is called the rectangular or cartesian form of representing X, and X r 
and Xj are called the rectangular coordinates of X. By contrast, X m and 0 
are called the polar coordinates. As we shall see shortly, the rectangular form 
proves especially useful in the addition and subtraction of phasors. 

The coordinates X r and Xj are also called, respectively, the real part and 
the imaginary part of X, and are denoted as 


X r = Re[X] 
Xi = hum 


(11.14a) 

(11.14b) 


Both parts are real quantities, and each may be positive, negative, or zero. Note 
that the imaginary component is X t , not jXi, as j is not part of the definition 
of the imaginary part. Of course, there is nothing unreal or mysterious about 
Im m. The designation imaginary is used simply to distinguish the vertical from 
the horizontal component. In the rectangular representation of Equation (11.13), 
the vertical component is readily identified by the presence of the operator j. 

If Xi = 0, then X is said to be purely real because it reduces to X = X r . 
Conversely, if X r = 0, then X is said to be purely imaginary because it reduces 
to X = jXi . Since in general a phasor has both a real and an imaginary part, 
we refer to it as a complex variable. 
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It is interesting to note that the j and 1 fj operators themselves admit vec¬ 
torlike representations. This can be seen by writing j = 0 + j 1, that is, 

j = 1Z9Q! 111.15a) 

and if j - j/j 2 = - j = 0 - j\, that is. 


- - 1 /—90 c 
j 


(11.15b) 


Example 11.1 

Express the following complex variables in rectangular form: 

(a) X, = 7/45° ; (b) X 2 = 5 /120° ; (c) X 3 = 1.5 /-30° ; 

(d) X 4 = V 2/180° ; (e) X 5 = 7.5 /-90° . 

Solution 

(a) By Equation (11.11), X r ~ 7 cos 45° = 4.95 and Xj = 7 sin 45° 
4.95. Thus, Xi = 4.95 + J4.95. 

By a similar procedure, we obtain (b) X 2 = -2.5 -I- ;'4.33, 
(c) X 3 = 1.3 — /0.75, (d) X 4 = -a/ 2, a purely real variable, and 

(e) X 5 = — j 7.5, a purely imaginary variable. 


Exercise 11.1 Find the rectangular representation of the phasors 
corresponding to the following sinusoids: (a) x(r) = — 10cos(<wf + 45°); 
(b) je(r) = 5 sin (cot — 24°). 

ANSWER -7.07 1 - y‘7.07 1 ; -2.034 - j 4.568. 


Polar Coordinates 

Equation (11.11) allows us to find the rectangular coordinates X r and X,- in terms 
of the polar coordinates X m and 0. Conversely, given the rectangular coordi¬ 
nates, the polar coordinates are readily found, with the help of Figure 11.3, as 


X m = + xf 

6 = tan -1 — 


(11.16a) 


(11.16b) 


When computing 9 with the calculator, care must be exercised to ensure 
that the result belongs to the correct quadrant. Entering Equation (11.16b) into 
the calculator yields the correct result only if X r >0. If X r < 0 this equation 
must be modified as 


9 = tan - — ± 180° 
X r 


(11.16c) 
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where the sign is chosen so as to ensure —180° < 0 < 180°. As a precaution, 
check the following list of rules to ensure that the calculated value of 0 comes 
out in the correct quadrant: 


If 

X, 

> 0 

and 

X, 

> 0 

then 

0° < 9 < 90° 

(11.17a) 

If 


< 0 

and 

X, 

> 0 

then 

90° < 6 < 180° 

(11.17b) 

If 

X r 

< 0 

and 

X, 

< 0 

then 

-180° < 6 < -90° 

(11.17c) 

If 


> 0 

and 

X/ 

< 0 

then 

-90° < 9 < 0° 

(11.17d) 


Example 11.2 

Express the following complex variables in the form X = X m (9: 

(a) *i=3- ;4; (b) X 2 =-2- j 1; (c) X 3 = -1.5 + /3; (d) X 4 = -j20. 

Solution 

(a) By Equation (11.16a), X m = y/V- + (—4) 2 = 5. Since X r = 3 > 
0, use Equation (11.16b) to find 0 = tan -1 (—4/3) = —53.13°. 
This checks with Equation (11.17d). Thus, X\ = 5 /—53.13° . 

(b) X m = y/ (—2) 2 4- (-1) 2 = 2.236. Since X r = -2 < 0, use 
Equation (11.16c) to find 0 = tan" 1 [—1/(—2)] ±180° = 
26.57° — 180° = —153.43°. This checks with Equation (11.17c). 
Thus, X 2 = 2.23 6/-153.43° . 

(c) X m = 3.354, 0 = tan* 1 [3/(—1.5)] ± 180° = -63.43° + 180° = 
116.57°. This checks with Equation (11.17b). Thus, 

X 3 = 3.35 4/116.57° . 

(d) X 4 is purely imaginary, X 4 = 2 0/—90° . 


Exercise 11.2 Find the sinusoids whose phasors are (a) X\ — 
2(1 - 7*1-5), (b) X 2 = -3(2 + j 1), (c) * 3 = j 5, and (d) X 4 = -3. 

ANSWER (a) >/l3 cos (<or - 56.31°); (b) V45cos(a>r - 153.43°); 
(c) 5 cos (cat + 90°); (d) 3 cos (cot + 180°). 


Addition and Subtraction 

When applying KirchhofF s laws, we add up signals algebraically to form ex¬ 
pressions such as x(t) ±y(r). Let 

x(t) = X m cos (cot + 0 X ) 

y(t) = Y m cos (car + 6 y ) 

and let the corresponding phasors be * = X r + jX, and Y = Y r + j Y,. We wish 
to show that the combination x(t) ± y(r) is still a sinusoid with frequency co. 
Moreover, we wish to find the corresponding phasor, which we shall denote as 






11.1 
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X ± Y. Expanding and regrouping gives 

jf(r) ± >’(/) = X m (cos ait cos 9 X — sin a;/sin 0*) 

± Y m {cos cot cos 0 y — sin cuf sin 0 V ) 

— {X m cos 6 X ± Y m cos 6 y ) cos cot 

+ (X m sin G x ± Y m sin 6 y ) cos (cot + 90°) 


that is, 

x(t) ±y(t) = (X r ± Y r ) coscot + (X t ± Yj)cos (cot + 90°) (11.18) 


It was shown earlier that the combination of two sinusoids in quadrature is still 
a sinusoid with the same frequency. It is also apparent that the phasor of this 
combination is 


X±Y=(Xr±Y r ) + j(Xi±Yt) 


(11.19) 


This can be summarized as follows: 


Phasor Rule 4: Adding or subtracting two sinusoids having the same fre¬ 
quency is equivalent to pairwise adding or subtracting the real and imagi¬ 
nary parts of their phasors. 

► Example 11.3 

The voltages at nodes A and B of a certain circuit are 
v A (t) = 5 cos (cot - 30°) V 

u s (f) = 3 cos (cot + 45°) V 

Find an expression for their difference, Vas(0 = i>a( 0 - Us(0- 

Solution 

Work with phasors rather than sinusoids! By Rule 4, the phasor of iu fl (r) 
is V AB = 5 /-30° - 3 /45° . Using Equation (11.11), 

Vab = [5cos (-30°) + j'5sin(-30°)] - [3 cos45° + ;3sin45°] 

= (4.33 - J2.50) - (2.12 + 72 .12) = 2.21 - ;4.62 

Next, use Equation (11.16) to obtain \V A b\ = V2.21 2 + 4.62 2 = 5.12 V, 
and < V AB - tan” 1 (-4.62/2.21) = -64.45°. Finally, 

= 5.12 cos (cot — 64.45°) V ^ 


Exercise 11.3 Two currents, /] and 12 , are entering a node, and 
the current i 3 is leaving it. If / 2 (f) = 1.5 cos (cot + 15°) mA and 
13(f) = 2.5cos (cot — 90°) mA, find i\(t). 

ANSWER 3.231 cos (cot - 116.64°) mA. 
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FAMOUS SCIENTISTS 

Charles Proteus Steinmetz 


T he electrical-mathematical ge¬ 
nius known as Charles Pro¬ 
teus Steinmetz was bom Karl 
August Rudolph Steinmetz in 1865 
in Germany. The name change 
was the result of an unexpected 
change in plans. Steinmetz; was 
two days away from receiving a 
doctorate degree from the Univer- 
sity of Breslau and looking for¬ 
ward to life as a university pro¬ 
fessor in Germany when he found 
out that he was about to be ar¬ 
rested for publishing a Socialist 
newspaper.: Wing nothing with 
him, pretending to be on a one- 
day jaunt in the mountains, he es¬ 
caped across the Austrian border 
and made his way to Zurich. A 
chance friendship with a Zurich 
student who had wealthy relatives 
in theTMted States, and Steinmetz 
was Sailing into New York Harbor 
on June 1, 1889. 

To honor his adopted coun¬ 
try, he changed the “Karl” to 
'‘Charles” and dropped the “August Rudolph.” “Pro¬ 
teus” was a nickname from university days, after the 
Greek legendary Proteus, the old man of the sea ca¬ 
pable of changing himself into any form he liked. 
Because Steinmetz’s brilliant mind could veer in any 
direction in debates at school, his friends dubbed him 
:Prpteus. v 

Once in the United States, Steinmetz found work 
at the Yonkers, New York, firm of Eickenmeyer and 
Gsterheld. His first assignment was to design a new 
electric motor for streetcars. He knew an ac motor 


would be better than a dc one, 
but in those days ac-motor produc¬ 
tion was a hit-or-miss proposition 
because no one could figure out 
the best design. The problem was 
the overheating caused by hys¬ 
teresis. Steinmetz spent months 
testing the hysteresis properties of 
every known magnetic substance 
and finally derived an empirical 
formula for calculating hysteresis 
in any motor. After his “Law 
of Hysteresis” was published in 
1891, Steinmetz became world- 
famous as the man who made the 
first ac motor to compensate for 
hysteresis losses. 

In ! 892, General Electric 
bought out Eickenmeyer and Os- 
terheld, and in February 1893 
Steinmetz found himself on a train 
for Boston, headed to work at die 
Lynn, Massachusetts, plant of his 
mew i:i empioyet;; : ':lBiea , e he worked 
out the sbeond great problem of 
his career: a mathematical treat¬ 
ment of transformers. As you probably know, elec¬ 
tricity cannot economicallybe transported any great 
distance unless it is stepped up to very high volt¬ 
ages for the journey and then stepped down again 
at the end. Sitting down with his logarithm ta¬ 
bles and ever-present cigars, Steinmetz worked out 
all the equations needed for calculating alternating 
currents so that dependable transformers could be 
built. Known as Steinmetz-s “General Number” 
or sometimes his “Complex Number” these equa¬ 
tions added to his fame. Not yet 30 years old, he 


The Wizard of Schenectady 



This photograph ff Charles-Steinmetz was - 
taken shortly after he arrived in the U.S .; 
in 1889, He had barely escaped arrest in 
Germany for publishing a Socialist news¬ 
paper. At his first job, Steinmetz designed 
the ftrsi ae motor to compensate for hys¬ 
teresis losses. (The Bettmann Archive) 
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had solved two of the salient problems of the electrical 
industry! 

Steinmetz was a marvelously colorful character, 
if a bit mean-spirited in some of his practical jokes. 
For his cactus collection, he had a desert conserva¬ 
tory built next to his house, a conservatory inhabited 
over the years by crows (John and Mary; he had them 
stuffed when they died), a Gila monster (starved to 
death after refusing to eat anything once it came to 
live in Schenectady), and an alligator (which escaped, 
putting the whole city into a panic until it was caught; 


“He was founder of... the Society for 
the Equalization of Engineers* Salaries 
.. .poker night for his GE colleagues. ” 


it, too, went on a hunger strike and died when the 
well-meaning Steinmetz forced too big a hunk of meat 
down its throat and it suffocated). He was founder of 
what sounds like a holdover from his Socialist days 
in college—the Society for the Equalization of En¬ 
gineers’ Salaries—but which was merely poker night 
for his GE colleagues. The day of any formal party at 
his home, he would replace the regular lighting in the 
ladies’ powder room with a mercury vapor lamp and 
howl in delight anytime an unsuspecting guest was 
heard crying in dismay at her purple appearance. 

For 10 years beginning in 1902, Steinmetz was 
head of the electrical engineering department at Union 
College in Schenectady. In 1913, however, he was 
named the first consulting engineer at GE, a post cre¬ 
ated to free him from paperwork and allow him com¬ 
plete freedom in his laboratory. So he resigned his 
teaching position and devoted himself full-time (i.e., 
18 hours a day) to research. 

Steinmetz was an environmentalist years before 
the term was coined. In 1903 he was telling his audi¬ 
ences that we would run out of coal in only a couple 
of hundred years and we had better start exploiting 


“white coal”—hydroelectric power. (Perhaps “envi¬ 
ronmentalist” is not quite the right word, however, 
since his plan for using white coal was to harness 
Niagara Falls. In answer to the hue and cry raised 
by people opposed to the idea of Niagara as a fee¬ 
ble trickle, he proposed harnessing it only on week¬ 
days and pulling the plug to restore the majesty of 
the full flow every weekend!) He warned that the 
rich soil of the U.S. Midwest would someday be as 
depleted as the Saudi desert and described how elec¬ 
tricity could be used for soil nitrification. Another 
plan was to use electricity to convert sewage to fer¬ 
tilizer. These ideas sounded hilarious in his day, but 
read any current ecology text and you’ll find these 
procedures described as some of our last best hopes 
for saving the planet. 

Unlike some other early giants of electricity such 
as Tesla, and De Forest, Steinmetz had a happy and 
rewarding life. He was respected as a genius while 
he was still alive to enjoy it, and his colorful person¬ 
ality made him the Steven Hawking of his day and 
the darling of features editors at newspapers all over 


.. his plan was to harness Niagara 
Falls. In answer to the hue and cry 
raised .... he proposed harnessing 
it only on weekdays and pulling 
the plug to restore the majesty 
of the full flow every weekend!” 


the country. In 1923, a train journey to California 
turned into a series of standing-room-only stops in 
every major city. 

Back home after this trip, the highlight of which 
was a meeting with his favorite movie star, Douglas 
Fairbanks, Sr., the Wizard of Schenectady died qui¬ 
etly in his home on October 26, 1923. 
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Graphical Addition and Subtraction 

The sum and difference of two complex variables can also be found graphically, 
using the familiar parallelogram rule of vector addition. As depicted in Fig¬ 
ure 11.4(a), the sum X + Y is readily found as the diagonal of the parallelogram 
having X and Y as sides. To find the difference X-Y, first rotate Y by 180° to 
obtain -Y t as shown in Figure 11.4(b). Then, obtain X — Y as the diagonal of 
the parallelogram with X and — Y as sides. 


Im Ini 



Figure 11.4 Geometric interpretation of addition and subtraction of two complex 
variables X and Y. 


Exercise 11.4 

(a) Use the parallelogram method to find the sum and the difference 
of phasors X\ and X 2 of Exercise 11.2. 

(b) Repeat, but for phasors X-$ and X 4 of the same exercise. 


Useful Approximations 

Using the parallelogram rule as a visual aid, it is easily seen that if one of the two 
complex variables has a much greater length than the other, say, at least an order 
of magnitude greater, then the sum or the difference of the two will essentially 
coincide with the variable having the greater length. Mathematically, if 

1*1 » ITI {11.20) 

(say, |A^j > 10|T|), then we can write 

X+Y X (11.21a) 

X-Y-X (11.21b) 

In particular, given a complex variable X = X r + jX if if its real part is much 
bigger than its imaginary part, or 


l*rl » l*f 


(11.22a) 













then we can approximate 


X~X r (11.22b) 

For instance, if X = 15 + j 1, then X ~ 15; if X = — 5 + /0.4, then X ~ —5. 
Conversely, if the imaginary part is much bigger, or 


\X r \« IX.-I 

then we can approximate 

X^jX, 


(11.23a) 

(11.23b) 


For instance, if X = 0.1 — j 3, then X ~ —j‘3; if X = 5 + j 100, then X 2 ; j 100. 
These important approximations are worth keeping in mind because they may 
help speed up our calculations significantly and may also facilitate our physical 
understanding of ac circuits. 


Exponential Form 

By Equations (11.11) and (11.13), we can write X = X r + jX t = X m (cos8 + 
j sin#). Euler’s identity, discussed in Appendix 3, states that cos6* + j sin# = 
e je . Consequently, X can also be expressed in the form 


X = X m e‘ e 


(11.24) 


Aptly called the exponential form, it proves especially convenient in complex- 
number multiplications and divisions, which we shall study shortly. By now we 
have learned three different ways of representing a complex variable: 


(1) The shorthand or polar form, X = X m [9 

(2) The rectangular form, X = X r + jX , 

(3) The exponential form, X = X m e^ e . 


Conversion from one form to another is accomplished via Equations (11.11) and 
(11.16). Note that the j and 1 / j operators admit the polar forms j = 1 /90° = 

jgjjr/2 _ e jn/2, an( } J j j — e-J”! 1 


Exercise 11.5 Let k be an operator yielding a 45° counterclockwise 
rotation. That is, if X = X m [B, then kX = X m j9 + 45° . Obtain a 
relationship between k and j \ hence, find the polar as well as the 
rectangular representations of k. 

ANSWER k = JJ= 1 /45° = 0.7071 + yO.7071. 


Multiplication and Division 

As we proceed, we shall often need to multiply or divide complex variables. 
Given two complex variables X = X m e j0 ‘ and Y = Y m e^ e \ (heir product is 
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XY = (X m e^) x (Y m e j0 >) = X m Y m x e j(0M , that is, 

(11.25) 

This shows the product of two complex variables is still a complex variable. 
Moreover, 

Phasor Rule 5: The modulus of a product equals the product of the moduli, 
and the argument of a product equals the sum of the arguments . 

The multiplication of AT by Y can be visualized geometrically as the result of 
first scaling X by Y m , to obtain Y m X, and then rotating Y m X by 9 y . 

The ratio of two complex variables is XfY = (X/(Y m el e f = 
{X m /Y m )e^- 0 >f that is, 

(11.26) 


This is still a complex variable. Moreover: 

Phasor Rule 6: The modulus of a ratio equals the ratio of the moduli, and the 
argument of a ratio equals the difference of the arguments. 

The division of X by F can be visualized geometrically as the result of first 
scaling X by 1 (Y m to obtain (\/Y m )X, and then rotating (1 /Y m )X by —9 y . 

As we shall see in the following sections. Rules 5 and 6 prove especially 
useful when stating circuit element laws in phasor form or when manipulat¬ 
ing ac impedances and ac transfer functions. We stress that though phasors look 
like vectors, the rules of phasor multiplication and division are different 
from the rules of vector multiplication and division that you learned in vec¬ 
tor analysis! 
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Exercise 11.6 Given the complex numbers X = 1 0/60° and 
Y = —2 + j 3, find the polar representation of (a) the sum X + Y, (b) the 
product AT, (c) the difference X—Y, (d) the ratio A7Y, (e) the difference 
Y—X, and (f) the ratio Y/X. 


ANSWER (a) 12.0 4/75.57° ; (b) 36.0 6/-176.31° ; (c) 9.002 /38.96° 
(d) 2.773 /-63.69° ; (e) 9.002/-141.04°; (f) 0.3606/63.69°. 


Complex Conjugate 

Given a complex variable X = X r + jXj = X m [B, its complex conjugate is 
defined as 

(11.27) 

As shown in Figure 11.5, X* is obtained graphically by reflecting X about the 
real axis. 

An interesting complex-variable property is that the product XX* is always 
real: XX* = (X m /9)(X m /~9) = X 2 J0-9 = X^/CF, or 

(11.2B) 

This feature is used to rationalize the denominator of a complex ratio, that is, 
to convert the denominator to a real number. 





Figure 11.5 A complex 
variable X and its complex 
conjugate X*. 
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Solution 


One way of doing it is to convert the numerator and denominator to 
polar form, take their ratio, and then convert the polar result back to 
rectangular form. A quicker method is to multiply the numerator and 
denominator by the complex conjugate of the denominator. This will 
eliminate any j from the denominator, thus expediting the transformation 
to rectangular form: 


4 + ,/3 ^ 1 - J2 _ 4 - J8 + y'3 + 6 
1 +72 * 1 ~J2 ~ l 2 + 2 2 


10 -75 
5 


j 


The rationalization of the denominator is especially useful when it is desired 
to find the reciprocal of a complex variable X. Expressing Equation (11.28) as 
XX* = \X\ 2 , the reciprocal is found as 


or, in rectangular form, as 


1 _ X* 
X ~ ]xf 


(11.29a) 


1 ^ Xr-JXj 

Xr+jXi X? + Xf 


(11.29b) 


In words, the reciprocal of a complex variable is found by taking its complex 
conjugate and dividing this by its modulus squared. Modem scientific calcu¬ 
lators provide this function as well as most other complex-variable operations 
automatically. 

Given a complex variable X and its complex conjugate X*, it is readily seen 
that the following additional properties hold: 


X + r = 2Re[X] (11.30a) 

X-X* = 2lm[X] (11.30b) 

or Re[X] = (X + X*)/2, and Im [X] = (X - X*)/2. 


• Using Phasors to Solve Differential Equations 

We conclude by demonstrating the use of phasors to solve linear differential 
equations with time-independent coefficients for the case of ac forcing functions. 
For instance, consider the equation 

dy(t) 

* + y(f) = *</) (11.31) 

where xit) = X m cos (cot + 6 X ). Let the phasors of x(t) and _y(r) be, respec¬ 
tively, X = X m jB x and Y = Y m j_ff 1 . Then, by Rules 1 and 2, the phasor of 
zdyfdt is z(j(oY), or jrozY. Moreover, by Rule 4, adding sinusoidal terms 
is equivalent to adding the corresponding phasors. Hence, Equation (11.31) 
becomes, in phasor form, 

ja>zY+Y = X (11.32) 
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Note how a differential equation in y (?) and x(t) has become an algebraic 
equation in Y and X. Collecting, we get (jior 4- \)Y = X, or 


Y = 


X 


1 + j(D T 

Application of Rule 6 finally yields Y„, = \X\/\ \ + jcoz |, or 


(11.33) 


Y„, = 


and <£L= <(1 + jo) r), or 


X„ 


s/l + (cot ) 2 


(11.34a) 


B y = 8 r — tan cor 


(11.34b) 


Once again we stress that the solution of linear differential equations via phasor 
algebra is applicable only if the forcing function is of the ac type! 


Exercise 11.7 Consider the differential equation 


r 


dy(t ) 
dt 


+ y(t) = kz 


dx(t) 

dt 


where r is a time constant, k is a suitable scale factor, and x(/) = 

X m cos (cat + B x ). Letting y(t) = Y m cos (cot + Q y ), express this 
differential equation in phasor form; hence, obtain a relationship between 
Y m and X m , and a relationship between 0 y and 0 X . 


ANSWER Y m = kX m oir 1 + (wr) 2 , 6 y = 90 c - tan 1 cot + 6 X . 


11.2 AC Impedance 

Having learned how to represent and manipulate phasors, we are now ready to 
express the laws of the basic elements in phasor form. This will lead us to the 
important concept of ac impedance. 

Generalized Ohm's Law 

For resistance, the constitutive law is v — Ri. If we denote the phasors of v 
and i as V and /, Phasor Rule 1 of the previous section states that the phasor of 
Ri is RI. We can thus write 


V=RI (11.35) 

indicating that Ohm’s Law holds also in phasor form. For inductance, the 
constitutive law is v = Ldi/dt, By Phasor Rules 1 and 2, the phasor of 
Ldijdt is L(ja>I ), indicating that 

V=ju)LI (11.36) 

For capacitance, the constitutive law is v = (1/C)/ idt. Using Phasor Rules 
l and 3, we can express this law in phasor form as V = (1/C) x (1/ jaj)I, or 


(11.37) 
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All three equations are of the type 


V=ZI 

. __ 


(11.38) 


where Z, a frequency-dependent complex quantity having the dimensions of 
ohms (£2), is called the ac impedance. Equation (11.38) is referred to as the 
generalized Ohm’s Law for ac circuits. It is apparent that the constitutive laws, 
which are integro-differential equations when expressed in the time domain, 
become algebraic equations when expressed in the frequency domain. 


Im 


i 

i 

l 

k Z L =jaL 

0 

Z r = R 


0 

1 

f Z c = -j -L 
<oC 


Figure 11.6 Illustrating 
the three basic forms of 
impedance. 


Impedance and Admittance 


Just as R represents the ability of a circuit element to oppose current flow and 
is defined as R = v/i, Z represents the ability of a circuit element to oppose 
the flow of ac current and is defined as 



(11.39) 


In light of Equations (11.35) through (11.37), the impedances of the individual 
circuit elements take on the forms 


(11.40) 

(11.41) 

(11.42) 


Whereas Z R is real and frequency independent, Z c and Z L contain (a) a> to 
reflect frequency dependency , and (b) j to reflect the 90° phase shift between 
voltage and current. The three impedance forms are depicted in Figure 11.6, 
which emphasizes the ±90° phase shift between voltage and current in the 
energy-storage elements. 

At times it is convenient to work with the reciprocal of impedance, or 

admittance, 


Z r = R 
Zi = jo)L 

7 1 1 

ja>C J (joC 


1 




z 


(11.43) 


It can be obtained as Y = 1/V, and is expressed in 1 , or siemens (S). Clearly, 
Y r = 1 /R = G,Y C = jcoC, and Y L = 1/jcoL - -j/coL. 


► Example 11.6 

Find the impedance of a 1-kfi resistance, a 1-mH inductance, and a l-/xF 
capacitance at (a) 1 kHz and (b) 100 kHz. 














11.2 AC Impedance 475 


Solution 

(a) Z R = 1 k£2; Z L = jajL = jlnfL = ;2tt10 3 x 10" 3 = y‘6.283 £2; 
Z c = -j/coC = -j/2izfC = -7/(2jt 10 3 x FT 6 ) = 

-j 159.2 £2. 

(b) Z R = 1 k£2; Z L = y2jrl0 5 x FT 3 = j 628.3 £2; Z c = 
-y/(2jrl0 5 x 10 6 ) = - j 1.592 £2. 

Remark Increasing frequency increases Z/, and decreases Zc in 
proportion. However, it does not affect Z R . 


Exercise 11.8 

(a) Find the capacitance needed to achieve an impedance of — j 1 k£2 
at 1 MHz. 

(b) Find the frequency, in Hz, at which a 25-mH inductance provides 
an impedance of j 1 k£ 2 . 


ANSWER C = 159.2 pF, / = 6.366 kHz. 


Limiting Cases for the Element Impedances 

An engineer must be able to predict the behavior of an ac circuit in the low- 
frequency or the high-frequency limits using simple inspection. This task is 
facilitated by the knowledge of how capacitive and inductive impedances behave 
at either extreme. Using Equations (11.41) and (11.42), it is readily seen that 


lim Zc — oo ( 11 . 44 ) 

a )—*0 

lim Zi =0 ( 11 . 45 ) 

to —►O 

lim Zc =0 ( 11 . 46 ) 

CO—*oc 

lim Zi = oo ( 11 - 47 ) 

(V-*OC 


An infinite impedance allows no ac current to flow regardless of the applied 
voltage, and thus behaves as an open circuit. A zero impedance develops zero 
ac voltage regardless of the applied current, and thus behaves as a short circuit. 
In summary, at sufficiently low operating frequencies, capacitances act as 
open circuits, and inductances as short circuits. At sufficiently high operat¬ 
ing frequencies, capacitances act as short circuits, and inductances as open 
circuits. These rules, worth remembering, confirm our physical considerations 
of the previous chapter. 

Series/Parallel Impedance Combinations 

Just as it is advantageous to find the equivalent resistance of series and parallel 
resistance combinations, we now wish to find the equivalent impedance of series 
and parallel combinations of RLC elements. 
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(a) (b) 

Figure 11.7 Two impedances in 
series are equivalent to a single 
impedance Z p = Z\ y-Z 2 . 


When two elements with impedances Z\ and Z 2 are connected in series as 
in Figure 11.7(a), they carry the same current i and develop a net voltage v 
which is the sum of the individual voltages, u = iq + v 2 . Phaser Rule 4 allows 
us to put this in phasor form as V = V) + V 2 . Dividing through by I yields 
V/I=V l il + V 2 /I, or 


Z s = Z\ + Z 2 


(11.48) 


where Z\ ~V\jI and Z 2 = V 2 // are the individual impedances, and Z s — V/I is 
the equivalent impedance of their series combination shown in Figure 11.7(b). 
We observe that even though series elements carry the same current, their in¬ 
dividual voltages will generally differ not only in amplitude, but also in phase 
angle. 

Likewise, two elements connected in parallel as in Figure 11.8(a) share the 
same voltage v and conduct a net current i that is the sum of the individual 
currents, i = i\ + i 2 . In phasor form, I —1\ + I 2 . Dividing through by V yields 
I/V = h/V + h/V, or 



(11.49a) 


where Zj = Vjl\ and Z 2 = V// 2 are the impedances of the individual elements, 
and Zp = V/I is the equivalent impedance of their parallel combination shown 
in Figure 11.8(b). This is often expressed in shorthand form as Z p = Z\ || Z 2 . 
Note that even though parallel elements share the same voltage, their individual 
currents generally differ both in amplitude and phase angle. 



7 _ Z l Z 2 

p ~ z l+ z 2 


(a) (b) 

Figure 11.8 Two impedances in parallel are 
equivalent to a single impedance Z p = Z\ || 
Z 2 = ZiZ 2 /(Zi + Z 2 ). 


We can also express Equation (11.49a) in terms of admittances as 

Y p = Yi + Y 2 (11.49b) 

Clearly, when dealing with parallel combinations it is more convenient to work 
with admittances, and when dealing with series combinations it is more conve¬ 
nient to work with impedances. 
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► Example 11.7 

i 

| (a) If a l-k£2 resistance and a 0.1 -pF capacitance are connected in 

j series, what is the corresponding impedance at 1 kHz? Express 

the result both in rectangular and in polar form. 

(b) Repeat, but with R and C connected in parallel 

Solution 

(a) By Equation (11.48), Z s = R — j/coC = 10 3 — 
j/(2n x 10 3 x 0.1 x 10~ 6 ), or Z s - 1000 - j 1592 Cl. 

Using Equation (11.16) to convert from rectangular to polar form 
yields 

Z s - 1000 - 7 1592 = 187 9/-57.86° £2 

(b) By Equation (11.49b), Y p = 1 /R+ja>C = 1/1000+ y/1592 Or 1 . ' 

i To obtain Z p , find the reciprocal of Y p via Equation (11.29b). 

; Thus, Z p = (1/1000 - //1592)/(1/1000 2 + 1/1592 2 ) = 

717.0 — j 450.5 £2. Converting to polar form gives 

Z r - 717.0 - f'450.5 = 846.7 /-32.14° SI ^ 


Exercise 11.9 Repeat Example 11.7, but for a 50-£2 resistance and a 
10- mH inductance. 

ANSWER Z s = 50 + j6 2.83 = 80.3 0/51.49° SI; Z p = 30.61 + y*24.36 = 
39.1 2/38.51° SI. 


► Example 11.8 

(a) What resistance and inductance must be connected in series to 
obtain Z = 300 + /400 £2 at co = 10 5 rad/s? At co = 10 6 rad/s? 

(b) Repeat, but with the elements connected in parallel. 

Solution 

(a) Impose Zr + Zi — Z, or 

R + j(oL = 300 + /400 £2 

Equating the real and imaginary parts pairwise yields R — 300 £2 
and coL = 400 S2. Thus, for co = 10 5 rad/s we need 
L = 400/10 5 = 4 mH, and for co — 10 6 rad/s we need 
L = 0.4 mH. 
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Figure 11.9 Complex-plane 
representation of impedance. 


(b) Impose l/Z R + \/Z L = 1/Z, or \/R+\/ja>L = 1/(300 + 7400). 
Using Equation (11.29) to rationalize 1/Z, we obtain 

^ ~ ~ (U2 — y'1.6) 10 -3 Q~ l 

Equating the real and imaginary parts yields ]/R = 1.2 x 10 -3 , 
or R = 833.3 fi, and a>L = 1/(1 .6 x 10 -3 ) = 625 Then, for 
a) = 10 5 rad/s, L = 625/10 5 = 6.25 mH; for co = 10 6 rad/s, 

L = 625 /xH. 


Remark The required value of L depends both on topology and 
frequency, that of R only on topology. 


1 


Exercise 11.10 Repeat Example 11.8 if the elements are a resistance 
and a capacitance, and Z = 300 — 7400 S2. 

ANSWER (a) R = 300 a C = 25 nF, 2.5 nF; (b) R = 833.3 fi, 

C = 16 nF, 1.6 nF. 


AC Resistance and Reactance 

Being a complex quantity, Z can be expressed either in polar or in rectangular 
form, 


411 . 50 ) 

( 11 . 51 ) 


where Z m (co) and <p(co) are the magnitude and the phase angle of Z, and R(co) 
and X (o>) are called the ac resistance and the ac reactance. All four quantities 
are real. Moreover, Z m (co), R{(o), and X(co) are in Q, and <p(co) is in rad or in 
degrees. The complex-plane representation of Z is shown in Figure 11.9. As 
we know, rectangular coordinates are converted to polar ones via 


(11.52a) 

(11.52b) 


and polar coordinates are converted to rectangular ones via 


z„ = Vr 2 + x 2 

, X 

4 > = tan 1 — 

T n 


Z(jco) = Z m (w) id}(co) 
Z{j<o) = R(co) + }X{(o) 






1L2 AC Impedance 


The ac resistance R(a>), representing the real part of Z, may or may not 
involve to, depending on the particular circuit. Moreover, it may or may not coin¬ 
cide with the ohmic resistance of the circuit. For instance, in part (a) of Example 
11.7, the ac resistance was 1000 £2, the same as the ohmic resistance; however, 
in part (b) it was 717.0 £2, even though the ohmic resistance was still 1000 £2. 

The reactance X (to), representing the imaginary part of Z, must always in¬ 
volve to to reflect the presence of energy-storage elements in the circuit. For this 
reason, capacitances and inductances are also referred to as reactive elements. 
The two basic reactances are those of the inductance and capacitance themselves, 

X l =o>L (11.54) 

X c = (11.551 

to L 

Note the opposite signs and the reciprocal frequency dependence, another re¬ 
flection of the duality principle. 

It can be proved that a passive ac one-port—that is, a one-port contain¬ 
ing only resistances, inductances, and capacitances but no sources—has always 
R(to) > 0, indicating that its impedance will lie only in the first or fourth 
quadrants of the complex plane. We identify three important cases, depicted in 
Figure 11.10: 

(1) X (oj) > 0: Z lies in the first quadrant and is said to be an inductive 
impedance. Since 0 > 0, current lags voltage. 

(2) X(to) < 0: Z lies in the fourth quadrant and is said to be a capacitive 
impedance. Since <p < 0, current leads voltage. 

(3) X(to) = 0: Z is real; Z = R(co) + jO — R(co)/0° and is said to be 
purely resistive. Even though the circuit contains reactive elements, 
current and voltage are in phase with each other. We refer to this 
phenomenon as unity power-factor resonance. 


Im 




Figure 11.10 (a) Inductive, (b) capacitive, and (c) purely resistive impedance. 


E 


Example 11.9 


In the ac port of Figure 11.11, let R\ — 2 k£2, R 2 = 1 k£2, C = 0.1 jttF, 
and L = 50 mH. Find Z and state its type if (a) 00 = 10 4 rad/s, 

(b) to — 10 5 rad/s, and (c) to = 2 x 10 4 rad/s. 



Figure 11.11 An example of an 
ac port. 
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Solution 

(a) We have Z = Z Rl +Z C + (Z Rl || Z L ), or 

7 d ■ 1 . *2 X jtoL . 1 (V L+jR 2 

wC /?2 + j(oL COC R 2 + (coL) 2 

Substituting the given values yields Z = 2000 — / 1000 + 200 + 
/400 Q, or 

Z = 2200 - y600 = 228 0/-15.26° Q 

This is a capacitive impedance with R = 2200 £2, X = -600 fi, 
Z m = 2280 and 0 = —15.26°. We also observe that the ac 
resistance is different from the ohmic resistance of the circuit. 

(b) For to = 10 5 rad/s we obtain, by similar calculations, 

Z = 2962 + 792.31 = 2963 /1.79° S2 
indicating that Z is now inductive. 

(c) For w = 2x 10 4 rad/s, Z = 2000 - j5 00 + 500 + j5 00 Q, or 

Z = 2500 + 70 n 
indicating a resonant ac one-port. 

Remark As co is increased from 10 4 to 10 5 rad/s, this port changes from 
capacitive to resistive to inductive. 


Exercise 11.11 Consider the one-port of Example 11.9, but with L 
and C interchanged with each other. Find Z if (a) to = 0.5 x 10 4 rad/s, 

(b) to = 2 x 10 4 rad/s, and (c) to = 10 4 rad/s, and verify that Z is, 
respectively, capacitive, inductive, and resistive. 

ANSWER (a) Z = 2800 -7150 £2; (b) Z = 2200 + 7600 Q; 

(c) Z = 2500 + 70 Q. 


■Example 11.10 

If the one-port of Example 11.9 is subjected to the voltage 
v(t) = 10 cos (10 4 f -I- 30°) V 

positive reference at the top, find the current drawn by the port. 

Solution 

In Example 11.9 it was found that at to = 10 4 rad/s the port impedance is 
Z = 228 0/-15.26° £2. By Ohm’s Law, 

. V 10/30° 


_ V 1 0/30° 

Z 2280/-15.26° 
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Phasor Rule 6 of Section 11.1 states that the modulus and phase of 
a ratio are, respectively, the ratio of the moduli and the difference 
of the phases. Thus, |/| = |V|/|/| = 10/2280 = 4.386 mA, and 
</ = < F-<Z = 30 - (-15.26) = 45.26°. The current entering the 
port at the positive side of v is thus 

i'(0 = 4.386 cos (10 4 f+ 45.26°) mA 


Exercise 11.12 In the one-port of Figure 11.11 let R i = 150 £2, 

C = 10 /rF, R 2 = 50 £2, and L = 25 mH. If the port is subjected to the 
current z(r) = 0. IcosOOV +45°) A, find the voltage v(t) developed by 
the port. Assume the passive sign convention. 

ANSWER u(f) = 17.89cos {I0 3 r + 18.43°) V. 


AC Conductance and Susceptance 

Since admittance is the reciprocal of impedance, we have 

Y(a>) = 1 jw) / —<t>{aj) (11.56) 

In rectangular form, admittance is expressed as 

Y(a>) = CM + jB{u>) (11.57) 


where G(a>) is called the ac conductance and B{co) the ac susceptance. Both 
G and B are expressed in S2 _1 , or siemens. Clearly, we have Yc = j<oC, 
Be =wC, Y L = 1 / ja)L = —jjwL , and Bi = — 1 jwL. 

Even though Y and Z are reciprocal of each other, in general neither R and 
G nor X and B are. Using Equation (11.29b), it is easily seen that once R and 
X are known, G and B can be found as 


G = 


R 

R 2 + X 2 


-X 

R 2 + X 2 


Conversely, once G and B are known, R and X can be found as 


(11.58) 


R = 


G 

G 2 + B 2 


X G 2 + B 2 


(11.59) 



The preceding considerations indicate that a given impedance can be realized 
either as the series combination of R and X or as the parallel combination of G 
and B. The equivalence of the two topologies is depicted in Figure 11.12, and 


Figure 11.12 Impedance and 
admittance, and their real and 
imaginary parts. 
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conversion from one topology to the other is readily done via Equations (11 58) 
and (11.59). 


^Example 11.11 

Obtain simple (a) series and (b) parallel equivalents for the one-port of 
Example 11.9(a). 

Solution 

(a) In Example 11.9(a) it was found that for co = 10 4 rad/s the port is 
capacitive and Z = 2200 - j 600 Q. A simple series equivalent 
is thus R s - j/(oC, = 2200 - /600 ft. Then, R s = 2200 ft and 
C s = l/(600a>) = 1/(600 x 10 4 ) = 166.7 nF. 

(b) A simple parallel equivalent is expressed as 1 /R p + jcoC p = 

G + jB. By Equation (11.58), G = 2200/[2200 2 + (-600) 2 ] = 
4.231 x 10“ 4 ftand B = -(-600)/[2200 2 + (-600) 2 ] = 
1.154 x 10" 4 Q- ! . Then, R p = 1/G = 2364 and 

C p = B/co = 11.54 nF. 

The two equivalents are shown in Figure 11.13. We stress that this 
equivalence holds only for co = 10 4 rad/s. 


Rs 

2200 £2 


C t 

166.7 nF 


o 

(a) 



Figure 11.13 Simple series and parallel equivalents for 
the one port of Example 11.11 at co = 10 4 rad/s. 




Exercise 11.14 Obtain simple (a) series and (b) parallel equivalents 
for the one-port of Example 11.9(b). 

ANSWER (a) 2962 S 2 , 923.1 /xH; (b) 2964 0.9511 H. 


• RL, RC, and LC Pairs 

Series and parallel combinations of element pairs occur so often that it is worth 
deriving expressions for their impedances, and investigating their low- and high- 
frequency behavior using physical insight. This investigation is facilitated by 
the observation that if one impedance is much larger than the other, say, if 

\Z]\^>\Z 2 \ (11.60) 
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then their series and parallel combinations can be approximated as 

Z 1 +Z 2 ~Z 1 (11.61a) 

Zi||Z 2 ~Z 2 (11.61b) 

The results are summarized in Table 11.2. We discuss only the first row 
and leave the others as an exercise for the reader. 


TABLE 11.2 Behavior of the Impedances of Basic Element Pairs 


z 


Z(ja>) 

CO0 

Z u j—»- o 

Z(d=o>o 

Za>—*oo 

Zg + Zc 

R ( 

+ j(oRC\ 

v jvRC ) 

1 

~RC 

Zc 

R\fl/—45° 

Zr 

Zr II Zc 

*( 

' 1 ^ 

1 

Zr 


Zc 

V + jcoRC J 

RC 

Zr + Zl 

R 


R 

L 

Zr 

Ry/ 2/45° 

Z L 

Zr 11 Z L 

*( 

jo>L/R \ 

R 

Z l 

V2 

Zr 

1 + jcoL/R ) 

L 

Zl+Zc 


1 - o) 2 LC 
jcoC 

1 

vTc 

Zc 

0 

Z L 

Zl II Z C 


ja>L 

1 

Zl 

oo 

Zc 


1 - co 2 LC 

Vic 


Thus, the impedance of a resistance in series with a capacitance is Z = 
Zr +Z C , which can be written as Z = R + IjjooC — /f(1 + j(oRC)/{j(oRC). 
We have three significant cases: 

(1) o) —>• 0. At low frequencies, where |Zcl Zr, we can approximate 
Z c^Zc, indicating capacitive behavior. 

(2) a> -> oo. At high frequencies, where |Z C | <<C Z R , we have Z ~ Zr, 
indicating resistive behavior. 

(3) The borderline between the two cases occurs at the special frequency 
to o that makes \Zc\ = Zg, or l/(a>oC) = R. This is the characteristic 
frequency a>o = 1/RC. The impedance at this frequency is Z(j ojq) = 
R(l + il)/Ul) = RV 2/-45° . 

The reader is encouraged to verify all remaining rows in detail. In each 
row, the borderline frequency (jl>q is found as the frequency at which the individ¬ 
ual impedances making up Z achieve equal magnitudes. In this respect we find 
particularly interesting the LC combinations of the last two rows, because at this 
frequency their individual impedances are opposite to each other, or Zl (cuo) — 
—Zq(o> o), as one can readily verify. Consequently, for to = coq a. series LC pair 
acts as a short circuit, and a parallel LC pair as an open circuit. These interesting 
phenomena form the basis of resonance, which is studied in Chapter 13. 
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11.3 Frequency-Domain Analysis 

We are finally ready to analyze ac circuits by working directly with phasors. In 
the previous chapter we saw that ac analysis in the time domain relies on the use 
of KirchhofFs laws and the element laws. Phasor Rule 4 of Section 11.1 states 
that adding ac signals is equivalent to adding their phasors. The time-domain 
form of KCL of Equation (1.32) is thus restated in phasor form as 


(11.62) 

where denotes summation over the phasors of all currents respectively en- 

n 

tering and leaving a given node n. Likewise, the phasor form of KVL of 
Equation (1.35) is 


(11.63) 

where X) denotes summation over the phasors of, respectively, all voltage rises 

t 

and all voltage drops around a given loop t. We have also seen that the consti¬ 
tutive laws of the basic elements, when expressed in terms of phasors, take on 
the common form of the generalized Ohm’s Law, 



The formal similarity between the phasor laws for ac circuits and the 
ordinary laws for resistive circuits indicates that ac analysis via phasors can 
be carried out using the very techniques developed in Chapters 1 through 6 
for resistive circuits. This much simpler form of ac analysis, called frequency- 
domain analysis, involves the following steps: 

(1) Redraw the circuit, but with ac signals replaced by their phasors, and 
the R, L, and C elements replaced by their respective impedances, Zr, 
Zi, and Z c . The outcome is called the frequency-domain representation 
of the circuit. 

(2) Analyze this circuit as if it were purely resistive, except that its elements 
are now impedances and the signals are phasors. Depending on the 
case, this analysis may require series or parallel impedance reductions, 
the voltage or current divider formulas, the proportionality analysis 
procedure, node or loop methods, Thevenin or Norton reductions, the 
op amp rule, and so forth. The outcome is one or more algebraic 
equations involving phasors and having coefficients that are functions 
of the complex impedances Z R , Zc, and Zi. 

(3) Solve for the unknown phasors or phasor ratios. 

(4) In the expressions for the unknowns replace Z R with R, Zi with 
jo)L, and Zq with 1 / jcoC. The outcome is, in general, one or more 




I 
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frequency-dependent complex quantities. Depending on the problem 
statement, the final task may be the derivation of expressions for the 
modulus or the argument of each unknown, their calculation at a given 
frequency, and so forth. 

Let us illustrate the procedure by actual examples. 

AC Dividers 

In the R-C circuit of Figure 11.14(a) let u,- = Vi m cos a>t and v 0 = V om cos (cat + 
4>). We wish to find V om /V im , and </>. Replacing ac signals with phasors, and 
circuit elements with impedances, leads to the frequency-domain circuit of Fig¬ 
ure 11.14(b). Considering that phasors and impedances are complex quantities, 
this circuit is only a conceptualization. The circuit that we would actually try 
out in the laboratory is clearly that of Figure 11.14(a); however, to facilitate 
our analysis, we work with its mathematical counterpart of Figure 11.14(b). As 
long as it yields the correct results, its complex nature need not intimidate us! 



(a) (b) 


Figure 11.14 The R-C circuit and its frequency-domain 
form. 


The circuit of Figure 11.14(b) is an ac voltage divider, so 

v = Zc i 

° Z R +Z C ‘ 


(11.65) 


As anticipated, this is an algebraic equation with Zc/(Z R +Zc ) as its coefficient. 
Next, substitute Z R = R and Zc = 1 /jcoC to obtain 

_ l/j"C 
° R+l/jcoC ' 

Now simplify by multiplying the numerator and denominator by jcoC, 

V- 

vr I nrt 


1 -f- jcoRC 


( 11 . 66 ) 


As expected, our unknown V 0 is a frequency-dependent complex quantity. Our 
final step is the calculation of |V 0 | and < V a . 

To find | Vo |, use the fact that the modulus of a ratio equals the ratio of the 
moduli; \V 0 \ = |Vj|/|l + ja>RC\, or 



(11.67a) 
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To find < V 0 , use the fact that the phase of a ratio equals the difference of the 
phases: < V a = < V,- - < (1 + jcaRC) = 0° - tan -1 coRC , or 

0 = — tan -1 coRC (11.67b) 

Comparing with Equation (10.32) indicates that the R-C circuit is a low- 
pass filter. We justify this physically by noting that at sufficiently low frequen¬ 
cies, where |Z C | 3> Z R , Equation (11.65) predicts V 0 -> V;. Low-frequency 
input signals make it to the output port with negligible loss. By contrast, 
at sufficiently high frequencies, where \Z C \ <K Z R , Equation (11.65) predicts 
V 0 -> (1 /jcoC)V t > 0, indicating that high-frequency signals are cut off be¬ 
cause C shunts them to ground. We also observe that in the high-frequency limit 
the R-C circuit approximates an integrator, thus confirming our time-domain 
findings of Section 8.3. 

The borderline frequency is that special frequency coq that makes \Z c (coq)\ = 
Zr , that is, l/(o>oC) = R, or 


1 


COq 


RC 


Clearly, this is the cutoff frequency of the filter. 


( 11 . 68 ) 


Exercise 11.15 Show that the L-R circuit of Figure 11.15(a) is also a 
low-pass filter. Use physical reasoning to show that its cutoff frequency 
is o>o — R/L. 




(b) 

Figure 11.15 L-R and R-L circuits of Exercises 11.15 
and 11.16. 


Turning now to the C-R circuit of Figure 11.16(a), we redraw it in the 
frequency-domain form of Figure 11.16(b) and again apply the ac voltage divider 
formula to obtain 


V 0 = 


Zr 

Zr + Zc 


Vi 


Letting Z R = R and Zc = 1 f jcoC and simplifying yields 


V 0 


1 + jcoRC ' 


(11.69) 


(11.70) 

_J 
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11.3 


C 



Figure 11.16 The C-R circuit and its frequency-domain 
form. 


Proceeding as before, we find 

v -_ ?*£ _I/. 

v om — /-r- ¥ i m 

y/\ + (toRC) 2 
<t> — 90° — tan 1 coRC 


111.71a) 

(11.71b) 


Comparison with Equation (10.26) reveals that the C-R circuit is a high-pass 
filter. Physically, at sufficiently high frequencies, where \Z C \ Z R , Equa¬ 
tion (11.69) predicts V 0 —> V, , indicating that high-frequency input signals make 
it to the output port with negligible loss. By contrast, at sufficiently low frequen¬ 
cies, where \Zc\ 3> Z R , Equation (11.69) predicts V 0 —► jcoRCVj —*■ 0, indicat¬ 
ing that low-frequency signals are cut off because of the open-circuit action by 
C. We also note that in the low-frequency limit the C-R circuit approximates a 
differentiator, thus confirming our time-domain findings of Section 8.3. 

The borderline frequency is that special frequency (oo that makes \Zc(coq) = 
Z R , that is, l/(a>o C) = R, or tuo = 1 /RC. This is the cutoff frequency of the 
liter. 


Exercise 11.16 Show that the R-L circuit of Figure 11.15(b) is a 
high-pass filter. Use physical reasoning to show that its cutoff frequency 

is (Wq = R/L,. 




Example 11.12 


In the circuit of Figure 11.17(a) let C = 1 pF, R = 300 £2, and 
L = 0.25 H. Find i if 

r'j = 0.1 cos 10 3 / A 



Figure 11.17 Circuit of Example 11.12. 
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Solution 

Redraw the circuit in the frequency-domain form of Figure 11.17(b) and 
apply the current divider formula to obtain 

Zc + Z R + Zi 

At the given operating frequency we have Z c — — 7/(10 3 x 10 6 ) = 
-jlO 3 n, Z R = 300 £2, and Z L = j 10 3 x 0.25 = j250 Q, so 

-/1000 -j 1000 

/ = _ l _/ = ___/ 

-j 1000 + 300 + j 250 ' 300 - J150 ' 

By Equations (11.25) and (11.26), |/| = (1000/V300 2 + 750 2 j x 0.1 = 
0.1238 A and </ = —90 - tan -1 (—750/300) = -21.80°. Consequently, 
i = 0.1238 cos (10 3 r- 21.80°) A 


Exercise 11.17 In the circuit of Example 11.12 find the voltage 
across C. 

ANSWER 48.34cos(10 3 r -I- 18°) V, positive reference at top. 


The Proportionality Analysis Procedure 

The proportionality analysis procedure, introduced in Section 2.2 for resistive 
networks, can readily be extended to ac networks such as impedance ladders. 
As we know, a distinguishing feature of a ladder network is that all its branch 
voltages and currents can be expressed in terms of the voltage or current of the 
branch farthest away from the applied source. 


Example 11.13 

In the impedance ladder of Figure 11.18 let Zi, Z 3 , and Z 5 be 20-£2 
resistances and Z 2 , Z 4 , and Zg be 0.1-/rF capacitances. Find V 2 , V 4 , and 
V 6 if V, = 10/CP V and co = 10 6 rad/s. 


Z 7 \\h \zA\h \zA\h 


Figure 11.18 Impedance ladder. 
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Solution 

Since —jjcoC = —y'/( 10 6 x 10 -7 ) = —y 10 £2, we have 
Z\ — Z 2 — 1 Zs — 20 £2 

Zi ■ Z4 — Z(, = —y 10 £2 

Starting with /<5 and repeatedly applying Ohm’s and Kirchhoff s laws 


£2: V 6 =Z 6 / 6 = -ylO/ 6 
KCL: I 5 = I 6 

KVL: V 4 = Z5/5 + V fi = 20/fi - y 10/ 6 = (20 - y 10)/ 6 
£2: / 4 = F 4 /Z 4 = [(20 - j 10)/(-y I0)]/ 6 = (1 + y'2)/ 6 
KCL: 1$ = / 4 + 1^ = (1 + j 2 + 1 )/g = (2 + 7 2)/^ 

KVL: V 2 = Z 3/3 + V 4 = 20(2 + y2)/ 6 + (20 - j 10)/ 6 = (60 + y30)/ 6 
Q: I 2 = F 2 /Z 2 = [(60 + y'30)/(—y 10)]/ 6 = (-3 + j 6)/ 6 
KCL: /, = I 2 + / 3 = (-3 + y6 + 2 + y2)/ 6 = (-1 + y'8)/ 6 
KVL: V s = Z,/, + V 2 = 20(-l+y8)/ 6 + (60 + y30)/ 6 = (40 + yl90)/ 6 


Solving for / 6 yields 

, 10 / 0 ^ 


40 + y 190 V40 2 + 190 2 

= 51.50/—78.11° mA 


/0° — tan -1 (190/40) 


Back-substituting, 


V 2 = [v^O 2 " 


51.50 x 10 -3 /—78.1 l c 


= 3.455/-51.55° V 


Likewise, V 4 = 1.152 /-104.68° V, and V b = 0.5150 /-168.11° V. 


Exercise 11.18 In the impedance ladder of Figure 11.18 let Z\ t Z 3 , 
and Z 5 be 200-^H inductances and Z 2 , Z 4 , and Z& be 2-nF capacitances. 
Find V 2 , V 4 , and V 6 if V s = 10/0^ and w = 10 6 rad/s. 

ANSWER 0.6024/0^ V, 9.03 6/180° V, 15.06 /180° V. 


Nodal and Loop Analysis 

The superiority of phasor analysis over time-domain analysis is even more ap¬ 
parent when circuit complexity is such as to require the use of nodal or loop 
analysis. If this analysis were performed in the time domain, it would require 
formulating and solving a system of differential equations. In the frequency 
domain, however, it only requires solving a system of algebraic equations. 
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Example 11.14 


Find ui and V 2 in the circuit of Figure 11.19(a). 


Solution 


At to = 10 rad/s the impedances are as shown in Figure 11.19(b), where the 
units are [V], [A], and [£2], Before proceeding, it is convenient to combine 
parallel elements as shown in the simpler circuit of Figure 11.19(c). 
Applying KCL at the nodes labeled Vi and V 2 we obtain, respectively, 


2 = 


Vi Vi ~ V 2 
i-;i -j2 


V 1 -V 2 _V 2 V 2 - 5 
~j 2 1 jl 




(b) 



Figure 11.19 AC circuit analysis via the node method. 
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Expanding and collecting, we get 

(1 -/3)V, +(-l +j\)V 2 = —4 — jA 
Vi + (1 +J2)V 2 = 10 

This system of two equations in two unknowns can be solved via 
Cramer’s rule or Gaussian elimination. For instance, multiplying the 
second equation by —(1 — j 3) throughout, and then adding it to the first 
equation pairwise, we obtain 

-(1 - j3)(l + jl)V 2 + (-1 + j \)V 2 = -(1 - 73)10 - 4 - jA 
\ Collecting, simplifying, and solving gives 

7 "13 

V, = ~ J = 3.581/-47.66° V 

4 — 7 1 

Back-substituting gives 
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Expanding and collecting gives 

J0.5V, - jV 2 = 2/30! 


(2 + jl)Vi - (0.5 + ;T)V 2 = 0 

Multiplying the first equation by j throughout yields — 0.5 Vi + V 2 = 
j (2/30°) = 2/120° , or 

V? =0.5 Vi + 2/120° 


Substituting into the second equation, we get 

(2 + j l)Vi - (0.5 + j 11(0.5^+ 2/120° ) = 0 
Collecting terms yields (1.75 4- ;0.5)Vi = (0.5 + /1)( 2/120° ), or 

= (0.5 + ,/T)2/lj g_ = j 229/167.49° V 
1 1.75 + /0.5 L - 

Back substituting, we have 

V 2 - 0.5 x 1.22 9/167.49° + 2/120° = 2.457 /130.62° V 


1 


Exercise 11.19 Redraw the circuit of Figure 11.20, but with the 
inductance and the capacitance interchanged with each other. Hence, find 
Vi and V 2 via nodal analysis. 

ANSWER 1.05 0/-83.20° V, 3.063 /-52.23° V. 




Example 11.16 


The circuit of Figure 11.21 is already expressed in frequency-domain 
form. Find 1\ and I 2 via loop analysis. 


j 2 a -j3 Q 

W—T- 11 - 



Figure 11.21 Frequency-domain loop 
analysis. 


Solution 

Applying KVL around the designated meshes yields 
6/0! = m 4- l(/i -/ 2 ) 


0=l(/ 2 -7i)-/3/ 2 +4/, 
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Expanding and collecting, 


(l+;2)/,-/ 2 =6 
3/, + (1 - j3)h = 0 

Multiplying the first equation throughout by (1 — y'3) and then adding it to 
the second equation pairwise yields (1 — j3)( 1 + j2)Ii +3/i = (1 — j 3)6, 
or I\ = 6(1 — y3)/( 10 — j 1) = 1.888 /—65.85° A. Back substituting 
yields / 2 = -18/(10 -jl) = 1.791 /-174.29° A. 


Exercise 11.20 Solve the circuit of Figure 11.19(c) via the loop 
method. Check. 

Exercise 11.21 Solve the circuit of Figure 11.20 via the loop method. 
Exercise 11.22 Solve the circuit of Figure 11.21 via the node method. 


Finding the Equivalent Impedance of an AC Pott 

The equivalent impedance of an ac port plays a central role in loading and 
power calculations. As in the resistive case, the equivalent impedance can often 
be found by inspection, via series/parallel reductions. However, if the circuit 
topology does not lend itself to this approach, or if the circuit contains dependent 
sources, then we must use the phasor form of Method 2 of Section 4.1, which 
is now rephrased as follows: 

To find the equivalent impedance Z eq of an ac port, suppress all independent 
sources, apply a test phasor V and find the resulting phasor I. Then, 

Z eq = f ; (11.72) 

/ ■ 


Alternately, suppress all independent sources, apply a test phasor I, find the 
resulting phasor V, and let Z eq = Vjl. 

This method is illustrated in Figure 11.22. Once again we recall that suppressing 


i i— 


z..„ 


AC circuit 


AC circuit 

with all 


with all 

independent 


1 * 

independent 

sources 

T 


sources 

suppressed 

1 -O— 


suppressed 


(a) 


(b) 


Figure 11.22 Finding the equivalent impedance Z eq of an ac port 
using (a) a test voltage or (b) a test current. 
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an independent voltage source means replacing it with a short circuit , and sup¬ 
pressing an independent current source means replacing it with an open circuit. 
However, dependent sources must be left in the circuit! 

^Example 11.17 

Find Z in the circuit of Figure 11.23(a) and show its complex-plane 
representation. 


J2 kfi ~j 1 kli 



Figure 11.23 Steps to find the impedance of an ac port. 


Solution 

Suppressing the independent voltage source and applying a test phasor V 
we obtain the circuit of Figure 11.23(b), where all impedances are in kf2. 
Applying KCL at node A yields 

, v x v-v x 

I+~ = -rp 

2 —j 1 

By the voltage divider formula we have 

V x = ———V= 2V 

J2-J1 

Eliminating V x yields / + 2V/2 = (V-2V)/(-jl), or 
Finally, 

Y -i +;'i 


z =^ = - 

eq I (-l-yl)f 1 2 +1 2 


= -0.5 + ;0.5 kfi 


The complex plane representation of Z eq is shown in Figure 11.23(c). 
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Remark It is interesting to observe that in this example the ac resistance 
is different from zero, even though there are no ohmic resistances in the 
circuit. Moreover, this resistance is negative. With a dependent source in 
the circuit you never can tell what you are going to get until you solve it! 


Exercise 11.23 Referring to the circuit of Figure 11.23(a), find the 
impedance seen by the independent source. 


ANSWER -2 + j2 kfi. 


Thevenin and Norton Equivalents 

Th 6 venin’s and Norton’s theorems hold in the frequency domain, as do the 
source transformation techniques illustrated in Section 3.5 for resistive circuits. 


Example 11.18 

Find the (a) Th 6 venin and (b) Norton equivalents of the circuit of 
Figure 11.23(a). 

Solution 

(a) The phasor Voc of the open-circuit voltage between nodes A and 
B in Figure 11.23(a) is, by KVL and Ohm’s Law, 

V* = V x + (-j 1) y = (1 - J'0.5)V, 

We need an additional equation to eliminate V*. Again offered 
by KVL and Ohm’s Law, this is 

V x = 10/0! + O’ 2 ) y = 10 + jV x 

Collecting terms yields V*(l — j 1) = 10, or 

V x = -^- =5 + j5 V 
i - ;i 

Substituting into the expression for Voc we obtain 

Vo, = (1 - ;'0.5)(5 -I- j5 ) = 7.90 6/18.43° V 
In Example 11.17 we found Z eq = —0.5 + j 0.5 kfi, or 
Zeq = 0.7071 /135° ka 

Consequently, the Thevenin equivalent appears as in Fig¬ 
ure 11.24(a). 

(b) Applying a source transformation, we obtain 

VV = 7.90TO! = „ . l8/ -„ 6 , 5rmA 

Z eq 0.7071 /135° '- 
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0.7071 /135° kQ 

I 

7.906 /18.43° V 



(a) 


11.18 /-116.57° mA(T) 


-o A 


0.7071 /135° kfl 


(b) 


Figure 11.24 Thevenin and Norton equivalents of 
the circuit of Figure 11.23(a). 


The Norton equivalent is shown in Figure 11.24(b). 


1 


Exercise 11.24 In the RC circuit of Figure 11.14, let /? = 1 k£2, 

C = 1 ptF, and v,- = 10 cos cot V. Find its Thevenin and Norton 
equivalents for (a) to = 500 rad/s and (b) &> = 2 krad/s. 

ANSWER (a) V oc = 8.94 4/-26.60° V, Z eq = 0.8944 /-26.60° kQ, 

/sc = 10/0! rtiA; (b) F oc = 4.47 2/-63.43° V, Z eq = 0.447 2/-63.43° kft, 
/sc = 10/0 rnA. 


Concluding Remarks 


Compared with time-domain ac analysis, frequency-domain ac analysis involves algebraic 
equations as opposed to differential equations, and requires no trigonometric acrobatics. 
This ought to convince you of the unquestionable superiority of the frequency-domain 
method, even though it requires learning phasor algebra. This superiority becomes more 
apparent when we analyze more complex circuits. 

Compared with purely resistive circuits, ac circuits generally require longer computa¬ 
tions because of the complex nature of their impedances. But, considering the advantages 
over time-domain techniques, this price is well worth paying! 


11.4 Op Amp AC Circuits 

The analysis techniques of the last section can also be applied to ac circuits 
containing op amps. Once the circuit is redrawn in frequency-domain form, its 
analysis proceeds on the basis of the virtual-short concept, which is rephrased 
in ac form as follows: 

Op Amp Rule for AC Circuits: An op amp will swing its output phasor V 0 to 
whatever value is needed to drive its difference input phasor V d to zero or, 
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equivalently, to force V„ to track V ft , where V„ and V p are the phasors of 
the inverting and noninverting inputs, and V (i - V p — V„. 

Some examples will illustrate the use of this rule. 

Integrators 

The circuit of Figure 11.25(a) has already been investigated in Section 8.4 from 
the time-domain viewpoint. It was shown that it yields v 0 = —(1 /RC) JJJ u,- (§) d% 
+ i>„(0) and, hence, that it functions as an integrator. We now wish to reex¬ 
amine it from the frequency-domain viewpoint. To this end, we redraw it as in 
Figure 11.25(b), and observe that the phasors of the resistance and capacitance 
currents must satisfy Ir = Ic- By the virtual-ground concept and the gener¬ 
alized Ohm’s Law, (F, - 0)/Z* = (0 - V 0 )/Z c * or V c /V ; = -Z C /Z R . This 
is the familiar inverting amplifier gain formula, but with impedances instead of 
resistances. Letting Zr — R and Zq = 1/ ja>C yields 



(a) (b) 

Figure 11.25 The inverting integrator and its frequency-domain representation. 


To understand the function of the circuit, rewrite the equation as V a = 
i-l/RC) x Vi/ja>. Phasor Rule 3 of Section 11.1 states that dividing a phasor 
by jco is equivalent to integrating the corresponding ac signal. Consequently, 
the ac function of the circuit is proportional to integration, thus confirming 
our time-domain findings. The constant of proportionality is — \JRC, whose 
dimensions are s'. 


Example 11.19 

In the integrator of Figure 11.25 let R = 159 k£2, C = 1 nF, V, = V im / 0° 
and V 0 = Vom/A- If V im = 1 V, find V om and (f> for (a) / = 100 Hz, 
(b) / = 1 kHz, and (c) / = 10 kHz. 
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Solution 

Multiplying the numerator and denominator of Equation (11.73) by j 
yields V 0 = (j/(oRC)V{, indicating that the circuit introduces a 90° 
phase lead. Thus, <p = 90°, regardless of /. 

By Phasor Rule 6 we have V am = V im /a>RC = \/(2it f x 159 x 
10 3 x 10 -9 ) = 10 3 //. Calculating at the given values of / gives 
(a) V om = lx 10 3 /100 = 10 V, (b) Vm = 1 V, and (c) F ora = 0.1 V. 


Exercise 11.25 In the integrator of Figure 11.25(a) let R = 159 k£2 
and let the input be a 1-kHz ac wave with a peak amplitude of 2.5 V. 
Specify C for an output peak amplitude of 5 V. 

ANSWER 0.5 nF. 


E 


Example 11.20 



Figure 11.26 The noninverting 
integrator. 


Derive a relationship between the output and input phasors of the 
noninverting integrator of Figure 8.32. 


Solution 


The circuit is repeated in frequency-domain form in Figure 11.26. 
Phasor Rule 1 of Section 11.1 allows us to reuse Equations (8.30) and 
(8.31) in phasor form as Ic = VJR\ and V D = (1 + R^jRxfVc- But, 
Vc = (1 lj(oC)Ic- Eliminating Vc and Ic yields 


V 0 


1 + R2/R1 y 

ja>R\C 1 


(11.74) 


The fact that V 0 is proportional to VJjoj with the constant of 
proportionality (1 + R 2 /^i)/(^iC) > 0 confirms the designation 
noninverting integrator for the circuit. 


The Differentiator 

Interchanging R and C in the circuit of Figure 11.25(a) yields the circuit 
of Figure 11.27(a). Referring to its frequency-domain representation of Fig¬ 
ure 11.27(b), we can directly apply the phasor form of the inverting gain formula, 
Vo/Vt = - Zr!Z c = -Ri(ljjcoC), or 


V 0 = -jcoRCVi 


(11.75) 




11.4 Op Amp AC Circuits 


489 


Rewriting the equation as V 0 = (-RC) x jojVj and recalling that multiplying 
a phasor by jco is equivalent to differentiating the corresponding ac signal, we 
conclude that the ac function of the circuit is proportional to differentiation. 
The constant of proportionality is — RC, whose dimensions are s. 




Figure 11.27 The differentiator and its frequency-domain form. 


Exercise 11.26 Repeat Example 11.19, but for the differentiator of 
Figure 11.27(a). Hence, compare with the example. 

ANSWER <f> = -90° regardless of /; V om = 0.1 V, 1 V, 10 V. 


Low-Pass Circuit with Gain 


To find the function provided by the circuit of Figure 11.28, we first derive 
a phasor relationship between V 0 and V). Applying again the inverting am¬ 
plifier gain formula yields V 0 fVi = —Z p jZn^ where Z p = Zc || Zr 2 = R2I 
(1 + jeoRjC), and Zr x = R\. The result is 


V 0 


r 2 1 

Ri 1 + jcoR 2 C 


Vi 


(11.76) 


The input-output amplitude and phase relationships are thus 

R 2 1 

Vom — ~TZ~ X , ■ ^ Vim 

R\ + (ojR 2 C) 2 
$ — 180° — tan 1 o)R 2 C 


(11.77a) 

(11.77b) 


c 



Figure 11.28 Low-pass circuit with 
gain. 


The first term at the right-hand side of Equation (11.77 a) represents gain, and the 
second term is the low-pass function discussed in Section 10.3. We conclude 
that our circuit provides a low-pass function with gain. The gain magnitude 
is R 2 /R\, and the characteristic frequency of the low-pass function is too = 

1 /R 2 c. 


500 Chapter 11 AC Circuit Analysis 



Example 11.21 


In the circuit of Figure 11.28 let R\ = 10 kQ, R 2 = 100 kQ, and C - 
1 nF. Find v 0 (t) if 

Vi(t) = 1 cos(2 tt 10 3 / + 45°) V 


Solution 

We have R 2 /Ry = 100/10 = 10 and wR 2 C — 2nl0 3 x 10 5 x 10 -9 
0.6283 rad. Thus, 

V - ~ 1Q y 

° 1 + y'0.6283 ' 

Moreover, \V a \ - (10/Vl + 0.6283 2 )1 = 8.467 V, and < V 0 - 
-180 - tan” 1 0.6283 + 45 = -167.14°. Finally, 

u o (0 = 8.467 cos (27rl0 3 / - 167.14°) V 


1 




Example 11.22 


In the circuit of Figure 11.28 let C = 1 nF. Specify Ry and R 2 for a 
characteristic frequency of 10 kHz and a gain magnitude of 2. 


Solution 


Imposing or = l/R 2 C yields R 2 = I/orC - 1/(2jt 10 4 x 10 -9 ) - 
15.9 k£2. Imposing R 2 /Ry — 2 yields Ry = R 2 /2 — 15.9/2 = 7.96 k£l 




High-Pass Circuit with Gain 


For the circuit of Figure 11.29 we have VyV, = - Z R JZ S , where Z s = Z c + 
Zr, = 7?i(l + J(dR\C)/ jcoRyC, and Zr 2 = R 2 . Consequently, 


Moreover, 


_ jcoRiC 

Ri 1 +ja>R l C ‘ 


R 2 coRyC 

— x , = x Vi, 

R\ y/l + (coRyC ) 2 


4> - —90° — tan -1 <oR\C 


(11.78) 


(11.79a) 

(11.79b) 


The first term at the right-hand side of Equation (11.79a) represents gain, and the 
second term is the high-pass function discussed in Section 10.3. Our circuit pro¬ 
vides a high-pass function with gain R 2 /Ry, and with characteristic frequency 
OR) = 1/RyC. 
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Figure 11.29 High-pass circuit with gain. 


Exercise 11.27 Find v Q (t ) in Figure 11.29 if Ri = 10 kQ, R 2 = 30 k£2, 
C = 22 nF, and v;(r) = 2 cos (2 tt 10 3 r - 30°) V. 

ANSWER v 0 (t) = 4.861 cos (2JT10 3 / - 174.12°) V. 

Exercise 11.28 

(a) In the circuit of Figure 11.29 let C = 0.1 /xF. Specify R\ and R 2 
for a characteristic frequency of 100 Hz and a gain magnitude 
of 10. 

(b) Find u,(r) for v 0 (t) = 5 cos400t V. 

ANSWER (a) Ri = 15.9 kQ, R 2 = 159 kfi; (b) v,(f) = 0.5154 x 
cos(400f + 165.96°) V. 


• Capacitance Multiplication 

We claim that the one-port op amp circuit of Figure 11.30(a) behaves as a 
capacitance C cq . To substantiate this claim as well as to derive an expression 
for C eq , we apply a test voltage V as in Figure 11.30(b), we find the resulting 
current /, and we then evaluate the one-port impedance as Z©q = V/I. Clearly, 
for Zcq to be capacitive, it must be of the type Z eq = 1/ j(oC tq . 

Since OA\ operates as a voltage follower, we have Vi = V. OA 2 operates 
as an inverting amplifier to yield V 2 = —(Ri/RiWi — — (R 2 /Ri)V. Since no 
current flows into or out of the noninverting input of OA\, we can apply Ohm’s 
Law and write 

v -Vi = V+jRi/RQV (I + R 2 /R 1 W |1180) 

Zc Zc Zc 

Thus, Z eq = V/I = ZcfiX + Ri/R\) = \/[jo>C(\ + Ri/R\)\- This can be put 
in the form 



(11.81b) 
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Ki Ri 



(a) 

Ri /?2 



Figure 11.30 Capacitance multiplier and test circuit 
to find Z eq . 

For obvious reasons, the circuit is referred to as a capacitance multiplier. It 
finds application especially in integrated-circuit technology where, for reasons of 
miniaturization, only very small capacitors can practically be fabricated. When 
larger capacitances are needed, a multiplier is used. This capacitance multipli¬ 
cation effect is referred to as the Miller effect for capacitances. 


E 


Example 11.23 


In the circuit of Figure 11.30 let C = 10 pF, = 100 £2, and 
R 2 = 100 kfi. Find C eq . 


Solution 


= (1 T 10 5 /10 2 )10 x 10 12 cr 10 nF, indicating that the effective 
capacitance is 1000 times as large as the physical capacitance. 


1 


• Inductance Simulation 

We claim that the one-port op amp circuit of Figure 11.31(a) behaves as an 
inductance. To substantiate this, apply a test voltage V as in Figure 11.31(b), 









EOS 


simjjij jy dmy dQ p-jj 
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inductances using miniature components. The ability of op amp circuits to 
simulate inductances finds application in the synthesis of an important class of 
circuits known as active filters. 


Looking back at the examples of this section, we observe that op amps in ac 
circuits can be used to provide gain as well as to effect impedance changes. 
As you progress through your electronics curriculum, you will have countless 
opportunities to observe how these features are applied to the design of a variety 
of circuits of practical interest. 

V 11.5 AC Analysis Using SPICE 

SPICE has the ability to perform ac analysis and to tabulate or plot the response 
as a function of frequency. Following is a description of the necessary SPICE 
statements. 

Independent AC Sources 

The general forms of the statements for independent ac sources are 

VXXX N+ N- AC ACMAG AC PHASE (11.86a) 

IXXX N+ N- AC ACMAG AC PHASE (11.86b) 

As for dc sources, these statements contain the name of the source, which must 
begin with the letter v or I, and the circuit nodes N+ and N - to which the source 
is connected. However, the qualifier AC indicates that we now have a source of 
the ac type. Its amplitude and phase angle are specified by ACMAG, in V or A, 
and by ACPHASE, in degrees. If ACMAG is omitted, a value of unity is assumed, 
and if ACPHASE is omitted, a value of zero is assumed. 

The . ac Statement 

The ac analysis in SPICE is invoked by means of the . AC statement, which has 
one of the following forms: 



.AC LIN NP FSTART FSTOP 


(11.87a) 










1L5 
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, ac oct :;o fstart fstop (11.87b) 

.AC DEC ND FSTART FSTOP (11.87c) 

In each statement, fstart and FSTOP specify the lower and upper limits of 
the frequency range over which ac analysis is to be performed. If analysis at a 
single frequency is desired, then FSTART and FSTOP are made both equal to 
that frequency. The keywords LIN, OCT, and DEC specify the type of frequency 
sweep as follows: 

• LIN: Frequency is swept linearly, and NP is the number of frequency 
points in the entire sweep. 

• OCT : Frequency is swept logarithmically by octaves, and NO is the 
number of frequency points per octave. 

• DEC : Frequency is swept logarithmically by decades, and ND is the 
number of frequency points per decade. 


The . print ac and . plot ac Statements 


SPICE does not provide the ac response in analytical form. Rather, it tabulates 
or plots circuit variables at the specified frequency points. Thus, along with the 
. AC statement, we must also use the . PRINT AC or the . PLOT AC statements, 
whose forms are 


.PR': NT .AC OUTVAR1 OUTVAR2 ... OUTVAR8 (11.88a) 

. PLOT AC OUTVAR1 OUTVAR2 . . . OLJTVAR8 (11.88b) 

In these statements, OUT VAR 1 through OUT VAR 8 are the desired voltage or 
current output variables, for a maximum of eight such variables per statement. 
As in the case of dc analysis, the form of a voltage variable is V(N1,N2 ) , 
and it specifies the voltage difference between nodes N1 and N2. If N2 and 
the preceding comma are omitted, then ground (N2 = 0) is assumed. Likewise, 
the form of a current variable is I (VXXX) , and it specifies the current flowing 
through the independent voltage source named VXXX. 

For ac analysis, five additional output variables can be specified by replacing 
the letter v or the letter I by 


• VR or IR 

• VT or II 

• VM or IM 

• VP or IP 

• VDB or IDE 


real part 
imaginary part 
magnitude 
phase 

20 log ]0 (vm or IM) 


Some examples will better illustrate the use of these statements. 


V 


Example 11.25 

Use SPICE to verify the results of Example 11.9(a). 
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Solution 

The circuit is redrawn in Figure 11.32. To find the impedance Z, apply 
the test current I — 1/Of A. Then, Z = Vjl = Z = V/(l/0f) = V, 
indicating that the variables of interest can be obtained from SPICE 
as R(co) = vr < 1 >, X(a>) = vi (1), Z m = VM (1), and tp = 

VP (1) . They are to be calculated at one frequency point, namely, at 
/ = to/2n = 10 4 /2jt = 1591.55 Hz. The input file is 

FINDING THE IMPEDANCE OF A ONE-PORT 
1 0 1 AC 1 0 
R1 1 2 2K 
C 2 3 0.1U 
R2 3 0 IK 
L 3 0 50M 

* DUMMY RESISTANCE TO SATISFY SPICE 

RDUMMY 1 0 1.0E15 

.AC LIN 1 1591.55 1591.55 

.PRINT AC VR(1) VI(1) VM(1) VP(1) 

. END 


1 cos 10 4 



^ 50 inH 


Figure 11.32 Circuit of Example 11.25. 

After SPICE is run, the output file contains the following: 

FREQ VR (1) VI( 1 ) VM (1) VP(1) 

1.592E-03 2.200E+03 -6.000E+02 2.280E+03 -1.526E+01 

Clearly, these data match the results of Example 11.9(a). 


Exercise 11.29 Use SPICE to verify the results of Exercise 11.11. 

Exercise 11,30 Use SPICE to find the admittance, the ac conductance, 
and the susceptance of the circuit of Example 11.9(a). (Hint; Apply a 
test voltage V = 1/Of V.) 



Example 11,26 

Use SPICE to verify the results of Example 11.15. 
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Solution 

Since the original circuit is in frequency-domain form, it must be 
transformed into a time-domain form in order to be acceptable to SPICE. 
Thus, arbitrarily assume a> = 1 rad/s so that f = a>/27i — 0.159155 Hz. 
Then, since jcoL = jl Q and 1 /jcoC = —j 1 S2, it follows that with 
cv — 1 rad/s we must have L = 2 H and C = 1 F. The circuit is shown in 
Figure 11.33. The input file is 


. i ']■' ' : ■ I i i i Vi ! i j V’V f V ) V I i i i ! 


After SPICE is run, the output file contains the following: 


Clearly, these results agree with those of Example 11.15. 


+ IF 


2 cos (If + 30°) 


TS G1 < R 

sL/au'x'v <2s 


Figure 11.33 Circuit of Example 11.26. 


Exercise 11.31 Use SPICE to verify the results of Exercise 11.18. 


Example 11.27 

Use SPICE to verify the results of the integrator circuit of Example 11.19. 
Assume a 741 op amp. 


Solution 

The input file is 
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E 


Example 11.28 


A series RLC circuit with R — 400 £2, L = 10 mH, and C = 10 nF, 
is driven by a source v(t) = lOcoswt V. Use PSpice to obtain the 
decade frequency plot of the amplitude of the current i (t ) over the range 
O.Iojq < w < 10a>o- 


Solution 

The circuit is shown in Figure 11.34. The resonance frequency is 
fo = <do/2tt = \l2n*jLC = l/27rVlO" 2 x 10“ 8 = 15.9 kHz. We shall 
therefore use - start — 1.6 kHz and i- S i Oi = 160 kHz. Moreover, we 
shall use both the . PLOT and the . probk statements to compare the 



Figure 11.34 Circuit of Example 11.28. 
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quality of the plots. The input file is 


:, 10M 

■ :) i U' i 
, ;; 


After running PSpice, we obtain the plot of Figure 11.35. Using the 
Probe post-processor and directing it to plot : 1 , the magnitude of 

the current through the test source, we obtain the trace of Figure 11.36. 


FREQ 

1- 

IM(V) 

1.0000E-03 

I.OOOOE-Q2 

1.0000E-01 

1.0000E+00 

1.0000E+ 

1.600E+03 

1.015E-03 7* 



-^- 

-“ — — 

2. 014E+03 

1,285E-03 . * 





2.536E+03 

1.631E-03 . * 





3.192E+03 

2.083E-03 . 

* 




4.019E+03 

2.682E-03 . 

* 




5.060E+03 

3.502E-03 . 

h w 




6.370E+03 

4.681E-03 . 

•k t 




8.019E+03 

6.519E-03 . 

* 




1.Q10E+Q4 

9.769E-03 . 

* 




1.271E+Q4 

1.653E-02 . 

* 




1.600E+04 

2.499E-02 . 


* f 



2.014E+04 

1.S09E-02 . 

* 




2.536E+04 

9.567E-03 . 

* 




3.192E+04 

6.412E-03 . 

* 




4.019E+04 

4.616E-03 . 

* # 




5.060E+04 

3.457E-03 . 

* 




6.370E+04 

2.650E-03 . 

* B 




8.019E+04 

2.059E-03 . 

* t 




1.010E+05 

1.613E-03 . * 





1.271E+05 

1.271E-03 . * 





1.600E+05 

1.004E-03 .* 






Figure 11.35 Output listing for the series RLC circuit of Figure 11.34. 


3M+---4 



Figure 11.36 Using the Probe post-processor to display the frequency response 
the series RLC circuit of Figure 11.34. 


of 


4 
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Exercise 11.33 In the circuit of Figure 11.17(a), let i s (t) =0.1 cos cot A, 
C = 1 pF, R = 300 £2, and L = 0.25 H. Use PSpice to obtain the decade 
frequency plots of the amplitude and phase angle of i(t) over the range 
200 < co < 20, 000 rad/s. 


▼ Summary 

• AC analysis via phasors, also called frequency-domain analysis, is much 
simpler and quicker than ac analysis in the time domain. Phasors are complex 
variables, and the mathematics required to represent and manipulate phasors 
is called complex algebra. 

• A complex variable can be represented in the shorthand form, the rectangular 
form, or the exponential form, X = X m [0 = X r + j X, = X m e je , where X m 
is the modulus, 0 is the phase, and X r and X, are the real and imaginary 
parts. 

• Conversion from one form t o the oth er is done via X r = X m cos 6 and 
Xj = X m sin# or via X m = Vxf+Xf and & = tan -1 (X,/X r ). 

• The sum (or difference) of two complex variables is the variable whose 
real part is the sum (or difference) of the individual real parts, and whose 
imaginary part is the sum (or difference) of the individual imaginary parts. 

• The product (or ratio) of two complex variables is the variable whose mod¬ 
ulus is the product (or ratio) of the individual moduli, and whose phase is 
the sum (or difference) of the individual phases. 

• The time-domain operations of differentiation and integration correspond, 
respectively, to the frequency-domain operations of multiplication by jco and 
division by jco. 

• The phasor forms of Kirchhoffs laws are 

KCL: £/ in = £/ out 

KVL: £ F rise = £ V drop 

t t 

• The phasor form of Ohm’s Law is V — ZI, where Z is called the impedance. 
The impedances of the basic elements are Z# = R, Zq = 1/ jcoC = — j/coC , 
and 7, l = jcoL. 

• Series impedances combine as Z, = Zj +Z 2 , parallel impedances as 1 jZ p — 
1/Z, + 1/Z 2 . 

• To analyze an ac circuit we redraw it in frequency-domain form by replacing 
its signals with their phasors and its circuit elements with their impedances. 
We then analyze the circuit using the techniques developed in Chapters 2 
through 6 for resistive circuits. 

• The voltage and current divider formulas, the proportionality analysis proce -- 
dure, the node and loop methods, Thevenin’s and Norton's theorems, source 
transformation techniques, and inverting and noninverting op amp gain for¬ 
mulas hold in the frequency domain as well. 
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• The equivalent impedance Z of an ac port is found by suppressing its inde¬ 
pendent sources, applying a test phasor V (or a test phasor /), determining 
the resulting phasor I (or phasor V), and then letting Z = V/I. 

• In a frequency-domain circuit an op amp will output whatever voltage phasor 
is needed to ensure Vj 0 or, equivalently, to ensure V n — > V p , where V n 
and V p are the voltage phasors at the inverting and noninverting inputs, and 
Vd = Vp- V„. 

• Important ac op amp circuits are the integrator, the differentiator, and the 
low-pass and high-pass filters with gain. Op amps can also be used to effect 
impedance changes. Two important examples are capacitance multiplication 
and inductance simulation. 

• SPICE can be directed to plot or tabulate the frequency response via the . AC 
statement. 


▼ Problems 

11.1 Phasor Algebra 

11.1 If a sinusoid with to = 5 rad/s has the phasor V = 
1 0/15° V, what is the phasor of its time derivative? Of its 
time integral? Of the time derivative of its time derivative? 
Of the time integral of its time integral? 

11.2 If the phasors of the time derivative and time integral 
of x(/) are, respectively, 10 3 /60° and 0 . 1 /— 120 ° , find jc(/). 

11.3 Assuming a> = 5 rad/s and using only frequency- 
domain techniques, (a) find jc(r) if X = —j 6 ; (b) find yit) 
and dy(t)fdt if Y = —5(2 — y5); (c) find z(t) and f z(t)dt 
ifZ = e-' 135 7(2 + 7 1). 

11.4 Using phasor additions/subtractions, find (a) the sinu¬ 
soid that must be added to x(z) = lOcos (10 3 z — 45°) to obtain 
y(/) = 5cos(10 3 / +60°); and (b) the sinusoid that must be 
subtracted from jc(z) = 2 cos( 10 6 / — 12 °) to obtain y(z) = 
2cos(10 6 / + 90°). 

11.5 Using phasor additions/subtractions, combine the fol¬ 
lowing functions into a single sinusoid: (a) x(t) = 50cos cot + 
30 cos (a;/ -I- 120°); (b) y(/) = 20 sin 10/ — 15 cos (10/ + 36°); 

(c) z(z) = 2 cos(2jt 10 3 / — 30°) — cos(2/rl0 3 / + 60°) + 
3 cos (2 jt10 3 / — 90°). 

11.6 Find the exponential form of the following complex 
variables: (a) 3 -I- y'4; (b) 4 — y3; (c) —1 -I- j l; (d) —6 — y' 8 ; 
(e) 1; (f) —2; (g) j 3; (h) -J4. 

11.7 Find the polar as well as the rectangular representa¬ 
tion of the operators k\, k 2 > Ay, and £ 4 , whose effects upon a 
phasor A = A m [B_ are defined as (a) k\A = A m J9 + 120° , 
(b) k 2 A = A m !B - 120° . (c) kiA = fflA JQ +30° . and 

(d) M = s/ZAm lQ -30° . 


11.8 Find the rectangular form of the following complex 
variables: (a) 2e' /30 °; (b) 10 3 e“-' 60 °; (c) e~^ 2Q, °\ (d) 0.5e jl35 °; 

(e) 10"V 18<)D ; (f) (I/8)e-> 1S0 °; (g) 5<7 90 °; (h) 2e~i m \ 

11.9 Given that A = 2 - ~fi2e- j60 ° 4 - V3, and B = <?/ 45 / 
(2 - yl), find A + B, AB, A — B, and A/B. Express your 
results both in polar and rectangular form. 

11.10 Given that Z = 3 + j2, find both the polar and rect¬ 
angular form of Z*, \jZ , Z + Z*, Z - Z*, ZZ\ ZJZ *, and 
Z*/Z. 

11.11 Find the real part of 20e iia)t+3nf4 >/(3 - ;4), and ex¬ 
press it in the standard cosine form, with the phase angle in 
degrees. 

11.12 (a) Given the differential equation d 2 y/dt 2 +l dy/dt + 
9 y = 2 {dxjdt — 5jc), express it in phasor form, with X and Y 
being the phasors of x and y. (b) Obtain relationships between 
|F| and |3T|, and between <£ Y and X if 00 = 2 rad/s. 

11.13 Given that two phasors satisfy Y/X = (Joy — 1)/ 
(2 — ti) 2 + y'Sftj), find a differential equation relating the corre¬ 
sponding ac signals y(z) and x(t). Hence, find y(Z) if x(t) = 
10 cos (5/ — 30°). 

11.2 AC Impedance 

11.14 Find the polar and rectangular forms of the impedance 
exhibited by (a) a 100-mH inductance at 100 Hz, (b) a IO-/ 2 F 
capacitance at 100 rad/s, (c) a 1-pF capacitance at 1 GHz, 
(d) a 100-/2H inductance at 500;r krad/s, and (e) a l-k£2 resis¬ 
tance at 2 jt 60 rad/s. 

11.15 (a) Find the inductance needed to achieve an impe¬ 
dance of y 10 £2 at 100 kHz. What is its reactance at 1 kHz? 
(b) Find the capacitance needed to achieve an impedance of 
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—j 5 £2 at 10 kHz. What is its reactance at 1 MHz? (c) Find 
the resistance needed to achieve an impedance of 100 £2 at 
60 Hz. 

11.16 (a) Find the range of frequencies over which a 1-^iF 

capacitance exhibits an impedance Zc such that 1 £2 < \Zq | < 
1 k£2. (b) What is the range of values achieved over the same 
frequency range by the magnitude \Zt | of the impedance of a 
1-mH inductance? 


11.22 A source V — 1 0/0° V drives an unknown impedance 
made up of a resistance in series with an unknown reactance. 
If at co = 1 krad/s the current is / = 3 — j4 mA, what is / at 
a> = 2 krad/s? At co = 0.5 krad/s? 

11.23 At 60 Hz the individual impedances of a series RLC 
circuit are Zr = 3 £2, Z L = j 3 £2, and Zc — - j 4 £2. Find 
the current /(f) drawn by the circuit in response to the applied 
voltage u(f) = 15 cos (2 jt 120/ +30°) V. 


11.17 (a) Find the impedance Z\ that must be connected in 
parallel with Z? = 3 — y'4 £2 to achieve Z p = 4 - ;3 £2. Is Zj 
capacitive or inductive? (b) Find the impedance Z 3 (capacitive 
or inductive?) that must be connected in series with Z 4 = 
1 0/60° £2 to achieve Z s = 10 £2. 

11.18 (a) In the circuit of Figure 11.11 derive a general ex¬ 
pression for Z = R{oi) +jX (&)). (b) Show that X(co) vanishes 
for v; — do and to = 1/V LC — L 2 }R^. (c) Verify that the 
corresponding expressions for R(co) reduce to R\ + R2 and 
Rl + L/(R 2 C). 

11.19 Consider the circuit of Figure 11.11, but with the ca¬ 
pacitance and inductance interchanged with each other, 
(a) Derive an expression for Z = R(co) + jX(co). (b) Find 
the frequencies for which X (co) vanishes, and the correspond¬ 
ing expressions for R(co). 

11.20 In the circuit of Figure PI 1.20 find the impedance 
between (a) nodes A and D, (b) nodes B and D, and (c) nodes 
C and D. 


-ft £2 


B c 

—9 


ft o; 


1 Q 


-j2 £2 


Figure P11.20 

11.21 The frequency of the ac source in Figure PI 1.21 is 
adjusted until i is in phase with v. If the peak value of v is 
10 V, find that frequency as well as the peak value of i at that 
frequency. 


2£2 



Figure P11.21 


11.24 Assuming co= 10 krad/s in the circuit of Figure PI 1.24, 
find the impedance Z between terminals A and B if terminals 
C and D are (a) open-circuited, and (b) short-circuited. 


1 pF 



Figure P11.24 

11.25 (a) In the circuit of Figure PI 1.24 find an expression 
for the admittance Y(oo) between terminals C and D. (b) Find 
the low- and high-frequency limits of Y, and justify them phys¬ 
ically. (c) Find the frequency co at which | F| is maximum, and 
the corresponding polar value of Y. 

11.26 In the circuit of Figure PI 1.26 let Z = R-\- jX and Y — 
G + jB denote, respectively, the impedance and admittance 
between terminals A and B. Find the frequencies at which 
(a) R = 3 k£2, (b) X = -2 k£2, (c) G = 1/(2 k£2), and 
(d) B = 1/(3 k£2). 


1 k £2 
A 0 -AAA 


2 pF 


Bo 


5 k£2 


Figure P11.26 


11.27 (a) Obtain simple series and parallel equivalents of 
Z = 5 /60° k£2 at to = 1 Mrad/s. (b) Obtain simple series and 
parallel equivalents of Z = 1 0/—30° k£2 at co = 100 krad/s. 

11.28 (a) Given a parallel RLC circuit with L = 10 mH, 
find R and C so that the impedance of the circuit at co = 
10 krad/s is Z p = 500/0° £2. (b) Find the two frequencies at 
which \Z P | = 250 £2. 
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11.29 If to = 100 krad/s in the circuit of Figure PI 1.29, find 
a simple series equivalent for Z s to cause V to be in phase 
with I. 



Figure P11.29 

11.30 (a) Show that the impedance seen looking into the 

primary of the transformer of Figure 11.30 is Z\ ~ Zjjn 2 , 
(b) If n = 10 and the secondary is terminated on a resistance 
R 2 = 10 k£2 in parallel with a capacitance C 2 = 1 fiF, find 
the equivalent resistance R\ and capacitance C\ seen looking 
into the primary. 



Z| — 

Figure P11.30 

11.31 Find Y, G, and B in the circuit of Figure PI 1.31. 



Y 

Figure P11.31 


11.3 Frequency-Domain Analysis 

11.32 In the circuit of Figure PI 1.32 find u, for v a = 
3 cos (27rl0 5 f -|- 20°) V. 



Figure P11.32 

11.33 (a) In the circuit of Figure PI 1.33 find t; for i<> = 

2.5 cos (2 jt 10 5 r — 15°) mA. (b) Repeat, but with the induc¬ 
tance and capacitance interchanged with each other. 



Figure P11.33 


11.34 Using the proportionality analysis procedure, find v in 
the circuit of Figure PI 1.34 if i = 12 cos 10 3 r A. 


15 mH 15 mH 



Figure P11.34 


11.35 Repeat Problem 11.34, but using source transforma¬ 
tions. 

11.36 Using the proportionality analysis procedure, find I in 
the circuit of Figure PI 1.36. 


2£i 2CI 



I 


Figure P11.36 

11.37 Using the proportionality analysis procedure, find the 
phasors of the voltages across the l-£2 resistances in Fig¬ 
ure PI 1.37. 



Figure P11.37 
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11.38 (a) If t>j = 10cos 10 5 / V and v 2 = 20sinl0 5 f V 

in the circuit of Figure PI 1.38, find v via the node method, 
(b) Check your result using source transformations. 



Figure P11.38 

11.39 If U| = 20sin 10 5 r V and v 2 = lOcos 10 5 t V in the 
circuit of Figure PI 1.38, find v via the loop method, (b) Check 
your result using the superposition principle. 

11.40 Apply nodal analysis to the circuit of Figure PI 1.40 
to find the current supplied by the source. 


2nF 



Figure P11.40 

11.41 (a) Find l x in Figure PI 1.41 using the node method, 

(b) Check your result using the loop method. 



Figure P11.41 

11.42 Apply nodal analysis to the circuit of Figure PI 1.42 
to find the voltage across the current source. 


2mH 



11.43 Repeat Problem 11.42, but using loop analysis. 

11.44 Use the node method to find the voltage across the 
current source in the circuit of Figure PI 1.44. 


-j 20 



11.45 Use the loop method to find the current through the 
voltage source in the circuit of Figure PI 1.44. 

11.46 In the circuit of Figure PI 1.46 use the loop method to 
find i x . Use the node method to check your result. 


120 cos 


10 5 * V 


2 20 mH 30 mH 3 

1—av— w—t— / Tnnp _ wv—j 

"‘“lOnF 


1 kil 


k r / ( 

jfc r = 4kil 


Figure P11.46 


11.47 In the circuit of Figure PI 1.47 find the phasor of the 
current through the voltage source and the phasor of the voltage 
across the current source. 



11.48 Find /) and Ii in the circuit of Figure PI 1.48. 



Figure P11.42 


Figure P11.48 
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11.49 Find Z at a) = 10 5 rad/s in the circuit of Figure PI 1.49. 
Is Z capacitive or inductive? 


100 £1 



Figure P11.49 


11.50 (a) Find Z at a> = 10 5 rad/s in the circuit of Fig¬ 

ure PI 1.50. Is Z capacitive or inductive? (b) Repeat, but with 
the inductance and capacitance interchanged with each other. 


10 mH 



Figure P11.50 

11.51 If in the circuit of Figure PI 1.20 a source V = 5 /0° V 
is connected between nodes A and C, positive at C, find the 
current I out of the source’s positive terminal. 

11.52 Obtain a relationship between V 0 and V, in the circuit 
of Figure PI 1 . 52 , and verify that (a) |V<,| = |V,| regardless of 
o), and that (b) sweeping o> from 0 to oo causes the phase 
difference < V 0 — <£ Vj to change from 0 to — 180 °. Can you 
justify this physically? 


L 



Figure P11.52 


11.53 Find the Thevenin and Norton equivalents of the cir¬ 
cuit of Figure PI 1.53 with respect to terminals A and B. 


10/30° A 



-P a 


«A 


•OR 


Figure P11.53 

11.54 Find the Norton equivalent of the circuit of 
Figure PI 1.54 with respect to terminals A and B. 


(2£1-')V. -/IQ 



Figure P11.54 

11.55 Find the Thevenin equivalent of the circuit of Fig¬ 
ure PI 1.55 with respect to terminals A and B. 


2kO 



11.56 Find the Norton equivalent of the circuit of 
Figure PI 1.56 with respect to terminals A and B. 



20/90° V 
( 0 = 10 4 rad/s 


11.57 Find i x in the circuit of Figure PI 1.46 if the l-k£2 
resistance is changed to (a) a 2-k£2 resistance, (b) a 25-mH 
inductance, and (c) a 20-nF capacitance. (Hint: Replace the 
circuit external to the l-k£2 resistance with its Thevenin equiv¬ 
alent.) 

11.58 (a) Find the Thevenin and Norton equivalents of an 
active ac port, given that it yields the terminal voltage v — 
2cos(10 3 f - 15°) V when terminated on a l-k£2 resistance, 
and v — 3 cos (10 3 r — 105°) V when terminated on a 1-/*F 
capacitance, (b) What is the terminal current if the port is 
terminated on a 1-H inductance? 
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11.59 (a) Show that if 

Zi/Z 2 = Z 3 /Z 4 

in the impedance bridge of Figure PI 1.59, then the bridge is 
balanced, that is, it yields V 0 — 0 regardless of V s . (b) If 
at cd = 10 4 rad/s Z x = 1 + j2 k£2, Z 2 = 2 - 71 k£2, and 
Z 3 = 1 + j l k£ 2 , find simple series and parallel equivalents for 
Z 4 to balance the bridge. 



Figure P11.59 


11.60 The bridge of Figure P11.60, known as a capacitance 
comparison bridge, is used to find an unknown capacitance C x 
having stray series resistance R x , via null measurements. 



Figure P11.60 


(a) Using the balance condition of Problem 11.59, show that 
the bridge is balanced for all a> if C x = R\C 2 /R 3 and R x = 
RiRi/R\- 

(b) Suppose is a 1-kHz ac source, v 0 is monitored with 
earphones, C 2 = 5,000 nF, Rj = 2.000 k£2, and R\ and R 2 
are varied until the sound disappears. If J? 1 and R 2 are found 
to be, respectively, 1.234 k£2 and 0 £2, what are the values of 
C x and R X 1 

11.61 The bridge of Figure PI 1.61, known as the Maxwell 
bridge, is used to find an unknown inductance L x having stray 
series resistance R x . via null measurements. 


(a) Using the balance condition of Problem 11.59, show that 
the bridge is balanced for all to if L x = R 2 /? 3 Cj and R x = 

R2Rj,/R\. 

(b) Suppose Ci = 10.00 nF, R 3 = 100.0 £2, and R x and R 2 are 
varied until a null is detected. If #1 and R 2 are found to be, 
respectively, 6789 £2 and 2345 £2, what are the values of R x 
and L x ? 



11.62 The bridge of Figure P11.62, known as the Hay bridge, 
is used to find an unknown inductance L x having stray series 
resistance R x , via null measurements. 



(a) Using the balance conditions of Problem 11.59, show that 
the bridge is balanced at a given frequency a> if 

R 2 R 3 C\ w 2 R\R 2 R 3 C 2 

L x = - - and Rx = - - 

l + (ft>fllCi ) 2 ' l + (ftj/?iC ]) 2 

(b) If at 100 kHz the bridge is balanced with R\ = 25.33 £2, 
Ci — 100.0 pF, and R 2 = R 3 = 1.000 k£2, find R x and L x . 

11.63 (a) Using the balance condition of Problem 11.59, find 

whether an impedance bridge with Zi = Z 3 = 1 k£2, Z 2 = 
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jl k£2, and Z 4 = —j 1 kf2 balances, (b) Using the balance 
conditions of Problem 11.61(a), find whether a Maxwell bridge 
with R\ = 4 kQ, C\ = 1.5 jlaF, R 2 = 8 k£2, = 1 kS2, 

R x = 2 k£2, and L x = 12 H balances at co = 1 krad/s. 


11.4 Op Amp AC Circuits 

11,64 (a) Show that the circuit of Figure PI 1.64 is an in¬ 

verting integrator with V c = [—1 /(jwkRC)]Vj, where k = 
1 + R 2 /R\ + Ri/R- (b) Using a 0.1-/^F capacitance, select 
resistances not greater than 100 k£2 to yield Y 0 = — (1 /jw)Vj. 



11.65 (a) Show that the circuit of Figure PI 1.65 is a non¬ 

inverting integrator with V 0 = [l/(ja>RC)]Vj. (b) Specify 
component values so that \ V 0 \ — |V,-| for co = 1 krad/s. 



Figure P11.65 


11.66 (a) In the circuit of Figure PI 1.66 find v a (t) if i>;(0 = 

2 cos (10 4 / 4 - 90°) V. (b) Repeat, but with the capacitance and 
resistance interchanged with each other. 



Figure P11.66 


11.67 (a) Show that the circuit of Figure PI 1.67 is a nonin¬ 

verting differentiator with V 0 = j(i)2RCVj. (b) Specify com¬ 
ponents for |V 0 | = 101 Vf | at co = 1 krad/s. 


*1 *1 



Figure P11.67 

11.68 (a) Show that the circuit of Figure PI 1 .68 is an induc¬ 

tance simulator with Z = ja>L e where L eq = R 1 R 2 R 4 C/R 3 . 
(b) If C = 1 nF, specify suitable resistances to synthesize a 
10-mH inductance. 
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11.69 In the circuit of Figure PI 1.69 find v 0 (t) if u,(f) = 
10 cos cof V, and co = (a) 0.1 krad/s, (b) 1 krad/s, (c) 10 krad/s. 



Figure P11.69 

11,70 In the circuit of Figure PI 1.70 find v 0 (t) if u,- (f) = 
10coscut V, and at = (a) 1 krad/s, (b) 10 krad/s, (c) 100 krad/s. 


10 nF 



Figure P11.70 

11.71 Derive a relationship between the output and input 
phasors V a and V; of the circuit of Figure PI 1.71. Hence, show 


that \V 0 \ = |Vi| x H m , where H m is the band-pass function 
introduced in Section 8.4. What are the values of coo and Q1 



11.5 AC Analysis Using SPICE 

11.72 Solve Problem 11.44 via SPICE. 

11.73 Use SPICE to find Z in the circuit of Figure PI 1.50. 
Have your result printed both in polar and rectangular form. 

11.74 In Figure P11.34 let /(f) = \co%2nft A. Use the 
Probe post-processor to display the decade frequency plot of 
the amplitude and phase angle of u(f) over the range 10 Hz 
< / < 100 kHz. Hence, justify the claim that the circuit is a 
low-pass filter. 

11.75 Solve Problem 11.55 via SPICE. 

11.76 Solve Problem 11.66 via SPICE. 

11.77 Solve Problem 11.70 via SPICE, and obtain the fre¬ 
quency plot of the amplitude of v„{t) for 10 3 < co < 
10 5 rad/s. 
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12.5 
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12.3 
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12.6 

SPICE Analysis of 3-<p Systems 


I n this chapter we apply phasor techniques to the study of ac power and three- 
phase (3-0) systems, the most widely used power generation and distribution 
systems. Our interest in ac power stems from a variety of reasons. First, 
electrical power is most efficiently and economically generated, transmitted, 
and distributed in ac form. Second, all electrical and electronic devices and 
systems have power ratings that must not be exceeded if satisfactory operation 
is desired. Finally, power is a precious resource, and whether we are designers 
or users of electrical equipment, it is our responsibility to strive for an efficient 
utilization of this resource. After all, ac power forms the basis of our monthly 
bill from the electric utility company. Depending on the application, the amount 
of power involved may range from a few picowatts (1 pW = 1CT 12 W) as in 
telecommunication signals, to several gigawatts (1 GW = 10 9 W) as in large 
power-generating plants. This is an amazingly wide range of values! 

We begin by examining the transfer of power from an ac source to a load 
impedance and find that the average power, which is the type of power of greatest 
practical interest, depends not only on the magnitudes of the voltage and current 
but also on their phase difference. Moreover, power transfer is maximized when 
the load impedance is made equal to the complex conjugate of the impedance 
of the source, a condition referred to as ac matching. 

A distinguishing feature of a load containing reactive elements is that in 
addition to the irreversible flow of energy from the source to the load, where 
it is converted from electrical to nonelectrical form such as heat or mechanical 
energy, there is also a flow of energy back and forth between the source and the 
reactive elements of the load. This phenomenon, stemming from the ability of 
reactive elements to store as well as release energy, may unduly tax the power 
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generation and distribution systems, thus calling for means of easing the capacity 
demands upon these systems. This is achieved through a technique known as 
power-factor correction. 

A major drawback of power sources such as the common household utility 
power, also called a single-phase (1-0) source, is the pulsating nature of the 
instantaneous power flow from source to load. When it comes to generating, 
transmitting, and utilizing large banks of power, 3-0 systems are decidedly 
superior because of their ability to ensure a constant power flow. Consequently, 
3-0 motors or generators experience a uniform torque and thus operate more 
smoothly and efficiently. 

In this chapter, after reviewing the concept of instantaneous power, we 
develop the concepts of average power, reactive power, power factor, maximum 
power transfer, ac matching, and power-factor correction. We also introduce the 
concept of complex power as a useful analytical tool in ac power calculations. 

We then turn to 3-0 systems and investigate Y-connected and A-connected 
sources and loads, as well as transformations from one type of connection to the 
other. The 3-0 systems of greatest practical interest are the balanced Y-Y and 
Y-A systems, and we show how their analysis can be reduced to that of a 1-0 
equivalent. 

Finally, power calculations and power measurements in 1-0 and 3-0 sys¬ 
tems are demonstrated via a variety of actual examples. We conclude by illus¬ 
trating the use of SPICE to analyze 3-0 systems. 


12.1 AC Power 

Applying an ac signal to a circuit containing resistive as well as reactive ele¬ 
ments as in Figure 12.1 results in power transfer from the source to the circuit, 
henceforth referred to as the load. Let the applied signal be a current, whose 
phase angle we assume to be zero for simplicity, 

(12.1a) 

The resulting voltage is then 

(12.1b) 


i = Q! 

(a) (b) 






Figure 12.1 AC source driving a load: (a) time domain and 
(b) frequency-domain representation. 








where 0 represents the phase angle of voltage relative to that of current. If 
0 > 0, v leads i (or i lags v), indicating an inductive load. Conversely, if 
0 < 0, v lags i (or i leads i>), and the load is capacitive. 

An example of ac current and voltage waveforms is shown in Figure 12.2, 
top. The instantaneous power is p(t) = u(/)/(r). Its diagram can be obtained 
by multiplying out the voltage and current waveforms point by point, as shown 
at the bottom. The alternations in the polarity of p(t) indicate that the load 
absorbs energy when pit ) > 0 and returns energy to the source when p(t ) < 0, 

p(t ) > 0 •<=>■ load absorbs energy 

pit) < 0 -<==> load releases energy 


V, l 



Figure 12.2 Instantaneous current, voltage, and 
power. 


Even though both iit) and i>(r) average to zero, pit) is in general shifted 
upward, indicating that the load, on average, absorbs more power than it returns 
to the source. From symmetry, the average ac power P is represented by the 
dashed line halfway between the upper and lower peaks of pit). We now wish 
to find P. 


The Power Factor 

By Equation (12.1), pit) = t>(f)/(f) = V, fl cos(wf+ 0) x l m coscot. Using the 
trigonometric identity cos a cos fi = |[cos (a + /?) + cos (a — ^)], we get 


[ ' 

1 1 

pit) = — V m l m cos0> + — V m l m cos f2o)t -(- 0) 


( 12 . 2 ) 
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This expression indicates that the instantaneous power consists of two compo¬ 
nents: (a) a time-independent component having the value (1/2) V m I m cos0, and 
(b) a time-dependent component having amplitude (l/2)V m / m and oscillating at 
twice the applied frequency. Since the time-dependent component of pit) av¬ 
erages to zero, it follows that the time average P of pit) coincides with the 
constant term. 


(12.3a) 


where P is in watts (W). Since for ac signals V ms = V m jjl and / rms = l m /V 2, 
we can also use the form 

(12.3b) 

We identify three important cases: 

(1) 0 = 0°. This condition arises when v and i are in phase with each 
other, as in the case of a purely resistive load. Since cos0° = 1, 
Equation (12.2) reduces to 

Pit) = i 1^4(1 + cos 2cot) (12.4) 

This function alternates between 0 and V m I m and is thus always positive, 
indicating that energy transfer is at all times from the source to the load. 
Moreover, since cos 0 is maximized, so is P. This maximum, obtained 
by letting cos0 = 1 in Equation (12.3), is denoted as S and is called 
the apparent power, 


(12.5) 


Even though it has the same dimensions as P , S is expressed in volt- 
amperes (VA) to distinguish it from P. 

(2) 0 = ±90°. This condition arises when the circuit is purely reactive. 
Since cos ±90° = 0, Equation (12,2) reduces to 

pit) - ^V m I m cos i2cot ± 90°) (12.6) 

which averages to zero. This confirms that purely reactive loads dis¬ 
sipate no power. The energy absorbed during a positive alternation of 
pit) is returned to the source during the subsequent negative alternation. 

(3) More generally an ac circuit will be partly resistive and partly reactive, 
indicating that cos0 will generally lie between zero and unity. By 
Equation (12.3) we thus expect 





0 < P < S 


(12.7) 
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The term cos 0, called the power factor (pf), 

pf = cos0 (12.8) 

is, in general, frequency dependent because so is 0. Hence, the average 
ac power P is also frequency dependent. 

We observe that since cos{—0) = cos0, the power factor is the same 
whether current lags or leads voltage by the given phase angle. To resolve any 
ambiguity, we use the designations leading pf and lagging pf, the terms leading 
and lagging referring to the phase of current relative to voltage. Clearly, 

leading pf capacitive load 

lagging pf inductive load 


^Example 12.1 


Find the apparent power as well as the average power delivered by the 
source in Figure 12.3. What is the pf of this circuit? Is it of the leading 
or lagging type? 


100 cos 2rel0 3 rV L 


0.47 pF 


127012 S 50mH 


Figure 12.3 Circuit of Example 12.1. 


Solution 

We need to find V m , I m , and 0. By inspection, V = 100/0° V. By Ohm’s 
Law, I = V/Z, where Z = Zq + Zr || Z^,, or 

. 1 , j<»LR 

Z — —j —-— +- 

toC R + ja)L 

—j 1 j2n\0 3 x 0.05 x 270 

“ 2jt 10 3 x 0.47 x 10 “ 6 + 270 + jlnXQf x 0.05 

- -,-338.6+ j84 - 823 = -,-338.6 + j 84.823 270 ,- 33l t 
270 + 7 314 J J 270 2 + 314 2 

= 155.3 - /205.2 = 257.3 /-52.88 0 £1 

indicating a capacitive load. Then, 

V 100/0° 

J _ _ _ *- r\ lO £.£. I OOO A 


257.37-52.88° 


= 0.3866/52.88° A 
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indicating a leading pf. Finally, we have 

S = \ x 100 x 0.3866 = 19.43 VA 
2 

pf = cos 52.88° = 0.6035, leading 
P = 19.43 x 0.6035 = 11.72 W 


Remark The source delivers an apparent power of 19.43 VA; however, I 
only 11.72 W, or 60.35% of it is dissipated as heat. ^ 


Exercise 12.1 Repeat Example 12.1, but with the capacitance and the 
inductance interchanged with each other. 

ANSWER 20.3 VA, 13.6 W, 0.67, lagging. 


Power and Impedance 

Additional insight can be gained by referring to the frequency-domain repre¬ 
sentation of Figure 12.1(b). Since (f> - <V - <1 and Z = V/I, it follows 
that 


0 = <Z 


(12.9) 


indicating that Equation (12.3) can also be written as 


P — Vr ms / rms cos 4T Z 


( 12 . 10 ) 


An alternate expression for P is obtained by letting V rms = |Z| x / rms , so that 
P = |Z[/ r 2 ms cos <Z. But, |Z| cos <Z = R(oj), so 


P = Rfo)/ r L 


( 12 . 11 ) 


The similarity with the expression for ohmic power of Equation (2.7) suggests 
the following physical interpretation for ac resistance: 


R((o) represents the ability of a circuit to dissipate power in response to ac 
current. 


Recall from Section 11.2 that R((d) does not necessarily coincide with the ohmic 
resistance of the circuit. Moreover, the ability to dissipate ac power depends 
not only on the elements and the way they are interconnected but also on the 
operating frequency to. 

We can obtain yet another useful expression for P as follows: By Equa¬ 
tion (12.11), / r 2 ms = P/R(oj). Squaring both sides of Equation (12.10) yields 
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P z = (V Tms cos<t>) 2 P/R(a>), or 


(Kins COS 0) 2 

R(co) 


( 12 . 12 } 


^Example 12.2 


An ac circuit is connected to the 120-V (rms), 60-Hz household ac line 
and dissipates an average power of 1 kW with a leading pf of 0.75. Find 
simple series and parallel equivalents for the circuit. 

Solution 

With a leading pf, voltage is lagging and, hence, 4> is negative, indicating 
a capacitive impedance. We have 

<f> = -cos~'pf = - cos -1 0.75 = -41.41° 


Moreover, letting Z — R + jX, we have 


R = 


(V rms cos0) 2 (120 x 0.75) 2 


= 8.1 ft 


P 10 3 

X = 7? tan 0 — 8.1 tan (-41.41°) = -7.144 ft 


The elements R s and C, of the series equivalent must be such 
that R s = R = 8.1 ft and —l/(oC s = X , or C s = -1/toX = 
— 1/[2jt 60(—7.144)] = 371.3 pF. 

For the parallel case, it is better to work with the admittance 
Y — G + jB, where, as discussed in Section 11.2, 


G = 


8.1 


R 2 + X 2 8.1 2 + 7.144 2 


= 69.44 x 10“ 3 ft' 


-X -(-7.144) 
R 2 + X 2 ~ 8.1 2 + 7.144 2 


= 61.24 x 10“ 3 


ft " 1 


The elements R p and C p of the parallel equivalent must be such that 
R p = 1/G, or R p = 1/(69.44 x 10 -3 ) = 14.40 ft and a)C p = B, or 
C p = Bfa> = 61.24 x 10 _3 /377 = 162.5 pF. The two equivalents are 
shown in Figure 12.4. 



8.i a 


Q 

371.3 pF 


o- 

(a) 



Figure 12.4 Circuit equivalents for Example 12.2. 


i 
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Exercise 12.2 Repeat Example 12.2, but for a lagging pf 

ANSWER 8.1 £2 in series with 18.9 mH; 14.4 £2 in parallel with 
43.3 mH. 




Example 12.3 

A series RL circuit is connected to the household ac line. If the voltage 
across the inductance is 60 V (rms) and the average power dissipated by 
the circuit is 25 W, what are the values of R, L, and pf! 


Solution 


By the ac voltage divider formula, we must have 


60 _ Z L 

120 Z{f + Zi 


coL 

%/R 2 + {(oL ) 2 


Squaring both sides yields 0.25 = ( toL) 2 /[R 2 + (mL) 2 ], or 0.25 R 2 + 
0.25(ct)L) 2 = (coL) 2 . Collecting terms and taking the square root of both 
sides yields coL = Rj*J 3. 

We also know that for the series RL combination we have 
Z — R -y ja>L , so <p = tan ~ l (a>L/R) = tan -1 (l/V3) = 30°. Hence, by 
Equation (12.12), we must have 25 = (120cos30°) 2 //?, or R = 432 £ 2 . 
Finally, L = Rfs/lxo = 432/(V^3 x 2jt60) = 0.6616 H. Clearly, 
pf= cos 30° =0.8660. 


Exercise 12.3 A series RC circuit is connected to the household ac 
line. If the voltage across the resistance is 30 V (rms) and the average 
power dissipated by the circuit is 50 W, what are the values of R, C, 
and pf! 

ANSWER 18 £2, 38.05 /iF, 0.25, leading. 


Maximum Power Transfer 

In our study of resistive circuits, in Section 4.4, we found that power transfer 
is maximized when the load is made equal to the source resistance, a condition 
also referred to as matching. We now wish to examine power transfer for the 
case of an active ac port driving a load impedance 


Z l = R l + jX L 


(12.13) 
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Note that subscript L now identifies parameters associated with the load. Given 
the present context, there should be no reason for confusion with inductance! 
Once we replace the active port with its Thevenin equivalent, consisting of a 
voltage source Voc and a series impedance 


Z e q — /? e q + jX e q 


(12.14) 


we end up with the situation of Figure 12.5. We wish to find suitable conditions 
for the load parameters R L and X L that will maximize power transfer to the 
load. 

By Equation (12.11), the load power is Pi — Ril 2 mf , = (l/2)/? L /^, where 
l m = IVoc/tZeq +Z t )|. Using Equations (12.13) and (12.14) and applying the 
rules of Section 11.1 yields 

p = I* -- (12.15) 

2 L {R t q + R L ) 2 + {X t q + Xtf 

On average, reactances absorb zero power and thus any nonzero value of 
(■X”eq 4- Xl) 2 would only reduce Pi. We can easily eliminate this term alto¬ 
gether by imposing 



Figure 12.5 Circuit to 
investigate power transfer. 


X L = -X eq (12.16a) 

After this is done, we are left with the problem of finding the condition for 
Ri that will maximize Pi = ^IVod 2 /?*./(/f e q + Rl) 2 - But this problem has 
already been solved in Section 4.4, where it was shown that Pi is maximized 
when 


Rl = R t q (12.16b) 

Equation (12.16) is expressed concisely as Rl + jXi = R eq — jX e q, or 


zl = z: q 


(12.17) 


In words, power transfer from an active ac port to a load is maximized when 
the load impedance is made equal to the complex conjugate of the equivalent 
impedance of the port. When this condition is met, the load is said to be 
matched to the active ac port. Physically, the equivalent reactance of the ac 
port and that of the load cancel each other out, in effect forming a short circuit. 
In light of the observations at the end of Section 11.2, we can state that the ac 
port and its matched load form a resonant circuit. 

The maximum average power is P/.( ma)l ) = (1/2)| Voc| 2 7? e q/(/? eq + R eq ) 2 , or 


P /.(max) 


1 IVocI 2 

8 /?eq 


(12.18) 
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Example 12.4 


(a) In the circuit of Figure 12.6(a) find the load that will receive the 
maximum power. 

(b) What is this power? 



(b) 


Figure 12.6 Circuit of Example 12.4 and its Thevenin 
equivalent with a matched load. 


Solution 

(a) First, find the Thevenin equivalent of the ac port exclusive of 
the load. Using the ac voltage divider formula, 

V„r = ~ ;3 10/0° = 6/-53.13° V 
4-/3 

With the source suppressed, the impedance Z eq seen by the 
load is 

-7 .1 , r* II , -1 , A(-j3) .^A + j3 

Ze, = Ji + [4 II (-j3)i = ji + J—J = J 1 -yizjnjrp 

= jl - j 1.92+ 1.44= 1.44 — /0.92 Q 

Figure 12.6(b) shows the Thevenin equivalent as well as the load 
required for maximum power transfer, Z £ = 1.44 + j 0.92 £1 

(b) By Equation (12.18), P Llmn) = (1/8) x 6 2 /E44 = 3.125 W. 


Exercise 12.4 Repeat Example 12.4, but with the capacitance and 
inductance interchanged with each other. 


ANSWER Z L = (4 + j35)J\1 Q, E £(max) = 3.125 W. 
















12.2 Complex Power 


Average power is of great importance because it provides the basis for consumer 
billing by the utility company. However, from the viewpoint of power genera¬ 
tion and transmission, average power alone is not enough to fully characterize 
the capacity requirements and efficiency of the system. There are additional 
parameters that we must take into consideration. 


Real and Reactive Power 


Let us start with the expression for the instantaneous power of Equation (12.2). 
Using the trigonometric identity cos (a + jfi) = cos a cos fi — sin a sin along 
with 2 V>n An — Kms we obtain 

p(t) = lAm* Amslcos 0 + cos 2 cot cos 0 — sin 2 ait sin 0] 


where 0 is the phase difference between voltage and current. It is readily seen 
that if we introduce the quantities 


(12.19) 

( 12 . 20 ) 


then p{t) can be decomposed into two separate components, 


P — Vrms/rms COS 0 

Q = V rms / rms sin0 


pit) = PR it) - pxit) ( 12 . 21 ) 

where 

Pxit) = P{1 + cos2£t>r) (12.22a) 

Px(0 = Qsinlcot (12.22b) 


As illustrated in Figure 12.7, the component p R (t) alternates between 0 and 
2 P and averages to P. To understand its significance, rewrite Equation (12.19) 
as P = [(V r ms/Ls) x cos0]/ r 2 ms = (Z m cos0)/,^ s , or 



(12.23a) 


Clearly, p R it) represents the instantaneous power absorbed by the resistive com¬ 
ponent Rico) of the load. Aptly called the instantaneous real power, p R it) is 
irreversibly converted from electrical to nonelectrical form. Accordingly, the 
average power P is also referred to as the real power. As we know, the SI unit 
of P is the watt (W). 

The component pxit) alternates between +Q and — Q and averages to zero; 
consequently, it does not intervene in the irreversible power-transfer process. 
To understand its significance, rewrite Equation (12.20) as Q = [(Vnns/Ams) x 

sin 0)Ams> ° r 


Q = 


(12.23b) 
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Figure 12.7 The instantaneous power p(l), along with 
its real and reactive components prO) and px(t). 


Q accounts for the energy exchange between the source and the reactive compo¬ 
nent X (co) of the load. During the half-cycle when p x > 0, energy is stored in 
the electric or magnetic fields of the reactive elements, and during the half-cycle 
when p x < 0, energy is returned to the source. For obvious reasons, Q is 
referred to as the reactive power. Even though it has the same dimensions as 
P , we express Q in volt-amperes reactive (VAR) to distinguish it from P. 

Recall that in inductive loads voltage leads current and thus tp > 0; con¬ 
versely, in capacitive loads voltage lags current and thus (j> < 0. We conse¬ 
quently have, by Equation (12.20), 

Q > 0 for inductive loads 
Q < 0 for capacitive loads 

Power engineers recognize this difference by saying that inductive loads con¬ 
sume and capacitive loads produce reactive power. Using Equations (12.19) and 
(12.20), it is readily seen that once P and 0 or P and pf are known, Q is found as 

Q = P tan0 = P tan(± cos -1 /?/) (12.24) 

where we use the + sign if the load is inductive (lagging pf), and the - sign if 
the load is capacitive (leading pf). 


Example 12.5 

If the household ac voltage is applied to a load Z = 100 + ;300 Q, find 
S, P, and Q. Hence, assuming < / = 0, find p(t), p R (t), and p x (t). 

Solution 

2co = 2 x 2j r60 — 75 4 rad/s. Moreover, V rms = 120 V and 
Ams = V rms /-\//E 2 + X 2 = 120/V100 2 + 300 2 = 0,3795 A. Thus, 

s = Vrms/rms = 120 X 0.3795 = 45.54 VA 
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P = Ri = 100 x 0.3795 2 = 14.40 W 
Q = XI^ S = 300 x 0.3795 2 = 43.20 VAR 
p(t) = p R {t) — px(t) = 14.40(1 + cos 754/) — 43.20sin754/ VA 




Exercise 12.5 Repeat Example 12.5, but with a load made up of a 
25-fi resistance in parallel with a 1 (X)-/aF capacitance. 

ANSWER S = 191.4 VA, P = 576.0 W, Q = -542.9 VAR. 


Power-Factor Correction 


Figure 12.7 shows that even though pxU) does not contribute to average power, 
it nevertheless places an additional burden upon the source, which, besides sup¬ 
plying the rated real power, must also contend with reactive power exchanges. 
This burden is especially undesirable in the generation and distribution of in¬ 
dustrial power. Indeed, rewriting Equation (12.3b) as 


4ms — 


xp/ 


(12.25} 


reveals that the current needed to supply a specified ac power at the rated line 
voltage is inversely proportional to the power factor of the load. Consequently, 
lower power-factors require that greater current-carrying capacity be built into 
the system. Moreover, the larger currents will result in greater ohmic losses in 
the power-line resistance, thus lowering efficiency. 

As an example, suppose 4> = ±45°; then pf = cos 45° = l/-s/2 = 0.707. 
Using Equation (12.25), it is readily seen that 


4ms(p/ = 0.707) 


= V2 I T 


ms<p/=l) 


1 ■4144ms(/i/=l) 


indicating that the current capacity of the system will have to be increased by 
41.4% in order to accommodate the reactive power exchanges that go with the 
lower power factor. Moreover, denoting the resistance of the power line as R| me , 
we have 




line i rms{p/ =0,707) 


— 2 X ^ii ne 4ms(/>/ = n 


indicating a doubling in line-power loss due to the reactive exchanges. 

It is apparent that in order to optimize power generation and distribution, 
it is desirable to have the power factor approach unity, or <p —> 0. When 
this condition is met, we have Q —> 0, so pxU) —> 0 and p{t) —*■ /?*(/). 
Such a condition is met by connecting a suitable reactive element at the load 
end of the line so that reactive power is now exchanged between the load and 
this element, rather than between the load and the source. This procedure is 
referred to as power-factor correction. Though the correcting element may be 
connected either in series or in parallel, the latter is generally preferred because 
it spares the element from having to carry the average power absorbed by the 
load. Moreover, the parallel connection requires no wire cutting. 
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(a) (b) 

Figure 12.8 A load before and after power-factor correc¬ 
tion. 


Since we are dealing with parallel connections, our calculations are facil¬ 
itated if we work with admittances. Thus, let us consider the load of Fig¬ 
ure 12.8(a), having the admittance 


F=G + jB 


(12.26) 


Using Equation (12,23), along with Equation (11.59), it is readily seen that the 
real and reactive power of this load can be expressed as 

P = GV> (12.27a) 


Q = ~ bv L 


(12.27b) 


We now wish to find an element with susceptance B p that, when connected in 
parallel with the load as in Figure 12.8(b), will raise the power factor of the 
composite admittance Y + jB p = G + j(B + B p ) to unity. This is equivalent 
to imposing j(B + B p ) = 0, or 



(12.28) 


Once this condition is met, the composite load as seen by the source becomes 
purely resistive, Y+jB p — G. Hence, Q = 0, by Equation (12.27b). No longer 
having to contend with reactive exchanges, the source is now supplying only 
real power, pit) = p R {t). 

We can also justify this physically by recalling from Section 11.2 that the 
parallel combination of two equal but opposite reactances (or susceptances) acts 
as an open circuit, a phenomenon known as resonance. Though no current, and 
hence no power, enters or leaves the combination, the individual impedances do 
exchange current and power between themselves. It is thus fair to say that to 
raise its power factor to unity, the load must be made resonant . 

Most industrial loads are inductive and thus have lagging power factors. 
These factors are corrected by suitable banks of capacitors. Homes have power 
factors approaching 1 and thus do not require any correction. 




Example 12.6 


Find a suitable reactive element that, when connected in parallel with the 
load of Example 12.5, will yield pf = 1. 









Solution 


! With Z = 100 + /300 £2 we have pf = cos < Z = cos (tan -1 300/100) = 
0.316, lagging. To achieve pf = 1 we need a parallel capacitance 
C p such that coC p = B p = —B where, by Equation (11.58), 

B = —300/(100 2 + 300 2 ) = -0.003 B" 1 . Thus, C p = -B/to = 

j —(—0.003)/377 = 7.958 pF. 4 

\ 1 


Exercise 12.6 If in Example 12.6 we use a parallel capacitance of 
5 pF instead of 7.958 pF, what is the resulting power factor? What if we 
use 10 pFl 

ANSWER 0.668 lagging, 0.792 leading. 


In practical situations a pf suitably close to unity is often sufficient. More¬ 
over, the specifications are usually given in terms of the load impedance rather 
than the load admittance. Thus, given a load Z — R + jX, we wish to find a 
reactance X p that, when connected in parallel with Z, will raise the power factor 
of the composite load jX p || Z to a new value p/ new . Expanding the expression 
for the composite load and observing that p/ new — cos [< ( jXp || Z)], we readily 
find the desired reactance as 


(12.29) 


where we use the + sign if pf nevi is lagging, and the — sign if it is leading . An 
alternate useful form is obtained by multiplying numerator and denominator by 
/ r 2 ras . Recognizing that (R 2 + X 2 )I 2 mi — V 2 mi , and using also Equations (12.23) 



and (12.24), we obtain 




V 2 IP 

'rms/ J 


tan (± cos -1 />/ new ) - tan (± cos" >/ old ) 


(12.30) 


where P is the average ac power, and p/ old and p/ new are, respectively, the values 
of the power factor before and after correction. 


V 


Example 12.7 

An industrial plant is powered from a 220-V (rms), 60-Hz source, and 
it consumes 50 kW with pf = 0.75, lagging. Find a suitable bank of 
parallel capacitors to ensure pf = 0.95, lagging. What current must these 
capacitors be able to withstand? 
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Solution 


By Equation (12.30), 


220 2 /(50 x 10 3 ) 


Xp tan (cos -1 0.95) - tan (cos -1 0.75) 


= -1.750 Q 


We thus need a capacitor bank C p such that — 1 jajC f) = X p , or 
C p = — 1 iioX p = — 1/[2tt 60(— 1.750)] = 1516 /zF. The load and the 
correcting capacitor bank are shown in Figure 12.9. 


220 V (rras) 
60 Hz 




- 1 

If 

^ =L 

IT, 


P = 50 kW 

— 

pf= 0.75, 
lagging 



_ 1 


Figure 12.9 Power-factor correction for 
Example 12.7. 


By Ohm’s Law, the current through the capacitor bank is 
/ rms — Vrms/IZcpi = 220/1.750 = 125.7 A. This requirement must be 
kept in mind when specifying the capacitor bank. 


1 


Exercise 12.7 Find a suitable reactive element that, when connected 
in parallel with the load of Example 12.5, will yield pf — 0.95, lagging. 
What is the current through this element? 

ANSWER C p = 7.086 pF, / rms = 0.3206 A. 


Complex Power 


Squaring both sides of Equations (12.19) and (12.20) and adding terms pairwise 
yields P 2 + Q 2 = (Kms^rms) 2 (cos 2 (p + sin z (f>) = S 2 , where S = KmsW 
is the apparent power introduced in the previous section. This Pythagorean 
relationship suggests that P and Q can be regarded as the real and imaginary 
parts of a complex variable S called the complex power and having length S 
and phase angle 0, 


S = P + jQ = S[£ 


(12.31) 


This relationship is conveniently visualized in terms of a right triangle called 
the power triangle and having S as the hypotenuse, P as the horizontal side, 
and Q as the vertical side. 

As illustrated in Figure 12.10, the power triangle has, in turn, the same 
shape as the impedance triangle. In fact, combining Equation (12.31) and 









Equation (12.23), we can write S = (R 4- jX)I^ ms , or 



(12.32) 


indicating that the power triangle can be obtained from the impedance triangle 
simply by multiplying each of its sides by / r 2 ms . 




Figure 12.10 Impedance triangle and power triangle. 


Once again we emphasize that X and Q are positive for inductive loads and 
negative for capacitive loads. Hence, Z and S lie in the first quadrant if the load 
is inductive, and the fourth quadrant if the load is capacitive. The terminology 
and physical units are summarized as follows: 


S Apparent power [VA] 

P Real power [W] 

Q Reactive power [VAR] 


There is yet another insightful way of expressing the complex power of a 
load. Denoting the phasors of the voltage across the load and the current through 
the load as 

l^rms = Vrms / &v (12.33a) 

/rms = hms/Jh (12.33b) 

and exploiting the fact that / r 2 ms = / rms /? ms , Equation (12.32) yields S = ZI? ms = 
21rms(rms' But, by Ohm s Law, Z/ rms ~ Vrms • Hence, 



(12.34) 


The concept of complex power relates P, Q, and S, as well as V rms and / rms 
in a concise mathematical form, and it thus constitutes a useful analytical tool. 
Moreover, given an ac source driving a network of interconnected impedances, 
the following holds: 


AC Power Conservation Principle: The complex, real, and reactive power of 
the source equals, respectively, the sums of the complex, real, and reactive 
powers of the individual impedances. 

Be aware, however, that the apparent power of the source is generally different 
from the sum of the individual apparent powers! 
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Example 12.8 

In the circuit of Figure 12.11 a source V s feeds two industrial loads via 
a power line whose impedance Zi, ne is as shown. At the load end of the 
line a parallel capacitance bank C p is used to correct the power factor. 

(a) Assuming C p = 0, find the source voltage and current capacity 
required to ensure 220 V (rms) across the load. Hence, find the 
efficiency of the system. 

(b) Specify a suitable value for C p to ensure pf = 0.95, lagging. 
Hence, recompute the source capacity and the efficiency, and 
compare with the uncorrected case. 


0.1 + y ' 0.2 



Figure 12.11 Circuit of Example 12.8. 


Solution 

(a) At the load we have, by Equation (12.24), 

Q i = Pi tan0i = 8tan (— cos -1 0.8) = —6 kVAR 
Q 2 = P 2 tan 02 = 15 tan (cos -1 0.6) = 20 kVAR 
Hence, by the ac power conservation principle, 

5load = Si + S 2 = (8 - j6) + (15 4- >20) = 23 + j 14 kVA 
Moreover, the current is, by Equation (12.34), 

'rms = (/ r * ms )* = (WV rms )* = (23 - >14)10 3 /220 
= 104.5 - j'63.64 = 122. 4/—31.33° A 
At the source we have, by KVL, 

t^s(rms) = 22 0/0 + Zn ne / rms 

= 220+ (0.1 + f 0.2)(104.5 - >63.64) 

= 243.2 + j 14.53 V = 243.6 /3.42° V 
Moreover, by Equation (12.34), 

Ssource = V s(tms) I * ms = (243.6/3.42°) X (122. 4/31.33° ) 

= 29.82 /34.75° = 24.50 + ; 17.00 kVA 
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Finally, the efficiency of the system is 

fload 23 

n - 


= 93.9% 


(b) Before power-factor correction, pf = cos (tan -1 14/23) = 0.854. 
To raise pf to 0,95 we need C p = — \/a>X p , where X p is found 
via Equation (12.30). Thus, 




tan (cos 1 0.95) — tan (cos 1 0.854) 
377 x 220 2 /(23 x 10 3 ) 


= 353 pF 


With C p in place, the complex power of the load becomes, by 
Equation (12.24), 

Sioad = 23 + j 23 tan (cos -1 0.95) = 23 + jl.56 kVA 

Repeating analogous calculations we find / rms = 

110. 0/-18.20° A, V W) = 238. 0/4.21° V, S source = 

24.21 + /9.98 kVA, and n = 95%. 

In summary, with C p in place, the required source capacity 
is decreased from 243.6 V, 122.4 A to 238.0 V, 110.0 A (rms); 
moreover, system efficiency is increased from 93.9% to 95%. 


i Exercise 12.8 In the circuit of Example 12.8 find C p so that the pf 
i is raised to unity. Hence, find the improvement in source capacity and 
! efficiency compared with the case C p = 0. 

' ANSWER 768 /iF, 231.4 V (rms), 104.5 A (rms), and 95.5%. 


AC Power Measurements 

Using a common multimeter, we can measure V,-,™ and / rms at the terminals of 
an ac load and then calculate their product. The result is the apparent power 
S = F rms / rms , in VA. If we want the real or average power P, whose unit is the 
W, we must multiply S by the power factor. Instruments specifically designed 
to measure average power are called wattmeters. 

As shown in Figure 12.12(a), the heart of a traditional wattmeter is an 
electrodynamometer movement with a current-sensing coil (i-coil), and a voltage 
sensing coil (v-coil). The /-coil is wound on a pivoting structure held in place 
by a spring. When both coils are energized, a torque is developed that twists the 
pivoting structure against the spring to produce a deflection proportional to the 
product v(t)i(t). Though ac signals produce pulsating torques, the mechanical 
inertia of the system provides an averaging effect, resulting in a steady deflection 
angle that is thus proportional to the time average of the product v(t)i(t). As 
we know, this is the average power P = V rms / rms cos0, indicating that the 
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deflection angle can directly be calibrated in W. The circuit symbol of the 
wattmeter is shown in Figure 12.12(b). 



To perform power measurements, the i-coil must be connected in series with 
the load and the v-coil must be connected in parallel. To avoid perturbing the 
circuit under measurement, the /-coil is a low-impedance coil (ideally, a short 
circuit, like an ideal ammeter ), and the v-coil is a high-impedance coil (ideally 
an open circuit, like an ideal voltmeter). The u-coil current is obtained from 
the applied voltage via a suitably large series resistance R. Moreover, each coil 
has a terminal labeled ± for polarity identification. The wattmeter will deflect 
upscale when the ± terminal of the /-coil faces the source and the ± terminal 
of the u-coil is connected to the same line as the /-coil. 


Example 12.9 

In the circuit of Figure 12.13 let R\ = 10 Q, R 2 = 20 £2, and L = 

50 mH. If v s is the household ac voltage, what is the wattmeter reading? 



Figure 12.13 Circuit of Example 12.9. 
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Solution 

The load seen by the wattmeter is Z = (/? 2 II jcoL) — 20 || 
(;2;r60 x 0.05) = 9.408 + y'9.982 £2. The rms current through 
the wattmeter is related to the rms voltage at the source as / rms = 
V rim /|/f, +Z\ = 120/|10 4- 9.408 + ;9.982| = 5.498 A. The wattmeter 
reading is thus P — Re[Z] x / r 2 ms = 19.41 x 5.498 2 = 586.7 W. 


Exercise 12.9 If a load consisting of a 15-Q resistance in series with 
an unknown inductance is connected to the household ac voltage and 
dissipates 612 W, what is the value of the inductance? 

ANSWER 30 mH. 


12.3 Three-Phase Systems 

The ac systems we have studied so far are single-phase (1 -0) systems because 
they are powered by a single source. A distinctive feature of 1 -0 systems is that 
the pulsating voltages and currents go to zero twice within each cycle. When a 
l-</> source such as the 60-Hz household voltage is applied to an electric motor, 
the torque disappears 120 times a second. Were it not for the mechanical inertia 
of the motor, a jerky operation might result. Much can be gained in terms of 
efficiency and cost if rotating machinery is made to operate with uniform torque. 
This condition is achieved by using balanced three-phase (3-0) power systems. 

To develop a quick appreciation for the advantages of 3-0 systems, refer 
to the simple but informative diagram of Figure 12.14. The power generator 
consists of three sources having the same amplitude and frequency, but differing 
from each other in phase angle by one-third of a period, or 120 c , 


v a = V m cos (cot + 0°) 

Vb = V m cos (cot — 120°) 
V c = Vm COS (cot + 120°) 


(12.35a) 

(12.35b) 

(12.35c) 



Figure 12.14 Simplified balanced 3-0 system. 
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These waveforms are depicted in Figure 12.15, top. The generator is con¬ 
nected to a balanced resistive load, so called because it consists of three identical 
resistances. The individual power components are p a = v\jR , p b = vl/R, and 
p c = vl/R, and are shown in Figure 12.15, bottom. Each component oscillates 
between 0 and V 2 jR and averages to (1/2 )V*/R. Adding these components 
point by point reveals that the total instantaneous power is at all times constant 
and equal to three times the individual averages. 


V 2 

P = Pa + Pb + p c = 1.5-^ 

A 


(12.36) 


Voltage 



Power 



forms for the 3-0 system of Figure 12.14. 


Power is constant also for other types of balanced loads, such as 3-0 electric 
motors. Consequently, 3-0 motors or generators experience a uniform torque 
and thus operate more smoothly and efficiently, just like a multicylinder engine 
compared to a single-cylinder one. It also turns out that for a given frame size, 
3-0 motors or generators offer greater power capacity than 1-0 types. Moreover, 
thanks to the inherent sharing of conductors in a 3-0 system, the transmission of 
power requires fewer conductors than three separate 1-0 systems handling the 
same amount of power. For these reasons, virtually all bulk electric power is 
generated, transmitted, and consumed in 3-0 form, though 1-0 operation is still 
made available to small users such as households. We thus find it appropriate 
to study 3-0 systems in detail. 















12.3 Three-Phase Systems 541 


Three-Phase Sources 

A 3-0 generator consists of a stator with three separate windings symmetrically 
distributed around its periphery, and a rotor electromagnet driven at synchronous 
speed by a steam or gas turbine, a hydraulic turbine, or a diesel engine. As it 
rotates, the electromagnet induces in each winding a sinusoidal voltage called 
the phase voltage. The three voltages are equal in frequency and amplitude, 
but differ in phase angle by 120°, and are said to form a balanced voltage set. 
There are two different ways of interconnecting the windings of the generator 
to form a balanced 3 -<p source: the Y (wye) configuration of Figure 12.16(a), 
and the A (delta) configuration shown in Figure 12.18(a). 


Im 





Figure 12.16 (a) Y-connected source and its phasor diagrams for the (b) abc (or 
positive), and (c) acb (or negative) phase sequence. 


In the Y configuration the three windings share a common node n called 
the neutral node. Using the letters a, b, and c to identify the individual phases, 
and assuming a zero phase angle for the a-phase voltage, we can express the 
individual phase voltages as 


(12.37a) 

(12.37b) 

(12.37c) 


Van = W 

Vbn = y-i2Q° 
v cn = V^ /+120° 
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A few observations about the notation are in order. First, we use double sub¬ 
scripts to convey reference-polarity information. For instance, V an shall mean 
the voltage difference between nodes a and n, with the first subscript being the 
node corresponding to the + sign and the second subscript being the node cor¬ 
responding to the - sign. Second, to simplify power calculations we elect to 
work with rms values rather than peak values, and we denote the rms value 
common to the three phases as 


V 

Y m 




V2 


(12.38) 


where V m is the peak value. With this notation in mind, the time-domain repre¬ 
sentation of the individual phase voltages becomes 


= V2 cos (cot +0°) 

(12.39a) 

= V2V^ cos (cot — 120°) 

(12.39b) 

= V2T 0 cos (cot + 120°) 

(12.39c) 


The phasor diagram for this voltage set is shown in Figure 12.16(b). This 
representation is referred to as the positive or abc phase sequence. By contrast, 
the representation of Figure 12.16(c) is referred to as the negative or acb phase 
sequence. The order of the phase sequence is important in parallel connections, 
where circuits must share the same sequence to be considered in parallel. Clearly, 
one set is readily converted to the other by relabeling the phases. 

Applying the concept of geometric phasor addition to either diagram of 
Figure 12.16, it is readily seen that the phasors associated with a balanced 
source always add up to zero, 


Van + Vbn + V cn = 0 


Translated to the time domain, this yields 


(12.40a) 


Van + Vb n + V cn — 0 


(12.40b) 


that is, the sum of the instantaneous phase voltages of a balanced source is 
always zero. 

Since the terminals of a 3 -<j> source are connected to a load via power lines, 
these terminals are also referred to as the lines. In addition to the phase voltages, 
which in a Y-connected source are the line-to-neutral voltages, it is of interest to 
know the line-to-line voltages. Denoted as V ab , V bc , and V ca , and simply called 
the line voltages, they are readily found as 


Vab = V an - V bn = V^lif - V J- 120° = V3VJ 30° 

Vbc = Vbn - V cn = v y-120° - V J 120° = V3 V J —90° 
Vca = v cn - V a „ = V J 120° - Vtlff = s/3V J 150° 














12.3 


Three-Phase Systems 


543 


These results allow us to express the line voltages in terms of the phase voltages 
more concisely as 


412.41a) 


412.41b) 


(12.41c) 


These relationships hold for the positive phase sequence. It can easily be shown 
that for a negative phase sequence the line voltages, V a f,, V ca , and are 
obtained by multiplying the corresponding phase voltages, V an , V c „, and Vb„, 
by 73 /-30° . 

The line voltages can also be obtained from the phase voltages via geo¬ 
metric phasor subtraction, as depicted in Figure 12.17(a) for the positive phase 
sequence. Applying, in turn, geometric phasor addition to the line voltages, it 
is readily seen that they add up to zero and thus form a balanced voltage set, 



Vab + Vbc + V ca = 0 


(12.42) 




(a) 


(b) 


Figure 12.17 Relationship between the line voltages V a b> V/, c , and V ca , and 
the phase voltages V a „, Vjand V cn for a positive phase sequence. 


The relationship between the line and phase voltages is conveniently visu¬ 
alized in terms of the equilateral triangle of Figure 12.17(b), which has a, b, 
and c as the vertices, and n as the center. We observe that the sides are the line 
voltages, and the lines from the vertices to the center are the phase voltages. 
We summarize the relationship between the line and the phase voltages of a 
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Y-connected source as follows: 

(1) The amplitude of a line voltage is 73 = 1.732 times that of a phase 
voltage. For instance, if the phase voltage is 120 V (rms), then the line 
voltage will be a/ 3 x 120 ~ 208 V (rms). 

(2) The line voltages form a balanced set. 

(3) For a positive phase sequence, the line voltage set leads the phase 
voltage set by 30°; for a negative sequence it lags by 30°. 


t: 


Example 12.10 

If a balanced Y-connected source yields V bn = 110/60° V, find V ca for 
the case of a positive phase sequence. 


Solution 

By Equation (12.41c), V ca = (73/30 )V,.„. Figure 12.17(b) indicates 
that for a positive phase sequence V cn can be obtained from V hn 
via a 120° clockwise rotation, that is, by subtracting 120° from the 
argument of V bn . Thus, V cn = 11 0/60° - 120° = 11 0/-60° V, so that 
V ca = (73/30°)(11 0/-6Q 0 ) = 190.5 /—30° V. 


Exercise 12.10 If V hc = 240/45° V, find V an , V bn , and V Cfl for the 
case of a positive phase sequence. 

ANSWER 138.6 /135° V, 138.6/15° V, 138.6 /-105 0 V. 


In principle, a set of line voltages can also be produced by using the 
phase voltages of a A-connected source, as depicted in Figure 12.18(a). A 
A-connected source is implemented by connecting adjacent windings of the gen¬ 
erator so as to form a closed loop. This configuration is seldom used in practice. 




Figure 12.18 A-connected source and its phasor diagram. 
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however, because any imbalance in the voltage set would result in undesirable 
internal currents around the delta loop. It is nevertheless of interest in circuit 
theory. Note that the A-connected source does not have a neutral. However, 
as the phasor diagram of Figure 12.18(b) shows, a A-connected source can be 
regarded as equivalent to a Y-connected source whose phase voltages are given 
by the lines from the vertices to the center of the equilateral triangle having the 
phase voltages of the A-connected source as its sides. 

Three-Phase Loads 

As shown in Figure 12.19, a 3-<p load consists of three impedance legs, De¬ 
pending on how these impedances are interconnected, we can have the wye 
(Y-connected) load or the delta (A-connected) load. Note the use of capital 
letters to denote the line and neutral terminals of the load. As with sources, we 
can have two phase sequences: ABC (or positive ), and ACB (or negative). 



(a) (a) 

Figure 12.19 Y-connected and A-connected loads. 


Regardless of the load type, the voltages across the legs and the currents 
through the legs are called the phase voltages and phase currents of the load. 
Thus, for a positive phase sequence, the phase voltages of the Y-connected load 
are Van-, Vbn, and Vcn, and the corresponding phase currents are 1 AN , I BN , 
and 1 C n\ for the A-connected load, the phase voltages are V a b, Vbc, and Vca, 
and the phase currents are Iab, Ibc, and I CA - 

A load is said to be balanced if its three impedance legs are identical, that 
is, if 

(12.43a) 

for the Y-connected load and 

(12.43b) 




for the A-connected load. 
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Example 12.11 


Figure 12.20 shows a composite load made up of a A-connected 
load and a Y-connected load in parallel with each other. Assuming 
Z A = 20 + j25 £2, and Zy = 5 + > 10 £2, find a A-equivalent as well as a 
Y-equivalent for the composite load. 


A A 



Figure 1220 Composite load for Example 12.11. 


Solution 


Performing a Y-A transformation on the Y-portion of the load yields 
a A-portion having impedances 3 Zy = 15 + >30 12. We thus end up 
with two A-connected loads in parallel. The phase impedances of the 
composite A-equivalent are thus 


^A(composite) — (20 + j25) || (15+>30) = 


(20 +>25)(15 +>30) 
20 + >25+15 + >30 




■ = 16.47 /57.25° = 8.910 + >13.85 £2 

\ Performing a A-Y transformation gives the phase impedances of the 
composite Y-equivalent as 

Zvicon.po.fc) = Za<co ^ polile) = 5.491 /57.25° = 2.970 + y'4.618 £2 A 


Exercise 12.11 If in Figure 12.20 Zy = 10 + >20 £2, find Z A so 
that the phase impedances of the composite A-equivalent load are 
Z A (tomposite) 5 0/0 £2. 

ANSWER 37.5 - >37.5 Q. 


When a 3-^ source and load are connected together via a power line to 
make up a power system, we have four possible arrangements, depending on the 
source and load types: Y-Y, Y-A, A-A, and A-Y. Since A-connected sources 
are seldom used in practice, the systems of interest to us are the Y-Y and Y-A 
arrangements, to be studied in the next section. 
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New Words for Mr. Webster’s Dictionary: AC versus DC 



T he guillotine used for ex¬ 
ecutions in France ever 
since the French Revolu¬ 
tion was named after the in¬ 
ventor of that grim machine. 

Dr. Joseph-lgnace Guillotin. 

Using that eponymous event 
as his precedent, Thomas Edi¬ 
son once proposed the noun 
‘westinghouse’ as the official 
name of the electric chair and 
the verb‘to westinghouse’for 
the process we know as elec- 
ttocution. It was another ma- Execution by electrocm 

neuver in the great financial 

straggle known as the ac/dc a B lim y ne oternaticer 

, But this evidence of th\ 

a * f \ , , ! ity failed to override it 

k'ilo? all other down-and- p er w i res an j greater t 

dirty fights in ffie business Illinois) 
world* this; one came down to 
money. By the end of the IBBOs, Edison was totally 
invested in the direct-current system he had developed 
in fheyears since he came up with his first working 
lightbulb in 1879. Out in Pittsbiffgh, though, was 
another eleyer and very rich inventor, George West¬ 
inghouse (1846-1914), who had made his Fortune by 
inventing air brakes for trains. Once he got inter¬ 
ested in electricity imd particularly in the Challenge of 
bringing this marvelous new power into the American 
home, Westinghouse decided that alternating current 
was the way to go. 

The problem with direct current in the early days 
was that if could not efficiently be transported any 
great distances. It was generated at the 120 volts the 
consumer needed, and any long-distance movement 
through wiring would mean too much loss to make 


Execution by electrocution using ac {rather than dc) 
electricity was first used in 1890 by New York state as 
a humane alternative -to,hanging- and the guillotine , 
But this evidence of the lethal power of ac electric¬ 
ity failed to override its advantages of thinner cop¬ 
per wires and greater transportability. (University of 
Illinois) 


the system jNfi^C, If every 
building in the country was to 
have electricity, there would 
have to be a generating sta¬ 
tion literally On every corner. 
Once the transformer was in¬ 
vented, however, alternating 
current could be stepped up to 
thousands of volts at a cen¬ 
tral generating station, trans¬ 
ported long distances over 
high-tension wires, and then 

stepped down to more usable 
toga, (rather tkm *) voltages a ^ jnt of ^ 

90 by New York state as t 

... .... As his first step into the 

png and the guillotine. ,, . , . . . 

,1 power of «■ clecMc- world of Westmg- 

intagci of thimer cop- house bou 8 ht 8“ ri s h,s <° 

vrtabilitv. (University of transformer patent in 1885. 

Then, while Edison was elec¬ 
trifying New York City with 
direct current, Westinghouse was establishing ac sys¬ 
tems in other areas of the country. Slowly he made 
inroads into Edison’s territory, but one big problem 
still had to be solved: The only thing alternating 
current could do so far was light; it could not run 
the motors of American industry because a motor 
that could run on alternating current did not exist. 
Surely no one was going to want two systems— 
Westinghouse’s ac for lighting and Edison’s dc for 
everything else—and surely no one was ready to 
give up this wonderful new invention called the 
electric motor. No, if he was going to topple Edi¬ 
son from his lofty position as king of the electric¬ 
ity hill, Westinghouse needed a motor that ran on 
alternating current. Eater Nikola Tesla, inventor of 
the ac induction motor in 1888. One million dol- 
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lars changes hands and Westmghouse has the motor 
he needs to take on Edison in New York. 

This was only part of Edison’s troubles. The 
financialpicture was beginning to favor alternating 
current because Some stock manipulators (hs busy in 
the 18801 as they werb going to be in the 1980s) had 
driven die priceofcopper fromnine cents apound 
all the way up to twentycents.DC heeds fat, there- 


The state wasdonvinced and carried out its first 
electrocution on August 6, 1890. To be helpful to 
the journalists covering this history-making event, 
the Edison camp suggested that the newly built elec¬ 
tric chair be called a “westinghouse” in honor of 
that great electrical pioneer whose alternating cur¬ 
rent made possible Such a way of leaving this World- 
To further honor this pioneer, die processshould be 


fore expensive, copper wires, but ac can be earned 
on skinny, therefore much cheaper, wires. Edison’s 
whole empire Was threatened. All along be had been 
proclaiming the safety of dc and the danger of ac. All 
those thousands of volts would be killing people left 
and right* whereas there wasno danger whatsoever 
in his merel2Qvolts. Self-anointed electrical experts 
were hired by Edison to educate the public shout the 


referred to as “westinghousing” the criminal,; as in, 
“This murderer is scheduled to be westinghoused next 
month.” 

Despite Edison’s bid to expand the English lan¬ 
guage by a couple of words, die expressions never 
took hold and bad press for Westinghouse never ma¬ 
terialized. The price of copper stayed high, fawning 


dangers of alternating current. 

ally: the State 

of New York, which, was investigating “more hu¬ 
mane' 1 ways of execution. Partly because of Edi¬ 
son’s efforts, the state opted for electricity as its 
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“The problem with direct 
current in the early days was :, 
that it could not efficiently be 1 y t 1 
transported any greed '"diyiflrke^ 



; ,,X fodj*'tat-bowithdijue^tidn- 
became, Which kind of electricity, ad or dc? Direct- 
icgmtyf chafojgforiH. b. a s^fe|ipp^tsw hired 
ty’Edi^m I’gSgy ewtty vthadt Aba. answer, 
siotddbe and depidedtoshow tbestate tfaebeamyof 

ber l£88, h$ Caded a prcss conf@mnc« m Edison’s 
kbbratp^y -add tj&ed alternating several 

large animals* including a cow anid a horse. 
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the world of electricity) in 1893* he essentially Won ‘ 
the war. In the fall of that year, The Westinghmise:, V- 
Electric pompanywas awarded the contracfto build ’ J , 
, the world’s first hydroelectric plant, at Niagara Falls, ’ ■;/ 
and supply electricity—ac, of course—to the city of ;, 
Buffalo. And dial is why the computer this story was ; ^ 
typed into and the lamp you read it by are powered : 7i' 
by alternating-current electricity. v / 
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Chapter 12 AC Power and Three-Phase Systems 


12.4 Y-Y and Y-A Systems 

Among the four possible types of balanced 3-0 systems, the Y-Y and Y-A 
arrangements are the ones of greatest practical interest. Their analysis is based 
on standard phasor algebra. In fact, we shall shortly see that thanks to the 
balance property, the analysis of a 3-0 system can be reduced to that of a 1-0 
equivalent. 


The Y-Y System 

Connecting a Y-source to a Y-load yields the 3-0 system of Figure 12.21. The 
generator is modeled in terms of three Th6venin equivalents, consisting of the 
per-phase sources V sa , V sb , and V sc , and the series impedances Z sa , Z sb , and Z sc , 
which account for the internal impedances of the phase windings. The source is 
connected to the load via three wires or lines, referred to as hot wires and having 
impedances Z aA , Z bB , and Z cC . These impedances account for the distributed 
impedances of the actual lines as well as the winding impedances of any step-up 
and step-down transformers that may be present at the generator and load ends 
of the transmission line. As discussed in Section 5.3, these transformers serve 
to improve power transmission efficiency. A fourth conductor, referred to as 
neutral and having impedance Z Nn , connects the neutral nodes of the source 
and the load, and it may or may not be present, as we shall see shortly. Finally, 
the per-phase impedances of the load are Z^v, Z Bb /, and Zcn- 



Figure 12.21 Balanced 3-0 Y-Y system. 


To analyze the system it is convenient to designate the neutral node of the 
source as the reference node for the entire circuit. 


V n =0 


<12.48) 
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Applying KCL at node N we have 


Inu — IaA + IbB + IeC 


(12.49) 


or 


Vn Vso-Vn | Vsb-V N | Vsc-Vn 

%Nn Z sa + Z a A + Zan Z s p + Z^B + ZgN Z sc + Z c q + ZcN 

We again note the use of double-subscript notation to indicate current direction. 
By this notation, current is defined to flow from the node corresponding to the 
first subscript to the second. Thus, flows from IV ton. In a balanced Y-Y 
system the following conditions hold: 


v sa + V s b + v sc = 0 

Z sa — Z s b — Z sc — Z win ding 
ZaA ~ ZbB ~ Z c c — Z ]ine 
ZaN = Zbn = ZcN = Zy 

If we introduce the net per-phase impedance 


Zip — ■^winding "b Z[j ne “b Zy 
then the equation governing our circuit simplifies as 

Vn = V sa + Vsb + Vsc _ 3 Vn_ = 0 _ 3 Z^ 

Zft r j Zip Z(p Z<p 


or 



For this condition to hold regardless of Z Nn and Z^, we must have 


V* = 0 


(12.50) 

(12.51a) 

(12.51b) 

(12.51c) 

(12.52) 


(12.53a) 


Consequently, since I Nn = V N fZ Nn , we also obtain 


i ^Nn = 0 


(12.53b) 


In words, in a balanced Y-Y system there is no voltage difference between the 
neutral nodes of the source and the load, and no current through the neutral 
connector. In fact, we can eliminate this connector altogether without affecting 
the operation of the system, thus saving the cost of the wire! This is why 
the neutral wire is shown as a broken line in Figure 12.14. If the system is 
not perfectly balanced, some current will flow through the neutral wire, but we 
expect it to be much smaller than the hot-wire currents, justifying the use of a 
smaller and cheaper neutral wire. 
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The phase currents in the Y-Y system are 

112.54a) 
(12.54b) 
(12.54c) 

In light of Equation (12.50), the phase currents form a balanced set, 



laA + IbB + I C C = 0 


(12.55) 



n N 

Figure 12.22 Single-phase equivalent 
of the Y-Y system. 


a result that we could also have anticipated by letting I Nn = 0 in Equa¬ 
tion (12.49). 

It is apparent that thanks to the balance property, the analysis of Y-Y systems 
can be simplified significantly. In fact, we need to carry out the detailed analysis 
of only one phase, typically the «-phase, using the simplified equivalent of 
Figure 12.22. Then, we adapt the results of the a -phase to the other two phases 
by simply shifting the a-phase voltages and currents by 120°. The shifting rule 
is as follows: 

(1) For a positive phase sequence, rotate the a-phase phasors by 120° clock¬ 
wise to obtain the fi-phase phasors, and by 120° counterclockwise to 
obtain those of the c-phase. Recall that to rotate a phasor clockwise we 
subtract 120° from its argument, and to rotate it counterclockwise we 
add 120°. 


(2) For a negative phase sequence, rotate the a-phase phasors by 120° 
counterclockwise (add 120°) to obtain the fc-phase phasors, and by 120° 
clockwise (subtract 120°) to obtain the c-phase. 


We observe that since there is no voltage difference between nodes n and 
N, the neutral wire in the equivalent of Figure 12.22 has been replaced by a 
perfect conductor. In this 1-0 model the current I aA returns via the neutral 
wire; however, when the three phases are considered simultaneously, the three 
currents on this wire will, by Equation (12.55), add up to zero, thus justifying 
the use of a perfect conductor in our model. 




Example 12.12 


A balanced, positive-phase sequence, Y-Y system consists of a generator 
with an internal per-phase voltage of 120 V (rms) and winding impedance 
of 0.1 + y'0.2 £2; a load with a per-phase impedance of 15 4- j 10 Q; and 
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a power line having a per-phase impedance of 0.5 + / 1 £2. Find 

(a) The line currents l aA , I h u, and I cC 

(b) The phase voltages V^jv, V B n, and V C n at the load 

(c) The phase voltages V an , V/,,,, and V (71 at the source 

(d) The line voltages V AB , V BC , and Vc A at the load 

(e) The line voltages V aB , VV, and V C(! at the source 


Solution 

By Equation (12.52) we have 

Z 0 = 0.1 + 70.2 + 0.5 + 71 + 15 + 710= 15.6 + 711.2 Q 

(a) Assuming < V xa ~ 0° in Figure 12.22, we have, by 
Equation (12.54a), 

1 20/07 

hA = . ... „ = 6.249 7-35.68° A (rms) 

15.6 + j 11.2 

Since the sequence is positive, we subtract and add 120° 
to obtain, respectively, ha = 6.249 7-155.68° A (rms) and 
he — 6.24 9/84.32° A (rms). 

(b) By Ohm’s Law, 

Van = Z AN I aA = (15 + j 10)6.24 97-35.68° = 112. 67-1.99° V (rms) 

Subtracting and adding 120° yields, respectively, V BN = 
112. 67-121.99° V (rms) and V CN = 112. 67118.01° V (rms). 

(c) Applying KVL and Ohm’s Law gives 

V a „ = 120/0° -(0.1 + )0.2)6.24 9/—35.68° = 118.8 7-0.31° V (rms) 

Likewise, V Bn = 118.8 /-120.31° V (rms) and V cn = 
118.8 /119.69° V (rms). 

(d) Applying Equation (12.41a), we get 

V ab = (V3/30*)Van 

= (73/30°) 112. 6/-1.99° 

= 195. 0/28.01° V (rms) 

Likewise, V BC = 195. 0/-91.99° V (rms) and V CA = 
195. 0/148.01° V (rms). 

(e) Again applying Equation (12.41a) gives 

V ah = (73/30° )V nn 

= (73/30° )118.8 7-0.31° = 205.8 /29.69° V (rms) 

Likewise, V Bc = 205.8 /—90.31 0 V (rms) and V ca = 
205.8 /149.69° V (rms). 


554 Chapter 12 AC Power and Three-Phase Systems 


Exercise 12.12 A balanced, positive-phase sequence, Y-Y system has 
Zwinding = 0.2 4- j0.5 £2, Zi; ne = 1 + j 1.5 £2, and Zy = 20 + j 15 £2. If 
it is desired to have Van = 120/0° V (rms), what must be the phase 
voltages V sa , V s b, and V sc at the source? 

ANSWER 130. 4/1.86° V, 130. 4/-118.14° V, 130. 4/121.86° V, 
all (rms). 


The Y-A System 

Connecting a Y-source to a A-load yields the 3-0 system of Figure 12.23. Since 
A-loads do not have a neutral node, the neutral wire is now absent. Practical 
3-0 loads are more likely to be found A-connected than Y-connected to take 
advantage of the ease with which, at least for the unbalanced case, individual 
legs may be added to or removed from a single phase. 


l«A 



bn 


Figure 1223 Balanced 3-0 Y-A system. 


Using the terminology introduced in the previous section, we observe that 
the line voltages of the Y-connected source are the phase voltages of the 
A-connected load. However, the line currents of the source and the phase 
currents of the load are no longer coincident. In fact, KCL at the nodes of the 
A-load yields 


IaA ~ lAB ~ IcA 
IbB = Ibc — Jab 
Ice = Jca — Ibc 

In a balanced system both the load and line currents form balanced sets. In 
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particular, we can use the following identities: 

Ica = (1/120°)/„ B I AB = (1/120°)/ dc he = d /120 ° )1ca 

Substituting into the previous equations and expanding, we obtain the following 
relationships between the line currents and the phase currents of a A-load: 

(12.56a) 
(12.56b) 
(12.56c) 

In words, in a A-load the line currents are \/3 = 1.732 times the phase currents. 
Moreover, the line current set lags the phase current set by 30° for a positive 
phase sequence, and it leads by 30° for a negative phase sequence. 



^Example 12.13 

| Assuming a positive phase sequence, find Ica if Hb = 12 /90° A (rms). 

1 Solution 

We have I CA - L-cKJ 3 /-30° ), where I cC = (1 /-12Q 0 )I hR = 

(1 / —120° ) x (12/90°) = 1 2/-30° A (rms). Thus, Ica = 

(1 2/-30° ) /(V I/ -30° ) = 6.928/0° A (rms). 


Exercise 12.13 Assuming a positive phase sequence, find I aA if 
he = 25/60! A (rms). 

ANSWER 43.3 /150° A (rms). 


The analysis of the Y-A system can be made similar to that of the Y-Y 
system if we transform the A-connected load into a Y-connected equivalent. 
For a balanced load, this transformation is 



(12.57) 


Once this transformation has been performed, we can use the 1-0 equivalent of 
Figure 12.24 to analyze our circuit. Note again the use of the perfect conductor 
nN , even though the A-connected load has no neutral node. 



n 


Figure 12.24 Single-phase equivalent 
of the Y-A system. 
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Example 12.14 

A balanced, positive-phase sequence, Y-A system consists of a generator 
with an internal per-phase voltage of 120 V (rms) and winding impedance 
of 0.2 + j 0.3 £2; a load with a per-phase impedance of 90 + j 60 Q; and 
a power line having a per-phase impedance of 1 + j 2 £2. Find 

(a) The line currents I a A, IbB * and l c c 

(b) The phase currents I ABi Ibc . and Ica at the load 

(c) The phase voltages Vab, V B c, and Vca at the load 

Solution 

By Equation (12.57) the per-phase impedance of the equivalent 
Y-load is Z Y = (l/3)(90 + j 60) = 30 + 7 20 £2, so that = 

0.2 + j0.3 + 1 + j2 + 30 + ;20 = 31.2 + j 22.3 £L 

(a) Assuming < V sa — 0° in Figure 12.24, we have 

120 / 0 ° 

- 31.2+722.3 - A (rms) 

Since the sequence is positive we have I^b = 

3.12 9/-155.56° A (rms) and I cC = 3.12 9/84.44° A (rms). 

(b) By Equation (12,56a), 

Iar=La/(V 3 /-30° ) = (3.12 9/—35.56° )/(V3 /—30° ) 

= 1.80 7/-5.56° A (rms) 

Likewise, l B c = 1.807 / —125.56° A (rms) and Ica = 
1.80 7/114.44° A (rms). 

(c) By Ohm’s Law, 

V AB = ZabIab 

= (90+ /60X1.807 /—5.56° ) = 195.5 /28.14° V (rms) 
Vgc = 195.5 /-91.86° V(rms) and 
V CA = 195.5 /148.14° V(rms). 


Exercise 12.14 Measurements at a balanced A-connected load yield 
I V fi cl = 220 V (rms) and \I aA \ = 10 A (rms). Moreover, it is found that 
I a A leads V B c by 60°. What is the load impedance? 

ANSWER 33 + /19.05 £2. 


12.5 Power in Three-Phase Systems 

Since in a balanced system the same-set voltages and currents have equal mag¬ 
nitudes, we can simplify our notation if we denote the rms phase voltages and 
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rms phase currents at the load as V* and 1$, and the rms line voltages and rms 
line currents at the load as Vl and li. Then, we have 


V+=\Van\ = \V bn \ = \V cn \ 
— |/cvl 

for a Y-connected load, and 

V* = \V ab \ = \V bc \ = \V C a\ 
I<I> = \Iab\ = \Ibc\ = \Ica\ 
for a A- connected load. Moreover, we can write 


(12.58a) 

(12.58b) 

(12.59a) 

(12.59b) 


Vl = IVrfil = | Vac I = I Veal = V3V* 
h — \I AN I = = |/ctfl = U 


(12.60a) 

(12.60b) 


for a Y-connected load, and 

! Vi = |Va«l = |V«cl = |Vcal = V* 

| / i = V3|/afll = '/3|/scl = V3|/cal = N/34 


(12.61a) 

(12.61b) 


for a A-connected load. 


Instantaneous Power 

The total instantaneous power delivered to a load in a 3-0 system is 

Pt = vabIab + vbcIbc + vcaIca (12.62) 

where we are assuming a A-connected load with phase voltages v AB , v bc> 
and i>c. 4 * and phase currents i AB , i BC , and icA • Though we are considering 
a A-connected load, the results we are about to derive apply just as well to 
Y-connected loads. For a balanced, positive-phase-sequence system we can 
write 

l AB = 421* COS (Ot 

Ibc — 421* cos(a)/ — 120°) 

icA = 421* cos ( cot -I- 120°) 


v AB = 42V* cos {wt + 0) 
v B c — 42V* cos {cot + 0 — 120°) 

Vca = 42 V* cos {cot + 0 120°) 

where we have taken the phase angle of i AB as the reference. Substituting into 
Equation (12.62) and exploiting the fact that v AB + v B c + v CA = 0, one can 
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readily show (see Problem 12.59) that 


PT = COS 0 


(12.63) 


that is, p T is invariant with time! As we know, this property is particularly 
useful when the load is a 3-0 motor, where it results in a constant torque and, 
hence, it reduces vibration. 


Complex, Real, and Reactive Power 


The per-phase complex power S# associated with the load is 


— P& + jQ<t> 


(12.64) 


where P# is the per-phase real power and Q# is the per-phase reactive power. 
By Equations (12.19) and (12.20), these components can be expressed either in 
terms of phase quantities or in terms of line quantities as 


Pfp — V# I(p cos — 


Q<t> = *V<s sin 0^ = 


VJl 

V3 

V L 1 L 

V3 


cos 0^ 
sin00 


(12.65a) 

(12.65b) 


where 4><t> is the phase difference between the voltage and current of the same 
phase or of the same line. Clearly, the per-phase apparent power is S# — 

= v l IlI-J 3 . 

The total complex power S T absorbed by the load is the sum of the three 
per-phase components, 


St = 3 = Pt 4 - JQt 

where Pj is the total real power and Qj the total reactive power, 

Pt = 3V^,/0COs^ = */3V L I L cos00 
Qt = 3 sin00 = \/3 VlIl sin0^ 


( 12 . 66 ) 


(12.67a) 

(12.67b) 


Clearly, the total apparent power is S T = 3V 4 ,l <t> = V3V L I L . Comparison with 
Equation (12.63) indicates that the total instantaneous power p T coincides with 
the total real power P T , something you might have expected. Let us illustrate 
via actual examples. 




Example 12.15 


For the Y-Y system of Example 12.12, 

(a) Find the total complex power absorbed by the load, the lines, 
and the generator windings. 
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(b) Find the total complex power delivered by the source. 

(c) Verify that Sf (delivered) = $T (absorbed)* 

(d) Find the efficiency of the system. 

Solution 

(a) Using the results of Example 12.12, we have, at the 
load, V# = 112.6 V (rms), 1$ = 6.249 A (rms), and 
00 = tan " 1 (10/15) = 33.69°. Hence, 

Snioad) = Pt + JQt — 'iV t f > I^(co&<p 4> + j sin 0 ^) 

= 3 x 112.6 x 6.249 x (cos 33.69° + j sin 33.69°) 

= 1757.0 + j 1170.6 VA 

Using the data of Example 12.12, along with Equation (12.32) 
we have, on the line, 

S T ( line) = 3 {R + jX)I* = 3(0.5 + /D6.249 2 = 58.6 + ;117.t VA 
Likewise the generator windings we have 
5r(windmgs) = 3(7? + jX)I^ 

= 3(0.1 + y0.2)6.249 2 = 11.7 + j23A VA 

(b) At the source we have — 120.0 V (rms ), I 4 , = 6.249 A (rms) , and 
00 = 0 - (-35.68°) = 35.68°, so 

■Sresource) = ?T + j Q T = 3 V 0 / 0 (COS 00 + j sin 00 ) 

= 3 x 120 X 6.249 (cos 35.68° + ; sin 35.68°) 

= 1827.3 + j 1311.1 VA 

(c) We have 

Sr(absorbed) = ^r(load) + *SY< 1 ine) "b ^r(windings) 

= 1757.0 + j 1170.6 + 58.6 + j 117.1 + 11.7 + ;23.4 
= 1827.3 + j 1311.1 VA 

Sr (delivered) = $T (source) = 1 827.3 + / 13 1 1.1 VA 
thus confirming the conservation of complex power. 

(d) The efficiency of the system is 

j) = _Pro S! d L = iZ5L2 =96 2% ^ 

TV(source) 1827.3 j 


Exercise 12.15 Verify the conservation of the total complex power for 
the Y-A system of Example 12.14. 

ANSWER >Sr (delivered) = $T (absorbed) = 917 + /655 VA. 
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Example 12.16 

The two balanced systems of Figure 12.25 are interconnected via lines 
having per-phase impedance Z line = 1 + j2 £2, If V a t, = 10/0° kV (rms) 
and Vab = 10/6° kV (rms), (a) which system is the source and which 
is the load? What is the power supplied by the source and the power 
absorbed by the load? (b) Verify the conservation of power. 



Figure 12.25 3 -<p system of Example 12.16, 


Solution 

(a) Assuming a Y-Y system, we have, by Ohm’s Law and 
Equation (12.41) 


, v„„ - V AN (10 4 A/3)z=30? - (l0*/^3)z=24! 

" A ~ ~ ~ tTp- 


'line 


= 270.3 /179.56° A (rms) 

By Equation (12.67a), the power absorbed by System 2 is 


Pi = 3 | V AN | x | I aA | cos (< V AN ~ < I aA ) 

= 3(10 4 /a/3)270.3 cos (-24° - 179.56°) 

= —4.291 MW 

Since P 2 is negative, System 2 is actually delivering power and 
is thus the source. The power absorbed by System 1 is 

P\ = 3 | V an | x \I Aa | cos « V an - < I Aa ) 

= 3(10 4 /V3)270.3cos[-30° - (179.56° - 180°)] 

= 4.072 MW 

Its positive value confirms that System 1 is indeed the load. 
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(b) The power lost in the line is Py, ne = 3/?ij ne |/ a/ t | 2 = 3x 1x270.3 2 = 
0.219 MW. Since 4.072 + 0.219 = 4.291, the power absorbed 
by System 1 plus that lost in the line equals that delivered by 
System 2, as it should be. 


1 


Power Measurements in 3 -<p Systems 

The power measurement arrangement for 1-0 systems can easily be extended, 
at least in principle, to 3-0 systems. If the system is balanced, we need only 
measure the power of one of its phases and then multiply the wattmeter reading 
by 3. In practice, however, the neutral terminal may be inaccessible in the case 
of Y-connected loads, and it is definitely absent in the case of A-connected 
loads, so 3-0 phase measurements must be performed on the lines. This goal is 
achieved by the two-wattmeter method depicted in Figure 12.26, which uses 
a wattmeter pair to measure power flow on two of the lines, with the third line 
acting as common reference line for the I'-coils. We now show that this method 
allows for the indirect measurement of Pr. Qt, and pf. 

We begin by observing that the phase impedances of the load are 

Z AB = 7,sc = 7ca = 7,0 ~ 7^ 1 <p0 

Though the load shown is of the A type, the results we are about to derive apply 
just as well to Y-type loads, as one can always transform one load type to the 
other. In the following we assume a positive phase sequence and denote the 
magnitudes of the phase voltages at the load as Vl, 

\V A b\ = \V bc \ = \Vca\ = Vl 
and the magnitudes of the line currents as 

= \IbB\ — \icc\ = ?L 



Figure 12.26 Two-wattmeter method for 3-0 power 
measurements. 
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The reading provided by the top wattmeter is 
Pab = Wab\ x |/<m|cos« V AB - <l aA ) 

= V L I L cos [< (Z*/ Afl ) — < I aA \ = Vl?l cos + < I A b — <I aA ) 

By Equation (12.56a), </ oA = < Iab - 30°. Hence, 4><t> + </ab - </ a A = 
4># + 30°, so 

Pab = V l Il cos (0* + 30°) (12.68) 


The reading provided by the bottom wattmeter is 
Pcb = IVcbI x |/ cC | cos (< Vcb ~ ^he ) 

= VlIl COS (<Z^/cb — ^Icc) — V),//, COS (00 + </cB — "t Ice) 

Since we have a balanced current set, we can write </cs = < Jgc ± 180° = 
<Ica + 120° ± 180° ~ </ca — 60°. Moreover, Equation (12.56c) yields 
<I cC = <I CA ~ 30°. Hence, 0* + <I CB - <I cC = 4>* + <*ca - 60° - 
{<Ica - 30°) = A* - 30°, so that 


Pcb = V L I L cos ( 0 * - 30°) 


(12.69) 


The sum of the two wattmeter readings is 

Pab + Pcb = Videos ( 0 * + 30°) + cos ( 0 * - 30°)] 

Using a well-known trigonometric identity, the term within brackets reduces to 
2 cos 0^ cos 30° = \/3 cos 0^. Hence, 

Pab + Pcb = V3 cos00 

Comparing with Equation (12.67a), we see that the sum of the wattmeter readings 
is simply the total real power. 


Pt = Pab + Pcb 


(12.70) 



Next, consider the difference between the two wattmeter readings, 

Pcb ~ Pab = V L I L [ cos < 0 * - 30°) - cos ( 0 * + 30°)] 

Using again a well-known trigonometric identity, this becomes Pcb — Pab = 
2 VlIl sin0^ sin 30°, or 

Pcb ~ Pab = Vih sin 00 

Comparing with Equation (12.67b), we see that the difference of the wattmeter 
readings is proportional to the total reactive power, 


Qt = \/3 (P C b ~ Pab) 
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Finally, using the fact that 0 ^ = tan 1 (Qt/Pt), we can use the two-wattmeter 
method to find also the power factor of the load, 

= cos f^tan -1 (12.72) 

V Pcb + Pab / 

These equations allow us to make the following observations: 

(1) If P C b = Pab , the load is resistive. 

(2) If Pcb > Pab, the load is inductive. 

(3) If Pcb < Pab, the load is capacitive. 

Once again we emphasize that these results and observations, derived for bal¬ 
anced systems, hold whether the load is Y-connected or A-connected. 



Example 12.17 

In the balanced system of Figure 12.26 let V L = 220 V (rms). Predict 
the wattmeter readings as well as Pr and Qt for the following phase 
impedances: 


(a) Z 0 = 30 + y40 Q 

(b) Z# = 30 - y 40 a 

(c) Z* = 50 n 

Solution 


(a) We have I L = V L /Z 4 = 220/V30 2 + 40 2 = 4.4 A (rms), and 
0^ = tan ” 1 (40/30) = 53.13°. Hence, 

Pab = 220 x 4.4 x cos (53.13° +30°) = 115.8 W 

P CB = 220 x 4.4 x cos (53.13° - 30°) = 890.2 W 

P T = 115.8= 1006 W 

Q t = V3(890.2- 115.8) = 1341.3 VAR 

(b) We still have II — 4.4 A (rms); however, now 04 = —53.13°. 
Thus, 

P AB = 220 x 4.4 x cos (-53.13° + 30°) = 890.2 W 
P CB = 220 x 4.4 x cos (53.13° - 30°) = 115.8 W 
P T = 890.2+ 115.8= 1006 W 
Qt = V3(l 15.8 -890.2) = -1341.3 VAR 
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(c) We still have 1 L — 4.4 A (rms); however, now = 0°. Thus, 
Pab = 220 x 4.4 x cos (0° + 30°) = 838.3 W 
P CB = 220 x 4.4 x cos (0° - 30°) = 838.3 W 
P T - 2 x 838.3 = 1676.6 W 
Qt = 0 VAR 


Exercise 12.16 In the circuit of Figure 12.26 let V L = 220 V (rms). 
Predict the wattmeter readings for the following phase impedances: 

(a) Z* = 100(1 + ;V3) £2 

(b) Z^ = 100/70° £2 

(c) Z* = ;100 £2 

ANSWER (a) 0 W, 209.6 W; (b) -84.05 W, 370.8 W; (c) -242 W, 
242 W. 


Example 12.18 

Let the wattmeter readings in the balanced system of Figure 12.26 be 
Pab — 1000 W and Pqb — 200 W. If the line voltage is — 220 V 
(rms), find 

(a) The per-phase average power P$ 

(b) The per-phase reactive power Q# 

(c) The power factor pf 

(d) The phase impedance Z^. Is it inductive or capacitive? 

Solution 

(a) Pq = (P AB + P C b)/3 = (1000 + 200)/3 = 400 W. 

(b) Q# = V3 {P CB ~ Pab)/ 3 = (200 - 1000)/V3 = -461.9 VAR. 

(c) pf = cos [tan -1 (Qt/P#)] = cos [tan ' 1 (-461.9/400)] - 0.655, 
leading. 

(d) Using Equation (12.12) we obtain R$ = (V L cos <pt) 2 /P# = 
(220 x 0.655) 2 /400 = 51.86 £2. Moreover, by the similarity 
between the impedance triangle and the power triangle, we 
can write X^/R^ = Q^/Pt, or X$ = R^Qt/Pt ~ 51.86 x 
(-461.9/400) = -59.88 £2. Hence, Z 0 = 51.86 - j'59.88 £2, 
indicating a capacitive phase impedance. 
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Exercise 12.17 In the balanced system of Figure 12.26 let = 

10 + y 10 £2. If the top wattmeter reading is Pab — 600 W, find the 
bottom wattmeter reading Pcb, as well as the line voltage Vi and line 
current It. 

ANSWER 2239 W, 137.6 V (rms), and 16.85 A (rms). 


12.6 SPICE Analysis of 3 -<p Systems 

The ac SPICE facilities introduced in the previous chapter can readily be ex¬ 
tended to the analysis of three-phase systems. In fact, SPICE can be used not 
only to verify calculations for balanced systems, but also to investigate unbal¬ 
anced systems, whose hand analysis is usually more laborious. 



^Example 12.19 

! Use SPICE to verify the results of Example 12.12. Assume the operating 
frequency is 60 Hz. 

Solution 

To make the circuit acceptable to SPICE we must express its impedances 
in terms of actual R, L, and C element values. The data of Example 
12.12 indicate that all impedances are inductive. Since a> = 2jt 60 = 377 
rad/s, the source, line, and load inductances are, respectively, 0.2/377 = 
0.5305 mH, 1/377 = 2.653 mH, and 10/377 = 26.53 mH. For the circuit 
representation of Figure 12.27, the input file is 
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o 0 b 0 


■N 1 ! 

VM{13) 

VM (15 ,2 3 } 

VM ( i 3 , 2 

2 ) , 1 ' 

VP (13) 

VP (15,25) 

VP VI 3 2 

■V f 1 

VM ( 2 3) 

VM(25,35) 

VM { 2 3,3 


VP(23) 

\/’P ( / L v f i S i 

VP ( 2 3 , 3 

5, . 1 . ) 

VM ( 3 3 ) 

V M { 3 5 , 1 . 5 ) 

VM(3 3 , 1 


VP(33) 

VP ( 3 5 , 15 } 

V P ( 3 3 , 1 


^ RSA © LSA a RAA © LAA 
-h—AA/—-——<>—av— 


A RAN © LAN 
* aaa ^ /mnr\ 


NS t”™{ + ] 


RSB 0 L.SB h RBB M LBB ,, RBN |6) LBN 


RSC © LSC c RCC © LCC , r C N 


Figure 12.27 Balanced Y-Y system labeled for SPICE analysis. 

The last . PRINT statement is used to obtain the voltage at the load 
neutral which, for a balanced system, is expected to be zero. After SPICE 
is run, the output file contains: 


:m(vsa) 




VH(13) VMi15,25) VM(13,23) 
I.I88E + 02 .1.951E+ 02 2.057E+02 

V P(2 3) V P{2 5,3 5) VP(2 3,33) 

i VM(35,15) VM(33,13) 

I. - 02 1,95.).. E + 0 2 2 . 0 5 7 P + 0 2 






These data agree with the results of hand calculations, except for an 
apparent discrepancy in the phase angles of the line currents, which in 
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Example 12.12 were assumed to flow out of the sources. As we 1 

know, SPICE assumes a voltage source current that flows from the 
positive terminal, through the source, and to the negative terminal, 
indicating a 180° discrepancy. For instance, in the preceding listing we 
have ip (VSA) - l. 443E+02 = 144.3°. Then, <J aA * ip(VSA) 

- 180° = 144.3 - 180 = -35.7°, in full agreement with Example 12.12. ^ 


Exercise 12.18 Use SPICE to verify the results of Example 12.14, 
dealing with a balanced Y-A system. Assume the operating frequency is 
60 Hz. 


► Example 12.20 

Use SPICE to find the load voltages in the Y-Y system of Figure 12.27 
for the case of slightly unbalanced load impedances, Zan = 16 + j 11 £ 2 , 
%>bn = 14 4 j9 J 2 , and Zcm = 17 + 78 £ 2 . 


Solution 

The input file is now 
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After SPICE is run, the output file contains 

VM(15) VM{2 5 ) VM{3 5) VM (1 ) 

1.129E+02 1.129E+02 1.130Et02 1.O89E+01 

Compared with Example 12.19, we observe that the line voltages have 
changed from 112.7 V to 112.9 V, 112.9 V, and 113.0 V, and the voltage 
of the load neutral with respect to the source neutral is now 10.89 V 
instead of 0 V. 


Exercise 12.19 Use SPICE to investigate the behavior of the Y-A 
system of Exercise 12.18 for the case of heavily unbalanced load 
impedances, Z AB = 90 + y'60 Q, Z BC = 50 - J40 Q, and Z CA = 70 £2. 
Assume the operating frequency is 60 Hz. 


▼ Summary 

• The instantaneous ac power delivered by a source to a load is p(t) = 
(1/2) I m cos <f> + (1/2) V m l m cos (2 cot 4- <fi), where V m and I m are the peak 
voltage and current amplitudes, and <f> is the phase angle of voltage relative 
to current. 

• The average ac power is P = (1 /2) l m cos 0 = V rms / rms cosf. The term 

cos <p is called the power factor pf. 

• The average power delivered to an impedance Z = R(co) + jX(oj) is P = 
/?(<w)/ r 2 ms , indicating that the ac resistance R(co) represents the ability of an 
impedance to dissipate power. 

• The average power delivered to an impedance Z = Z m ff can also be ex¬ 
pressed in the alternate form P = (V rms cos <f>) 2 /R(co). 

• Given an ac port with open-circuit voltage V x and equivalent impedance Z eq , 
and given a load Z L , power transfer from the port to the load is maximized 
when Z L = Z* q , that is, when the load is made equal to the complex conjugate 
of the port impedance. We then have P (max) = |V^| 2 /8/? e q- 

• Complex power is defined as S = P + jQ = where S = V’ rms / rms 
is called the apparent power and is expressed in volt-amperes (VA); P = 
S cos0 is called the real power and is expressed in watts (W); and Q = 
s sin0 is called the reactive power and is expressed in volt-amperes reactive 
(VAR). These relationships are easily visualized in terms of the ac power 
triangle. 

• We have P ~ /f(a>)/ r 2 ms , Q = X(cu)/ r 2 ms , and S = Z(n;)/ r 2 ms . Moreover, 
the complex, real, and reactive powers of a source equal the sums of the 
complex, real, and reactive powers of the individual impedances comprising 
the load. 

• Power-factor correction is the process of adding suitable reactive elements 
either in parallel or in series with a load to make the power factor of the 
composite load approach unity. 
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• The generation, transmission, and utilization of large banks of electric power 
is accomplished by means of three-phase (3-0) systems because of their 
ability to ensure continuous power flow as opposed to the pulsating power 
flow of single-phase (1-0) systems. 

• A balanced 3-0 source produces three sinusoidal voltages having equal am¬ 
plitude and frequency, and differing in phase angle by 120°. At any instant, 
the sum of the three voltages is zero. 

• Depending on the manner in which its windings are interconnected, a 3-0 
source may be of the Y or A type. Likewise, a 3-0 load may be of the Y or 
A type. A source or a load of one type can always be converted to the other 
via suitable transformations. 

• The most common 3-0 systems are Y-Y and Y-A. The Y-Y system may 
have a neutral line. If the system is balanced, this line carries zero current. 
Y-A systems have no neutral line. Balanced 3-0 systems may be analyzed 
on a per-phase basis using a simple 1-0 equivalent. 

• Power is measured by means of the wattmeter. The (-coil, acting as an 
ammeter, is connected in series with the load; the u-coil, acting as a voltmeter, 
is connected in parallel. 

• Power measurements in balanced 3-0 systems via the two-wattmeter method 
use line voltage and current measurements to indirectly obtain P T , Qp, and pf. 

• SPICE provides a powerful tool for the analysis of 3-0 systems, especially 
when they are unbalanced. 


▼ Problems 

12.1 AC Power 

12.1 A source u T = 15 cos 10 3 / V, a resistance R = 10 O, 
an inductance L — 25 mH, and a capacitance C = 100 /rF 
are connected in series. Calculate the instantaneous power 
(absorbed or delivered?) by each element at t — 0. Hence, 
verify the conservation of power. 

12.2 Verify that the average power supplied by the source in 
Figure PI2.2 equals the sum of the average powers dissipated 
by the resistances. 


20 

VW 


12/30° vf+) 



-j 1 O 


Figure P12.2 

12.3 (a) Find S, P, and pf for the circuit of Figure P12.3. 

Is pf leading or lagging? (b) Repeat, but with the capacitance 
removed from the circuit. Comment on your results. 


150 



12,4 Find the average power absorbed by each impedance 
in Figure PI2,4. Hence, verify that the total absorbed power 
equals that released by the source. 


50 /30° V 


3 + >4 O 



1 O 


Figure P12.4 
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12.5 Verify the conservation of average power in the circuit 
of Figure PI 2.5. 



Figure P12.5 

12.6 Find the average power dissipated by the resistance of 
Figure PI 2.6 if v s — 120 cos 10 3 / V. 



Figure P12.6 

12.7 A source = 120cos2jr400r V drives a load that 
dissipates an average power of 100 W with a lagging power 
factor of 0.85. Find simple series and parallel equivalents for 
the load. 

12.8 Find the average power dissipated by the 2-k£2 load in 
Figure PI2.8. 



Figure P12.8 

12.9 A source fj = 100cos.Tl00f V with a series impe¬ 
dance of 60 4- y'80 £2 drives a 60-£2 load, (a) Find the average 
power absorbed by the load, (b) Specify a reactive element 
that, when connected in series with the load, will maximize its 
average power. Compare this power with that of part (a), and 
comment. 

12.10 If an active ac port delivers the current i — cos 10 3 f 
A when terminated on a 10-£2 resistance, and i = 2 cos 10 3 r A 
when terminated on a 100-/rF capacitance, find the load that 
will absorb the maximum average power from this ac port, and 
find this power. 

12.11 If an active ac port yields V = 120/0° V when open- 
circuited, and V = 6 0/16.26° V when terminated on a load 


of 30 -I- /40 £2, find the load that will absorb the maximum 
average power from this ac port, and find this power. 

12.12 In the circuit of Figure P12.12 find the maximum av¬ 
erage power that can be transferred to Zi as well as Z L itself. 


5 £2 J 9a 



Figure P12.12 

12.13 Repeat Problem 12.12 for the circuit of Figure PI 2.13. 



Figure P12.13 

12.14 Repeat Problem 12.12 for the circuit of Figure PI2.14. 


1 £2 



Figure PI 2.14 

12.15 Show that the average power Pi transferred to a load 
Z L for a given < Zi , not necessarily equal to — < Z eq , is max¬ 
imized when \Zi\ is made equal to |Z C q|. (Hint: Derive an ex¬ 
pression for P L in terms of Z L = \Z L |(cos <Z L +j sin < Z L ) 
and impose dPi/d\Z L \ — 0.) 

12.16 (a) Using the results of Problem 12.15, find a purely 
resistive load that will dissipate as much average power as 
possible in the circuit of Figure PI 2.12. What is this power? 
(b) Find n for which the transformer of Figure PI 2.5 will trans¬ 
fer as much average power as possible. What is this power? 

12.2 Complex Power 

12.17 (a) Show that the maximum and minimum values of 
the instantaneous power are p max = p + P 2 + Q 2 and 
Pmin = P — yj P 2 + Q 2 . (b) Find p max and p ra ; n for the house- 
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hold ac line driving a load that consists of a 10-£2 resistance 
in series with a 35-mH inductance. 

12.18 If the instantaneous power associated with a load is 
p(t) ~10+ !0cos 2n 1 (Mr + 17.32 sin 2tt lOOr VA, find (a) the 
source frequency, in Hz, (b) P, (c) Q , (d) S, and (e) the 
maximum and the minimum instantaneous power. 

12.19 Let the voltage and current at the terminals of a certain 
ac port be r = 120cos (cot + 30°) V, and i = 5sinro/ A. 
Assuming the passive sign convention, find the real power and 
the reactive power. Is the port delivering or absorbing average 
power? Reactive power? 

12.20 In the arrangement of Figure PI2.20 find P and Q, 
and state whether average power flow and reactive power flow 
is from System 1 to System 2 or vice versa if 

(a) v = 120 cos (tu/ +60°) V, i = 2 cos tut A 

(b) e = 60cos (cot + 30°) V. i = 3 cos (col + 90") A 

(c) v = 240 cos cot V, i = 15 cos (cot + 150°) A 

(d) i’ = lOcos (cot + 60°) V, / = 1 sin (cot + 60°) A 



Figure PI2.20 


12.25 A source V* supplies ac power to a load Z/, via a 
series impedance Z s = 5 + j2 £2. Find V, if the load absorbs 
1 kW at V L = 220 [OF V (rms) and pf = 0.8. leading. 

12.26 A source V s — 100/0° V (rms) supplies ac power to 
a load Zl = 28 + j 25 £2 via a distribution line with impedance 
Z[j nc = 2 + j5 £2. (a) Find the voltage V/, and current II at 
the load, (b) Verify the conservation of ac power. 

12.27 A source supplies ac power to an inductive load via a 
distribution line with impedance Zy me = 0.1 + y'0.3 £2. If the 
load requires 10 kW at V/. = 220/0° V (rms) and the power 
loss on the line is 0.5 kW. find the complex power delivered 
by the source. 

12.28 Assuming a source frequency of 60 Hz in Prob¬ 
lem 12.27. find the capacitance bank that must be connected in 
parallel with the load to raise its power factor to 0.9, lagging. 
What is the load voltage after power-factor correction? 

12.29 Three loads are in parallel. Load 1 absorbs 100 kW 
and 40 kVAR; Load 2 absorbs 25 kVA at pf = 0.9, lead¬ 
ing; Load 3 absorbs 80 kW at pf = 1. Find the equivalent 
impedance and power factor of the parallel combination if its 
voltage is 240 V (rms). 

12.30 Three loads are in parallel and absorb, respectively. 
Si = 16 + y20 VA, S 2 = 12 - j 10 VA. and S 3 =5 + j 15 VA 
from a 120/0 V (rms) source. Find the current supplied by the 
source as well as the overall power factor seen by the source. 


12.21 (a) Find the real, reactive, and complex power deliv¬ 

ered by the source in Figure PI2.21. (b) What reactive element 
must be connected in parallel with the source to make its power 
factor 1? 


I0£i 30 £2 



3 H 


Figure PI 2.21 

12.22 A source — 120i/2cos377r V supplies a load with 
the complex power S = 300 + /400 VA. What element must 
be connected in parallel with the load to ensure (a) pf = 1? 
(b) pf = 0.9 lagging? 

12.23 A source v s — I20\/2cos2jr50t V drives a series 
RLC circuit having R = 8 £2, L = 50 mH, and C = 500 pF. 
What reactive element must be connected directly across the 
source to achieve pf = 0.95, lagging? pf = 0.95, leading? 

12.24 A load absorbs 10 kW at 220 V (rms) and pf = 0.8, 
lagging. Find the impedance as well as the complex power of 
the load. 


12.31 Two loads are in parallel and absorb a total of 5 kW 
at 120 V (rms), 60 Hz. and pf = 0.8, lagging. If Load 1 is 
known to absorb 2 kW at pf = 0.7, lagging, find (a) the power 
factor of Load 2 and (b) the parallel reactive element necessary 
to raise the combined power factor to 0.9, lagging. 

12.32 Two loads are in parallel and are powered by an ac 
source Vs via a distribution line having impedance Z|i ne = 
0.1 + y0.25 £2. The common load voltage is Vi = 220/0° 
V (rms). Using complex power calculations, find V ( if Load 
1 absorbs 20 kW at pf = 0.75, lagging, and Load 2 absorbs 
50 kW at pf = 0.8, lagging. 

12.33 Predict the wattmeter reading in Figure PI2.33. 



25 mH 


Figure P12.33 
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12.34 (a) Predict the wattmeter reading in Figure PI2.34. 

(b) Repeat if the voltage is changed to 12/0° V and the current 
source to 6/60° A. Comment. 



Figure PI2.34 

12.35 Predict the wattmeter reading in Figure P12.35. 



Figure P12.35 

12.3 Three-Phase Systems 

12.36 Find the phase sequence of each of the following sets: 

(a) 

v a = 120 cos (eot + 75°) V 
Vb = 120 sin ( tot + 45°) V 
u c = 120 cos (cot - 165°) V 

(b) 

v a = 208 cos (cot + 60°) V 
vb = —208 cos tot V 
v c = 208 cos (cut — 60°) V 

12.37 Given a balanced Y-connected source with a positive 
phase sequence, find (a) the line voltages if V an = 12 0/90° V 
(rms) and (b) the phase voltages if V a b = 20 8/60° V (rms). 

12.38 Given a balanced Y-connected load, (a) find Vat: if 
Van = 12 0/60° V (rms) and the phase sequence is positive 
and (b) Vab if Vcn = 24 0/135° V (rms) and the phase se¬ 
quence is negative. 


12.39 Find R tq in the circuit of Figure PI2.39(a). To avoid 
node or loop equations, apply a Y-A transformation to the 
2-Si!, 6-ST and 3-S2 resistances to obtain the equivalent of Fig¬ 
ure PI2.39(b), then apply series/parallel reductions. 


a 



(a) (b) 


Figure P12.39 

12.40 Find if eq in the circuit of Figure PI2.40(a). To avoid 
node or loop equations, apply a A-Y transformation to the 
2-£2, 3-£2, and 24-£2 resistances to obtain the equivalent of 
Figure PI 2.40(b), then apply series/parallel reductions. 



(a) (b) 


Figure PI2.40 

12.41 Find Z in the circuit of Figure P12.41 using a Y-A 
transformation. 



Figure P12.41 


L 
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12.42 Find Z in the circuit of Figure P12.41 using a A-Y 
transformation. 

12.43 (a) Find the A-equivalent of a Y-connected load hav¬ 
ing Z^n = 10 £2= %BN = anc * ^ CN = (b) Find 

the Y-equivalent of a A-connected load having Zab = 10 + 
7 10 £2, Zgc = 10 £2, and Zqa = — ylO £2. 

12.44 If in Figure 12.20 Za = 18 + j6 £2, find Zy so that 
Zab = Zflc = Zca = 4 + j 2 £2, What is the Y-equivalent of 
the composite load? 

12.45 Three balanced loads are connected in parallel. The 
first is a A-connected load with Za — y'20 £2; the second is a 
Y-connected load with Zy = 20 £2; the third is a A-connected 
load with Za = — j30 £2. Find a Y-equivalent as well as a 
A-equivalent for the composite load. 

12.46 Two balanced A-connected loads are in parallel and 
are subjected to a balanced voltage set with a per-phase mag¬ 
nitude of 220 V (rms). If the first load draws 20 kW per phase 
at pf = 0.8, lagging, and the second load draws 10 kW per 
phase at pf = 0.9, leading, find a A-equivalent as well as a 
Y-equivalent for the composite load. 


12.4 Y-Y and Y-A Systems 

12.47 A balanced Y-connected load with a per-phase 
impedance of 30 + ;20 £2 is powered by a balanced source via 
a distribution line having a per-phase impedance of 0.5+ j 1 £2. 
If the line voltage at the load is 400 V (rms) find (a) the line 
current and (b) the line voltage at the source end of the line. 

12.48 A balanced, positive-phase-sequence Y-connected 
source with V an = 120/0° V (rms) supplies power to a bal¬ 
anced Y-connected load. If the per-phase load impedance is 
20 + j 10 £2 and the per-phase impedance of the distribution 
line is 1 + j2 £2, find (a) the line currents and (b) the phase 
voltages at the load. 

12.49 A balanced Y-connected source with V an = 120/0° V 
(rms) supplies power to a balanced Y-connected load with a 
per-phase impedance of 8 + j4 £2. If Van = 11 0/ —1.50° V 
(rms), find the per-phase impedance of the power-distribution 
line. 

12.50 The power-distribution line of a balanced Y-Y system 
has a per-phase impedance of 0.6 + j0.3 £2. If the per-phase 
load impedance is 10 + j 15 £2 and the per-phase power loss 
on the line is 60 W, find the per-phase power absorbed by the 
load as well as the per-phase complex power supplied by the 
source. 

12.51 A balanced, positive-phase-sequence Y-connected 
source with V an = 120/0° V (rms) is connected by four per¬ 
fect conductor lines to an unbalanced Y-connected load having 
Z a n = 10 £2, Zbn = 6 + /8 £2, and Zcn = 8-/6 £2. Find 
the current on the neutral line. 


12.52 If the neutral line in the Y-Y system of Problem 12,51 
is removed, find Vn„, the voltage of the load neutral node 
referenced to that of the source neutral node. 

12.53 A balanced A-connected load with a phase impedance 
of 50 — j 20 £2 is powered by a balanced, positive-phase- 
sequence source via a distribution line having a per-phase 
impedance of 0.5 + j l £2. If Vab — 208/0° V (rms), find 
(a) the line currents and (b) the line voltages at the source end 
of the line. 

12.54 A balanced A-connected load with Za = 30 + j 15 £2 
is in parallel with a balanced Y-connected load having Zy — 
15 £2 and Van = 240/0° V (rms). The composite load is 
powered by a balanced, negative-phase-sequence source via a 
distribution line having a per-phase impedance of 1 + ;2 £2. 
Find (a) the line currents, (b) the line voltages at the source 
end of the line, (c) the phase currents in the A-connected load, 
and (d) the phase currents in the Y-connected load. 

12.55 A balanced, negative-phase-sequence Y-A system has 
a per-phase distribution-line impedance of 1 + j 0.5 £2 and a 
per-phase load impedance of 20 + /10 £2. If V an = 120/0° V 
(rms), find (a) the line currents and (b) the phase voltages at 
the load. 

12.56 In a balanced, negative-phase-sequence Y-A system 
each phase has a winding impedance of 0.5 /60° £2, a distribu¬ 
tion-line impedance of 0.5 + j 0.3 £2 and a load impedance of 
10 + j8 £2. If I A b = 1 0/30° A (rms), find V sa , V sb , and V sc . 

12.57 A balanced Y-A system has < V an = 20° and I a A = 
4/ —10° A (rms). If the load absorbs 400 W per phase with a 
lagging power factor of 0.875 and the distribution line absorbs 
20 W per phase, find (a) V an , (b) Zu ne , (c) Za, and (d) Vab- 

12.58 A balanced, positive-phase-sequence Y-connected 
source with V an = 120/0° V (rms) and negligible wind¬ 
ing impedance supplies power to an unbalanced A-connected 
load via a distribution line having a per-phase impedance of 
1 + j2 £2. Find the line currents if Zab — 30 + ,/40 £2, 
Zbc = 40 — J30 £2, and Zca — 50 £2. (Hint: Transform the 
load into its Y-equivalent.) 


12.5 Power in Three-Phase Systems 

12.59 Show that in a balanced 3 -<p system the total instan¬ 
taneous power absorbed by a load is invariant with time and 
is given by p = 3Vtf> I $ cos where and 1$ are the rms 
values of the phase voltage and current at the load, and $$ is 
the phase difference between the two. 

12.60 A balanced Y-Y system has V a „ = 12 0/45° V (rms) 
and Zy = 5 0/60° £2. If the power-distribution line has a per- 
phase impedance of 2/50° £2, find (a) the total complex power 
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delivered to the load and (b) the percentage of the average 
power at the sending end of the line that is delivered to the 
load. 

12.61 A balanced Y-A system has V an = 120/0/ V (rms) 
and Za = 40 + y30 £2. If the power-distribution line has a per- 
phase impedance of 0.5+y 1 £2, find (a) the total complex power 
delivered to the load and (b) the percentage of the average 
power at the sending end of the line that is delivered to the 
load. 

12.62 A balanced load draws a complex power of 1200 + 
y900 kVA at a line voltage of 4 kV (rms), 60 Hz. (a) Assuming 
a A-connected load, find a simple parallel equivalent for its 
phase impedance, (b) Assuming a Y-connected load, find a 
simple series equivalent for its phase impedance. 

12.63 (a) What A-connected capacitor bank must be con¬ 
nected in parallel with the load of Problem 12.62 to achieve 
pf = 11 Assume the line voltage remains unchanged, (b) Re¬ 
peat, but for a Y-connected bank. 

12.64 A balanced 3-0 load draws a total of 20 kW from a 
balanced 3-0 source operating at 60 Hz. If the line voltage 
and current at the load are, respectively, 220 V (rms) and 70 A 
(rms), find (a) the complex power drawn by the load, (b) the 
power factor of the load, and (c) a A-connected capacitor bank 
that will raise the power factor of the load to 0.95, lagging. 

12.65 A balanced load absorbs 360 kW at pf = 0.8, lagging. 
If the load is fed by a balanced source via a power-distribution 
line with a per-phase impedance of 0.12 + y'0.04 £2 and the 
line voltage at the load is 660 V (rms), find the power factor 
at the source. 

12.66 A balanced source supplies 30 kVA at pf = 0.8, lag- 
§in§j to a balanced load. If the line voltage at the source is 
240 V (rms) and the distribution line has a per-phase impedance 
of 0.3+y0.4 £2, find (a) the rms value of the line current, (b) the 
rms value of the line voltage at the load, and (c) the complex 
power at the load. 

12.67 A balanced source supplies power to three balanced 
loads via a power-distribution line having a per-phase impe¬ 
dance of 0.05+y 0.1 £2. Load 1 absorbs 100 kVA at pf = 0.85, 
lagging; Load 2 absorbs 25 kVAR at pf = 0.75, leading; Load 
3 dissipates 20 kW atp/ = 1. If the line voltage at the load is 
240 V (rms), find the line voltage and pf at the source. 

12.68 A balanced source supplies power to three balanced 
loads via a power-distribution line having a per-phase impe¬ 
dance of 1 + j2 £2. Load I absorbs 100 kVA at pf = 0.95, 
leading; Load 2 absorbs 125 kW at pf = 0.8, lagging; Load 3 
draws 150 + y'50 kVA. If the line voltage at the load is 3 kV 


(rms), find the power factor at the source and the load, as well 
as the efficiency of the system. 

12.69 A balanced Y-connected load is powered by a bal¬ 
anced source and draws a total of 120 kW at pf = 0,8, lagging. 
The line voltage at the load is 208 V (rms), 60 Hz. (a) If three 
5-mF capacitances are connected in parallel with the load in a 
Y configuration, find the power factor of the combined load, 
(b) Repeat, but with the capacitances connected in a A config¬ 
uration. Compare and comment. 

12.70 A A-connected load with Z AB = 4 + j 3 £2, Z BC = 
12-y'8 £2, andZ cm = 1 0/45° £2 is subjected to a balanced set 
of line voltages of 720 V (rms) each. Find the complex power 
of each phase as well as the complex power of the entire load, 

12.71 Predict the wattmeter readings of Figure 12.26 if V ab = 
240 / —30 ° V (rms), V cb = 24 0/-90° V (rms), and Z d , = 
80 + y‘40 £2. 

12.72 Let the wattmeter readings of Figure 12,26 be P AB = 
1000 W and P^ B = —500 W. If the line voltage is 208 V 
(rms), find (a) the total average power, (b) the power factor, 
and (c) the phase impedance of the load. Assume the system 
is balanced. 

12.73 In the two-wattmeter arrangement of Figure 12.26 let 
the line voltage be 208 V (rms). Find the phase impedance 
of the load if the wattmeter readings are (a) P AB = P C8 = 

1 kW, (b) P AB = -P C h = 1 kW, (c) P AB =0 W, P CB = 1 kW, 
(d) P AB = 1 kW, P CB = 0, and (e) P AB = 2 P CB = 1 kW. 
Assume the system is balanced. 

12.74 Assuming a positive-phase-sequence, balanced set of 
line voltages in Figure PI2.74, show that the wattmeter reading 
P is proportional to the per-phase reactive power Q$ associ¬ 
ated with the load: P = \/3 Q#. 



Figure P12.74 
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12.75 In the circuit of Figure PI2.74 let Z^ = 24 + j 32 £2 
and let the line voltages form a positive-phase-sequence, bal¬ 
anced set with a magnitude of 720 V (rms) and a frequency 
of 60 Hz. (a) Predict the wattmeter reading, (b) Specify a 
balanced A-connected load that, if connected in parallel with 
the existing Y-connected load, will drive the wattmeter reading 
to zero. 

12.76 In Figure 12.26 the line voltages form a positive- 
phase-sequence, balanced set with a magnitude of 208 V (rms); 
however, the load is unbalanced and Zab = 20 4- j 15 £2, 
Zac = 30 — j'40 £2, and Zqa — 25 /—45° V. (a) Predict the 


wattmeter readings, (b) Verify that the sum of the readings still 
equals the total power delivered to the load. 

12.6 SPICE Analysis of 3-0 Systems 

12.77 Use SPICE to predict the i -coil current and the u-coil 
voltage in the circuit of Figure P12.35. Hence, use the SPICE 
results to calculate the wattmeter reading. 

12.78 Solve Problem 12.48 via SPICE. 

12.79 Solve Problems 12.51 and 12.52 via SPICE. 

12.80 Check Problem 12.54 via SPICE. 

12.81 Solve Problem 12.76 via SPICE. 





AC Resonance 


13.1 Series Resonance 

13.2 Parallel Resonance 


13.3 Resonant Op Amp Circuits 

13.4 Scaling 


I n Chapter 9 we found that RLC circuits possess the distinctive ability to pro¬ 
vide natural responses of the oscillatory type. This ability stems from the 
flow of energy back and forth between the capacitance and the inductance. It 
is not surprising that RLC circuits also exhibit a distinctive ac behavior. This 
stems from the fact that inductance and capacitance have dual ac characteristics: 
The inductive reactance X^ = o)L is positive and is directly proportional to co, 
whereas the capacitive reactance Xc = —1/wC is negative and inversely pro¬ 
portional to a). Depending on frequency, X L or X c may dominate, or the two 
reactances may cancel each other out, making a series LC combination act as a 
short circuit, and a parallel LC combination as an open. This cancellation pro¬ 
vides the basis for a form of resonance known as unity power-factor resonance 
to reflect the fact that if the series or parallel LC combination is embedded in a 
resistive circuit, at resonance all voltages and currents in the circuit will be in 
phase with the applied source, thus yielding a power factor of unity. 

Another distinguishing feature of resonant RLC circuits is the ability to 
provide a form of signal magnification known as resonance signal rise, a phe¬ 
nomenon not found in other passive ac circuits, where all signals in the circuit 
are of lesser magnitude than the applied signal. 

In this chapter we first investigate the series and parallel RLC circuits, and 
we characterize their behavior at resonance in terms of the resonance frequency 
«o and the quality factor Q. We also investigate the effect of practical coils upon 
the Q of a circuit. 

Next, we examine a resonant circuit consisting of resistances and capaci¬ 
tances, but no inductances, and find that it always has Q <0.5. However, with 
the inclusion of an op amp to provide a controlled amount of positive feedback, 
it is possible to change the Q of the circuit to any value, including Q = oo or 
even Q < 0. With Q — oo the circuit yields a sustained oscillation, and with 
Q < 0 it yields a diverging oscillation. 

We conclude by discussing magnitude and frequency scaling. 
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13.1 Series Resonance 


In this section we investigate the phenomenon of ac resonance for the case of 
a capacitance and inductance connected in series. Once we reduce the remain¬ 
der of the circuit to its Thevenin equivalent, we end up with the series RLC 
configuration of Figure 13.1(a). The impedance seen by the source is 


0> L ~^\ = R + jX 

X =toL -— 

coC 



(13.1) 

(13.2) 


where X is the net reactance of the circuit. Depending on the frequency a> of 
the applied source, we have three possibilities: 


(1) cdL < l/o)C, or X < 0, indicating capacitive behavior. 

(2) o)L > 1 jioC, or X > 0, indicating inductive behavior. 

(3) ojL = 1 ja>C , or X =0. This is the borderline between the two pre¬ 
ceding cases. Since we now have Z = R + j0 = R, the RLC circuit 
behaves resistively, with 1 and V in phase with each other. This behav¬ 
ior, referred to as unity power-factor resonance, occurs at the special 
frequency o»o that makes coqL = 1/ojqC, or 


1 

too - -- 

Vic 


(13.3) 


For obvious reasons, coo is called the resonance frequency. Even 
though the individual impedances Z^ and Zc are not zero, at reso¬ 
nance they cancel each other out, making the LC series combination 
act as a short circuit. Figure 13.2 depicts the signals in the circuit at 
resonance. 



Figure 13.1 Series RLC circuit and frequency response of its current. 


Frequency Response 

We find it instructive to reexamine the frequency response of the series RLC 
circuit using phasor analysis. To simplify the formalism, we again use the 
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quality factor of the series RLC circuit, 


Q R^/CjL 


If this is combined with Equation (13.3), it is straightforward to verify that the 
reactances can be expressed as 


toL = RQ — 

(13.5a) 

0*0 


coC co 

(13.5b) 


Substituting into Equation (13.1) yields the more insightful form 


r 


Z=R 


1 + JQ 


CO 

O>0 



The current response is readily found as / = V/Z, or 


(13.6) 


/ = 


R 


i + 

a*0 co 


(13.7) 


Applying Phasor Rule 6 of Section 11.1 gives the amplitude and phase relation¬ 
ships between current and voltage as 



(13.8a) 


(13.8b) 


Clearly, the derivations via phasors are much quicker than the time-domain 
derivations of Section 10.4. 


L 
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As we know, the plot of l m versus w for a given V m has the familiar bell¬ 
shaped profile of the band-pass function. Current approaches zero at both 
ends of the frequency spectrum because of the open-circuit action by L at low 
frequencies and by C at high frequencies. At the borderline frequency co = to® 
the reactances cancel each other out, minimizing \Z\ and maximizing l m , so 
fm(max) = V m /i ?■ At resonance the average power P dissipated in the resistance 
is also maximized, and 

1 V 2 V 2 

P am = ^ = -f <13-91 

The frequencies at which P is down to half its maximum value are the half¬ 
power frequencies a> L and ton- Recall from Section 10.4 that the half-power 
bandwidth is BW = (o^ — co^, and that 



If Equations (13.3) and (13.4) are combined, it is readily seen that 


(13.10) 


BW = 


L/R 


(13.11) 


Equations (13.3) and (13,11) indicate that in a series RLC circuit too is set by L 
and C, and BW is set by R and L. 


Exercise 13.1 A series RLC circuit has R = 50 Q, ojq = 10 5 rad/s, 
i and BW = 10 3 rad/s. Find L and C. 

! ANSWER 50 mH, 2 nF. 


► Example 13.1 

A load consisting of a 20-S2 resistance in series with a 0.25-H inductance 
\ is to be driven by the utility power. 

(a) Specify a suitable capacitance that, when interposed between the 
source and the load, will maximize power transfer. 

(b) Compare with the case in which the load is connected to the 
utility power directly, without the coupling capacitance. 


Solution 

(a) We want the circuit to resonate at cuo = 2 tt 60 = 377 rad/s. Use a 
series capacitance C = 1/(o)qL) = l/(377 2 x 0.25) =28.14 pF. 
Then, P = P max = V 2 m JR = 120 2 /20 = 720 W. 
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(b) Without the coupling capacitance, the source sees Z L = R + 
ja>L — 20+j377x0 .25 = 20+j94.25 £2, so / rms = V rms /\Z L \ = 
120/V20 2 + 94.25 2 = 1.246 A. Hence, P = /f/ 2 ms = 

20 x 1.246 2 = 31.03 W. Clearly, we now have P P max . 


Phasor Diagrams 


We can gain additional insight into RLC behavior by constructing the phasor 
diagrams for oj < wq, to = too, and to > coq. It is convenient to use the current 
phasor I = I m [6± as the reference phasor because current is common to all 
three elements. The phasors of the individual element voltages are Vr = RI, 
V L = jcoLI, and V c ~ (l/jtoC)I, or 


Vr = RI m Lk 
V L wLl JOj + 90° 

V c = -Xc UOi - 90° 


(13.12a) 

(13.12b) 

(13.12c) 


The phasor diagrams are shown in Figure 13.3. Below resonance (to < too) 
we have |Vcl > \Vl\ and £>, > 0, confirming capacitive behavior. At resonance 
(to = to o) we have V c = ~V Ll so V R = V and 9 ( = 0. The resonant circuit 
behaves as if it consisted of just /?. Above resonance (to > coq) we have 
\V L \ > \Vc\ and < 0, confirming inductive behavior. 



Figure 13.3 Phasor diagrams for the series RLC circuit: (a) a> < <wo, (b) to = too, and 

(c) to > COQ. 


V 


Example 13.2 


In the circuit of Figure 13.1 let V = lO/Of V, R = 400 £2, L = 10 mH, 
and C = 10 nF. Calculate the phasors for (a) to — toojl, (b) to — too, and 
(c) to = 2too. 


I 
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Solution 

We have wo = 1 j<JhC = 1/Vl0“ 2 x 10~ 8 = 10 5 rad/s, and 
Q = (\/R)JT/C = (1/400) V10-2/10- 8 =2.5. 

(a) For co = coq/2 = 10V2 rad/s we have Q (to/coo — coo/co) — 

2.5 x (0.5 - 2) — —3.75. By Equations (13.8), I m = 
(10/400)/%/1 + 3.75 2 and <?,■ = - tan' 1 (-3.75), or 

/ = 6.44 2/75.07° mA 

Substituting into Equations (13.12) gives Vr = (400 x 6.442 x 
10~ 3 ) /75.07° , V L = [(105/2) 10' 2 x 6.442 x 10~ 3 l/75.07° + 90° , 
and V c = (1 /[(10 5 /2) 10“®])(6.442 x 10~ 3 ) /75.07° - 90° , or 

V R = 2.577 /75.07° V 

V L = 3.221 /165.07° V 

V c = 12.88 /-14.93° V 

(b) For w — coo = 10 5 rad/s we obtain I m = V, n /R = 10/400 and 
9i — — tan -1 0, or 


/ = 25/tT mA I 

Performing analogous calculations yields 
V R = 10/0^ V 
V L = 25 /90° V 
V c = 25 /-90° V 

(c) For co ~ 2 coq = 2 x 10 5 rad/s, we likewise obtain 
I = 6.44 2/-75.07° mA 
V R = 2.577 /—75.07° V 
V L - 12.8 8/14.93° V 

V c = 3.221 /-165.07° V 4 


Resonance Voltage Rise 


The phasor diagrams of Figure 13.3 and the results of Example 13.2 reveal an 
intriguing phenomenon, that is, depending on the operating frequency co, the peak 
voltage amplitudes across one, the other, or both of the reactive elements may 
exceed the peak amplitude of the applied signal. We are particularly interested 
in the situation at resonance, where 


V m 

I=~/ 0 ° 
R*— 


(13.13) 


J 
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Letting <o = coq in Equations (13.12) and using the fact that Equation (13.5) 
predicts coqL = QR and l/cooC = QR, the phasors of the individual element 
voltages are, at resonance, 


(13.14a) 

(13.14b) 

(13.14c) 


Clearly, if Q > 1, the peak voltages across the reactive elements will be 
greater than that of the applied source, a phenomenon known as resonance 
voltage rise. The amount of magnification coincides with the quality factor 
of the circuit. For instance, in the preceding example we have Q = 2.5, thus 
confirming the values \Vl \ = \ Vc \ = 2.5|V| =2.5 x 10 = 25 V. 

It is interesting to note that the smaller the resistance R in a series RLC 
circuit, the higher the value of Q and, hence, the greater the amount of resonance 
voltage rise. In the limit R —> 0 we would have, by Equation (13.4), Q —■ ► oo, 
and this would result in an infinite voltage rise. 


v R = v m / 0 ! 

V L = QV m [_ 90! 
Vc = QV J - 90° 


Exercise 13.2 Find the peak voltage amplitudes across the coupling 

capacitor and the load of Example 13.1. 

ANSWER 799.7 V, 817.5 V. 

Exercise 13.3 

(a) Using a 100-/xH inductance, specify suitable values for R and C 
to implement a series RLC circuit that resonates at 1 MHz with 
a quality factor of 100. 

(b) If the circuit is driven with a source having a peak amplitude 
of 1 V, find the power it dissipates at resonance, as well as the 
amplitudes of the voltages across its reactive elements. 

ANSWER (a) 6.283 Q, 253.3 pF; (b) 79.58 mW, 100 V. 


Resonance phenomena arise frequently in everyday life. A common ex¬ 
ample is offered by a child bouncing on a bed. The child exploits the ability 
to convert the potential energy of the bed springs into kinetic energy of his or 
her body, and vice versa, to achieve amazingly high bounces with little effort. 
The bouncing frequency at which effort is minimum is found empirically by the 
child: it is the resonance frequency of the mechanical system made up of the 
child’s body and the bed springs. Any attempt to bounce at a higher or a lower 
frequency than the resonance frequency would require much more effort and 
would result in less spectacular bounces! 
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Energy at Resonance 

The instantaneous energy stored in the inductance is wi(t) = (l/2)Lijr(r), and 
that stored in the capacitance is wc(t ) = (l/2)Ct>£(0- The sum wi(t) + wc(t) 
is called the total stored energy. This energy is maximum at resonance. We 
wish to find its value, aptly called the maximum stored energy. 

At resonance, Equation (13.13) predicts ii(t) = (V m /R) cosa>o t. Moreover, 
Equation (13.5a) allows us to write L = QRjay}, so 

w L (t) = — —^ cos 2 coot (13.15a) 

too R 

Still at resonance we have, by Equation (13.14c), i>c(t) = QV m cos (wo/—90°) = 
QV m sin toot. Moreover, Equation (13.5b) allows us to write C = \/coqQR, 
so 

w c (t) = — —ts^sin 2 wot (13.15b) 

coo R 

The maximum stored energy is w L (t) + wc(t) = (Q/wo)(V 2 mi ./R)(cos 2 a^t + 
sin 2 a>ot). or 


w L (t) + w c (t) = 


0 v 2 

^ rms 

O)o R 


(13.16) 


Clearly, this energy is time invariant. Physically, at resonance there is no energy 
exchange between the source and the LC pair. The capacitance and inductance 
simply exchange their energies internally. The only energy that the source needs 
to supply is that dissipated by the resistance. 

We now wish to find an energetic interpretation for the quality factor Q, To 
this end, let us consider the energy dissipated per cycle at resonance, which we 
denote and find by dividing the energy dissipated in one second by the 

number of cycles contained in one second. The former is the maximum average 
power P max , and the latter is the resonance cyclical frequency fo = coq/Itt . At 
resonance we thus have iu*( C y C ie > = P ma x/ fo, or 


(13.17) 


Dividing Equation (13.16) by Equation (13.17) pairwise we obtain (iff, + u?c)/ 
WK(cyde) = which allows us to write 


t^/t(cycle) — 


wo R 


Q = 2jt 


maximum stored energy 
energy dissipated per cycle 


(13.18) 


We thus have yet another interpretation for Q. Since it is based on energy 
considerations alone, this relation is applicable not only to electrical circuits, but 
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also to nonelectrical systems such as acoustical and mechanical systems. It is 
thus generally regarded as the basic definition of the quality factor. 

In summary, we have three different ways of defining Q : 

(1) The definition of Equation (13.18), based on energy considerations. 

(2) The definition of Equation (13.10), Q = gjo/BW, based on frequency 
response considerations. 

(3) The definition of Equation (13.4), based on circuit elements and topol¬ 
ogy. As we shall see in the next section, changing the topology from 
series to parallel changes the expression for Q in terms of the cir¬ 
cuit components. However, the meanings of Q in terms of energy or 
frequency response remain the same. 


Example 13.3 

Referring to the circuit of Example 13.2, find the maximum stored 
energy, the energy dissipated per cycle, and the resonance frequency and 
half-power bandwidth, both in Hz. 

Solution 

Recall that <w 0 = 10 5 rad/s and Q = 2.5. Then, w L + w c = 
(QM{V^ m JR) = (2.5/10 5 )(10 2 /400) = 6.25 /xJ; ^ ! /?(cycle) — 

2tz(w l + w c )/Q =27T x 6.25/2.5 = 15.7 /xJ; / 0 — coq/Itz = 10 5 /2 n = 
15.9 kHz; BW = f Q /Q = 15.9/2.5 = 6.366 kHz. 


Exercise 13.4 Find the maximum stored energy and the energy 
dissipated per cycle in the circuit of Exercise 13.3. 

ANSWER 1.267 pj, 79.58 nJ. 


13.2 Parallel Resonance 

We now turn our attention to the case of a capacitance and inductance connected 
in parallel. Once the remainder of the circuit is reduced to its Norton equivalent, 
we end up with the parallel RLC configuration of Figure 13.4(a). The admittance 
seen by the source is the sum of the three admittances, T = Y R + Y c + F/„, or 

(oC - — ) (13.19) 

coL J 

where G = \JR. This expression is similar to that of Equation (13.1), provided Z 
and R are replaced with their reciprocals Y and G, and L and C are interchanged 
with each other. Of course, this could have been anticipated using duality 
considerations. As in the series RLC case, we expect a peculiar behavior when 
the susceptances tuC and — \jcoL cancel each other out. 


Y=G + j 
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G = l/R, and applying Phasor Rule 6 of Section 11.1, we get 


(13.23a) 


(13.23b) 



The plot of V m versus a> is shown in Figure 13.4(b), where we see that the peak 
value is V^max) = RI m . Physically, voltage approaches zero at both ends of the 
frequency range because of the short-circuit action by L at low frequencies and 
by C at high frequencies. In fact, L dominates for co < coq, making the parallel 
RLC circuit inductive, and C dominates for co > a>o, making it capacitive. 

At the borderline frequency co = coq, the susceptances coC and — 1 /a>L 
cancel each other out in Equation (13.19), making Ypurely conductive, Y — G + 
j 0. Even though the individual admittances and Y^ are nonzero, their sum 
vanishes at resonance, making the parallel combination of L and C effectively 
behave as an open circuit. 

It is readily seen that since V m is maximized at resonance, so is the average 
power dissipated in the resistance, 

r™ = \ R 'l = »>L ( 13 . 24 ) 

The frequencies at which P is down to half its maximum value are the half¬ 
power frequencies a>i and u>h, and the half-power bandwidth, BW = a>u —coi, 
is such that 


Q = 


<*>Q 

BW 


(13.25) 


Combining Equations (13.21) and (13.22), we readily find that 


1 




RC 


(13.26) 


Equations (13.21) and (13.26) indicate that in a parallel RLC circuit coq is set 
by L and C, and BW is set by R and C. 


Exercise 13.5 A parallel RLC circuit has R = 20 kQ, BW = 
10 4 rad/s, and Q — 100. Find L, C , and a) Q . 

ANSWER 200 5 nF, 10 6 rad/s. 
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Following the line of reasoning of the previous section, it is straightforward 
to show that in a parallel RLC circuit we have 


(13.27a} 

(13.27b} 

(13.27c} 


Moreover, at resonance, the following identities hold: 


(13.28} 
(13.29a) 
<13.29b) 
(13.29c) 




Exercise 13.6 Derive Equations (13.27) through (13.29). 


Exercise 13.7 In the circuit of Figure 13.4(a) let J m = 1 mA, L = 
10 mH, and C = 10 nF. Find the value of R that yields Q = 1. Hence, 
1 sketch and label the phasor diagrams for the cases co = wo/2, co = coq, 
and oo = 2ojo. Be neat and precise. 

ANSWER 1 kfi. 


We again note that if Q > 1, the peak amplitudes of the currents through 
the reactive elements exceed the peak amplitude of the applied source, a phe¬ 
nomenon known as resonant current rise. The amount of magnification is 
Q. Comparing the expressions for the quality factors, we note that in a series 
RLC circuit the smaller the resistance the greater the resonance voltage rise; 
in a parallel RLC circuit, the larger the resistance, the greater the resonance 
current rise. Can you justify this physically? 

The maximum stored energy at resonance, wi(t) + wc(t), and the 
power dissipated per cycle at resonance, cy< .| cl , can be obtained from the 
series RLC expressions of Equations (13.16) and (13.17) using the duality 
principle. Thus, replacing V rms with / rms and \/R with R in these equations 
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yields 


wz,(0 + u>c(t) = — 

(Oq 

2 TV 2 

w /f (cycle) — 

COo 


(13.30) 

(13.31) 


As in the series case, the maximum stored energy is time invariant, indicating that 
at resonance there is no energy exchange between the source and the LC pair; 
the capacitance and inductance simply exchange their energies internally. The 
only energy that the source needs to supply is that dissipated by the resistance. 
As in the series RLC case, we have 


Q 


= In 


maximum stored energy 
energy dissipated per cycle 


(13.32) 


As mentioned in the previous section, the expressions for Q based on energy 
or frequency response considerations hold regardless of the particular circuit or 
system. However, the expressions for Q in terms of the circuit elements depend 
on topology, as reflected by the fact that the expressions of Equations (12.4) and 
(11.22) are reciprocals of each other. 


Exercise 13.8 Referring to the RLC circuit of Exercise 13.7, find the 
maximum stored energy and the energy dissipated per cycle, both in J. 

ANSWER 5 nJ, 31.42 nJ. 


Practical Resonant Circuits 


The parallel RLC configuration finds application in a class of circuits known as 
tuned circuits, such as tuned oscillators and tuned amplifiers in radio commu¬ 
nications. 

Of the three components making up an RLC circuit, the inductor is the 
least ideal because of core losses and winding resistance. This departure from 
ideality can be modeled with a stray resistance R s in series with the inductance 
L. A practical tuned circuit, also called a tank circuit, is thus more realistically 
represented as in Figure 13.5. We wish to investigate the impact of R s upon the 
resonance frequency and the half-power bandwidth. 

Regarding the R S ~L pair as a single impedance R s + jcoL, the admittance 
seen by the source is the sum of three admittances, 


Y = 


— + jcoC + 


1 

R s + ja>L 


(13.33) 
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c 


Figure 13.5 A practical tank circuit. 


Rationalizing the last term as (R s — ja)L)/(R* + o?l?) and regrouping, we 
obtain 


1 R s 

Y ~R + Rj + ( coL) 2 


+ jcolC - 


[ C R* + (a>L? y 


(13.34) 


We are interested in the frequency a) Ki ^ 0 that makes the circuit resonant, that 
is, the frequency that makes Y purely real This frequency must be such that 


C - 


L 

R} + ((o [es L) 2 


= 0 


or 


w res — 


_L _?1 

LC L 2 


(13.35) 


In the limit R s 0, Equation (13.35) predicts £u res —»■ 1/V LC, as it should 
be. However, with R s V 0 we have <w res < 1 jjLC, indicating that the effect 
of R s is a downshift in the resonance frequency. Clearly, the smaller R s is as 
compared to |ZJ at this frequency, the closer tu res is to 1/V LC. 

An appropriate figure of merit for a practical inductor is the quality factor 
of the coil, defined as Q CO j| = |(co res ) | / ^, where £U res is the frequency at 
which the coil is designed to resonate. Substituting \Z L {ai rt& )\ = <ute S L, we 
obtain 


Qcoil — 


CUres 

~rT 


(13.36) 


For qjres sufficiently close to 1 (J~LC we can approximate R s = cd t&s L/Q C 0i \ 
(l/y/LC)(L/Q co n). Substituting this expression for R s into Equation (13.35), 
we can express o> res in the neater form 


Wres — 


Vlc 


i - 


Q 


coil 


(13.37) 


Clearly, the higher the value of Q co a, the closer <z> res is to 1/V LC. 
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► Example 13.4 

In the circuit of Figure 13.5 let L = 10 mH and C = 10 nF. Find Q co n 
and 0 )^ if (a) R s = 0 and (b) R s — 100 Q. 

Solution 

(a) Applying Equations (13.36) and (13.37) yields Q coil = oo and 
w res = 1/VLC = 1/VlO" 2 x lO" 8 - 10 5 rad/s. 

(b) Q coii = fc> res L/ R s 2 ; 10 5 x 10- 2 /100 = 10; to Tes = (1 /\/TC) x 

^/l - l/6coii = lO 5 ^! - 1/10 2 = 99,499 rad/s, indicating a 
0.5% frequency downshift. 


Exercise 13.9 In the circuit of Example 13.4 what is the maximum 
allowable value of R s if the actual resonance frequency is to depart from 
10 5 rad/s by no more than 1 percent? 

ANSWER 139.7 £2. 


A A 



B B 


(a) (b) 

Figure 13.6 Series to 
parallel conversion of an 
R-L circuit. 


To investigate the effect of R s upon the half-power bandwidth, it is conve¬ 
nient to first perform the series-to-parallel conversion depicted in Figure 13.6. 
We claim that it is possible to select R p and L p so that, at a given frequency to, 
the admittance of the parallel structure equals that of the series structure, 

J_ 1 _ 1 

R p jtoLp R s + jtoL 

Rationalizing both sides and equating the real and imaginary parts pairwise yields 

the necessary conditions to make the two structures equivalent, 

R _ R s + (^ L ) 2 
P R s 

r R , 2 + &L ) 2 

p to 2 L 

It is readily seen that for to = 1/V LC these expressions simplify to 

R P = RsO + Q'h a ) (13.38a | 

L p = l(i + -±-) (13.38b) 

It is important to observe that these expressions hold only for to = 1 j-JLC. 
However, if we restrict to to values sufficiently close to 1 /V LC, then R p and L p 
will remain essentially constant, indicating that we can refer to the all-parallel 
equivalent circuit of Figure 13.7 to estimate the resonance frequency and the 
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half-power bandwidth of the original tank circuit of Figure 13.5. Thus, reusing 
Equation (13.21) with L p in place of L, we obtain 

(13.39} 

and reusing Equation (13.26) with R || R p in place of R, we obtain 




Clearly, in addition to downshifting the center frequency of the band-pass func¬ 
tion, R s also broadens its half-power bandwidth. 
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and (13.40) yield 


10 5 


Vl + 1/50 2 


= 99.980 krad/s 


BW = 


1 


{10 5 || [20(1 + 50 2 )]} 10 

^ 99,980 

£<« - 2999 - 33-33 


— = 2.999 krad/s 


Remark The finite value of £> coi | has also decreased the quality factor 
of the overall circuit from 100 to 33.33. 


1 


Exercise 13.10 Find to L and 0) H both in part (a) and in part (b) of 
Example 13.5. 

ANSWER (a) 99.501 krad/s, 100.501 krad/s; (b) 98.492 krad/s 
101.491 krad/s. 


13.3 Resonant Op Amp Circuits 

In Section 9.4 it was shown that adding an op amp to a second-order inductorless 
circuit allows us to achieve sustained or even diverging oscillations, effects that 
are not possible with purely passive circuits, let alone with passive circuits 
containing no inductances. In this section we show how the op amp can be 
exploited to bolster the quality factor Q of a circuit. We first examine a passive 
inductorless band-pass circuit and show that it cannot provide resonance signal 
rise. Then we add an op amp to provide a controlled amount of positive feedback 
and show that the Q of the circuit can be changed to any value we wish. 

A Passive Inductorless Band-Pass Circuit 

The circuit of Figure 13.8(a) consists of a low-pass R-C stage followed by a 
high-pass C-R stage, and it contains no inductances. We expect an insignificant 
output response at low frequencies because of the open-circuit action by C 2 , and 
at high frequencies because of the short-circuit action by C 1 . However, there is 
an intermediate frequency band over which C, no longer acts as a short and C 2 
not yet as an open, indicating that the response will no longer be insignificant. 
We thus expect the bell-shaped frequency response typical of band-pass circuits. 

To substantiate quantitatively, let us derive a phasor relationship between 
V a and Vi. Applying the node method gives 

V\ V\-Vo 

1 /jtoCt \{ja>C 2 

Vo 

R2 


Vi ~ V\ 

Ry 

Vy-Vo 

l/jcoC 2 
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(a) 

Figure 13.8 A passive inductorless band-pa 
= R 2 and C| = C 2 . 


v 

r am 



lss circuit and its frequency response for 


Eliminating V) and rearranging yields, after simplification, 

ja)R 2 C 2 


V n = 


1 + jto{R\C\ 4- R 2 C 2 4- R\C 2 ) — uj3R\ R 2 CiC 2 


Vi 


It is now a straightforward if tedious matter to verify that this expression can be 
manipulated into the standard band-pass form 


V„ 


A 


1 + 7(2 


(a 

(Oa 



where 


1 

l + (/f,//? 2 )(l +C,/C 2 ) 
1 

«f R\ R 2 C\C 2 

s/ R\ R 2 C\C 2 
R\C] 4 R 2 C 2 4 R\C 2 


(13.41) 


(13.42) 

(13.43) 

(13.44) 


The functional form of Equation (13.41) confirms the band-pass nature of our 
circuit. The bell-shaped plot of V om versus to reaches its maximum for to = coo, 
where V„ m(max) = AV im . 

It is readily seen from Equation (13.42) that A < 1. Consequently, no 
matter how we specify the component values, we always have 




< v it 


(13.45) 


indicating that our circuit is incapable of resonance signal rise . Moreover, com¬ 
paring Equation (13.44) with Equation (9.56), and using the condition of Equa¬ 
tion (9.59), one can readily verify that 

Q < 0.5 (13.46) 


—I 


It can be proved that this condition holds for any second-order passive induc¬ 
torless circuit, not just the one considered here. 



594 Chapter 13 AC Resonance 


F 


Example 13.6 

Find expressions for A, mq, and Q for the case of equal-valued 
components in the circuit of Figure 13.8(a). Hence, show the plot of V om 
versus co. 


Solution 

Letting R x = R 2 = R and Ci = C 2 = C in Equations (13.42) through 
(13.44) yields 

1 1 ^ 1 
A= 3 “° = RC Q — 3 

The frequency plot is shown in Figure 13.8(b). ^ 


Exercise 13.11 Consider the circuit obtained from that of Figure 13.8(a) 
by interchanging R\ with Ci, and R 2 with C 2 . Show that V 0 is still 
related to V t by Equation (13.41). Hence, obtain expressions for A, coq, 
and <2, and find upper limits for A and Q. 

ANSWER A = 1/[1 + (C 2 /Ci)( 1 + R 2 /Ri)l o>o - \/^R^R 2 C l C 2 , 

Q = ^RxR 2 C ] C 2 i(R^ x + R 2 C 2 + RxC 2 ), A < 1, Q < 0.5. 


An Active Inductorless Band-Pass Circuit 

The circuit of Figure 13.9, consisting of two equal-valued R-C and C-R stages, 
is similar to that of Figure 13.8(a), except that V 0 is now magnified with a 
noninverting amplifier having gain 

K = 1 + — (13.47) 

and then reinjected via an additional resistance into the circuit itself. Since it 
is made up of R-C stages and an amplifier with gain K t the circuit is aptly 



Figure 13.9 An active inductorless band-pass circuit. 
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referred to as a KRC circuit. We shall now see that thanks to this positive 
feedback action by the op amp, it is possible to bolster both A and Q. 
Applying the node method again yields 

V; ~ Vi Vi V. ~ Vo Vi - KV 0 
R \/j(oC + 1 jjtoC R 

V. -Vo = Vo 
\/jcoC R 

Eliminating V\ and rearranging yields, after simplification, 

jcoRC 

° 2 - (wRC) 2 + (4 - K) jtoRC ' 

Putting this, as usual, into the band-pass form of Equation (13.41) yields 


A = 

4- K 

(13.48) 

42 

600 RC 

(13.49) 

Q= * 

4 — K 

(13.50) 


We observe that too is still set by R and C; however, both A and Q are now 
controlled by the amplifier gain. We can thus vary K to achieve a wide range 
of values for A and Q. 

In the limit K —> 4 we obtain A = oo and Q = oo. With an infinite 
resonance signal rise, the circuit would be capable of sustaining a nonzero output 
even with a zero input, indicating oscillator behavior. This is confirmed by the 
fact that since t; = 1/2 Q, with Q -*■ oo we obtain f 0, or undamped 
oscillation. 

For K > 4, Q and £ become negative. As we know, this situation leads 
to a diverging oscillation, which in a practical circuit is eventually limited by 
unavoidable amplifier nonlinearities. 


^Example 13.7 


In the circuit of Figure 13.9 specify suitable component values to make 
it resonate at 1 kHz with Q = 10. What is the amount of signal rise at 
resonance? 


Solution 

Arbitrarily choose C = 10 nF. Then, Equation (13.49) yields 
R = y/ljtooC = yfl/ilit 10 3 x lO" 8 ) = 22.51 kfi. 

By Equation (13.50), K - 4 - -JljQ = 4 - V2/10 = 3.859. By 
Equation (13.47), the potentiometer must be set so that R 2 = R\(K — \) = 
30 x (3.859 - 1) = 85.76 k£2. 

The resonance signal rise is A = 1/(4 — 3.858) = 7.071. 
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Exercise 13.12 In the circuit of Figure 13.9 specify suitable component 
values for a root pair at s h2 = -200 ± j 1990 complex Np/s. 

ANSWER C - 10 nF, R = 70.71 kQ, and R 2 = 81.51 k£2. 


13.4 Scaling 

A task engineers face daily is the adaptation of an existing circuit to a new set 
of specifications. Considering the amount of time and effort that may have gone 
into the original design, it is desirable to effect the adaptation with a minimum 
of computational effort. In the case of frequency-selective circuits such as tuned 
amplifiers, filters, and oscillators, this adaptation can often be effected via the 
simple technique of scaling, whereby the element values of the original circuit 
are multiplied or divided by suitable factors, or scaled, to obtain those of the 
new circuit. There are two types of scaling, magnitude scaling and frequency 
scaling. 


Magnitude Scaling 

In magnitude scaling the values of all impedances at a given frequency are 
multiplied by a common scaling factor k m . Denoting the original component 
values as old, and those after scaling as new, we have R new = k m R old , jcoL mw = 
0ft^oid)) and l/,/£ (J C new = k m /ja)C 0 \ d , or 

f^new k m /fold (13.51a) 

f-new = k m L 0 \ d (13.51b) 

Cnew = Cold Am (13.51c) 

Magnitude scaling, also referred to as impedance scaling, leaves the frequency 
response of a circuit unchanged. It only affects signal amplitudes and power 
dissipation. 


Example 13.8 

In Exercise 13.3 you found that a series RLC circuit with R = 6.283 £2, 
L = 100 /rH, and C = 253.3 pF resonates at 1 MHz with a quality factor 
of 100. Moreover, when powered with a 1-V peak amplitude source, it 
dissipates 79.58 mW at resonance. 

You are now ready to try it out in the laboratory, but you discover 
that you have run out of 100-/iH inductors, the only available value being 
250 pH. Scale the component values to achieve the same frequency 
response but with the 250-,u.H inductor. What is the power dissipation of 
the new circuit at resonance? 
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Solution 

k m ~ L neVv / L old = 250/100 — 2.5, /?new = k m /?old = 2.5 X 
6.283 = 15.71 £2, C new = C o)d /Jt m = 253.3/2.5 = 101.3 pF, 
/W) = (1/2) x 1 2 /15.71 =31.83 mW. 


Remark Magnitude scaling leaves (Oq, Q, and BW unaffected. However, 
it does affect power because of resistance scaling. 


5 


Exercise 13.13 Scale the components of Exercise 13.3 so that power 
dissipation at resonance is 100 mW. 

ANSWER R = 5 Q, L — 79.58 /xH, C = 318.3 pF. 


Frequency Scaling 

In frequency scaling each element is changed so that its impedance at the new 
frequency is the same as at the original frequency. Letting 

tUnew = kfO) old (13.52} 

we thus have new J^oldfoldi and 1/,/i^newf'new 

1/jwoidCoid, or 

^new — 7?oid (13.53a) 

Lnew = Lold jkf (13.53b) 

Cnew “ C oW A/ (13.53c) 

Frequency scaling shifts the frequency response of a circuit up or down the 
frequency spectrum while leaving signal amplitudes and power dissipation un¬ 
changed. 




Example 13.9 


Scale the circuit of Exercise 13.3 so that it resonates at 100 kHz. 


Solution 

kf — u) new /fu 0 id = ./new / ./old = 10 5 /10 6 =0.1. Then R ntw — /?oid = 
6.283 £2, L new = L o id/0.1 ~ 1 mH, and C new = C o id/0.1 = 2.533 nF. 


Remark Frequency scaling leaves Q and power dissipation unchanged. 
However, it does affect coq and BW. 
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S teve Martin has noth¬ 
ing on Nikola Tesla, the 
original wild and crazy 
guy. Alter all, Steve Martin 
never passed a million volts 
through his body to prove that 
alternating current is as “safe” 
as direct current. Steve Mar- 
tin never field a vacuum tube 
ip each hand, threw a switch, 
and ended up illuminated by 
two flaming swonds of blue 
light just to prove that electri¬ 
cal power can travel without 
wires. 

Tesla’s was one of the world’s greatest scien¬ 
tific minds, but his inability to be practical alx>ut 
his discoveries (read:: patent them and make money) 
and the eccentricities of his later years caused him 
to lose the respect* Of fellow scientists until after his 
death. 

He was born on July 9, 1856, tn Sniiljan, Croa- 
tia. and educated in that country and in Austria. As a 
secpnd-year student of electrical engineering in 1876, 
Tesla saw a demonstration of a Gramme machine, 
a dynarao/motor combination. Because the:machine 
ran on direct current, sparks flew at the commutator 
as the alternating curfentgenerated'by the coil was 
converted. Tesla argued that the eonvemmh wasun- 
necessary: just feed the alternating^cturmit from the 
dynamo right to the motor. “Impossible,” said his 
professor. “You’ll do great thmgs,Tesla, but you’ll 


never succeed in making a 
motor without; a commuta¬ 
tor.” Well, of course Tesla did 
just that, his ac induction mo¬ 
tor being one of the great in¬ 
ventions of the electrical age. 
His epochal contribution was 
summed up by fee engineer 
B. A. Behrend, who presented 
the 1916 AIEE Edison Medal 
to Tesla: “Were we to seize 
and eliminate ftom our indus¬ 
trial world the results of Mr. 
Tesla’s work, the wheels of 
industry would cease to turn, 
our electric cars and trains would stop, our towns 
■would-be dark.” : 

After working for the Paris office of Consolidated 
Edison, Tesla moved to New York City in 1884 wife 
a letter of introduction from his French supervisor 
to Edison. “I know two groat men,” the letter said, 
“and you are one of them; the other is this young 
man.” Edison gave Tesla a job, but the two geniuses 
couldn’t get along, and Tesla quit after only a year. 
Because his reputation was now established, he had 
no trouble getting investors for a research laboratory. 
The deal fell apart, though, and in 1886 and 1887 he 
had to Work digging fetches. Lucky fdr bdth Tesla 
apd fee worlfe fiis foreman on the road cfew believed 
Tesla's stories about his groat inventions and intro¬ 
duced him to some iriVestcffs who formed the Tesla 
Electric Company and gave the erstwhile ditchdigger 


Famous Engineers: Nikola Tesla 

An Eccentric Inventor 



Nikola Tesla, inventor of the ac induction motor, is 
shown here in his laboratory calmly generating ar¬ 
tificial lightning, (The Bettmann Archive) 











a laboratory in lower Manhattan, very near that of his 
archrival Edison. 

Those were the years, the late 1880s, of the ac 
versus dc fight, with Edison dc and George West- 
inghouse ac. Tesla aligned with Westinghouse, of 
course, since the Tesla motor ran on ac. On May 16, 
1888, Tesla presented his ac ideas before the ATEE . 
So impressed was Westinghouse by this work that 
he offered Tesla $1,000,000 cash phis $1 per horse¬ 
power royalty for his ac patents. The two men signed 
a contract, but the Westinghouse board of directors 


“ Were we to seize and eliminate 
from our industrial world the results 
of Mr. Tesla's work, the wheels of 
industry would cease to turn, our 
electric cars and trains would stop, 
and our towns would be dark. ” 


later insisted the royalty part of the deal be voided. 
Instead of suing, Tesla said the 1880s equivalent of 
“No problem, George.” All Tesla wanted was his ac 
system in use. If Westinghouse could do that only 
by a change in the original contract, so be it. Tesla 
would give up future millions in order to get his sys¬ 
tem installed. 

In the 1890s Tesla was a magnificent figure in 
the New York social world. Six-foot-two, impecca¬ 
bly dressed, and unmarried, he had every mother of 
every marriage-age daughter scheming and planning 
to snare him. He remained a loner, though, the new 
century finding him devoting more and more time to 
“wild” schemes for wireless communication, cosmic 
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radiation, and robot ships for the Navy. His lack of 
what are today called interpersonal skills brought him 
a lot of detractors, and in the 1920s and 1930s he sank 
into eccentricity and obscurity. Destitute at times, he 
moved from hotel to hotel as the bills piled up until 
they were paid by such wealthy Mends as John Jacob 
Astor and J. P. Morgan. In 1936 the Yugoslavian 
government established the Tesla Institute in Belgrade 
and paid this great man an annual stipend of $7200 
for the re main der of his life. 

A lifelong germ phobia grew worse as the years 
went by. Regardless of his finances, he would use a 
towel, a handkerchief, a pair of gloves only once be¬ 
fore throwing them away. He refused to shake hands 
with anyone, and a familiar sight on the streets of 
lower Manhattan became this tall figure strolling with 
hands clasped tight behind his back lest he meet some 
acquaintance who might dare to shake hands. In the 
1930s he could be seen by anyone walking along Fifth 
Avenue after midnight as he fed the pigeons at the 
Public Library and at St. Patrick's Cathedral. 

He died in his sleep on January 7, 1943, and 
was discovered by the chambermaid of the hotel 
the following morning. Today his papers reside in 
the Nikola Tesla Museum in Belgrade (if it is still 
standing), and engineers continue to pore over his 


“ You'll do great things, Tesla, but 
you 11 never succeed in making 
a motor without a commutator. ” 


notebooks to study his amazing insights. In 1956, to 
celebrate the centennial of his birth, the “tesla” was 
made the standard unit of magnetic flux density. 
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Magnitude and Frequency Scaling 

A circuit can simultaneously be scaled in magnitude and frequency via 

^new = kmR old (13.54a) 

^new — (kfnfkf)L, old (13.54b) 

Cnew = Col d/i.kmkf') (13.54c) 

Simultaneous scaling is widely used in the design of frequency-selective net¬ 

works, or filters, starting from normalized prototypes. These prototypes, having 
characteristic frequencies of 1 rad/s and resistance levels of l fi, are tabulated 
in handbooks of proven filter designs. Application engineers then adapt these 
universal prototypes to their particular needs via scaling. 


Example 13.10 

The circuit of Figure 13.10, top, is known as a fifth-order Butterworth 
low-pass filter. The component values, specified for a cutoff frequency of 
1 rad/s, are available in filter handbooks. Scale the component values for 
a cutoff frequency of 20 kHz using 1 -kfi resistances. 



15.92 mH 


4.918 mH 



Figure 13.10 (a) Normalized filter prototype, and (b) scaled version of 
Example 13.10. 


Solution 

From Equation (13.54a), k m = R new /R o]d = 10 3 /1 = 10 3 . From 
Equation (13.52), k f = to n ewM,id = 2tz x 20 x 10 3 /1 = 125.7 x 10 3 . 
From Equation (13.54b), L new /L 0w = 10 3 /(125.7 x 10 3 ) = 7.95 8 x 10“ 3 . 
The inductances thus scale to the values 7.958 x 10 -3 x 0.6180 = 
4.918 mH and 7.958 x 10 -3 x 2 = 15.92 mH. The capacitances scale as 





Cnew = C oW /(10 3 X 125.7 x 10 3 ) = 1.618/(125.7 x 10 6 ) = 12.88 nF. The 
new circuit is shown in Figure 13.10, bottom. 


■J 


Exercise 13.14 Scale the circuit of Figure 13.10, top, for a cutoff 
frequency of 100 kHz using 10-nF capacitances. 

ANSWER 257.5 Q, 253.3 pH and 819.7 pH, 10 nF. 

Exercise 13.15 Scale the circuit of Exercise 13.3 so that it resonates 
at 500 kHz using a 500-^tH inductance. 

ANSWER 15.71 £2, 500 /zH, 202.6 pF. 


▼ Summary 

• A one-port containing capacitances and inductances is said to be in unity 
power-factor resonance when its terminal voltage and current are in phase 
with each other or, equivalently, when its impedance becomes purely resistive. 

• A series RLC circuit is in resonance when its capacitive and inductive reac¬ 
tances cancel each other out. Though the individual voltages across L and C 
are different from zero, the LC combination as a pair acts as a short circuit. 

m A parallel RLC circuit is in resonance when its capacitive and inductive 
susceptances cancel each other out. Though the individual currents through 
L and C are not zero, the LC combination as a pair acts as an open circuit. 

• The resonance frequency of both the series and the parallel RLC circuits 
is ai ( ) = 1 j-jLC. The quality factor of the series RLC circuit is Q = 
\/(RyfCjL), and that of the parallel RLC circuit is Q = R*jCjL, the 
reciprocal of the former. 

• For a series or parallel RLC circuit driven at its resonance frequency, the 
following hold: (a) current and voltage are in phase; (b) the average absorbed 
power is maximum; (c) the maximum stored energy is time invariant; (d) for 
Q > 1, we witness the phenomenon of resonant signal rise. 

• The quality factor of a system can be defined (a) in terms of the frequency 
response as Q = tuo/BW, where too is the resonance frequency and BW 
is the half-power bandwidth; or (b) in terms of energy as Q = 2jt x 
(maximum stored energy)!(energy dissipated per cycle). 

• A figure of merit for a coil having inductance L and stray series resistance R s 
is the quality factor of the coil, (7 coil = ^Ves L/R s , where (u rts is the frequency 
at which the coil is designed to resonate. 

• When a practical coil is used in a pa rallel RLC circuit, the actual resonance 
frequency is w KS = cuo\/l - l/Q‘ oi] , where two = 1/vTC, 

• A passive resonant circuit consisting of resistances and capacitances but no 
inductances always has Q <0.5. However, with the inclusion of an op amp 
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to provide a controlled amount of positive feedback, it is possible to change 
the Q of the circuit to any value, including Q = oo or even Q < 0. 

• A circuit with Q = oo yields a sustained oscillation, and a circuit with Q < 0 
yields a diverging oscillation. 

• Scaling allows us to adapt an existing frequency-selective circuit to a new 
set of specifications by multiplying or dividing its component values by a 
suitable factor. 

• Magnitude or impedance scaling changes the power dissipation in a circuit 
while leaving its frequency response unaltered. Frequency scaling shifts the 
circuit’s frequency response up or down the frequency spectrum while leaving 
power dissipation unaltered. 


▼ Problems 

13.1 Series Resonance 

13.1 In the series RLC circuit of Figure 13.1(a) let R = 
10 £2, L = 1 mH, and C = 1 nF. If V m = 10 V and the source 
frequency is adjusted until the average power dissipated by R 
is maximized, find this power and frequency as well as the 
peak voltage across L and C. 

13.2 A series RLC circuit is subjected to the voltage v — 
5 cos 10 5 t V. Specify R, L, and C so that the capacitance cur¬ 
rent and voltage are i c — 10cosl0 5 r mA and v c = 

1 cos(10 5 f - 90°) kV. 

13.3 (a) If a series RLC circuit has R = 5 £2, find L and C 
so that the circuit resonates at 5 krad/s, with Q = 50. (b) Find 

(I >H, and BW. (c) What are the values of Z for co = a> L 
and co = &># ? 

13.4 (a) Design a series RLC circuit meeting the following 
specifications: resonance frequency of 100 kHz, bandwidth of 

2 kHz, and minimum impedance of 100 £2. (b) Find the fre¬ 
quencies, in Hz, at which |Z| = 500 £2. (c) Find the frequencies 
at which <Z = ±60°. 

13.5 A series RLC circuit with C = 10 nF is to resonate at 
a>0 = 1 Mrad/s with co L = 0.9512 Mrad/s. Find co H , Q, BW, 
R, and L. 

13.6 (a) Design a series RLC circuit meeting the following 
specifications: resonance frequency of 3 kHz, |Z| min = 500 £2, 
fiZ = 60° at 4 kHz. (b) Find the frequencies at which |Z| = 

1 k£2. 

13.7 (a) Design a series RLC circuit meeting the follow¬ 
ing specifications: resonance frequency of 100 kHz, |Z| m ; n = 
400 £2, and |Z| = 1 k£2 at 200 kHz. (b) Find the frequencies 
at which < Z = ±60°. 

13.8 In the series RLC circuit of Figure 13.1(a) let R — 
100 £2, L = 1 mH, and C = 1 nF. If V m = 100 V, find the 
total stored energy and the energy dissipated per cycle if the 


source frequency is adjusted for (a) co — <dq, (b) oj = co^ , and 

(c) CO = COM- 

13.9 Design a series RLC circuit that resonates at 100 kHz 
and, in response to the applied voltage v = 8 cos 27rl0 5 r V, 
stores a maximum energy of 10 pi, and dissipates 2 pi per 
cycle. 

13.10 A practical source with = 100 cos wf V and R„ = 
20 £2 is connected in series with a resistance R, a capacitance 
C, and a coil having inductance L = 100 /zH and series resis¬ 
tance R s = 10 £2. (a) Sketch the circuit, and find R and C to 
make it resonate at / 0 = 1 MHz with BW = 100 kHz. (b) Find 
the voltage across the terminals of the source and those of the 
coil at resonance, (c) Find BW if R = 0. 

13.11 Show that provided R 2 > */L]C, the impedance Z(co) 
seen by the source of Figur e PI 3.11 beco mes purely resistive 
for co = ny es — (1 /-v/ZX) V1 — Lj{R\C), and that Z(ay es ) — 
*1 + L/(R 2 C). 


Ri L 



13.12 In the circuit of Figure P13.ll let v = lOOcosw/ V, 
R t = 4 k£2, L = 8 mH, C = 80 pF, and R 2 - 50/3 k£2. 
(a) Using the results of Problem 13.11, find i (r) for co « 

co » n>res, and co = a> res , where <w res is the frequency at which 
i is in phase with v. (b) Find the peak voltages across L and 
across C' for a> = w res . 

13.13 (a) Show that provided Q > 0.5 in the series RLC 
circuit of Figure 13.1(a), the peak voltage |V C 1 across C is 


i 


i 


A 
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maximized for a) = co m = (dq^J\ — 1 /(2 Q 2 ), where wo = 
I/VZC. Moreover, |V c Ux = QV m /j\ - 1/{2Q) 2 . (b) If 
V m = 10 V, R = 800 £2, L = 100 /xH, and C = 100 pF 
find the peak voltage across each element as well as the power 
factor seen by the source both for a> — ojq and — 

13.2 Parallel Resonance 

13.14 In the parallel RLC circuit of Figure 13.4(a) let R = 
5 k£2, L — 10 mil, and C = 1 /xF. (a) Find two, ojl, and con- 
(b) If at resonance V m = 10 V, find the peak current through 
L and C. 

13.15 (a) Design a parallel RLC circuit with a resonance fre¬ 
quency of 10 MHz, a bandwidth of 100 kHz, and a maximum 
impedance of 100 kfi. (b) Find the frequency range over which 
V m > 0,9V m(maX ). What is the corresponding range for 0, ? 

13.16 (a) Design a parallel RLC circuit meeting the follow¬ 
ing specifications: / 0 = 100 kHz, Z{jf o) = 10 k£2, and 
|Z(y0.95/o)l = 8 kfi where /o is the resonance frequency, 
(b) Find Q and BW. 

13.17 In the parallel RLC circuit of Figure 13.4(a) let I m = 
10 mA and R = 100 Q. (a) Specify L and C to make the 
circuit resonate at 10 krad/s with a peak capacitance current 
of 0.5 A. (b) Find the maximum stored energy as well as the 
energy dissipated per cycle. 

13.18 The parallel RLC circuit of Figure 13.4 resonates at 
/o = 100 kHz with Q = 6.25. Moreover, at resonance, V m = 
150 V and the maximum stored energy is 1 mJ. Find R, L, and 
C. Find the energy dissipated per cycle as well as the average 
power dissipation for / = /q. 

13.19 In the circuit of Figure P13.19 find (a) ruo. Q , col, 
and con. (b) If the input amplitude is adjusted for a 1 V output 
amplitude at resonance, what is the current amplitude through 
each element? 


4kD 



Figure P13.19 

13.20 A practical source with i sc = 100 cos cut /xA and R a = 
300 k£2 is connected in parallel with an inductance L = 8 mH, 
and an unknown resistance R and capacitance C. (a) Find R 
and C to make the circuit resonate at 250 krad/s with Q = 50. 
(b) Find the bandwidth BW and the maximum peak amplitude 
of the voltage across the terminals of the source, (c) Repeat 
part (b), but with R a = oo. 

13.21 A coil with inductance L — 10 mH and series resis¬ 
tance R s — 50 is in parallel with a capacitance C = l /xF. 


Find the unity power-factor resonance frequency of the parallel 
structure, as well as its impedance at that frequency. 

13.22 In the tank circuit of Figure 1 3.5 let I m = 5/xA, R = 
2 k£2, L = 5 mH, R s = 50 £2, and C — 50 nF. Find <2coil. 

(/circuit. &>res. (tyres). 

13.23 The tank circuit of Figure 13.5 utilizes a 500-mH coil 
with Q c0 ii = 50 at 1 Mrad/s. Specify R and C to achieve 
tu res = 16 Mrad/s with (/circuit = 40. 

13.24 In the circuit of Figure PI 3.24 a> is adjusted for pf = 
1 at the source. Find £? co ji, (/circuit, and vit). 

500 kQ 



Figure P13.24 

13,25 (a) Show that if Rl = Rc = s/L/C , then the power 

factor seen by the source in the circuit of Figure PI3.25 is 
unity for all a), (b) If L = 12 mH, C = 3 nF, R = 3 k£2, 
Rl — Rc = y/L/C, and i (r) = 5 cos cot mA, find the imped¬ 
ance Z seen by the source, as well as u(/). 


Rc 

: C 



Figure P13.25 

13.3 Resonant Op Amp Circuits 

13.26 Obtain a relationship between the output and input 
phasors for the circuit of Figure PI3.26. Then, put it in the 
form of Equation (13.41) to find cuq, Q, and A. 


100 pF 
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13.27 Repeat Problem 13.26 for the circuit of Figure P13.27. 


10 nF 



Figure P13.27 

13.28 Repeat Problem 13.26 for the circuit of Figure P13.28. 

lOkfl 



13.4 Scaling 

13.29 Show that if a circuit is scaled both in magnitude and 
frequency, Qnew = Gold but BW new — A r /BW 0 ki. 

13.30 (a) Specify the elements of a parallel-resonant RLC 
circuit for coo = 1 rad/s and Q = 10. (b) Then, scale it so that 
<uo = 1 Mrad/s and Z(ct>o) = 1 k£2. 

13.31 Scale the circuit of Figure P13.19 so that the sum 
of all resistances in the circuit is 100 k£2 and ox\ changes to 
10 krad/s. 

13.32 Scale the circuit of Figure PI3.24 so that the unity 
power-factor resonance frequency is changed to 10 krad/s and 
the current drawn from the source at resonance has a peak 
amplitude of 0.1 mA. 

13.33 Scale the op amp resonator of Figure PI3.26 so that 
the sum of all resistances in the circuit is 330 kS2 and the 
resonance frequency becomes 1 Hz. 

13.34 (a) Scale the op amp resonator of Figure PI 3.27 so that 
the feedback resistance is changed to 120 k£2 without altering 
cuo- (b) Scale the same circuit so that the capacitances change 
to 1 nF and is doubled. 


Figure PI 3.28 











Network Functions 


14.1 COMPLEX FREQUENCY 

14.2 Network Functions 

14.3 The Natural Response using H{$) 

14.4 The Complete Response Using H{s) 


14.5 The Frequency Response Using H{s) 

14.6 Network Function Building Blocks 

14.7 PlECEWISE-UNEAR BODE PLOTS 

14.8 Circuit Responses Using SPICE 


S ince introducing energy-storage elements we have focused upon two par¬ 
ticular but practically interesting responses, namely, the transient response 
and the ac response. The transient response, which is the response to a 
dc forcing signal of the type x{t) = X m , was investigated using time- 
domain techniques. The ac response, which is the response to an ac forcing 
signal of the type x(t) = X m cos (cat + 0), was investigated using frequency- 
domain techniques (time-domain techniques are possible but generally much 
more laborious). 

In the present chapter we expand our scope by investigating the response to 
a more general class of forcing signal, namely, complex exponential signals of 
the typear(0 = Xe sl , where X and s are complex variables. Though these signals 
cannot, in general, be duplicated in the laboratory because of these complex 
variables, they nonetheless constitute a most powerful analytical tool for the 
following reasons: 

(1) The study of the response to complex exponentials evidences important 
information that is characteristic of the circuit, regardless of the ap¬ 
plied signals or the internal stored energy. This information, expressed 
in the form of parameters known as the natural, characteristic, or criti¬ 
cal frequencies of the circuit, or just the roots, is contained in a function 
arising in the study of complex exponential responses called the net¬ 
work function. Since design specifications are often given in terms 
of this function, this reason alone would justify our study of complex 
exponential responses! 

(2) Real-world signals can be represented as linear combinations of complex 
exponential functions, indicating that once we know the responses to 
the individual exponential components, we can apply the superposition 
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principle to find the response to the signal as a whole. This forms 
the basis of transform theory, the best-known examples of which 
are Laplace s and Fourier’s transforms, to be covered in subsequent 
chapters. 

(3) The derivation of the network function requires simple algebraic tech¬ 
niques of the type encountered in ac circuit analysis. Compared to 
the time-domain techniques of Chapters 7 through 9, which required 
formulating differential equations and then obtaining the critical fre¬ 
quencies as the roots of the corresponding characteristic equations, the 
network function method is much more efficient and less prone to error, 
especially with circuits of greater complexity. 

As we proceed through the chapter we find that the network function concept 
provides a unified approach to the study of the natural, forced, transient, steady- 
state, and complete responses as well as the frequency response. Our study of 
natural responses has revealed a strong correlation between the location of the 
roots of the characteristic equation in the .v plane and the functional form of the 
natural response. We suspect that root location will also have a profound impact 
on the frequency response of the circuit. In fact, we shall exploit the network 
function both to locate the critical frequencies in the s plane and to visualize 
the frequency response of the circuit via frequency plots known as Bode plots. 

We conclude the chapter by demonstrating the use of PSpice to plot the 
various response types, both for the case in which the circuit is given in schematic 
form and the case in which only its network function is known. 


14.1 Complex Frequency 

In this section we investigate complex exponential signals, and in so doing we 
introduce the important concepts of complex frequency s, generalized impedance 
ZOO, s-domain analysis. Our primary reason for studying circuit response to 
signals of this sort is not the response per se, but an important by-product known 
as the network function. This function, which is investigated in the following 
sections, constitutes a cornerstone concept in circuit theory because it contains 
all essential information about a circuit. 


Complex Exponential Signals 

A complex exponential signal is a signal of the type 

(14.1) 

where X and s are time-independent complex parameters expressed, respectively, 
in polar and rectangular coordinates as 


~l 

x(t) = Xe st 


x = x„e s 

S = <T + ja> 


(14.2) 

(14.3) 
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In these expressions, 

X m is the magnitude of jc(r), expressed either in V or in A 
9 is the phase angle, either in radians or in degrees 
cr, the real part of 5, is called the neper frequency and is expressed in 
nepers/s (Np/s) 

io, the imaginary part of 5, is called the radian frequency and is expressed 
in radians/s (rad/s) 


We observe that X = X m [9 is a phasor. Moreover, since S' is a complex quantity 
with to as its imaginary part, it is called the complex frequency. Its units are 
complex nepers per second (complex Np/s). Substituting the expression for X 
and s. Equation (14.1) becomes jf(f) = (X m e^ 9 )e (rJJrji0)l , or 

x(f) = (X m Oe >( " f+e) 


Using Euler’s identity, which is discussed in Appendix 3, we have the following 
alternate form for a complex exponential signal 


x(t) = Xme^lcos (cot + 6) + j sin (cot + 6*)] 


(14.4) 


Because of its complex nature, x(t) as given in Equations (14.1) or (14.4) 
cannot, in general, be duplicated in the laboratory, where signals are real. How¬ 
ever, mathematicians have shown that real-world signals can be expressed as 
linear combinations of complex exponential signals. Thus, once we know how 
a circuit responds to individual complex exponential signals, we can apply the 
superposition principle to find its response to any linear combination of such 
signals and, hence, obtain the response to the real-world signal of interest. 

To see an example, consider the following simple linear combination of x 
and its complex conjugate x*, a combination that we shall denote as x. 


x = ^(x + x*) = Re[x] 

By Equation (14.4), this combination represents the real signal 


(14.5) 


x(0 — X m e m cos (cot + 9) 


(14.6) 


indicating that once we know how to predict the response to x(t) and x*(t), we 
can also predict the response to x(t). As we know from Chapter 9, this signal is 
a damped sinusoid if cr < 0, a growing sinusoid if a > 0, and a steady sinusoid 
if a = 0. The steady sinusoid 

x(r) = X m cos (cot + 9) (14.7) 


is the ac signal that we have used as the basis for our study of the ac response. 
Conversely, with oo — 9 = 0 in Equation (14.6), x(t) represents a decaying 
exponential if cr < 0, a growing exponential if o > 0, and a steady function if 
a = 0. The steady function 

x(t) = X m 

is the dc signal at the basis of our transient response studies. 


(14.8) 
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The signals of Equations (14.6) through (14.8) are real signals of the type 
that we encounter in the laboratory either as applied signals or as natural re¬ 
sponses of circuits with energy-storage elements. It is apparent that complex 
exponential signals are generalizations of dc and ac signals as well as natural 
responses. It is fair to expect that the study of complex exponential signals 
will provide us with a unified approach to the natural, forced, transient, steady- 
state, and complete responses. We shall also find that it provides the framework 
for subsequent studies of transform techniques such as Fourier’s and Laplace’s 
transforms. 



Figure 14.1 An illustrative 
example. 


An Illustrative Example 

To develop a quick feel for how to handle complex exponential signals, refer to 
the simple but instructive circuit example of Figure 14.1. We wish to find its 
response to the complex exponential signal 


v,(0 = V { e st 

Assuming the response is also a complex exponential, 


(14.9) 


Vo(t) = vy 1 ji4.io) 

we seek a relationship between v a (t) and v,-(/). Applying KCL at the rightmost 
upper node, along with Ohm’s Law and the capacitance law yields 
Cd{Vi — v 0 )/dt + (v, — v G )//f| = Vo/Rj. Rearranging, we have 

R\RiC ——(- (R\ T- R 2 )v 0 = R[R 2 C + R 2 Vj 
dt dt 

Substituting Equations (14.9) and (14.10) and using d(e s, )/dt = se st t we get 
R ] R 2 CsV 0 e s ' + (/?, + R 2 )V 0 e s ‘ = RiRysVy’ + R 2 Vie st 


Collecting terms and using again Equations (14.9) and (14.10) gives 


v „(0 


R ] R 1 Cs + R 2 
R\R 2 Cs 4- ( R\ + R 2 ) 


(14.11) 


Once the component values are known, we can readily find v D {t) for a given ^(/) 
by calculating the right-hand side at the value of s appearing in the expression 


v,(0 = V ie * 1 . 




Example 14.1 


In the circuit of Figure 14.1 let R } = 1 Q, R 2 = 2 £2, and C = 1 F. Find 
the response to the following inputs: 

(a) Vf(f) = 12 V 

(b) v, (r) = 12e -3f V 

(c) v, (0 = 12^ 2 ' V 

(d) v,(t) = 12 e ( - y+ j 2)t V 
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Solution 

Substituting the given component values into Equation (14.11) yields 


2s + 2 


(14.12) 


(a) To find the value of s at which to compute Equation (14.12), we 
must put Vj (/) in the standard form of Equation (14.9). Writing 
v,-(0 = ( V m [6 )e st = 12 V = (12/CT )e 0t V reveals that 9 = 0 
and s = 0. Substituting into Equation (14.12), we get 

2x0+2 „ 

v " (,) = r^ 12 = 8V 

2x0 + 3 

(b) It is easily seen that now s = — 3 + j 0 complex Np/s. Thus, 

v„(f) = 2t ~ 3) +2 12e~ 3f = I6e~ 31 V 
2(—3) + 3 

(c) Now s = 0 + j 2 complex Np/s. Hence, 

v„(t) = 2ij2) + 2 \2e j2t = ?±ill2^ 2 ' = ~/i0.30V 2 ' V 
2(;2) + 3 3 + j4 ^ - 

(d) Now s = — 3 + j 2 complex Np/s. Hence, 

.. / + \ ^ ^ i *( — 3+ i2)t n £. io i to —3+ 12)1 \ i 


MO = 


2( —3 + j 2) + 3 


\2e ( ~ 3+j2)t = 9.6v^/8.13'+ < - 3+ -' 2) ' V 


Exercise 14.1 Sketch the circuit obtained from that of Figure 14.1 by 
replacing C with an inductance L. 

(a) Assuming R\ = 1 £2, /?2 = 2 Q, and L = 1 H, obtain a 
relationship between v ( ,(t) and MO* 

(b) Find the response to v,(r) = 9 /30° e ( ~ 2+j3)l V. 

ANSWER (a) v„(r) = [(2s + 2)/(3s + 2)Jv,(r); (b) v a (t) = 
5.779 /24.47 ( e < ~ 2+ > 3)f V. 



Find the response of the circuit of Example 14,1 to the damped sinusoid 
MO = 10e“°- 5 ' cos (1.5r + 30°) V 


Solution 

By Equations (14.5) and (14.6), we can write 

MO = Re[M01 (14.13) 
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where 


Vf(0 = 10/30 Q e < ~ 


■u.j-r j i.jfi 


The complex response v Q (t) to the complex signal v,-(?) is 
2(—0.5 + 7 1.5) + 2 


Vo(0 = 


'■ 10/30° gt-Q-s+J 1 - 5 )* 


2(—0.5 H- j? 1,5) -h 3 
- 8.771 /45.26° c*~ Q - 5+;l,5)f V 

Next, we obtain the real response v 0 (t) to the real signal u, (0 as 

v 0 (t) = Re[v„(/)] (14.14) 

or 

MO = 8.771c -0,5 ' cos (1.5r + 45.26°) V 

Clearly, the response is a damped sinusoid with the same damping factor 
o and frequency co as the applied signal, differing only in amplitude and 
phase angle. 


j 


Exercise 14.2 Find the response of the circuit of Exercise 14.1 to the 
real signal u, (t) = 3c - ' sin(2f + 60°) V. 

ANSWER u 0 (r) = 1 ,973c - ' cos (2 1 - 39.46°) V. 


In our illustrative example we have obtained the relationship between the 
response vjt) and the applied signal v t (t) via a differential equation. This tends 
to be a lengthy process, especially with circuits of greater complexity. We need 
a speedier procedure. As in the case of ac analysis, this procedure is based on 
phasor algebra. However, before presenting it, we must find the impedances of 
circuit elements and combinations thereof when subjected to complex exponen¬ 
tial signals. 


Generalized Impedance and Admittance 

Let voltages and currents in a circuit have the complex exponential forms 

v(t) = Ve s( (14.15a) 

i(0 = Ie st (14.15b) 

Then, for resistance we have v(f) = Ri(t), or Ve st = RIe u . Dropping the 
common term e 5t yields 

V=RI (14.16a) 

For inductance we have v(t) = Ldi(t)jdt, or Ve st = Ld(le st )jdt = sLle st . 
Dropping the common term e st gives 


V= ( sL)I 


(14.16b) 
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For capacitance we have i(0 = C <iv(t)/dt, or Ie sl = Cd(Ve s( )/dt = sCVe sr . 
Dropping the common term e st and rearranging, we get 

V=4;/ (14.1Gc) 

sC 

All three equations have the form of the generalized Ohm’s Law, 


V = Z{s)I 


(14.17) 


where Z(s) is called the generalized impedance. As usual, impedance is gen¬ 
erally obtained as 



Its reciprocal is the generalized admittance, obtained as 


(14.18) 


Y(s) = 


1 

Z 


I 

V 


(14.19) 


Clearly, the simplest generalized impedances and admittances are those of the 
basic circuit elements, 

(14.20a) 
(14.20b) 

(14.20c) 

(14.21a) 

(14.21b) 
(14.21c) 

Note the similarity with the impedances and admittances of ac circuits, except 
that we are now using s in place of ja). 



s-Domain Circuit Analysis 

The formal similarity of Z(s) to Z(jco) suggests that we can apply the techniques 
of phasor analysis developed for ac circuits to circuits subjected to complex expo¬ 
nential signals. Since it avoids the formulation of differential equations in favor 
of much simpler algebraic manipulations, this approach is quicker and less prone 
to error. To this end, we first redraw the circuit, but with signals replaced by 
their phasors and circuit elements replaced by their generalized impedances or 
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admittances of Equations (14.20) and (14.21). Then, we apply standard cir¬ 
cuit analysis techniques such as the generalized Ohm's Law, series and parallel 
impedance combinations, voltage and current dividers, the proportionality anal¬ 
ysis procedure, the node and loop methods, Thevenin and Norton reductions, 
the op amp rule, and so forth, to obtain a relationship between the phasor 
of the response and that of the applied signal. It is fair to say that, aside from 
the replacement of jw with s, this procedure is the same as that used in 
ac analysis. 



Figure 14.2 s-Domain 
representation of the circuit of 
Figure 14.1. 




Example 14.3 

Find the input-output relationship of the circuit of Figure 14.1, but via 
5-domain analysis. 


Solution 

First, redraw the circuit in 5-domain form as in Figure 14.2. Then, use 
the voltage divider formula to obtain 

Zr 2 


V 0 = 


Zr 2 + Z; 


■Vi 


Z p = Z R )| Z c = 


R\ x 1/sC 


*1 


R\ T I/ 5 C R\Cs 1 
Eliminating Z p and simplifying gives 

R\R 2 CS + R 2 


V 0 = 


■v t 


<14.22) 


R\R 2 Cs ( R\ 4- R 2 ) 

Multiplying both sides by e st again yields Equation (14.11), but without 
the tedious task of going through differential equations. 


Exercise 14.3 Using 5-domain analysis, find the input-output 
relationship of the circuit of Figure 14.1, but with the capacitance C 
replaced by an inductance L. 

ANSWER V 0 = [( R 2 Ls + RiR 2 )/(RiLs + R 2 Ls 4- 


Example 14.4 

Derive an expression for the generalized impedance Z(s) of the one-port 
of Figure 14.3(a). Hence, find Z(s) for C = 2 F, L = 3 H, R = 4 fi, and 
k r = 5 £2. 
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(a) (b) 

Figure 14.3 Finding the generalized impedance of a one-port. 


Solution 

First, redraw the circuit in phasor form as in Figure 14.3(b). Next, 
apply a test voltage V and find the resulting current I. Then, obtain the 
j generalized impedance as Z(s ) = V//. 

Applying KCL at the supemode surrounding the dependent source 
and using the generalized Ohm’s Law, we obtain 

! I=-f-+I x =sCV + I x 

l/sC 

We need an additional equation to eliminate I x . This is provided by KVL 
around the outer loop, 


V — k r l x 4~ sLI x + RI X — ( k r -F R + slS)I x 
Eliminating I x , rearranging, and taking the ratio Vfl yields 

Z(s) = Y.= Ls + k r + R 

I LCs 2 + {k r + R)Cs + 1 
Finally, substituting the given component values gives 

35+9 


Z(s) — 


6 s 2 +185+1 


◄ 


Exercise 14.4 Repeat Example 14.4, but with the CCVS changed to a 
VCVS of value k v v x , where k v = 8 V/V, and v x is the voltage across the 
inductance, positive side at the top. 

ANSWER Z(s) = (27s + 4 )/( 545 2 + 85 + 1). 


► Example 14.5 

If we apply the current 

i(t) = 6e~ 5t cos (3 1 + 45°) A 
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to the one-port of Example 14.4, what is the voltage u(f) appearing across 
its terminals? 


Solution 


We have i(t) = Re[i(r)] — Re[/e Jf ], with I — 6/45° A, and s = -5 4- j 3 
complex Np/s. Applying Ohm’s Law and using the expression for Z(s ) 
derived in Example 14.4, 

V = Z(s)I 


3(—5 + j 3)+9 

6 (—5 4- j3) 2 + 18{—5 + 73) -h 1 


6/45° =0.5143 /-104.49° 


V 


Finally, letting v(t ) = Re[v(t)J = RetVe 1 *] yields 

u(f) = 0.5143fT 5 ' cos (3f - 104.49°) V 


j 


Exercise 14.5 If we apply the voltage u(t) = 3e~ 2t cos(4r +45°) V 
to the one-port of Exercise 14.4, what is the current i(t) drawn by the 
one-port? 

ANSWER i(t) — 26.82e _2t cos (4t + 161.61°) A 


We will encounter many more examples of 5-domain analysis as we proceed. 


14.2 Network Functions 


In spite of its simplicity, the illustrative example of the previous section has 
evidenced important features that hold for circuits with energy-storage elements 
in general, regardless of their complexity. We now wish to generalize our 
observations. 

Given a network made up of resistances, capacitances, inductances, and 
possibly dependent sources, the applied signal jc(f) and the response y(t) are in 
general related by a linear differential equation of the type 


d n y , d n l y , dy d m x 

On -j— + b n ~\ H-+ — + boy = a m —— -j- a m 

dt n dt n ~ l dt dt m 


d m ~ x x 
dt m ~ ] + 


dx 

+ a i— + a (i x 
dt 


(14.23} 


where ao through a m and bo through b„ are suitable coefficients whose expres¬ 
sions depend on the elements comprising the network and are thus real and 
time-independent. 
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With an applied signal of the complex exponential type 

. — - j 

x(f) = Xe st j <14.241 


the response is also of the complex exponential type 


y(t) = Ye st 


(14.25) 


and the value of s in the expression for y(r) is the same as that given in the 
expression for x(r). Substituting jr and y into Equation (14.23) and exploiting 
the important exponential property 

(14-26) 


we obtain 

(b„s n -\-b n -]S n 1 + • • • -\-b\S+ bo)Ye st = (a m s m 4-a m -\S m 1 +* • •-\-aiS-\-aa)Xe xt 
Eliminating the common term e st t this can be abbreviated as 

D(s)Y=N(s)X (14.27) 

where 0 ( 5 ) and N(s) are polynomials in s with real coefficients, 

D(s) = b„s n + b„-\s n 1 + ■ • ■ + b\s + bo (14.28a) 

N(s) = a m s m + a m ~\s m ~ l H-1- a|5 + «o (14.28b) 


and n and m are their degrees. These polynomials are, respectively, the left and 
right members of Equation (14.23), but with derivatives replaced by powers of 
s. Solving Equation (14.27) for the ratio 


1 



generally referred to as the network function, we obtain 


(14.29a) 


H(s) = 


a m 

D(s ) 


a m s m + a m -\s m 1 H- hflis+ap 

b n s n + b n -]S n ~ l 4- \-b\s +b a 


(14.29b) 


Since this function is in the form of a ratio of two polynomials with integer 
powers of s, it is a rational function of s. 

Depending on the nature of x and y as well as the port at which we apply 
x and the port at which we observe y , the same circuit will generally yield a 
variety of different network functions. These functions take on different names, 
as follows: 


(1) If the y-port is different from the a- port, then H(s ) is referred to as 
a transfer function. If x and y have the same physical dimensions, 
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then H(s) is referred to as a gain Junction and is expressed in V/V 
or in A/A. Otherwise, it has the dimensions of an impedance or an 
admittance, depending on whether x and y are, respectively, a current 
and a voltage, or a voltage and a current. Sometimes the expressions 
transimpedance and transadmittance are used for these types of transfer 
functions. 

(2) If the v-port is the same as the x-port, then H(s) is called a driving- 
point function. Specifically, it is a driving-point impedance if x is the 
current and y the voltage of the port, a driving-point admittance if x is 
the voltage and y the current. 


Once H(s ) is known, the phasor Y of the response is readily found from 
the phasor X of the applied signal as 

Y = H(s)X (14.30) 


Multiplying both sides by e st yields 


y(t) = H(s)x(t) 


(14.31) 


where H(s ) is calculated at the particular value of s appearing in the exponent 
of the applied signal x(t) = Xe st . 


Zeros and Poles 

The special values of s that satisfy the equation N(s) = 0 are called the roots or 
zeros of N(s) and are denoted as z\, Z 2 , ..., z m . Likewise, the special values 
of s that make D(s) = 0 are called the roots or zeros of D(s) and are denoted 
as p i, p 2 , ..., p„. Factoring out N(s) and D(s) in terms of their respective 
roots in Equation (14.29), we can express the network function in the form 


(14.32a) 

(14.32b) 


where K is a scaling factor. Since a m and h n are real, so is K. 

The roots zi, zj . z m are called the zeros of H(s) because H(s) becomes 

zero at these values of s. By contrast, the roots p j, p 2 , ..., p n , which are the 
zeros of D(s), are called the poles of H(s') because H(s) becomes infinite at 
these values of s. The zeros and the poles are collectively referred to as the 
roots or the critical frequencies. They are special complex-frequency values 
that depend solely on the circuit, regardless of the applied signals or the en¬ 
ergy conditions of its reactive elements. Equation (14.32a) indicates that once 
the zeros and the poles are known, H(s ) is also known, aside from the scale 
factor K. In general the critical frequencies are complex quantities, though in 


H{s) = K 


(s - Z\)(s - z 2 ) •••(-? - Z m ) 
{s - p\)(s - P 2 ) ■ • ■ (s - p n ) 


K = 


b n 


jL 
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many cases they may be real. Since the coefficients of N(s) and D{s ) are real, 
it follows from polynomial theory that whenever the roots are complex, they 
always appear as conjugate pairs. We observe that a conjugate pair at 


s = a ± Joj 


(14.33a) 


yields the polynomial term P(s) = [,v — (a + ytu)||.v - (a — jw)] = 
[(.v - a) - ywHOv - a) + ja>) — (s — a) 2 + or, or 


P(s) = s 2 — las + a 2 + co 2 


(14.33b) 


Conversely, given a polynomial term of the form 


P(s ) = s 2 + las + a> ( 2 j 


the roots are 


s 


—a ± 



(14.34a) 


(14.34b) 


These roots are complex conjugate if a 2 < io^, real if a 2 > ofi, and coincident 

■e 2 2 

it a — o)q. 

A polynomial term of the type 


P(s) = ( s+a) r 


(14.35a) 


corresponds to a repeated root at 


(14.35b) 


and r is called the multiplicity of that root. 

The critical frequencies of H(s ) are conveniently visualized as points in the 
complex or a plane, with their real parts plotted against the horizontal axis and 
their imaginary parts against the vertical axis. In these plots, called pole-zero 
plots, a zero is denoted as o, and a pole as x. As we proceed, we shall see 
that essential circuit properties can be gleaned by just looking at the pole-zero 
pattern! 

If n > m. Equation (14.29b) yields lim H{s) = 0, indicating that H(s ) has 

S— ►CO 

also (n — hi) zeros at infinity. Conversely, if n < m, we have lim H(s ) = oo, 

A'-*OC 
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indicating that H(s ) has also (m — n) poles at infinity. Clearly, in our pole-zero 
plots we are able to show only finite zeros and poles. 


Example 14.6 

Show the pole-zero plot of the function 

^0 + 5) 2 Cs 2 +4j + 13) 


H(s) = 10 


■r 2 0 + 3)(5 2 +2s + 2) 


(14.36) 


Solution 


Using Equations (14.34) and (14.35), we find that H(s ) has a double zero 
at -5, a conjugate zero pair at -2 ±j 3, a double pole at the origin, a 
pole at -3, and a conjugate pole pair at -1 ±jl. Moreover, it has a zero 
at infinity. Its pole-zero plot is shown in Figure 14.4. 


Im (rad/s) 


-5 -4 -3 -2 -1 

I * 


0 - 


Re (Np/s) 


Figure 14.4 Pole-zero plot for the function 
of Equation (14.36). 


Exercise 14.6 Find the values of the scale factor, zero, and poles of 
the impedance Z{s) of Example 14.4. Hence, show its pole-zero plot. 

ANSWER K = 0.5, zi = -3, p U2 = -1.5 ± 2.5/</3. 


Example 14.7 

A function H(s ) has the following zero and pole values: z\ — —2 with 
multiplicity 2; z 2 ,3 - -1 ± j2; p t = 0; p 2 = -3 with multiplicity 2; 
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f > 3 4 = — 2 ± j 1; p 5i6 = 0 ± j 3. Assuming a scale factor A' = 100, 
calculate H(s ) at s = — 5 + j\. 


Solution 

Using Equations (14.33) and (14.35), we find 

(s + 2) V + 25 + 5) 


H(s) = 100 


5(5 + 3) 2 (5 2 +45 + 3)(5 2 + 9) 
Substituting s = — 5 + j 1 yields H{—5 + j 1) = 2.168 / —124.72 c 


1 


Exercise 14.7 A network function H(s) has the following zero and 
pole values: zi = — 1 with multiplicity 2; p\ = 0 with multiplicity 3; 
P 2.3 = —2 ± j4. If it is found that |7/(y3)| = 0.1, what is the scale factor 
K of this function? 

ANSWER 4.395. 


Physical Interpretation of Zeros and Poles 

Each point of the s plane represents the complex frequency of a potential forcing 
signal. The phasor Y of the response is obtained by multiplying the phasor X of 
the forcing signal by the value of H at that specific point, or Y = H(s)X. This, 
in turn, splits into the separate magnitude and phase relationships, 


(14.37a) 

(14.37b) 


Both |.ff(s)| and < H(s) can be plotted point by point versus s to obtain mag¬ 
nitude and phase plots. Since 5 is a two-dimensional parameter, we can plot 
|//(s)| and <H(s) as vertical distances from the s plane to obtain a pair of sur¬ 
faces. We are especially interested in the magnitude surface because it facilitates 
understanding the significance of the critical frequencies. 

Figure 14.5 shows the magnitude plot for a network function having a zero 
at the origin and a pole pair at -3 ± j 4. In general, a magnitude plot appears 
as a tent pitched on the s plane. The height of the tent becomes infinite for 
particular values of s aptly called poles and touches the s plane for values of s 
called zeros. These particular points are the critical frequencies of the circuit. 
We now wish to investigate their physical significance. 

To find the meaning of a zero at s = Zk. suppose we apply a signal x(t) = 
Xe' k '. Then, by Equation (14.31) the response is y(t) =H(zk)x(t) = Qr(r) = 0. 
We thus conclude that subjecting a circuit to a signal with complex frequency s 
equal to one of the zeros of its network function will result in a zero response, 
regardless of the amplitude and phase angle of the applied signal. 

To find the meaning of a pole at s = p^, suppose we apply a signal x(t) = 
Xe s> with 5 sufficiently close to p^ to make \H{s)\ fairly large. This means that 


in = 17*00! X |AT| 
<Y= <H(s) + <X 
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Figure 14.5 Magnitude plot of H(s) = .s/0 2 +6.? + 25). The intersection 
of |i/(j)| with the vertical plane passing through the imaginary axis 
yields the frequency response \H(ja))\. 


in order to sustain a response jr(f) of a given amplitude \ Y\, an applied signal *(/) 
of vanishingly small amplitude \X\ will suffice. In fact, the closer s to pk, the 
smaller |Jf| for a given j F|. In the limit s p^ the circuit will supply a nonzero 
response even with no applied signal! As we know, this is a source-free or a 
natural response component, indicating that a pole /?* contributes a natural term 
of the typey t (f) = Y^e p>l . This contribution is made possible by the ability of 
the reactive elements in the circuit to release previously stored energy. 


Procedure for Finding Network Functions 

A network function is found using s-domain phasor techniques . These tech¬ 
niques are formally identical to the odomain techniques of ac circuits, except 
that we use s instead of jco. When deriving network functions, you should 
develop the habit of always checking your results. Checking is just as impor¬ 
tant as the derivation itself! Two simple checking techniques are dimensional 
verification and asymptotic verification. 

Dimensional verification is based on the fact that all terms appearing in the 
same polynomial, be it N(s) or D(s), must have the same physical dimensions. 
Moreover, H(s) must have the same dimensions as the ratio Y/X. Any dimen¬ 
sional inconsistency will indicate that an error was committed somewhere and 
that we need to go over our derivations more carefully. Denoting the physical 
dimensions of a quantity z as [z], we can facilitate dimensional verification by 
observing that 


[R] = [sL ] = [1/jC] = fi (14.38a) 

[s/?C] = = [ s 2 LC] = dimensionless (14.38b) 

Asymptotic verification is based on the use of physical insight to check the 
values of H(s) in the limits 5 —> 0 and s —> oo. Any inconsistency will again 
indicate that an error was committed somewhere. Physical insight is facilitated 
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by the following observations stemming from Equation (14.20), 


lim Z/, = 0 

£->•0 

lim Z( — cc 

s —^0 

lim Zl = oo 

S-* OO 

lim Zq = 0 

S-MXI 


(14.39a) 

(14.39b) 

(14.40a) 

(14.40b) 


In words, in the low-frequency or dc limit an inductance acts as a short circuit 
and a capacitance as an open; in the high-frequency limit an inductance acts as 
an open and a capacitance as a short. 

Following is the procedure for deriving and checking H(s): 

(1) Draw the circuit in phasor form, with each inductance L replaced by 
its generalized impedance sL and each capacitance C replaced by its 
generalized impedance 1 /sC. 

(2) Using standard phasor analysis techniques (Ohm’s Law, KCL and KVL, 
series/parallel impedance combinations, voltage and current dividers, 
the node and loop methods, Thevenin/Norton conversions, the op amp 
rule, and so forth), obtain the network function as the ratio H(s) = Y/X. 

(3) Check that all numerator terms have the same dimensions, that all de¬ 
nominator terms have the same dimensions, and that the ratio of the 
two sets has the same dimensions as the ratio Y/X. 

(4) Calculate H( 0) = limff(j). Verify this value physically by analyz- 

fi —►o 

ing the circuit with all capacitances open-circuited and all inductances 
short-circuited. 

(5) Calculate H{ oo) = lim H(s). Verify this value physically by analyz- 

A —>OC 

ing the circuit with all capacitances short-circuited and all inductances 
open-circuited. 

Though these checks do not necessarily guarantee the correctness of your results, 
they nevertheless prove quite effective in flagging errors. Learn to apply them 
as a matter of course! 


► Example 14.8 

Find the network function for the circuit of Figure 14.6. 


Solution 

By inspection, 


V„ = [<*,+ sL) || (l/jC + J? 2 )]/i = 


jRi+sLXl/sC + Ri) 

/?i s L + 1 /sC -|- R 2 
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Multiplying out, simplifying, and taking the ratio V 0 /Ij yields 

ff( s \ _ YlL — ^2 LCs 1 + (R1R2C + L)s + R 1 
S ~ I, ~ LCs 2 + (/?i + R 2 )Cs + 1 


{14.41} 


L 



Figure 14.6 Circuit of Example 14.8. 

Dimensional check. Each numerator term has the dimensions of 
resistance, each denominator term is dimensionless, and the ratio of the 
two sets is in Q, the same dimensions as the ratio V„{!-,. Our function 
thus passes the dimensional test. Suppose, however, we had erroneously 
obtained R\ instead of 1 as the last denominator term. This would have 
caused a dimensional conflict, indicating that an error was committed 
somewhere. 

Asymptotic check. Letting s —r 0 in Equation (14.41) yields 

H(0) = R { 

To verify physically, we refer to the equivalent circuit of Figure 14.7(a), 
where it is readily seen that V a /I t = R u by Ohm’s Law. Likewise, 
letting s —» 00 in Equation (14.41) makes the terms in s 2 dominate, so 
that ff(oo) = R2LCS 2 {LCs 1 , or 

H(oo) = /?2 

a result that one can easily confirm physically by referring to the 
equivalent circuit of Figure 14.7(b). Consequently, our network function 
also passes the asymptotic test, giving us good reason to believe it is 
correct. Suppose, however, we had erroneously obtained R 2 instead of 
R\ as the last numerator term in Equation (14.41). Then, this equation 
would have predicted H( 0) = R 2 , which contradicts the physical evidence 
provided by Figure 14.7(a) and, hence, indicates the presence of an error. 


L 




(a) (b) 

Figure 14.7 Circuit of Figure 14.6 in the limits s —> 0 and s 00 . 
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Exercise 14.8 Find the network function for the circuit of Figure 14.6 
for the case in which the response is the current l a through Ri. assumed 
to flow downward. Check your result! 

ANSWER ( LCs 2 + R x Cs)/[LCs 2 + (/fi + R 2 )Cs + 1]. 


► Example 14.9 

Find the network function for the circuit of Figure 14.8. Check your 
result. 



Figure 14.8 Circuit of Example 14.9. 


Solution 

Using the superposition principle, along with the inverting and 
noninverting amplifier formulas, we have 



But, by the voltage divider formula, 

V = ,/sC Y = 1 y. 

p /?3 + 1 fsC 1 R$Cs + 1 ' 


Eliminating V p and collecting gives 


V 0 _ —R2R$Cs + R i 
V/ R\RjCs 4" /?i 


(14.42) 


(14.43) 


Dimensional check. Both the numerator and denominator terms 
have the dimensions of resistance, and their ratio is dimensionless like 
the ratio V 0 /V,-. 

Asymptotic check. Letting s 0 in Equation (14.43) yields 


H( 0) = 1 V/V 
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Figure 14.9 Circuit of Figure 14.8 in the limits s —► 0 and s —► oo. 


To confirm this result physically, refer to Figure 14.9(a), where it is 
readily seen that V p = V). Substituting into Equation (14.42) yields 
V 0 = Vi, or H( 0) = 1 V/V. Likewise, letting 5 —^ oo in Equation (14.43) 
yields 

moo) = -'f 

This is confirmed by Figure 14.9(b), where the op amp now acts as an 
inverting amplifier with gain — R 2 /R\. 


Exercise 14.9 Repeat Example 14.9, but with R$ and C interchanged 
with each other. Check your result! 

ANSWER (RiRiCs - R 1 )/(R l RiCs + Ri). 


14.3 The Natural Response Using H(s) 

In this section we illustrate the use of the network function H(s) to derive the 
natural response of a circuit. This is the response provided by the circuit with 
no applied signals, 


*(/) = 0 (14.44) 

Also called the source-free response, it stems from the ability of the reactive 
elements in the circuit to store energy. Substituting Equation (14.44) into Equa¬ 
tion (14.23) yields 

. d n y L d”~'y , dy , 

b ’d^ +b ’-'d^ + - +b 'Tt +b,,y=0 
For a circuit to yield a response y(f) ^ 0, the characteristic equation associated 
with this differential equation must vanish, 


D(s) = 0 


(14.45) 
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But, the values of s satisfying this equation are precisely the poles p\ through 
p n of H{s), indicating that the network function contains all the information 
needed to predict the functional form of the natural response. This is the real 
function 


y(0 = A ie pit + A 2 e P2t + • • • + A n e Pnt 


(14.46) 


where p j through p n are the poles of H(s), and A\ through A„ are suitable 
time-independent coefficients reflecting the initial conditions in the circuit. We 
identify the following important cases: 


(1) Real poles. If a pole p k is real, 


Pk = otk + j 0 


its contribution to the natural response is 


(14.47) 


yk(t) = A k e att 


(14.48) 


As we know, this is an exponential decay if the pole is negative, a 
diverging exponential if the pole is positive, and a constant function if 
the pole lies right at the origin of the s plane. In each case A* is also 
real because so is y*. 

(2) Complex pole pairs. We know that if poles are complex , they appear in 
conjugate pairs because the coefficients of D(s) are all real. In order 
for the contribution y k to the natural response by a conjugate pair to be 
real, the coefficients of the corresponding exponential terms must also 
be complex conjugate. This means that given the pole 


Pk = otk + ja>k 


(14.49) 


yielding the complex exponential term A k e Pk> with A* = A k [ffi., the 
conjugate pole pi = a k — jw k must yield the term A* k e p *d with A* k = 
Ait! —Ok . When combined together as a pair, their contribution to the 
natural response is 


y*(r) ~A k e Pk< +A* k e p *' = A k e Pk ' -f (A k e Pk *)* 
= 2 Re[A*e^'] = 2 Re[AK < " t+ ^ )J ] 


or 


yk(0 = 2 A k e att cos (co k t + 0 k ) 


(14.50) 


As we know, this is a damped sinusoid if a k , the real part of the pole 
pair, is negative , a diverging sinusoid if a k is positive, and a sustained 
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sinusoid if a* = 0. In all cases the frequency of oscillation is &>*, the 
imaginary part of p k . 

(3) Repeated poles. If a pole p k is a repeated root with multiplicity r k , 
the r k exponentials e Pkt are factored out as a common term, and the 
contribution by this multiple pole to the natural response takes on the 
form 


yk(t) = lA k ,o + A k , t t + --. + A k , ri -it r ‘- l }e n ' | (14.51) 


where p k is the multiple pole and r k is its multiplicity. 

Figure 14.10 provides a visual correspondence between the location of a pole in 
the s plane and the functional form of its contribution to the natural response. 
We observe the following: 

(1) Poles in the left half-plane yield decaying components; poles in the 
right half-plane yield diverging components. 

(2) Real poles yield nonoscillatory components; complex pole pairs yield 
oscillatory components. 

(3) A pole at the origin yields a dc component; a pole pair right on the 
imaginary axis yields an ac component. 

In Chapter 8 we have seen that the pole of a first-order circuit is always 
real. If the circuit contains no active elements such as amplifiers, the pole lies 
on the negative real axis, and the response is a decaying exponential. The in¬ 
clusion of active elements makes it possible to move the pole onto the positive 
real axis, where the response diverges. A pole right at the origin corresponds 
to a constant or dc response. In this case the circuit is called an integrator, and 


Im 



Figure 14.10 The location of poles in the s plane de¬ 
termines the functional form of the natural response. 
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the function it provides in the absence of any forcing signal is referred to as the 
memory function. 

In Chapter 9 we have seen that the poles of a second-order circuit may be 
distinct, coincident, or complex conjugate, depending on the damping condition. 
In the absence of any active elements the poles lie in the left half of the s plane. 
However, with the inclusion of active elements the poles can be moved into the 
right half. If the poles are positioned right on the imaginary axis, the circuit is 
an oscillator. 


^Example 14.10 

If a circuit has the network function 


H(s) = 


8(s~ -(- 2s -(- 1) 

s(s +4) 3 (s + 5)(s 2 + 4s + 13) 


what is the functional form of its natural response? 


Solution 


Since D(s) has degree 7, we have seven poles: p\ = 0, p 2 = —4 with 
) r 2 = 3, pi = —5, and the complex-conjugate pair ^ 4,5 = —2 ± j3. The 
form of the natural response is 

y(r) = A] + (A 2 .o + A 2 .[t + A 2 . 2 r)e~ 4t + 

! + 2A 4 e~ l! cos (3f + O 4 ) 

All seven constants A 1 , A 2 .q> A 2 _ 1 , A 2 ^ 2 , A 2 , A 4 , and 6*4 are real and 
depend on the initial conditions in the circuit. 


Exercise 14.10 The natural response of a certain circuit is 

y(t) = 9 + 7r - 5(1+ 0.5t)c* 3 ' + Se~‘ + 6c“ 2 ' cos (4/ + 45 ) 
Find the denominator of its network function. 

ANSWER D(s) = 5 2 (s + 3) 2 (s + 1)(^ 2 + 4.v + 20). 


Critical Frequencies of Source-Free Circuits 

Since the poles of the network function determine the functional form of the 
source-free response, the problem arises of how to derive such a function for a 
circuit that has no sources. We shall consider the case of a passive one-port. If 
its driving-point impedance is Z(s), we can express its terminal characteristic as 


v(t) = Z(s)i(t) 
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Figure 14.11 The poles of Z(s ) determine the functional form 
of the open-circuit voltage u(r), and the zeros of Z(s) that of 
the short-circuit current i(t). 


where v(f) and i(t ) are, respectively, the complex exponential voltage and current 
at the terminals of the port. When Z(s ) becomes very large, a voltage can exist 
with only a small applied current. In the limit Z(s) oo, such a voltage can 
exist even with zero applied current. As depicted in Figure 14.11(a), this is the 
natural open-circuit voltage response v(t) of the port. 

Expressing the terminal characteristic in the alternate form 

i(t) = y(j)v(r) 

where F(j) = 1 /Z(.v) is the driving-point admittance of the port, we observe that 
in the limit Y(s) -v oo the circuit will provide a nonzero current response even 
with zero applied voltage. This is the natural short-circuit current response i(t) 
of the one-port; see Figure 14.11(b). 

Observing that when J%s) oo we have Z(s) —*■ 0, we summarize our 
findings by saying that in a source-free, passive one-port having driving-point 
impedance Z(s), 

(1) The poles of Z(s) determine the functional form of the open-circuit 
voltage response. 

(2) The zeros of Z(s) determine the functional form of the short-circuit 
current response. 

The following examples illustrate how to find the response of a source-free 
circuit. 


Example 14.11 

In the source-free circuit of Figure 14.12 let R x = 2 k£2, C = 5 nF, 

C = \ mH, and R 2 = 0.5 k£2. If the initial conditions are uc(0) = 10 V 
and ( L (0) = 0, find > 0). 

Solution 

Since the open-circuit response is determined by the poles of the 
driving-point impedance of the port, our first task is to find such an 
impedance. By inspection, 

Z(s) = R 2 || [5L + (/?! || 1 /sC)] 
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Expanding and collecting, we get 


Z(s) = 


/?2(/?i LCs^ 4- Ls /?i) 

R, LCs 2 + (/?i R 2 C + L)s + (Ri + R 2 ) 


(14.52) 


L 



Figure 14.12 The open-circuit response of 
a source-free one-port. 


Before proceeding, let us pause for dimensional and asymptotic 
checks. Each numerator term is in Si 2 and each denominator term in 
£2, indicating that their ratio is in Q, as expected of an impedance, 
j Moreover, physical inspection of the circuit reveals that Z(0) = R] || R 2 
j and Z(oo) = R 2 . It is readily seen that Equation (14.52) agrees with 
| these limiting values, giving us good reason to believe it is correct. 

Next, substitute the given component values to obtain 


Z(.v) = 500 


s 2 + 10 5 * + 20 x 10'° 
s* + 6 x 10 5 s + 25 x 10 10 


Q 


(14.53) 


This function has a conjugate pole-pair p ]i2 = (—3 ± y‘4)10 5 complex 
Np/s. By Equation (14.50), the response is of the type 

u(/) = 2Ae~ 3xl ° S ‘ cos (4 x 10 5 r + 9) (14.54) 

We now wish to find A and 9 on the basis of the initial conditions. 

Referring to Figure 14.12, we observe that v = Rjit, so the first 
condition is 


u(0) = R 2 i l (0) 


(14.55) 


In our case, u(0) = /f 2 0 = 0. But Equation (14.54) yields u(0) = 
2Ae°cos(0 + 9) = 2Acos0, so the first condition yields 2Acos9 = 0. 
Since we are seeking a response with A ^ 0, we must have cos 9 = 0, or 
9 = 90°, so Equation (14.54) becomes 

t>(/) = 2 Ae~ 3 * m '' sin (4 x 10 5 /) (14.56) 


Next, we use the inductance law to write dvjdt = R 2 di L }dt — 
Rzivc — v)/L. The second condition is thus 


rfu(0) 

dt 


Ri 

L 


[u c (0) - vm 


(14.57) 


In our case, dv(0)/dt = (500/10 3 )(10 - 0) = 5 x 10 6 V/s. But Equa¬ 
tion (14.56) yields dv(0)/dt = 2A {—3 x 10 5 c° sinO 4- 4 x lOV’cosO) = 
(8 x 10 5 )A, so the second condition yields (8 x 10 5 )A = 5 x 10 6 , or 
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A = 6.25 V. Finally, substituting into Equation (14.56) yields 
u(f) = 12.5e“ 3xl05, sin(4 x 10 5 r) V 
This function is plotted using PS pice in Figure 14.38. 


Exercise 14.11 Using the data of Example 14.11, find the response 
vc(t) across the capacitance. 

ANSWER v c (t) — 11.18c 3xl ° 5 ' cos(4 x 10 5 r —26.57°) V. 


E 


Example 14.12 


Repeat Example 14.11, but with R 2 = 1 kfi. 


Solution 

Substituting the given component values into Equation (14.52), we find 
that the poles of Z(s) are now real and distinct, p\ — — 5 x 10 5 Np/s and 
P 2 = —6 x 10 5 Np/s. The response is thus 

u(r) = y4ie“ 5x105 ' + A 2 e~ 6xl ° 5 ' 

Imposing the initial conditions of Equations (14.55) and (14.57), 

Aj + A 2 — 0 

-5 x 10 5 A( - 6 x 10 5 A 2 = 10 7 V/s 
that is, A] = ~Az = 100 V. The natural response is thus 
u(f) = I00(e 5xm - e _6xl ° s ') V 


Exercise 14.12 In the source-free circuit of Figure 14.12 let again 
R i=2 k£2, C = 5 nF, L = 1 mH. uc(0) = 10 V, and ^(0) = 0. For 
what value of R 2 are the poles coincident? What is now the response 

v(0? 

ANSWER R 2 = 994.4 £2; u(/) = 9.944 x 10 6 f^~ 5 472x lo5f V. 


E 


Example 14.13 


If the one-port of Example 14.11 is short-circuited as in Figure 14,13, 
find the response ((/). 
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B 


Figure 14.13 The short-circuit response of a 
source-free one-port. 


Solution 

The short-circuit response is determined by the zeros of the driving-point 
impedance Z(s). Referring to Equation (14.53), we find that Z{s) has 
the conjugate zero-pair z\.i~ (—0.5 ± y v / 19.75)10 5 complex Np/s. By 
Equation (14.50), the response is 

i(t) = 2Ae“ a5xl05r cos(10Vl9.75f +6) (14.58) 

To find A and 9, we first observe that 


f (0) = i'z. (0) 


In our case /(0) = 0, so Equation (14.58) becomes 

i (0 = 2A<r 05xl ° S ' sin(10Vl9.75O (14.59) 

Next, we use the inductance law to write dijdt = di^/dt = Vi/L = 
Vc/L so that 


di ( 0 ) vc ( 0 ) 
dt L 

In our case, di(Q)/dt = 10/10“ 3 = 10 4 A/s. But Equation (14.59) yields 
di(0)/dt = 2 Ax 10 5 VT9/75. Letting 2 A x 10 5 Vl9?75 = 10 4 yields 
A = 11.25 mA. Substituting into Equation (14.59), we finally obtain 


i(0 = 22.50e -O 5xl0if sin (10Vl9.75r) mA 


Remark Short-circuiting the one-port has eliminated R 2 from the circuit, 
changing both the damping factor and the angular frequency. ^ 


Exercise 14.13 Sketch the one-port of Figure 14.13, but with L and C 
interchanged with each other. Assuming again R\ =2 kfi, L — 1 mH, 
C = 5 nF, /?2 = 0.5 k£2, //(0) = 0, and uc(0) = 10 V, positive at the 
left, obtain an expression for the short-circuit response i(f). 


ANSWER 22.5Oe _o ' 5xl0 ' f cos (10 5 VT9?75f + 102.84°) mA. 
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Concluding Remarks 

Looking back at the examples and exercises, we observe that finding the initial conditions 
for the response in terms of the initial conditions in the energy-storage elements can 
be a laborious process, especially if the circuit contains many such elements. We are 
interested in ways of expediting this process. In Chapter 16 we shall investigate a 
powerful analytical method known as the Laplace transform method, which takes the 
initial element conditions into account automatically. 


14.4 The Complete Response Using H(s) 


The network function H(s ) can be used to predict not only the natural response 
but also the transient and the steady-state responses and, hence, the complete 
response. As such, H(s) provides a unified approach, but using simple algebra 
instead of differential equations. To investigate the various responses of a circuit, 
we subject it to the complex exponential signal 

x(t) = Xe st 


and obtain the response by taking the product 


y{t) = 


(14.60) 


where H(s) is calculated at the value of s supplied by the applied signal. Let 
us examine the most important response types. 


The DC Steady-State Response 

This is the response to a dc signal of the type 

■X = X m 


after all transients have died out. As we know, the complex exponential form 
of this signal is 

*(/) = ( X m [Of)e 0t 


so the complex exponential form of the response is 


y(t) = HmX m lOf)e°‘ 


But this is the familiar dc steady-state response, 


y, s =H(0)X m 


(14.61) 


In words, to find the steady-state response to a dc signal of amplitude X m , we 
calculate H(s) at s = 0, and then multiply X m by HlO) to obtain y ss . This forms 
the basis of the following rule: 


DC Rule: In dc analysis H(s) is calculated at the origin of the s plane. 


Letting 5=0 makes Z L = sL = 0 and Zc = 1/sC = 00, confirming that 
the dc steady-state response is the response with all inductances replaced by 
short circuits and all capacitances by opens. 
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Example 14.14 

Find the steady-state response of the circuit of Figure 14.14 to 

v, =5 V 



Figure 14.14 Circuit of Examples 14.14 through 
14.16. 


Solution 


Denoting the input and output phasors as Vj and V„, and applying the 
voltage divider formula, gives 

_ (1/sC) || (/?; + sL) 

° ~ /f, + [(1 /jC) || (* 2 + sL)] 

Collecting terms and substituting the given component values, we get 


H(s) = 


K 

Vi 


2 x 10 " 4 j + 400 
10- |0 5 2 +4 x 10-^+500 


v/v 


The response is v 0 = H(0)i)j = ^5, or 

tio=4V 


(14.62) 


1 


Exercise 14.14 Repeat Example 14.14, but with C and L interchanged 
with each other. 

ANSWER His) = 2 x 1 0~ 4 s (2x I0“ 6 s +1 )/<5 x 10" 1 V +4 x 10“ 4 s+100) 
V/V; vo = 0 V. 


The AC Steady-State Response 

This is the response to an ac signal of the type 

x(t) = X m cos (cot +6 X ) 

after all transients have died out. As we know, this signal can be expressed as 
jr(r) = Re|jf(/)], where 

x{t) = iX m [e^)e^ 
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The complex exponential response is 

y(t) = 

and the real response is y(t ) = Re[y(r)]. But this is the familiar ac steady-state 
response, 


yss = \H(ja>)\X m cos [cot + Q X + <H(ja>)] 


114.63) 


In words, to find the steady-state response to an ac signal of amplitude X m , 
phase angle 6 Xi and angular frequency to, we calculate H(s) at s = jco. We 
then multiply X m by \H(jco)\ to obtain the amplitude of the response, and we 
augment d x by < H(jw) to obtain the phase angle. This forms the basis of the 
following rule: 


AC Rule: In ac analysis H(s) is calculated on the ja> axis of the .v plane. 

This is just what we have been doing all along in phasor analysis! 


f 


Example 14.15 

Find the steady-state response of the circuit of Figure 14.14 to 
Vi = 10 cos (5 x 10 6 r + 60°) V 


Solution 

Calculating Equation (14.62) at s = ja> = j 5 x 10 6 yields 

2 x 10 _4 0'5 x 10 6 ) + 400 


HO'5 x lO 0 ) = 


10" lo O'5 x 10 6 ) 2 + 4 x 10" 4 O5 x 10 6 ) + 500 
400 + j 1000 


-2000 + j 2000 


= 0.3808 /-66.80° V/V 


Applying Equation (14.63) yields v 0 = 0.3808 x 
10 cos (5 x 10 6 f + 60° - 66.80°) V, or 

v 0 = 3.808 cos (5 x 10 6 t — 6.80°) V 


1 


Exercise 14.15 Repeat Example 14.15, but with C and L interchanged 
with each other. 

ANSWER v a = 8.001 cos (5 x 10 6 t + 63.45°) V. 
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The Complete Response 

Steady-state analysis focuses on the response after all transients have died out. In 
order for a circuit to reach this state, we implicitly assume that the forcing signal 
was turned on at a remote instant of the past. Mathematically, we say that the 
source was turned on at / = — oo. If we are also interested in the transient situa¬ 
tion following source turn-on and lasting until the circuit reaches its steady state, 
then we must look at the complete response. This too can be found via H(s). 

As we know, the complete response consists of (a) a transient component 
taking on the form of the natural response, or Equation (14.46), and (b) a steady- 
state component taking on the form of the applied signal, or Equation (14.60). 
If the circuit is simultaneously subjected to more than one forcing signal, we 
first find the individual steady-state responses; then, we apply the superposition 
principle to add them up and obtain the overall steady-state response. Assum¬ 
ing £ forcing signals JC| (/) = A r |e' l? , X 2 O) = X^e' 2 ', ..., x^(t) = X ( e s,t , and a 
network function H{s) with n poles p \, pi.p„, the complete response is 


y(t ) = B ] e Pt ' + B 2 e P1 ' + 

■ ■ + B n e p "' + H(s0 X ]e s " 

+ H(s 2 )X 2 e S2 ‘ + -■ 

+ H(s ( )X l e^ 


where B\ through B n are suitable real coefficients, not necessarily the same 
as those of the natural response, to be determined on the basis of the initial 
conditions in the circuit. If a pole p k has multiplicity r k , the corresponding 
transient term takes on the form (B^.o + B km \t + ■ ■ ■ + B kn ^\t rt ~ v )e PkS . For 
a complex-conjugate pole pair <x k ± jco k . the transient term takes on the form 
2B k e ati< cos (co k f + 0 k ), where B k is real. 

It is worth noting that in Equation (14.64) we have two sets of frequencies 
that should not be confused with each other: 

(1) pi through p„ are the critical frequencies of the circuit, pole fre¬ 
quencies in this case. Their values depend on circuit components and 
topology, regardless of the applied signals. 

(2) sj through s ( are the frequencies of the applied signals. If the applied 
signals are ac signals with angular frequencies to\, a> 2 , ..., (Of, then 
S] = ja>\, S 2 = jco 2 , ■ • •, Sf = Moreover, the complete response 
is obtained by taking the real parts of the complex exponential terms 
in the right-hand side of Equation (14.64). 


►•Example 14.16 

Let the circuit of Figure 14.14 be subjected to the dc and ac signals of 
Examples 14.14 and 14.15 simultaneously, 

\ v/(t) = 5 + lOcos(5 x 10 6 / + 60°) V 

Assuming zero initial stored energy in both reactive elements, find the 
complete response v 0 {t). 
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Solution 

Equation (14.62) reveals that H(s) has the conjugate pole pair 
p 1,2 = (—2 ± j 1) 10 6 complex Np/s. Taking the real part of Equa¬ 
tion (14.64) and using the results of Examples 14.14 and 14.15, we can 
write 

vo(t) = 2Be~ 2 * 106 ' cos (10 6 r + 0) + 4 -I- 3.808cos (5 x 10 6 i - 6.80°) V 

To find the constants B and 0 we must derive the initial conditions. 
Referring back to the circuit, it is readily seen that 

t>o(0) = vc (0) 

u/(0) — u c (0) . 1 


In the present case we have i>o(0) = 0 and dv o (0)/dt = i 

(5 x 10 -9 ) -i (5 + lOcos60°)/100 = 2 x 10 7 V/s. Letting, respectively, 

u(0) = 2 Be 0 cos 0 4-4-1- 3.808 cos (-6.80°) = 0 V 

dvo{Q) = 2B{-2 x lO 6 e°cos0 - lO 6 e°sin0) 
dt 

- 3.808 x 5 x 10 6 sin(—6.80°) = 2 x 10 7 V/s 

and solving for B and 6 gives the complete response as 

v 0 (t) = -8.082e“ 2xlo6f cos(10 6 /+ 15.67°)+ 4 
+ 3.808cos (5 x 10 6 t - 6.80°) V 


dv 0 { 0) = _1_ 
dt C 


Remark It is interesting to observe that 1 x 10 6 rad/s is the natural 
frequency of the circuit, whereas 5 x 10 6 rad/s is the frequency of the 
applied signal. 


3 


Exercise 14.16 Repeat Example 14.16, but with R 2 changed to 900 £2. 
What is now the damping condition? 

ANSWER v 0 {t) = 1.863<?- 4x1 ° 6 ' - 10.10^“ 25xlt>6r -I- 4.5 + 3.759 x 
cos (5 x 10 6 f — 6.76°) V, overdamped. 



Figure 14.15 Circuit of 
Example 14,17. 


Example 14.17 

In Figure 14.15 let R = 10 k£L, C = 50 nF, and u/(r) = 10sin2jrl0 3 r V. 
Assuming zero initial stored energy in the capacitance, find Vq {t ). Hence, 
sketch and label v t and v Q versus time for t > 0. 
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Solution 

Using the voltage divider formula 

1 /sC 1 _ 1 

ff(5) ” R + \fsC ~ RCs + 1 ~~ 5 x 10+ 1 

This function has the pole p\ = —2000 Np/s. Denoting the 
applied frequency as w, = 27rl0 3 rad/s, and the applied phasor as 
Vi = Vi m [9j_ = 1 0/—90° V, the complete response takes on the form 

wo(0 = B\e Pit + R emjanWeW'] 

But, H(jcoi) = 1/(5 x 1(T 4 x j2ji 10 3 + 1) = 1/(1 + jit). Thus, 

H(jo} i )V i e jaiit = —-—10/—90°= 3.033 /-162.34° e jo> ‘ l V 
1 + jiz 

Taking its real part and substituting gives 

v 0 (t) = Bie _2000r + 3.033cos(2jrl0 3 r - 162.34°) V 

To find B\, we observe that since C is initially discharged, we 
have i>o(0) = 0. But fo(0) — Bie° + 3.033 cos (0— 162.34°), or 
B\ + 3.033cos (-162.34°) = 0, which yields B\ = 2.890 V. Finally, 

v 0 (t) = 2.890e -2000 ' + 3.033 cos (2jrl0 3 f - 162.34°) V 

The input and output waveforms for / > 0 are shown in Figure 14.16. 
For convenience, the complete response is repeated in Figure 14.17, along 
with its transient and steady-state components. 


Volts 



Figure 14.16 Waveforms for the R-C circuit of 
Example 14.17. 


Remark It is interesting to note the presence of the transient component 
even though the capacitance has zero initial stored energy. This 
component is needed to satisfy the initial condition. Had the initial 


Volts 



^4 + 


Figure 14.17 The complete 
response vo of the R-C circuit of 
Example 14.17, along with its transient 
and steady-state components. 
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capacitance voltage been exactly —2.890 V, then the transient component 
would have been absent as the circuit would already have been in its ac 
steady state at / = 0. 


i 


Exercise 14.17 Repeat Example 14.17, but with R and C interchanged 
with each other. 

ANSWER v Q {t) = —2.890e -20001 +9.529cos (2;rl0 3 r - 72.34°) V. 


The Complete Response of RC and RL Circuits 

The RC and RL circuits occur so often, especially as subcircuits, that their 
responses merit special attention. The applied signal, henceforth called the input 
V[, will generally have both a dc component V) and an ac component iy, 

vi = V } + Vi 

where u, = V im cos (cot + 9,). The complete response, henceforth called the 
output v 0 , takes on the form 

v 0 = Be~ ,/T + V 0 + v a (14.65) 

where V 0 is the dc component and v a = V om cos {cot + 6„) is the ac component. 
Denoting the pole of H(s) as p, the time constant is r = -1/p. Moreover, 
V 0 =H( 0)V/, and V om [e si =H{icd){V im [e l ). 


Example 14.18 

In the circuit of Figure 14.18 let R = 15.9 kfi, C = 0.1 pF, and 
== 2 + I sin 2tt 10 3 f V, so that the input is 

vi(t < ()-) = 0 

vi(t > 0 + ) = 2 + 1 cos (lit 10 3 f - 90°) V 


r = 0 R 



Figure 14.18 Turning on the input to an 
R-C circuit. 


Assuming the switch has been in the down position long enough to ensure 
zero initial stored energy, find vq and plot both Vf and Vo versus t. 
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Solution 

The transfer function is 

H() = 1 ^ 1 
KS) RCs + 1 1.59 x 10- 3 s + 1 

and it has a pole p = —1/(1.59 x 10 3 ) Np/s. Thus, r = -1 jp — 

1.59 ms. Moreover, since H{ 0) = 1 and //(y‘27rl0 3 ) ~ 0.1 /—84.3° , 
it follows that V Q = 1 x 2 = 2 V, V om = 0.1 x 1 = 0.1 V, and 
0 o = —84.3 — 90 = —174.3°. Substituting into Equation (14.65) and 
using the initial condition u o (0 + ) = d c (0 + ) = v c (0 _ ) — 0, we finally 
obtain 

vo(t < 0 - ) = 0 

v 0 (t > 0+) = -1.9e"' /(1 ' 59ms) + 2 + 0.1cos(2jrl0 3 t - 174.3°) V 
The input and output waveforms are shown in Figure 14.19. 



0123456789 

Figure 14.19 Waveforms for the R-C 
circuit of Example 14.19. 


Exercise 14.18 Repeat Example 14.18, but with the R-C pair replaced 
by an L-R pair having L — 10 mH and R = 20 £2. 

ANSWER v 0 (t < 0-) = 0, v a (t > 0+) = -1.711e- 2000 ' + 2 + 
0.303 cos (2jrl0 3 t - 162.3°) V. 


► Example 14.19 

Repeat Example 14.18, but with R and C interchanged with each other. 

Solution 

The circuit is shown in Figure 14.20. We have 

R RCs 1.59x10“ 3 j 


H(s) = 


R + l/sC RCs + 1 1.59x10- 3 j + 1 



Figure 14.20 Turning on the input to a 
C-R circuit. 


so r = —1/p = 1.59 ms. Moreover, since H( 0) = 0 and H( j2jz]() 3 ) ^ 
i 0.995 /5.7° , it follows that V Q - 0 x 2 = 0 V, V om = 0.995 x 1 = 0.995 V, 
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and B 0 — 5.7 90 — —84.3°. Substituting into Equation (14.65) and using 

the initial condition uo(0+) = u,(0 + ) - u c (0+) = u,(0 + ) - u c (CT) = 

2 — 0 = 2 V, we finally obtain 

v 0 (t < 0 _ ) = 0 

Vo(t > 0 + ) = 1.9 C -'/(>•59ms) + 0 995 cos (2jr 10 3 f - 84.3°) V 
The input and output waveforms are shown in Figure 14.21. 


Volts 



Figure 14.21 Waveforms for the C-R 
circuit of Example 14.20. 




Exercise 14.19 Repeat Example 14.18, but with the RC pair replaced 
by an RL pair having R = 20 Q and L = 10 mH. 

ANSWER v 0 (t < 0“) = 0, v 0 (t > 0 + ) = 1.71 le“ 2000 ' + 

0.9529 cos (2 jt 10 3 f -72.34°) V. 


* DC Passing and AC Blocking 

Looking back at the response of Figure 14.19 we observe that once the transient 
condition has died out, the input dc component appears unchanged at the output. 
We thus say that once in steady state, the R-C circuit passes the dc component 
in full. 


Vo = V, (14.66a) 

Physically, we justify this behavior by noting that with respect to the dc com¬ 
ponent the capacitance acts as an open circuit, thus allowing R to fully transmit 
this component to the output. 

By contrast, the ac component is attenuated by an amount that depends 
on its frequency a> as well as the time constant RC of the circuit. There are 
applications in which it is desired to block out the ac component, 

Vo - o (14.66b) 

Regarding the R-C circuit as an ac voltage divider, we observe that in order to 
provide a substantial attenuation at a given frequency to, C must behave as a 
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short circuit compared to R, that is, \Zc \ <K R- Rephrasing as 1/coC <K R, this 
yields 

coRC » 1 (14.67) 

Summarizing, the R-C circuit will pass the dc component but block out any 
ac signal whose frequency is high enough to satisfy Equation (14.67). The 
discriminatory action by the R-C circuit upon its input components is depicted 
in Figure 14.22, where V( is modeled with two separate sources in series. In 
steady state the output is thus t>o (SS ) = Vo 4- v t , 21 V { + 0, or 

u 0(ss) - V, (14.68) 

A common application of the R-C circuit is in power supply distribution 
systems, where it is desired to block out any unwanted ac signals that may be 
present on the power supply rails. When used in this function, a capacitor is 
referred to as a bypass capacitor. In a well-designed printed-circuit board you 
will find a bypass capacitor next to each integrated circuit package. 


^Example 14.20 

A certain dc power supply yields 15 V with a 250-kHz, 0.5-V peak-to- 
peak spurious ac component called ripple. We wish to clean it up with 
an R-C network using R = 22 Cl. 

(a) What bypass capacitance is required to ensure an output ripple 
of less than 2 mV peak-to-peak? 

(b) After source turn-on, how long will it take for vq to come within 
1 mV of its steady-state dc value? 


Solution 

(a) Since V„ m = V„ n /i/l 4- (coRC) 2 , it follows that C = 
V( v h n /V<,m) 2 - 1 /ioR = \J (0.5/0.002) 2 - 1 /( 2 jt x 250 x 10 3 x 
22) = 7.23 /rF (use 10 //F). 

(b) We have RC = 22 x 10 -5 = 0.22 ms. The amount of time t 
it takes for Vo to rise to (15 V — 1 mV) = 14.999 V can be 
estimated by imposing 14.999/15 = 1 — exp [—//(0.22 ms)]. 
Solving for t yields t = 0.22 In (15 x 10 3 ) =2.1 ms. 


• DC Blocking and AC Passing 

Figure 14.21 indicates that the C-R circuit provides the opposite function of the 
R-C circuit. Namely, once the transient condition has died out, it blocks out the 
dc component to yield 


R 



Figure 14.22 In steady state the R-C 
circuit passes the dc component 
of the input but blocks out any ac 
component with co l/RC. 


V 0 = 0 


(14.69a) 
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C 



Figure 14.23 In steady state the C-R 
circuit blocks out the dc component 
of the input but passes any ac 
component with oj 1 /CR. 


but it passes any ac component whose frequency is high enough to make C act 
as an ac short in comparison with R , 

v 0 ^ v; {14.69b) 

The condition for full ac passing is again 

<oRC » 1 (14.70) 

In steady state we thus have u 0)ss) = Vo + v 0 = 0 + v 0 ~ y,-, or 

vo(ss) - v; (14.71) 

The discriminatory action by the C-R circuit is depicted in Figure 14.23. A 
common application of the C-R circuit is ac coupling in audio amplifiers, where 
it is desired to pass all ac signals within the 20-Hz to 20-kHz audio range while 
blocking out any dc component that would only cause undue power dissipation. 


F 


Example 14.21 

The output of an audio amplifier is coupled to an 8-£2 loudspeaker via a 
capacitance C to block out any dc voltage that might be present at the 
amplifier output, as, for instance, in the event of amplifier malfunction. 
Specify C to ensure that the ac amplitude V om across the loudspeaker 
never drops below \jjl = 70.7% of the amplitude V im supplied by the 
amplifier. 


Solution 

For C-R circuits we have V om = V im coRC/y/ \ + (coRC ) 2 - Imposing 
Vom > V im js/2 requires oiRCjsJX + ( coRC ) 2 > 1/V2, or a>RC > 1. 
This condition must be met over the entire audio range. Imposing it at 
co ~ £u m i„ = 27 t 20 rad/s will automatically ensure its validity at all other 
audio frequencies. Thus, C > l//fw min = 1/(8 x 27r20) = 995 pF. 


1 


14.5 The Frequency Response Using H(s) 

The manner in which the ac response varies as a function of frequency is called 
the frequency response. This response is of paramount importance in a variety 
of disciplines such as communications, signal processing, and control. The 
frequency response can be predicted mathematically using the network function 
H(s). To this end, we first derive H(s) using 5-domain techniques; then we 
calculate it on the jco axis by letting 


(14.72) 
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The frequency response can be visualized graphically by plotting the magnitude 
I H(j ti>)| and phase < H(fto) versus to. It can also be observed experimentally 
by subjecting the circuit to an ac signal of fixed amplitude X m and phase angle 6 X 
but variable frequency to. The amplitude Y m and phase angle 9 y of the response 
are measured with the oscilloscope for different values of to, and the magnitude 
\H(jco) \ = Y,„/X m and phase <H(ja j) = 6 V — 0 X are then plotted point by point 
versus w. 

The effect of letting s —> jto is illustrated in Figure 14,5 for the magnitude 
case. As we know, |//(s)| can be calculated anywhere in the s plane. However, 
when we seek the ac response, we confine ourselves to the jto axis, indicating 
that the curve representing j H(jeo)\ can be obtained as the intersection of the 
surface representing |//(s)} with the vertical plane passing through the imaginary 
axis. Similar considerations hold for the phase curve. 

Recall that the ac response is the response to an ac signal after all transients 
have died out, and that in order for the transients to die out, all poles must lie in 
the left half of the s plane. Section 14.3 revealed that the location of the critical 
frequencies has a profound impact on the natural response. We have good 
reasons to expect an impact upon the frequency response, too. For instance, 
Figure 14.5 indicates that the profile of the \H(jco)\ curve is strongly affected 
by the proximity of the poles to the imaginary axis. In the remainder of the 
chapter we illustrate the use of the network function H(s) not only to locate the 
critical frequencies in the s plane but also to visualize the frequency response 
via suitable plots known as Bode plots. 

For simplicity we restrict ourselves to network functions of the gain type. 
If a network function has the dimensions of an impedance, we can always 
express it as RH(s), where R is a suitable scaling resistance and H(s) is a 
dimensionless gain function. Likewise, a network function of the admittance 
type can be expressed as GH{s ), where G is a suitable scaling conductance. 


Semilogarithmic Scales 

The frequency ranges encountered in the study of frequency responses are often 
so wide that in order to visualize the response with an adequate degree of 
clarity over the entire range it is convenient to use semilogarithmic scales. 
Specifically, the magnitude \H{jw)\ and phase are plotted on linear 

scales calibrated, respectively, in decibels and degrees. By contrast, to is plotted 
on a logarithmic scale calibrated in frequency decades. Semilogarithmic plots 
are called Bode plots for the American engineer Hendrik W. Bode (pronounced 
bodee) (1905-1982) who pioneered them. 

To sketch your plots you can purchase semilog graph paper in the bookstore. 
However, preparing your own semilog scales on plain engineering paper will 
make you better appreciate the peculiarities of these scales. To this end, you 
first make equally spaced marks on the vertical axis to represent equal decibel 
intervals such as +40, +20, 0, —20, —40 dB, or equal degree intervals such as 
+ 180°, +90°, 0°, —90°, —180°. Next, you make equally spaced marks on the 
horizontal axis to represent decade frequency intervals such as 1, 10, 10 2 , 10\ 
10 4 , ..., rad/s. This is shown in Figure 14.24. 
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Figure 14,24 Semilog scales. 


A decade interval is also called a cycle. Given a specific frequency value 
within the cycle 10" < co < 10 ,t+1 rad/s, its location 1 within the cycle is 

i = lo Sio 04.73) 

For instance, the location of w = 320 rad/s, which lies within the cycle 10 2 < 
co < 10 3 rad/s, is l =. log 10 (320/10 2 ) 0.5, or halfway between the 10 and 

10 2 rad/s marks. Likewise, co = 2000 rad/s lies at i = log 10 (2000/10 3 ) ~ 0,3, 
or one-third of the way between the 10 3 and 10 4 rad/s marks. Figure 14.25 
shows the frequencies within the cycle 1 < co < 10 rad/s. 


1 2 1 4 5 6 7 8 9 10 

I—i—i—1—i h—I \ VIM 

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1 

Figure 14.25 Frequencies within the 
cycle 1 < (a < 10. 


At times it is convenient to use the normalized frequency co/coq, where to u 
is the characteristic frequency of the circuit. The units of normalized frequency 
are decades. To visualize the frequency response at both sides of a) 0 we choose 

the marks for normalized frequency as..., 10 -3 , 10~ 2 , 10 -1 , 1, 10, 10 2 , 10 3 . 

It is apparent that the logarithmic nature of the frequency scale compresses high 
frequencies and expands low frequencies, a property that allows us to visualize 
the response at both extremes with a comparable level of detail. 


Decibels 

The decibel (or dB) value of a gain function H is defined as 

\H\ dB 4 20 log 10 |ff | 


(14.74) 
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TABLE 14.1 Common Gains and 
Their dB Values 


m 

l»ldB 

1*1 

l*ldB 

i 

0 

1 

0 

V2 

3 

1/V2 

-3 

2 

6 

1/2 

-6 

^10 

10 

l/VTo 

-10 

10 

20 

0.1 

-20 

100 

40 

0.01 

-40 

1000 

60 

0.001 

-60 

10" 

20n 

10-" 

—20n 


Conversion from dB values back to ordinary values is done via 

\H\ = 10 |//|dB/20 (14.75) 

For instance, the dB value of a gain of —400 is 20 log 400 = 52.0 dB. Con¬ 
versely, 46 dB correspond to a gain of 10 46/20 ~ 200. Table 14.1 summarizes 
some of the most commonly encountered gains and their dB values, which you 
are encouraged to commit to memory. Note that (a) unity gain corresponds to 
zero dB, (b) gain magnitudes greater than unity correspond to positive dBs, and 
(c) gain magnitudes less than unity correspond to negative dBs. 

Using well-known properties of complex variables, you can readily verify 
that given two transfer functions Hi and H 2 , 


1*1 xff 2 | dB = |*l|dB + l*2ldB 

(14.76a) 

<(Hi xH 2 ) = <*. + <H 2 

(14.76b) 

l*l/*2ldB = l* 1 |dB-|*2ldB 

(14.77a) 

<{Hi/H 2 ) = <Hi- <H 2 

(14.77b) 

\\/HU=-\H\ dB 

(14.78a) 

<(l/H) = -<H 

(14.78b) 


We shall find these properties particularly useful in the manipulation of Bode 
plots, in Section 14.7. 

An Illustrative Example 

Let us illustrate these concepts with an example. 


^Example 14.22 

Sketch the pole-zero plot and the Bode plots for the driving-point 
impedance of the one-port of Figure 14.26. 
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Figure 14.26 Circuit of Example 14.22. 


Solution 


By inspection, Z(s ) = Ri -\- [R 2 |[ (l/.rC)]. Expanding, it is readily seen 
that Z(s ) can be expressed as 

Z(s) = (R t + R 2 )H{s) 


H{s) = 


(*i II Ri)Cs + 1 
RiCs + 1 


where H(s ) is the frequency-dependent part of Z(s). Substituting the 
given component values, 


H(s) = 


s/10 6 4- 1 
a/10 3 4- 1 


(14.79) 


H(s) has a zero at s = zi = —10 6 Np/s, and a pole at s = pi = 

— 10 3 Np/s. The pole-zero plot is shown at the top of Figure 14.27. 


lm (rad/s) 

4 


nr 


-io 3 


s plane 

—► Re (Np/s) 



<*),,, co . | co (rad/s) 



0J /t , co - at (rad/s) 


Figure 14.27 Pole-zero plot and Bode plots of 
the gain function of Equation (14.79). 
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To find the frequency response we let s —> jco in Equation (14.79). 
After rearranging we obtain 


+ ;(o>/10 6 ) 




1 + j (co/UP) 


Letting \H\ = y/[l + (w/10 6 ) 2 ]/[l + (a>/10 3 ) 2 ] in Equation (14.74) 
yields 


ItfldB = 

101og 10 

l+( 

r CO \ 2 ' 

- 101og 10 |l + 

Moreover, 

<H = 

tan -1 

(-HL) 



\ 10 6 / 

wo 3 / 


Using a pocket calculator we evaluate these expressions for different 
values of co and plot them point by point on semilog paper. The plots are 
shown in Figure 14.27, center and bottom. 


Exercise 14.20 Repeat Example 14.22 if C is replaced with an 
inductance L = 9.99 mH. 

ANSWER Z(s) = R\H(s), H(s) = [sL/(R } || R 2 ) + l]/[ sL/R 2 + 1] = 
(s/10 5 + l)/(s/10 8 + 1). 


As we sweep co from 0 to oo, we note that both the slope of the magnitude 
curve and the phase curve change when co reaches the critical frequencies co — 
co Pt = 10 3 rad/s, and to = co Z] = 10 6 rad/s. Namely, the pole frequency to P) 
brings about an overall slope change of —20 dB/dec, and a phase change of —90°; 
the zero frequency co Zl brings about an overall slope change of +20 dB/dec, and 
a phase change of +90°. We summarize by stating that a critical frequency 
brings about an overall slope change of =1=20 dB/dec and an overall phase 
change of ±90°, where the plus sign holds if the frequency corresponds to 
a zero, the minus sign if to a pole. 

In Figure 14.27 the slope of the magnitude curve changes from 0 dB/dec to 
—20 dB/dec at co = co Pi , and from —20 dB/dec back to 0 dB/dec at co = to Zl . 
For obvious reasons, the critical frequencies oj :i and co Pi are also referred to as 

break frequencies. 

We also observe that the phase lag due to the pole starts at co ~ 0.1 co Pl , 
reaches —45° at co = co Pl , and approaches —90° at w ~ 10 co P] . Likewise, the 
phase lead due to the zero starts at co — O.lw.,, reaches +45° at co = to Z] , and 
approaches +90° at co ~ 10o» Z| . 

We thus see a correlation between the location of a root in the 5 plane, where 
H(s) goes either to zero or to infinity, and the corresponding break frequency 
on the jco axis, where both slope and phase angle undergo either a positive or 
a negative change. It is interesting to observe that when dealing with pole- 
zero plots, we regard the critical frequencies p\ and Z\ as negative roots and 



<H (deg) | (dB) 
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we express them in Np/s. By contrast, when dealing with frequency plots, we 
regard the corresponding break frequencies a> P] and co Zl as positive frequencies 
and we express them in rad/s. 
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K> 0 








A" < 0 




Figure 14.28 Bode plots of 
frequency-invariant functions. 


14.6 Network Function Building Blocks 

Even though the frequency response can be calculated and plotted exactly, it 
is found that piecewise linear curve approximations are generally sufficient to 
convey the essential features of a response. The advantage of piecewise plots, 
also called idealized or linearized Bode plots, is that they can be drawn quickly 
and without the tedious computations required of exact plots. However, before 
dealing with a general method for drawing piecewise plots, we must learn to 
plot the basic building blocks of network functions. 


Frequency-Invariant Functions 


If a gain function is independent of frequency. 


H(s) = K 


(14.80) 


then its magnitude plot is a horizontal line positioned at 0 dB if | /C | = 1, 
above 0 dB if | AT | > 1, and below 0 dB if |AT| < 1. Moreover, the phase 
plot is a horizontal line positioned at 0° if K is positive, or at ±180° if K is 
negative. These plots are shown in Figure 14.28 (here we have chosen —180° 
for negative K ). 

Examples of circuits with constant gain functions are the ideal noninverting 
amplifier, for which H = [ + R 2 /R\ > 1; the ideal voltage follower, for which 
H = 1; and the voltage divider, for which H = Ri/{R\ + Rf) < 1. All these 
functions have = 0. By contrast, the ideal inverting amplifier has H — 
— indicating a phase of ±180°. Moreover, depending on the resistances 

used, we may have \H\ > 1, \H\ = 1, or \H\ < 1. Just keep in mind that 
amplification implies positive dBs, and attenuation negative dBs. 


Functions with a Root at the Origin 


All network functions with just a root at the origin can be expressed in the 
standard form 


His) = is/a>ot' 


(14.81) 


where the plus sign holds if the root is a zero, and the minus sign if the root 
is a pole. As we know, the function H = sjoy o is the s -domain counterpart 
of time differentiation, and H = (s/(oo)~ i is the 5-domain counterpart of time 
integration. An example of a function with a zero at the origin is the inductive 
impedance Z(r) = sL. This can be expressed asZ(r) = R(sL/R ) = Rx(s/a> o), 
where R is a scaling resistance and <z>o = R/L is the normalizing frequency. 
An example of a function with a pole at the origin is the capacitive impedance 


L. 
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Z(s ) = 1/sC = R/(sRC) = R x (s/{oo)~ l , where R is a scaling resistance and 
coo = 1 /RC is the normalizing frequency. 

Letting .v —*■ jw in Equation (14.81) yields 

H(jco) = (14.82) 

so that 

\H\ dB = ±201og )0 (cd/coq) 

<H=± 90° 

Since in a semilog magnitude plot the ordinate is y = |//|dB and the abscissa is 
.v = log ]0 (ro/tDo), Equation (14.83a) is of the type 

y = ±20* 

This represents a straight line with slope ±20 dB/dec if the root is a zero , and 
—20 dB/dec if the root is a pole. The Bode plots of Equation (14.83) are shown 
in Figure 14.29. Since the magnitude curves go through the 0 dB or unity-gain 
axis at co/io 0 = 1, oj 0 is aptly called the unity-gain frequency of the integrator 
or differentiator circuit. 


(14.83a) 

(14.83b) 



Figure 14.29 Root location and Bode plots of (a) the differentiator function 
H = \/tuo. and (b) the integrator function H = 1/{j/o>o). 
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In audio applications, frequency intervals are expressed in octaves rather 
than decades, owing to the special significance that 2-to-l frequency ratios have 
for the human ear. A slope of ±20 dB/dec is thus equivalent to a slope of 
±20 log 10 2 ~ ±6 dB/oct. 


Functions with a Real Negative Root 


All network functions with just a real negative root can be expressed as KH{s ), 
where AT is a suitable scaling factor and 


H(s) = <j/«oo + l)* 1 


(14.84) 


where the plus sign holds if the root is a zero, and the minus sign if the root is 
a pole. In either case the root is located at 

5 - -ox) (14.85) 


An example of a function with a real negative zero is the impedance of a 
resistance and inductance connected in series, Z(s ) = R +sL = /?(1 +sL/R) — 
R x (s/a )o + 1), Wo = R/L. An example of a function with a real negative 
pole is the impedance of a resistance and capacitance connected in parallel, 
Z(s) = R || (1 /sC) = Rx (j/ajo + 1) _1 , wo = 1 IRC. 

Letting s -»■ jco in Equation (14.84) and rearranging yields 

ff(yw) = [l + i(w/w 0 )] ±1 (14.86) 


so that 

(14.87a) 
(14.87b) 

Plotting these functions versus w/wo yields the exact plots shown in black in 
Figure 14.30. Since for w/wo = 1 we have 

|ff| = ±3 dB (14.88a) 

<ff=±45° (14.88b) 

wo is also called the 3 dB frequency or the 45° frequency if the root is a zero, 
and the —3 dB frequency or the —45° frequency if the root is a pole. 

Figure 14.30 suggests that we can approximate the actual magnitude curves 
with the low-frequency asymptote 

Iff Ids = 0 (14.89a) 

for w/wo < 1, and with the high-frequency asymptotes 

Iff SdB = ±20 log t0 (w/wo) (14.89b) 

for w/wo > 1. In words, at low frequencies a function with a negative real 
root approaches the unity gain function; at high frequencies it approaches the 


IffldB =±101og 10 [l + (<uM)) 2 ] 
// = ±tan ^ (iofoio) 
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Figure 14.30 Root location and Bode plots of (a) H = s/cd o + 1, and (b) H = 
(s/wq + l)" 1 . Thin curves are exact plots, and thick curves are their piecewise lin¬ 
ear approximations. 


differentiation function if the root is a zero or the integration function if the 
root is a pole. 

Using Equation (14.87a) it is readily seen that the maximum deviation occurs 
at to/w o = 1, where it is 3 dB. For uj/coq = 2 and co/w y = 0.5 the deviation 
is about 1 dB. For co/coq < 0.1 and o>/o>o > 10 the deviation can practically 
be ignored. Since the low-frequency and high-frequency asymptotes (shown in 
color) meet at = 1, two is also called the corner frequency or the break 
frequency. 

Turning next to the phase curves, we can approximate them with the low- 
frequency asymptote 


<H = 0 C (14.90a) 

for to/coo < 0.1 and with the high-frequency asymptotes 

<H = ±9Q° (14.90b) 

for co/co o > 10. Over the range 0.1 £ (o>/o>o) £ 10 we can approximate 
them with the straight lines going through 0° at co/coq = 0.1, and through 
±90° at to jay o = 10. The slopes of these lines are ±45°/dec. Using Equa¬ 
tion (14.87b) it is readily seen that the maximum deviation occurs at w/too = 0.1 
and w/wi) = 10, where it is about 6°. 
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Functions with a Complex Root Pair 

As we know, complex roots always occur in conjugate pairs. All network 
functions with just a complex root pair can be expressed as KH{s ), where K is 
a suitable scaling factor and 


H(s) = [OMO 2 + 2!(s/a>o) + 1) ±! 


(14.91) 


where the plus sign holds if the roots are zeros, and the minus sign if they are 
poles. As we know from Chapter 9, £ is the damping ratio, and coo is the 
undamped natural frequency. For £ > 1 the roots are real and distinct, and 
for £ = 0 they are real and coincident. In either case the quadratic term of 
Equation (14.91) can be factored into the product of two terms of the type of 
Equation (14.84). We are interested in the case £ < 1, for then the roots are 
complex conjugate, 


s /wo = -£ ± j\/l-S 2 (14.92) 

Letting 5 —> joy in Equation (14.91) and rearranging yields 

H(jco) = [1 — (co/coq) 2 + 2$ j(co/wo)] ±l (14.93) 


so that 


|H| dB = ±101og 10 ([1 - (co/co 0 ) 2 ] 2 + [2£(&Voj 0 )] 2 ) 
2^ (co/coq) 


< H = ± tan" 


1 - ( w / ft ) 0 ) 2 


(14.94a) 

(14.94b) 


These functions are easily plotted versus co/coq to obtain the exact Bode plots. 
Shown in Figure 14.31 are such plots for the more common case of a pole pair; 
however, reflecting the magnitude and phase curves about, respectively, the 
0 dB and 0° axes yields the plots for the case of a zero pair. 

Depending on the value of £, the plots now consist of families of curves. 
We see that as long as £ > l/\/2, the magnitude curves lie below the 0 dB axis. 
The curve corresponding to 


£ 


1 

-= = 0.707 

s/2 


(14.95) 


is said to be maximally flat. For £ < l/s/2 there is a frequency band over 
which the magnitude is greater than 0 dB, that is, greater than unity. This phe¬ 
nomenon, referred to as peaking, is the familiar resonant signal rise investigated 
in Chapter 13. The smaller £, the more pronounced the amount of peaking. In 
the limit ( -> 0 we obtain |//| —> oo, indicating that the circuit is now capable 
of providing an ac response even in the absence of any applied signal. As we 
know, this is a sustained oscillation. The poles now lie right on the imaginary 
axis, s/(dq — ±j. 





14.6 Network Function Building Blocks 


653 



co/coo (dec) 



off. 


For values of f near 1 /V2 we can approximate the actual curves with 
straight lines. The magnitude plot is approximated with the low-frequency 
asymptote 

|//|jb = 0 (14.96a) 

for o>jo >o < 1 and with the high-frequency asymptotes 

|H| dB = ±401og lo (<oM>) (14.96b) 

for w/tuo > 1, where the plus sign holds if the roots are zeros, and the minus 
sign if the roots are poles. Since the asymptotes meet at cu/wo = 1, coq is again 
called the corner frequency. 

The phase plot is approximated with the low-frequency asymptote 

<H = 0° (14.97a) 

for co/tOQ <0.1 and with the high-frequency asymptotes 

<H = ± 180° (14.97b) 

for (o/ojq > 10. Over the range 0.1 < cu/cuo 5 10 we approximate with the 
straight lines going through 0° at 10 /to o =0.1, and through ±180° at co/coq = 
10. We observe that since we now have a root pair, the magnitude and phase 
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slopes (±40 dB/dec, and ±907dec) are twice as large as those of a single root 
(±20 dB/dec, and ±45°/dec). 

These approximations are satisfactory for £ near lfy/2, but for smaller ( 
values we may wish to apply suitable corrections to reflect the presence of 
peaking. It is customary to effect these corrections at the following significant 
points (refer to Figure 14.32): 

(1) At the corner frequency, or oof o>o = 1, Equation (14.94a) predicts 

Iff Ids =±201og l0 2f (14.98) 

(2) The frequency at which |JT|dB peaks out is found by differentiating 
Equation (14.94a) with respect to oo/ooq and then equating the result to 
zero. This frequency is readily found to be 

co/coq = - C 2 (14.99a) 

At this frequency Equation (14.94a) predicts 

\H\ dQ = ±101og ]0 [4^(1 - C 2 )] (14.99b) 

(3) An octave below the comer frequency, or oo/ooq = (1/2), Equa¬ 
tion (14.94a) predicts 

|ff| dB = ±101og 10 (f 2 +0.75 2 ) (14.100) 

(4) The frequency at which the magnitude curve crosses the 0 dB axis is 
found, again using Equation (14.94a), and it is 

cu/cuo = \/2(l - 2{ 2 ) (14.101) 



0.1 I 10 

td/too (dec) 



0.1 1 10 
ca/(Oo (dec) 

Figure 14.32 Significant points on the frequency 
plots of a complex pole pair. 
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(5) An octave below the comer frequency, or cojco o = (1/2), Equa¬ 
tion (14.94b) predicts 

<H = ±tan _1 (C/0.75) (14.102a) 

(6) An octave above the comer frequency, where co/coq = 2, Equation 
(14.94b) predicts 

<H = ±[180° - tan" 1 (C/0.75)] (14.102b) 


t 


Example 14.23 


Given the transfer function 


H(s) = 


100 

s 2 + 5^ 4-100 


find co o, C» and the scaling factor K. Hence, compute |H| dB and <H at 
the significant points discussed earlier. 

Solution 


Factoring out the term 100 yields 

_ 100 _ 1 _ 

~ 100 s 2 /100 + 55/100 4- 1 

Clearly, K = 100/100, or 

K = 1 

Comparison with the standard form of Equation (14.91) yields 
(s/«o) 2 = 5 2 /100, or 

coq = 10 rad/s 

and 2f(5/wo) = 55/100, or 

C = 0.25 


Using Equations (14.98) through (14.102), we have 

(1) For co =10 rad/s, \H\ dB = -201og 10 (2 x 0.25) = 6.0 dB 

(2) Magnitude peaks for to = 10V1 — 0.25 2 = 9.68 rad/s, and the 
peak value is \H\ d B = — 101og 10 [4 x 0.25 2 x (1 — 0.25 2 )] = 
6.3 dB 

(3) For co = 5 rad/s, |ff|dB = — 10log lo (0.25 2 4- 0.75 2 ) = 2.0 dB 

(4) The m agnitude curve cr osses the 0 dB axis for co = 

10 x s/l{\ - 2 x 0.25 2 ) = 13.2 rad/s 


(5) 

(6) 


For a) = 5 rad/s, <H = - tan" 1 (0.25/0.75)] = -18.4° 

For co = 20 rad/s, < T // — —[180 —tan -1 (0.25/0.75)] = —161.6 


656 Chapter 14 Network Functions 


Exercise 14.21 H{s) has a pole pair at />i ,2 = —10 ± ^'50 complex 
Np/s, and a scaling factor of 10. (a) Find coq and £. (b) Compute \H\ and 
<H at the six significant points. 

ANSWER (a) 50.99 rad/s, 0.1961; (b) 28.13 dB, 28.30 dB, 22.21 dB, 
|//|dB = 0 for co = 168.4 rad/s, -14.65°, -165.35°. 


Multiple Roots 

If a root or a complex root pair has multiplicity r, then the corresponding term 
has the form H r . We thus have 

(14.103a) 
(14.103b) 

indicating that the Bode plots of H r can be obtained from those of H by mul¬ 
tiplying the latter point by point by r. In particular, a slope of ±20 dB/dec (or 
±457dec) becomes a slope of ±20r dB/dec (or ±r457dec). Likewise, a slope 
of ±40 dB/dec (or ±907dec) becomes a slope of ±40r dB/dec (or ±r907dec). 


|/T| dB = rx| J ff| dB 
<(H r ) =r x <H 


14.7 Piecewise-Linear Bode Plots 


Having learned to plot the basic functional building blocks, we are now ready to 
sketch the piecewise-linear Bode plots of arbitrary gain functions. These plots 
are most useful when the roots are well separated from each other, say, by at 
least a decade. Even when this is not the case, these plots still provide a good 
starting point for a basic understanding of a frequency response. 

In general, a gain function can be expressed as 



■ • N k (s ) 

D x {s)D 2 (s)- 

-dm 


(14.104) 


where AT is a suitable scaling factor, and the numerator terms /Vi (s ) through 
Nk(s) and the denominator terms D\(s) through D^(s) have one of the following 
standard forms: 


(14.105a) 
(14.105b) 
(14.105c) 

The last form is used only if £ < 1. If f > 1, the roots are real and the 
quadratic term can be factored into the product of two terms of the type of 
Equation (14.105b). By Equations (14.76) and (14.77), 


S/CDO 


s/(Oq + 1 


(s/coq) 2 ±2<(j/o>o) + 1 

? < I 
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(14.106a) 


(14.106b) 


indicating that the Bode plots of H can be obtained by first sketching the Bode 
plots of its individual terms and then adding them up geometrically. The pro¬ 
cedure is summarized as follows: 

(1) Given a gain function H(s), factor it into the standard form of Equa¬ 
tion (14.104), with each numerator and denominator term having one 
of the forms of Equation (14.105). 

(2) Separately sketch the linearized plots of the numerator terms as well as 
those of the reciprocals of the denominator terms. If a term has multi¬ 
plicity r, then both the magnitude and phase slopes must be multiplied 
by r. 

(3) Add up the individual magnitude plots and the individual phase plots 
to obtain the composite plots of H, 

We observe that the effect of the scaling factor K upon magnitude is to shift the 
entire curve up or down, depending on whether 1 AT | > 1 or |A”| < l. Moreover, 
its effect on phase is null if K > 0, or to shift it by ±180° if K < 0. 


l^ldB — l^ldB + \N 1 IdB + 1^2IdB + ' ‘ ‘ + l^tldB 
“ \0\ IdB “ 1^2 IdB — • • • — 1-DfldB 

<H = < K + <N\ + <N 2 +-1 -<Nk 

-<{D ] )-<(D 2 ) - <(De) 


Example 14.24 


Sketch and label the linearized Bode plots of the function 


H(s) = 


#(s -(- 10 2 ) 

(s + 10) (5 + 10 3 ) 


Solution 


First put each term in one of the standard forms of Equation (14.105), 
vWx 10 2 G/10 2 + 1) = ^ s/10 2 + 1 

10(5/10 + l)10 3 (s/10 3 + 1) (5/10 + 1)(5/10 3 + 1) 


Clearly, we have a function of the type 


H(s) = K 


N i ($) 


D,(j)D 2 (5) 


with K = vTo, a zero zi = —10 2 Np/s, and two poles pi = —10 Np/s 
and p 2 = — 10 3 Np/s. We denote the corresponding break frequencies as 
w ;i , cO/,,, and to p ,, and we mark them at the bottom of the diagrams for 
easy identification. We are now ready to sketch the plots of the individual 
terms, which we show as dotted lines. 

Turning to magnitude first, we observe that IA'Ijb is a horizontal line 
positioned at IVlOldB = 10 dB. The remaining terms share a common 
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low-frequency asymptote at 0 dB. However, |iV||dB starts to rise at a> Zi , 
while — |Di|dB and “ 1 ^ 2 1 dB start to drop at co Pi and co^, respectively. 
The individual plots are shown in Figure 14.33, top. Starting at the left 
and proceeding toward the right, we add them up point by point to obtain 
the composite curve for |//|dB. shown as a solid line. 

Following a similar procedure for phase, we first plot the phases of the 
individual terms and then add them up, proceeding from left to right to ob¬ 
tain the composite curve for <£H. This is shown in Figure 14.33, bottom. 


S' 20 

T3 



10 "* 1 10 10 2 10 3 10 4 10 5 


tO„. to- to, 


0) (rad/s) 


<h 


■^ \ \ 

-90 ---“--- 

10“* 1 10 10 2 10 3 10 4 10 s 
to (rad/s) 

Figure 14.33 Bode plots for Example 14.24. 


Exercise 14.22 Sketch and label the linearized Bode plots of 

10 ^ + 10 > 

(5) (y + 10 2 )(y + 10 3 ) 


Example 14.25 

Sketch and label the linearized Bode plots of 

10 6 (j + 10 3 ) 2 


H(s) = 


s(s 2 + 1.1 x 10 5 s + 10 9 ) 
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Exercise 14.23 Sketch and label the linearized Bode plots of 


H(s) = 


10Q 2 + V12l0s + 100) 
5(5 + 10 4 ) 


Example 14.26 

Sketch and label the linearized Bode plots of 


H(s) = 


18,600s 2 

(s 2 + Us + 100) (6^ 4- 1860) 


Solution 


The quadratic term has f < 1. We thus write 

TT/ . 18,600s 2 

H(s) =--- 

100[5 2 /100 + (12/100)5 + 1] 1860(65/1860 + 1) 

__(s/3.16) 2 _ ^( 5 ) 

[(s/10 ) 2 + 2 x 0 . 6 ( 5 / 10 ) + 1][5/316 + 1] ~~ D l (s)D 2 (s) 


oq 20 


° " 7l ~~ I ^ 

“ —7 1 A — 1 — 

/ \ | -|j>lldB \| | -J^ldB 

10 “ l 1 10 to 3 10 3 10 4 


co (rad/s) 


« 0-N----- 

•a f N -<D 2 

& -90 - f —-—— 

-<Di S n 

-180-—I—-l-^—l—- 

10“’ 1 10 10 2 10 3 10 4 

t,J ^i , (0,1. 

co (rad/s) 

Figure 14.35 Bode plots for Example 14.26. 
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indicating that we have a zero at the origin with multiplicity 2, a complex 
pole pair, and a simple negative pole. The unity-gain frequency of 
the zero is a> Zl =3.16 rad/s, the break frequency of the pole pair is 
co Pl 2 = 10 rad/s, and that of the remaining pole is (o Pi = 316 rad/s. These 
frequencies are marked at the bottom of the diagrams. Proceeding in the 
usual way with the plots of the individual terms first and then adding 
them up from left to right, we obtain the composite plots of Figure 14.35. 


Exercise 14.24 


Sketch and label the linearized Bode plots of 
10 4 (s 2 + 6s + 25) 


H(s) = 


s 2 (s 2 + 1605 + 10 4 ) 


Plotting Magnitude Directly 

Often only the magnitude plot is of interest. As you gain experience, you will 
be able to plot magnitude directly, without having to plot the magnitudes of the 
individual terms, as follows: 

(1) Mark all break frequencies at the bottom of the diagram, as well as the 
unity-gain frequency of any root at the origin. 

(2) If there are no roots at the origin, start at the point | AT I^b on the axis of 
the ordinates and draw a horizontal line from left to right until you reach 
the first break frequency. At this point, change your slope by +20 
dB/dec if the corresponding root is a zero or by —20 dB/dec if it is 
a pole, r being the multiplicity of the root. Continue toward the right 
with this new slope until you reach the next break frequency, where 
you again change your slope according to the type and multiplicity of 
the corresponding root. Keep going until all break frequencies have 
been exhausted. 

(3) If there is a root at the origin, then, depending on whether it is a zero or 
a pole, start near the lower left or the upper left comer of the diagram 
and aim toward the unity-gain frequency point on the O-dB axis with 
a slope of +20r dB/dec or — 20r dB/dec, where r is the multiplicity 
of this root. Continue along this line until you reach the first break 
frequency, where you change your slope according to the nature and 
multiplicity of the corresponding root as in step 2. Keep going until all 
break frequencies have been exhausted. 

Look back at the previous magnitude plots and convince yourself that they could 
have been sketched using this quicker procedure! 


^Example 14.27 

! A gain function has a double zero z \,2 = —10 Np/s, two simple 
poles p\ = —10 2 Np/s and pi = —10 3 Np/s, a complex pole 
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pair Pia = (—8 ± _/6)10 3 complex Np/s, and one additional zero 
23 = -1-75 x 10 5 Np/s. Assuming a scaling factor K =0.1, sketch the 
magnitude plot. 


Solution 

First, mark all break frequencies. As shown at the bottom of Figure 14.36, 
these are eo Zl 2 = 10 rad/s, a> pi = 10 2 rad/s, co P2 = 10 3 rad/s, 

^3,4 = V8 2 + 6 2 x 10 3 = 10 4 rad/s, and eo z?l = 1.75 x 10 5 rad/s, where 
we have found co Pl> i via Equation (14.34b). 



CO 


rad/s 


Figure 14.36 Plotting magnitude directly. 


Next, starting at |0.1 Ub = —20 dB (point A), we proceed with 
0 slope toward the right until the first break frequency (point B). Since 
this corresponds to a double zero, we change our slope from 0 to 
0 + 20 x 2 = 40 dB/dec, and we rise with this new slope until the next 
break frequency (point C). Since this corresponds to a simple pole, we 
change our slope from +40 dB/dec to +40 - 20 x 1 = +20 dB/dec, and 
proceed until point D. Since this corresponds to another simple pole, 
we change our slope from +20 dB/dec to +20 - 20 x 1 = 0 dB/dec, 
and proceed toward point E. Due to the complex pole pair, slope now 
changes from 0 to 0 — 20 x 2 = —40 dB/dec. Finally, at point F, 
corresponding to a simple zero, slope changes once again from -40 to 
—40 + 20 x 1 = —20 dB/dec. Henceforth, magnitude rolls off with co at 
the rate of —20 dB/dec. 


Exercise 14.25 Sketch the magnitude plot of a gain function having 
a simple zero at the origin with unity-gain frequency co Zl = 10 rad/s, 
a simple zero zi = —10 3 Np/s, two simple poles p i = —10 2 Np/s and 
Pi = -V^I(F Np/s, and a complex pole pair p 3 , 4 = (—8 ± y'6)10 5 
complex Np/s. 
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14.8 Circuit Responses Using SPICE 

SPICE provides a powerful tool for visualizing the various responses of a circuit. 
Depending on the case, either the . : or the .AC statement is used. In 

this section we direct our attention to the source-free, complete, and frequency 
responses. 



t 


Example 14.28 


Use PSpice to display the source-free voltage response at each node in 
the circuit of Example 14.11. 


i 

Solution I 

Refer to Figure 14.37. The input file is 



After directing the Probe post-processor to display V (1) and . i ) we 
obtain the traces of Figure 14.38. 


Figure 14.37 Circuit of Example 
14.28. 



T Im 


i 


Figure 14.38 Source-free response of the circuit of Figure 14.37. 










664 Chapter 14 Network Functions 


r 

i 


Exercise 14.26 Use SPICE to display the source-free response of the 
circuit of Example 14.13. 


I The Sinusoidal Function 

When studying the complete response to an applied signal of the ac type, we 
E wish to visualize such a response as a function of time rather than frequency. To 

this end, SPICE allows for any independent source to be a damped sinusoidal 
function of time. In PSpice a damped sinusoidal source is defined as 

j' ! x(f) = X 0 + X A e- aU - tn) sm[2itf{t - t D ) + 0] (14.107) 

i where X 0 is the dc value or offset, X A is the peak amplitude, a is the damping 

coefficient, t is time, to is a time delay, f is frequency, and 9 is the phase angle. 
I Setting a = 0 yields an undamped sinusoid, that is, a sinusoid with constant 

|| peak amplitude. 

r The general forms of the PSpice statements for a sinusoidal voltage or a 

; sinusoidal current source are 

:i VXXX N+ N- SIN (VO VA FREQ TO ALPHA THETA) (14.108a) 

; 1XXX N + N- SIN (TO IA FREQ TD ALPHA m HETA) (14.108b) 

I where VO and 10 are the offset values, in V or A; va and I a are the peak 

1 amplitudes, in V or A; FREQ is the frequency, in Hz; TD is the time delay, in 

| s; ALPHA is the damping coefficient, in Np/s; and THETA is the phase angle, in 

| degrees. 

If lb direct SPICE to calculate the response as a function of time, the . TRAN 

If statement must be used, and the resulting response is the complete response . 

..i' 

i 

hr 


r 
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<D 


© 


VI 

2+1 sin 2jtl()V V 



Figure 14.39 Circuit of Example 14.39. 


. 7P/-I; n , i; : ? M 9K 


After directing the Probe post-processor to display V { i ), V ( 2 . ) , 0, and 
2, we obtain the traces of Figure 14.40. 



Him 


Figure 14.40 Complete response of the circuit of Figure 14.39. 


Exercise 14.27 Use PSpice to verify the response of the dc blocking 
circuit of Example 14.19. 


Bode Plots Using PSpice 

A useful feature of PSpice, not available in SPICE, is the ability to specify 
the value of a VCVS or a VCCS as a transfer function. We can then use the 
.AC statement, along with the Probe post-processor, to generate Bode plots 
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automatically. The general statements for these types of controlled sources are 

exxx n- n- lap:,ace {vcontrol} - { h cs) } (14.109a) 

GXXX N+- N- LAPLACE {VCONTROL} = {H(S)} (14.109b) 

These statements contain: the name of the source, which must begin with 
E if it is a VCVS, or with G if it is a VCCS; the nodes N+ and N- to 
which the source is connected; the keyword LAPLACE; the controlling voltage 
VCONTROL, which must appear between braces; the = sign; and the expression 
for the transfer function H ( s ), also between braces. 



V 


Example 14.30 


Use PSpice to generate the Bode plots of the network function having 


Z\ = 0, with unity-gain frequency co Zl = 2 rad/s 
22 = -100 Np/s 
p 1,2 = —6 ± 7 8 complex Np/s 


Solution 

The term contributing zi is N,(s) - s/2, that contributing z 2 
is N 2 (s) = s/100 + 1, and that contributing p u2 is Di(s) = 
(s/10) 2 + 1.2(j/10) + 1 = (j/10)(j/ 10 H- 1.2) -hi.. Thus, 

= Ni(s)N 2 (s) = (s/2)(s/10Q + 1 ) 

D x (s) ( j / 10 )( j /10 + 1 . 2)+1 


© CD 



Figure 14.41 Circuit of Example 14.30. 


To realize this function we use the circuit of Figure 14.41, where 
dummy resistances R1 and R2 serve the purpose of satisfying the SPICE 
requirement that every node have at least two element connections. 

The input file is 

30DE PLOTS OF H{S) 

VS 1 0 AC 1 
R1 i 0 1 

El 2 0 LAPLACE {V(1,0)} = 
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A CONVERSATION WITH 

Richard White 

DIGITAL EQUIPMENT CORPORATION 



Richard White, a customer consultant for Digital Equipment 
Corporation, also helps minority students pursue engineer¬ 
ing careers. (Courtesy of Texas Instruments) 


R ichard White, an electrical engineer who 
graduated from the University of Massachu¬ 
setts at Lowell in 1985, is a customer consul¬ 
tant with Digital Equipment in Landover, Maryland. 

Let’s start at the beginning. Can you remember 
when you first became interested in electricity? 

I can’t pinpoint it exactly, of course, but I do know 
that I was very young, still in grade school. What fas¬ 
cinated me was the idea that nonliving things would 
respond to some action of mine—throw a switch and 
electricity starts and stops, press a button and the 
doorbell makes a sound, responses like that. My par¬ 
ents say I was always taking things apart as a child, 
always trying to figure out what makes them work. 

At first, I was equally interested in how every¬ 
thing worked-—electrical and mechanical—but my fa¬ 
ther was an electronic technician for Raytheon, and 
that gave me a little more love for the electrical side 
of things. He’d let me use his tube tester sometimes, 
and no electrical appliance in the house was safe on 
those days. I’d pull them all apart just to get the tubes 
out and stick them in the tester. 

Then when I was in high school and college, I 
fixed televisions, stereos, and other electronic equip¬ 
ment to make extra money, and that cinched it as far 
as what kind of engineer I would be. 

So you knew what your college major would be 
right from the start? 

Well, let’s hedge a bit and say I mostly knew, i 
got bit pretty bad by the computer bug the first time 
I got to use one. (Used the computer, that is. I 
never used a computer bug!) My freshman year 














Conversation with Richard White 


I spent hours and hours in the computer lab, every 
spare minute, really. I have to admit I was tempted 
every now and then to switch to computer science, 
but looking back I can say I’m glad I didn’t. 1 still 
love the science part of knowing as much as ever, 
but I feel more comfortable in the engineering part. 
I think the engineers of this world are the ones who 
make things better. The scientists figure out the the¬ 
ory, and then we engineers get to think up the appli¬ 
cations. 

What impressed you most about electronics when 
you were in college? 

That’s easy: transistors. The size thing really blew 
me away; so much could be accomplished with such 
a little thing. And the more I learned about them, the 
more amazed I got. For lots of things in life, you have 
that gee-whiz feeling when you first meet them, but 


"What fascinated me was the 
idea that nonliving things would 
respond to some action of mine ... 


then as you begin to understand how they work, you 
lose that awe and, sadly, some of the joy. It wasn’t 
like that with me and transistors, though. Sometimes 
even now, after seven or eight years of working with 
them every day, I still get that feeling of amazement. 

Once you graduated, you went directly to Digital? 

Oh, no. My first job was at Raytheon, following in 
my father’s footsteps, you might say. I was there 
for two years and worked on the cone of the Pa¬ 
triot missile. The cone is the missile’s brain, so to 
speak, and I worked on all the equipment used to 
test it. I was as upset as the next person about the 


Persian Gulf War, but I have to tell you, watching 
those guided missiles on TV hit their targets every 
time and knowing that I could have actually touched 
that very missile a few years back did give me a 
thrill. 

My connection with Digital began while I was 
still in college because 1 won a Digital scholarship 
that was a great help in paying the bills. The summer 
I graduated I worked in Boston, running a computer 
camp for inner-city kids that was funded by Digital. 
I took that job because I wanted to be sure and give 
something back to the community. Digital helped me 
through school, and now I was able to turn around 
and pass on the favor. Besides, working with those 
kids was great. We didn’t just show them how to 
turn on the machine and play Nintendo or use some 
word-processing software already in the machine to 
write about how they spent their summer vacations. 
No, we tore machines apart so that everyone learned 
something about what goes on inside the computer. 

Then in April of 1987, I went to work full-time 
for Digital, first in North Andover, Massachusetts, in 
field service, and then in Hudson in the computer- 
integrated-manufacturing group, where they make 
the alpha chip, which is the fastest microprocessor 
around. I’m still with Digital, but now out of the 
Landover office in Maryland. I’m a consultant to 
companies that buy Digital equipment and need help 
either setting things up or designing ways to apply to 
task B the equipment they originally bought for task 
A. Two of my clients these days are Texas Instruments 
and Black & Decker, and I deliver solutions to any 
problems they have that involve Digital equipment. 

Are you involved in any projects today that reflect 
the “return something to the community” philoso¬ 
phy you mentioned? 

I’m glad you asked that question, and my answer is 
very loud “Yes!” I’m doing a lot of work with a 
computer-networking project called NSBENET spon¬ 
sored by the National Society of Black Engineers. I 
wrote the software and designed some hardware for 

(Continued) 
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( Continued ) 

the project, and we’ve just connected to Internet, a 
network that everyone uses—all the universities in 
the country, NASA, and just about everybody else. 
The point of NSBENET is to give minority students 
who are interested in engineering some help in find¬ 
ing out what’s out there—how the profession works, 
what scholarships are available, things like that. 

What advice do you have for students just starting 
out in their EE studies? 

Based on my own experience, I guess I have to say my 
advice is, if you need help, ask for it. Don’t ever think 
you have to struggle through all the problems all by 
yourself—schoolwork problems, financial problems 
that worry you so much you can’t study, whatever. I 
made my dreams of being an engineer come true by 
asking for help when I needed it. I went to a commu¬ 
nity organization in Boston called Freedom House and 
asked for help in getting into a college engineering 
program. They’re the ones who steered me to sum¬ 
mer school so I could get stronger in math and helped 


me get the scholarships I needed. Lots of people 
know lots of things you might not know, so listen to 
people around you and ask for help when you need it. 
If you were drowning at the beach, you wouldn’t say, 


“■ • • listen to people around you 
and ask for help when you need 
it. If you were drowning ... you 
wouldn’t say, 7 have to get out of 
this mess all by myself, ’ would you?” 


“I have to get out of this mess all by myself,” would 
you? No, you’d yell for help from the lifeguard. The 
same idea holds in the rest of life, too. People are 
glad to help. Lots of other organizations like Free¬ 
dom House are out there. Find out where they are if 
you ever need them and then just speak up and ask. 


▼ Summary 

• Real-world signals can be represented as suitable combinations of complex 

exponential signals of the type x(f) = Xe sl . In this expression, X = X m e J( ' 
is the phasor associated with the signal and s = cr jco is its complex 

frequency. 

• The function Re[x(?)] represents a decaying sinusoid if a < 0, a growing 
sinusoid if cr > 0, and a steady sinusoid if <x = 0. If co = 0, these functions 
reduce to a decaying exponential if cr < 0, a growing exponential if cr > 0, 
and a dc signal if cr = 0. 

• In response to a current i{t) = Ie SI , a one-port consisting of resistances, 
capacitances, inductances, and dependent sources responds with a voltage 
v(t) = Ve tr . The ratio Z(s) = v(t)/i(t) = V/I is called the impedance of the 
one-port. The impedances of the basic elements are R, sL, and 1/sC. 

• Using the concept of impedance, along with the generalized Ohm’s Law and 
KirchhofFs laws, we can analyze a circuit using the same techniques as in 


A 




ac analysis, except that we are now using s instead of jco. This is referred 
to as s-domain analysis. 

• A most important by-product of s-domain analysis is the network function 
H(s) = Y/X, where X is the phasor of the applied signal, and Y is that of the 
response. This function contains essential information that is characteristic 
of the circuit, regardless of the applied signals or the energy stored in its 
reactive elements. 

• H(s) is a rational function of 5 , or H(s) = N (s)/D(s), where N(s) and D(s) 
are suitable polynomials in s having real coefficients. The zeros of N(s ) are 
the zeros of H(s), and the zeros of £>(s) are the poles of H(s). Collectively, 
they are referred to as the roots or the critical frequencies. 

• The roots of H(s) may be real or complex. When complex, they always 
come in conjugate pairs. Pole-zero plots allow us to visualize the roots as 
points of a complex plane called the s plane. 

• H(s) provides a unified approach to the study of the natural, forced, transient, 
steady-state, and complete responses, as well as the frequency response. 

• Given H(s), the natural or source-free response of a circuit takes on the form 

^natural = A\C Pl + ■ * ■ + A n e P “ 

where p\ through p n are the poles of H(s), and A\ through A„ are suitable 
coefficients reflecting initial circuit conditions. 

• Poles in the left half-plane yield decaying response components, and poles in 
the right half-plane yield diverging components; real poles yield nonoscil- 
latory components, and complex pole pairs yield oscillatory components; a 
pole at the origin yields a dc component, and a conjugate pole pair right on 
the imaginary axis yields an ac component. 

• Given H(s), the dc steady-state response is found by letting s —*■ 0, that is, by 
calculating H(s) at the origin of the s plane; the ac steady-state response is 
found by letting s —> jco, that is, by calculating H(s) on the imaginary axis. 

• Given H(s), the complete response to t simultaneous forcing functions 
x\{t) = X\e s '* through Xf(r) = Xte S(l takes on the form 

.y complete = B x e p " + ■ • ■ + B n e p «' + H(s i)*,** 1 ' + • • • +H(s e )Xee“' 

where p\ through p n are the poles of H(s), and B\ through B„ are initial- 
condition coefficients. 

• An R-C circuit passes the dc component of the input while blocking out any 
ac component with frequency co \/RC. A C-R circuit blocks out the dc 
component of the input while passing any ac component with co 1 /RC. 

• The manner in which the ac response varies with frequency is called the 
frequency response. Given H(s), this response is found by letting s —> jco 
in the expression for H(s) and then plotting \H{jco)\ and ^kH(jco) versus co. 

• If \H(jco)\ is expressed in decibels, <H(jco) in degrees, and co in frequency 
decades, the corresponding plots are called Bode plots. These plots are 
sketched using semilog paper. 
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• A network function H(s) can always be factored into the product or ratio of 
basic terms of the type K, s/coq, j/<uo + l,and (i /^) 2 +2£4M) +1, ? < 1. 
Once the magnitude and phase plots of the individual terms are known, we 
add them up to obtain the composite plots of H(s). 

• PSpice provides a powerful tool for investigating the natural, forced, tran¬ 
sient, steady-state, and complete response of a circuit, as well for plotting its 
frequency response. 

• Given a network function H(s ), it is possible to display Bode plots automat¬ 
ically using PSpice. 


▼ Problems 

14.1 Complex Frequency 

14.1 Find V and s if (a) w(r) = 5 V and (b) u(f) = 2e~ l / w 
V. Find I and 5 if (c) i(t) = 5e~ 3t cos (4/ + 30°) A and 
(d) i(t) = 2sin (10 5 f - 30°) A. 

14.2 Find i(t) if (a) I = 1 0/180° mA and 5 = 0 , and (b) I = 
5/0! mA and 5 = -10 6 Np/s. Find v{t) if (c) V = 15 /60° 
V and .v = j\ Mrad/s, and (d) V = 2/-45° V and 5 = 
5/180° — tan~* (4/31 complex Np/s. 

14.3 A source i'.j(f), a resistance R = 5 £2, an inductance 
L = 3 H, and a capacitance C — 0.2 F are connected in 
series. Sketch the circuit; hence, find the current i(t) sup¬ 
plied by the source if v s (t) = (a) e~ 5t V, (b) 2 sin 5t V, and 
(c) lOe -3 ' cos(4f +45°) V. 

14.4 A source 15 (f), a resistance R = 10 £2, an inductance 
L = 2 H, and a capacitance C = 1/20 F are connected in par¬ 
allel. Sketch the circuit; hence, (a) find the voltage v (t) across 
the source if i s (t) =e~ 5t cos (lOf - 30°) A (f); (b) find i s (t) if 
the current through R is i{t) = 5e 3; A (J,); (c) find the current 
through C if the current through L is i(t) = 10 cos (5f + 45°) 
A 4). 

14.5 Use 5 -domain analysis to find u(f) in the circuit of 
Figure PI4.5. 


I 

20 2 



Figure P14.5 


14.6 Using 5-domain analysis, find /(f) so that v(t ) = 
5e~ m x cos 5/ V in the circuit of Figure P14.6. 


20 Q 



Figure P14.6 


14.7 (a) Using the proportionality analysis procedure, find 

a relationship between v (! (1 ) and v,(f) in the circuit of Fig¬ 
ure P14.7. (b) Find u 0 (r) if u/(r) = 2e _f cos2 1 V. 


I if 1 H 



Figure P14.7 


14.8 Using 5 -domain loop analysis, find the currents out of 
the positive terminals of the sources in Figure P14.8. 


2Q. 1 H 



Figure P14.8 


14.9 Using 5 -domain nodal analysis, find the voltages across 
the resistances in Figure P14.9. 
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Figure PI4.9 


14.10 Find the generalized impedance Z(s ) seen by the 
source in Figure PI4.9; hence, find the current supplied by 
the source. 

14.11 Find the 5-domain Thevenin equivalent of the circuit 
of Figure PI4.11. 


5D 



Figure P14.11 

14.12 (a) Find the 5-domain Norton equivalent of the cir¬ 

cuit of Figure PI4.11. (b) Repeat, but with the resistance and 
inductance interchanged with each other. 


14.2 Network Functions 

14.13 (a) Sketch the pole-zero plot of the function 

y(0 20^ + 5 

{S> x(t) 5 3 + 35 2 +75 + 5 

(b) Write the differential equation relating y(t) to jc(r). 

14.14 (a) Sketch the pole-zero plot for the impedance 

5 2 +45 + 13 

Z(s) = R -- 

(s + l) 2 (s 2 + 25 + 2 ) 

(b) Find R so that |Z| = 1 k£2 at 5 = — 1 + j2 complex Np/s. 
What is *iZ at this frequency? 

14.15 Obtain an expression of the type H(s) = N(s)/D(s) 
if (a) H(s) has a pole, p\ = -5, and 7/(0) = 10; (b) H(s) 
has a zero, z\ = —10 3 , and H{ 0) = 1; (c) H(s) has the roots 
Z\ = 0, Z 2 - -3, PI = P2 = P3 = - 7 > and 77(2) = 1/9; 
(d) H(s) has the roots z\,i — ±j 3, p\ = 0, p2.3 = =tyl, 
/r 4 ,5 = -3±j4, and H{- 1) = 1. 

14.16 Find Z(.s) for the circuit of Figure P14.16; hence, 
sketch the pole-zero plot. Check dimensionally and asymp¬ 
totically. 


1 H 3 H 



Z(5) 


Figure P14.16 

14.17 Find H(s ) = V 0 /Ij for the circuit of Figure P14.17; 
hence, find the critical frequencies. Check dimensionally and 
asymptotically. 



Figure P14.17 

14.18 Find H(s) = V„/V; for the circuit of Figure P14.18; 
hence, sketch the pole-zero plot. Don’t forget to check. 


4k£2 



Figure P14.18 

14.19 Find H(s ) = 1,,/V, for the circuit of Figure P14.19; 
hence, find the critical frequencies. Don’t forget to check. 


n'HJ 



Figure P14.19 

14.20 Find H(s) — V 0 /V, for the circuit of Figure P14.20; 
hence, sketch the pole-zero plot. Don’t forget to check. 


lOkQ n = 5 lOkti 



Figure P14.20 
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14.21 Find H(s ) = V r) fVj for the circuit of Figure P 14.21; 
hence, find the critical frequencies. Don’t forget to check. 



Figure P14.21 

14.22 Repeat Problem 14.21, but for the op amp circuit of 
Figure PI3.26. 

14.23 Repeat Problem 14.21, but for the op amp circuit of 
Figure PI3.27. 

14.24 Find the transfer function of the op amp circuit 
of Figure PI3.28. Show the pole-zero plot. 

14.3 The Natural Response Using His) 

14.25 Repeat Example 14.11, but with t>c(0) =0 and il(0) = 
6 rnA. 

14.26 (a) Find t>(0 in the circuit of Figure PI 4.26(a) if 
! l( 0) = 10 mA. (b) Find i(f) in the circuit of Figure P14.26(b) 
if vc (0) = 10 V. 


14.28 Find i(t) in the circuit of Figure P14.28 if i> c (0) = 
12 V and i L (0) = 3 A. 



4Q 

Figure PI4.28 


14.29 Repeat Problem 14.28, but with the 4-S2 resistance 
changed to 2 S2. 

14.30 Find i>(0 in the circuit of Figure P14.30 if i>c(0) = 
10 V and both inductances have zero initial stored energy. 



Figure P14.30 


14.31 Find the open-circuit voltage and the short-circuit cur¬ 
rent supplied by the one-port of Problem 14.30 if the leftmost 
inductance is replaced by a wire. 



14.27 Assuming the circuit of Figure PI4.27 is in steady 
state prior to switch activation, find ?;(?). 



14.32 Assuming the circuit of Figure PI4.32 is in steady 
state prior to switch activation, find u(i) if Ri = R 2 = 100 k£2, 
C i=4 nF, and C 2 = 1 nF. 



Figure P14.32 


Figure P14.27 


14.33 Repeat Problem 14.32, but with (a) R\ ~ R 2 = 
100 kft, C] = 1 nF, and C 2 - 4 nF, and (b) Ri = R 2 ~ 
100 kfl, and C\ = C 2 — 1 nF. 
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14.4 The Complete Response Using H(s) 

14.34 Assuming zero initial stored energy in the capacitance 
of Figure P14.34, find vo(0 if v/ = 12sin27rl0 3 f V. 


30 kQ 



Figure PI 4.34 

14.35 Repeat Problem 14.34, but with the capacitance in 
parallel with the 30-k£2 resistance. 

14.36 Assuming zero initial stored energy in the capacitance 
of Figure PI4.36, find vo(t) if u/ = 1 sin2^10 3 ( V, 



Figure P14.36 

14.37 Assuming zero initial stored energy in each reactive 
element of Figure PI4.37, find i>o(0 if u/ = 10+ 20 sin 5r V. 



14.40 Repeat Problem 14.39, but with the rightmost resis¬ 
tance and capacitance interchanged with each other. Comment. 

14.5 The Frequency Response Using H(s) 

14.41 Exploiting the properties \H\ x f+ldB = 1^1 IdB + 
|£f 2 |dB and |ffi/ff 2 |dB = Iffi IdB - |ff2ldB. & nd usin S the en¬ 
tries of Table 14.1, but no calculator, find |ff|dB if (a) ff = 
400, (b) H = — 200V2, and (c) H = 1/V500; find |ff| if 
(d) |ff| dB = 19 dB, (e) |ff|dB = -34 dB, and (f) |ff| dB = 
-87 dB. 

14.42 Find |ff | dB at m = 10 rad/s if (a) H(s) = >/3/(s + 20) 
and (b) H(s) = s/(s 2 + 5s + 20). Find \H\ob in the limits a> -»■ 
0, co 00 , and to = 10 rad/s ifff(s) = (,s 2 +1)/(s 2 +2.j+100). 

14.43 (a) Find the impedance Z{s ) of a series RLC circuit 
having R = 1 kQ, L = 10 mH, and C = 10 nF; hence, sketch 
its magnitude Bode plot over the range 10 3 < w < 10 7 rad/s. 
(b) Repeat, but for the impedance of a parallel RLC circuit 
having the same element values. 

14.44 Estimate H(s ) if its magnitude plot is that of Fig¬ 
ure P14.44. 

10 

BQ 0 
-10 
-20 

1 10 10 2 10 3 10 4 10 5 
to (rad/s) 

Figure PI 4.44 



Figure P14.37 


14.6 Network Function Building Blocks 


14.38 Repeat Problem 14.37, but with the capacitance and 
inductance interchanged with each other. 

14.39 Assuming zero initial stored energy in the capaci¬ 
tances of Figure PI4.39, find vo(0 if vj = 5(1 + sin 10 4 f) V. 



14.45 Find the transfer function of the circuit of Figure P14.45; 
hence, sketch and label its pole-zero plot and its Bode plots. 


90 kQ 



Figure PI 4.45 

14.46 Repeat Problem 14.45, but with the capacitance re¬ 
placed by a 0.9-mH inductance. 

14.47 (a) Sketch and label the pole-zero plot and the Bode 
plots of the circuit of Figure PI4.47. (b) Repeat, but with the 
10 -k£2 resistance replaced by a short circuit. 


Figure PI 4.39 
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Figure P14.47 

14.48 (a) Sketch and label the pole-zero plot and the Bode 

plots of the circuit of Figure PI 4.48. (b) Repeat, but with a 
100 -kfi resistance in parallel with the capacitance. 



Figure P14.48 

14.49 Sketch and label the pole-zero plot and the Bode plots 
of the op amp circuit of Figure PI 1.64. 

14.50 Repeat Problem 14.49 for the op amp circuit of Fig¬ 
ure PI 1.65. 

14.51 Given the transfer function 

2500 

H(s) = - - 

5 2 + 20s + 2500 

find (a) the frequencies at which |/f| = 1, (b) the frequency at 
which |i/| is maximum, and (c) |//| max . 

14.52 (a) Sketch and label the Bode plots for the op amp 
circuit of Figure P14.21. (b) Calculate the plots at the six 
significant points, (c) At what frequency is |//|dB = 0? 


14.7 Piecewise-Linear Bode Plots 


14.53 Sketch and label the linearized Bode plots of the func¬ 
tion 


14.54 

tion 


H(s) = 


10(5 + 10) 
5 + 100 


Sketch and label the linearized Bode plots of the func- 


14.55 


//(5) 


10 6 (5 + 10) 2 
5 2 (5 + 10 4 ) 


(a) Sketch and label the linearized Bode plots of 


H(s) = 


10 3 (5 + 1) 

(5 + 100)(5 + 10) 


(b) Calculate |ffO‘a>)| d B and <H(joj) at co = vTo 3 rad/s, 

(c) Compare with the values predicted by the linearized plots. 


14.56 Sketch and label the linearized magnitude Bode plot 
of 

, 25 x 10 7 ( 5 2 + 335 + 90) 

Mi (5) “ . . ■ 

5(5 + 300)( 5 2 + 4 x lO^x + 25 x 10 6 ) 

14.57 Sketch and label the linearized magnitude Bode plot 
of 

= io*(* + 30t » 

(5 + 1)(5 2 + 65 + 400) 

14.58 Sketch and label the linearized Bode plots of V 0 //, 
in the circuit of Figure 14.6 if R\ = 1 k£2, R 2 — 1 £2, L = 
1 111 H, and C = 1 pF. Comment. 


14.59 Sketch and label the linearized Bode plots of the trans¬ 
fer functions of the circuits of Figure P14.59(a) and (b). 



Figure P14.59 


14.60 (a) Sketch and label the Bode plots of the transfer 
function of the op amp circuit of Figure 14.8 if /f j = R 2 = 
R 3 — 100 k£2, and C = 10 nF. (b) Repeat (a), but with /?[ 
changed to 10 k£2. (c) Repeat (a), but with R 2 changed to 
10 kJ2. 

14.61 The plot of Figure PI4.61, known as the RIAA play¬ 
back equalization curve, represents the transfer function of a 
phono preamplifier, (a) Find H(s). (b) Calculate |/f| dB at the 
three break frequencies. 


|H|(dB) 
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14,62 (a) Find H(s) if its magnitude Bode plot is as shown 

in Figure P14.62. (b) Calculate |/JidB and <£// at w = 10 2 V2 
rad/s. 


M (dB) 



14.63 Using the direct technique, sketch the Bode plot of 
|7/|dB if (a) A - = 1, a);, = 1 rad/s, o> Pl = 10 rad/s, and 
o) P2 — 100 rad/s; (b) K — 10, <w pi — 1 rad/s, co ly — 10 
rad/s, and a> pi = 100 rad/s; and (c) K = —10, <o p] = 1 rad/s, 
co p2 = 10 rad/s, and a> ; . = 100 rad/s. 


14.64 (a) Using the direct technique, sketch and label the 
magnitude plot of 

= |q5 U+ 1)(» 2 + 2» +400) 

s(s + 100) 2 (s +400) 

(b) Show the correction at the break point corresponding to the 
complex zero pair. 

14.8 Circuit Responses Using SPICE 

14.65 Use the Probe post-processor of PSpice to display i (/) 
in the source-free RLC circuit of Problem 14.28. 

14.66 Use the Probe post-processor of PSpice to display v(0 
in the op amp circuit of Problem 14.32. 

14.67 Use the Probe post-processor of PSpice to display the 
complete response t'o (0 of the circuit of Problem 14.36. 

14.68 Use the Probe post-processor of PSpice to display the 
complete response vo 0) of the circuit of Problem 14.37. 

14.69 Use the Probe post-processor of PSpice to verify the 
Bode plots of Example 14.26, 

14.70 Use the Probe post-processor of PSpice to display the 
amplitude Bode plots of the gain function of Example 14.27. 





Two-Port Networks 
and Magnetically 
Coupled Coils 


15.1 Two-Port Parameters 15.5 Transformers 

15.2 THE z, y, a, AND h PARAMETERS 15.6 SPICE ANALYSIS OF TWO-PORTS AND 

15.3 TWO-PORT INTERCONNECTIONS COUPLED COILS 

15.4 Magnetically Coupled Coils 


T he concept of a two-port was informally introduced in Chapter 5 to pro¬ 
vide a common framework for the study of transformers and amplifiers. 
We now reexamine this concept from a more general and systematic 
viewpoint, using the network function concept developed in the previ¬ 
ous chapter. We begin by introducing the two-port as a generalization of the 
one-port and find that there are six different ways of expressing its terminal 
characteristics, namely, via what are known as the z, y , a, b, h, and g parameter 
sets. We then illustrate the derivation of the four most common parameter sets, 
and we study two-port models, termination, and interconnections. 

In the second part of the chapter we study an important two-port example, 
the magnetically coupled coil pair. Just as the two-port is a generalization of 
the one-port, the magnetically coupled pair is a generalization of the inductance, 
and a new concept emerges from this generalization, that of mutual inductance. 

We conclude by demonstrating the use of SPICE to find two-port parameters 
as well as to investigate the transient and ac responses of magnetically coupled 
coils and transformers. 
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15.1 Two-Port Parameters 

Before undertaking the study of two-ports, it is worth reviewing the concept of a 
one-port, as the former can be regarded as a generalization of the latter. Recall 
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(a) (b) 

Figure 15.1 (a) One-port and (b) two-port. 


that a one-port, depicted in Figure 15.1(a), is a circuit with a pair of terminals, 
or port, through which signals and energy may enter or leave the circuit. Its 
distinguishing feature is a unique relationship between the voltage V and the 
current / at these terminals. If the circuit contains no independent sources, this 
relationship is simply the generalized Ohm's Law. If the applied signal, also 
called the independent variable, is a current, then the response, also called the 
dependent variable, is a voltage such that 

V = Z(s)I 

where Z(s) is the driving-point impedance of the port and s is the complex fre¬ 
quency. Conversely, if the independent variable is a voltage, then the dependent 
variable is a current such that 


I = F(j)V 

where Y(s) is the driving-point admittance of the port. Z(s) and F(s) are not 
independent of each other but are reciprocals of each other. Once one is known, 
the other is found as 


Y(s) = \/Z(s) 

Z{s) = 1 /Yis) 

Let us now turn to the two-port depicted in Figure 15.1(b). To distinguish 
one port from the other, we use the subscript 1 to identify the variables of 
the left port, also called the input port, and the subscript 2 to identify those 
of the right port, or output port. For reasons of symmetry it is convenient to 
assume the passive sign convention for both ports. This convention, universally 
accepted in the literature, makes it easier to generalize the analysis of complex 
networks in terms of simpler two-port building blocks. To simplify such an 
analysis further, we assume that the current entering the upper terminal exits 
the lower terminal of the same port. It is important to realize that for this 
assumption to hold, no external connections may be made between terminals of 
different ports, though external connections between the terminals of the same 
port are perfectly acceptable. 

With these considerations in mind, we observe that of the four terminal 
variables V), /), VS, and I 2 , only two are independent; the remaining two are 
dependent in a manner established by the internal circuitry. Consequently, a 
two-port network can be described with just a pair of simultaneous equations. 
There are six possible ways of selecting two independent variables out of a group 
of four, indicating six possible pairs of equations. If the two-port contains no 
independent sources, which we shall assume to be always the case, the six pairs 
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of equations are 


(15.1a) 

(15.1b) 

(15.2a) 

(15.2b) 

(15.3a) 

(15.3b) 

(15.4a) 

(15.4b) 

(15.5a) 

(15.5b) 

(15.6a) 

(15.6b) 


In the following we refer to the coefficients appearing in these equations 
as the z, y, a, b, h, and g parameters, respectively. Though in general these 
parameters are functions of the complex frequency s, we omit indicating this 
dependence explicitly in order to streamline our formulas. It is often convenient 
to visualize a parameter set in matrix form. For example, we often represent 
the z parameters as 


Vi = Znh -Vznli 

V 2 = Zl\I{ + Z22I2 

/1 =y nVi +y 12^2 
h =y 2 \Vl +T 22^2 
V\ = flu V2 — <112/2 
/1 = a 21 V 2 — <122/2 
V 2 = b\\V\ — b\ 2 I\ 
I2 = b 2 \V\ — b 22 I\ 
V\ = h\il[ 4 - h\ 2 V 2 
I 2 — h 2 \I\ + h 22 V 2 
/1 — 8\\Vi +Snh 
V 2 = £21^1 + 822I2 


UJ = 


Zn z 12 
Z21 Zil 


A similar representation is used for any of the other sets. 

Which pair of equations best describes a two-port depends on the applica¬ 
tion. The z parameters of Equation (15.1), relating voltages to currents, have the 
dimensions of impedances and are thus referred to as the impedance parame¬ 
ters. Likewise, the y parameters of Equation (15.2), relating currents to voltages, 
have the dimensions of admittances and are thus called the admittance param¬ 
eters. Collectively, the z and y parameters are referred to as the immittance 
parameters. 

The a and b parameters of Equations (15.3) and (15.4), relating the current 
and voltage of one port to the current and voltage of the other port, are col¬ 
lectively referred to as the transmission parameters. They give a measure of 
how a circuit transmits a voltage and a current from a source to a load. These 
equations contain negative signs to reflect the fact that the load current usually 
flows out of the positive terminal of the corresponding port and its direction is 
thus opposite to that chosen in Figure 15.1(b). 

Finally, the h and g parameters relate cross-variables, that is, they relate 
the voltage of one port and current of the other port to the current of the former 
and the voltage of the latter. For this reason they are collectively referred to as 
the hybrid parameters. A common application of these parameters is in the 
modeling of bipolar junction transistors (BJTs). 

We shall investigate only the most widely used parameter sets. 
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The T and n Networks 


To develop a feel for the preceding concepts, consider the widely used two-port 
topologies of Figure 15.2. These networks belong to an important subclass of 
two-ports known as three-terminal networks because both ports share the same 
reference terminal. In response to two externally applied currents 1\ and I 2 , the 
T network yields 

V, = Z A h +Z C (7, + I 2 ) = (Z A + Z c )h + Zch 


V 2 = Z c (I\ + h) + Zsh = Zch + (Z B + Z c )h 


Comparing with Equation (15.1), it is readily seen that the z parameters of the 
T network are 


U] 


z A + z c 

Zc 


Z c 

Zb + Zc 


(15.7) 



(a) 



(b) 


f 


Example 15.1 


Let the T network of Figure 15.2(a) consist of an inductance Z A = 2s £2, 
a resistance Z B = 4 £2, and a capacitance Zc = 1/35 £2 Find the z 
parameters. 


Figure 15.2 (a) T network and (b) it 
network. 


Solution 


By Equation (15.7), Zn = 25+1/35 = (6s 2 +-l)/3s 
and 222 —4+1 /3s = (125 + l)/35 £2 


£2, zn = Z 21 = 1/35 £2, 


5 


Turning next to the n network, we observe that in response to two externally 
applied voltages Vi and V 2 , it yields 

/, = Vi/Z A + (V, - V 2 )/Z c = (\/Z A + l/Zc)Vi - (l/Zc)V 2 


/, = (V 2 - V\)jZ c + V 2 /Z B = — (1 /Z c ) V i + (\/Z B + 1/Z C )V 2 


Comparing with Equation (15.2), it is readily seen that the y parameters of the 
it network are 




1/Z A + 1 /Zc 

-yz c 


-\/Z c 

l/Z B + 1 /Zc 


(15.8) 


Exercise 15.1 Let the 7t network of Figure 15.2(b) be an ac network 
with Z A = Z B = j 10 £2 and Z c = 20 £2. Find its y parameters. 

ANSWER y 11 =y 22 = 0.05 - ;0.1 £2-',y 12 =y 2] = -0.05 £2“‘. 
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Parameter Conversion 


The parameter sets appearing in Equations (15.1) through (15.6) are not in¬ 
dependent. In fact, once one set is known, all other sets can be found from 
this known set via algebraic manipulations. As an example, consider Equa¬ 
tion (15.1). Solving for I\ and I 2 via Cramer’s rule we obtain 


and 


/ 


V, 

Zl2 


V 2 

Z22 

_ V 1 Z 22 - V 2 Z 12 

z 11 

Zl2 

Z||Z 22 — Z 21 Z 12 

Z21 

Z22 



= ^ v ' - 

A z Az 


Z 11 V] 


Z 21 v 2 

ziiV 2 -Z 21 V 1 

Z 11 Z 12 

Z 11 Z 22 - Z 21 Z 12 

Z 21 Z 22 



. z JLv, + 

A z Az 


where we have set 


A z = Z 11 Z 22 — Z 21 Z 12 


Comparing with Equation (15.2), we find that the y parameters can be obtained 
from the z parameters as 


yu ~ 


y 21 - 


Z22 

Az 

_Z21_ 

Az 


J12 = “ 


Z 12 

Az 


^22 — 


Z 11 

Az 


Applying similar techniques, we can express any parameter set in terms of any 
other set. The rules are summarized in Table 15.1. 


Example 15.2 

In the T network of Figure 15.2(a) let Za — 10 £2, Zb — 20 £2, and 
Zc = 30 £2. Find the network’s y parameters. 

Solution 

First use Equation (15.7) to find the z parameters, then use Table 15.1 to 
convert to the y parameters. Thus, 

Z\ I = 10 + 30 = 40 a 

Zi 2 = Z21 = 30 £2 

Z22 = 20 + 30 = 50 £2 

Next, Az = Z11Z22 - Z21Z12 = 40 x 50 - 30 x 30 = 1100 £2 2 . Hence, 

_ Z 22 _ 50 _ 1 j 
yu ~ Az “ 1100 ~~ 22 ” 
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yn y2] Az 1100 
_ Zu _ 40 _ 2 
y22 ~ Az ~ 1100 “ 55 ” 


-F 

110 


Exercise 15.2 In the n network of Figure 15.2(b) let Z A = 2 kQ, 
Z B =4 kfi, and Z c = 5 kQ. Find the network’s z parameters. 

18 8 28 
ANSWER zu = — k£2, zn = z 2 i = yy k ^> and 222 = J] kn - 


TABLE 15.1 Parameter Conversion Table 


211 

212 

>22 

>12 

Oil 

A a 

*22 

1 

Ah 

*12 

1 

*12 

Ay 

Ay 

«21 

021 

*21 

*21 

*22 

*22 

8 11 

*11 


222 

>21 

>11 

1 

022 

A b 

*11 

*21 

1 

#21 

Ag 

221 

Ay 

Ay 

021 

021 

*21 

*21 

*22 

*22 

*11 

*11 

222 

212 



022 

Aa 

*11 

1 

1 

*12 

Ag 

*12 

A z 

Az 

>n 

>12 

012 

012 

*12 

*12 

*11 

*11 

*22 

*22 

221 

211 



1 

a u 

A b 

*22 

*21 

Ah 

*21 

1 

~~Az 

Az 

>21 

>22 

012 

012 

*12 

*12 

*11 


*22 

*22 

Zll 

Az 

>22 

1 



*22 

*12 

A* 

*n 

1 

*22 

221 

221 

>21 

>21 

Oil 

"12 

A b 

Ab 

*21 

*21 

*21 

*21 

1 

222 

Ay 

>11 

021 

022 

*21 

*u 

*22 

1 

*11 

Ag 

221 

221 

>21 

>21 ■ 

Ab 

Ab 

*21 

*21 

*21 

*21 

222 

212 

Az 

212 

_>1± 

>12 

1 

>12 

022 

A a 

0)2 

Aa 

bn 

*12 

1 

*12 

*11 

*12 

_A g 
*12 

*22 

*12 

1 

212 

Z) i 

212 

_Ay 

>12 

>22 

>12 

«21 

A a 

Oil 

Aa 

*21 

*22 

*22 

*12 

Ah 

*12 

_*H 

*12 

1 

*12 

Az 

212 

1 

_>12 

012 

Aa 

*12 

1 

*11 

*12 

*22 

_*12 

222 

222 

>11 

>11 

022 

O22 

*11 

*11 

Ag 

Ag 

221 

1 

>21 

Ay 

1 

«2I 

Ab 

*21 

*21 

*22 

*21 

in 

222 

222 

>11 

>11 

022 

022 

*n 

*11 

Ag 

Ag 

1 

212 

Ay 

>12 

021 

Aa 

*21 

1 

*22 

*12 

{ft 1 

Pn 

Zll 

211 

>22 

>22 

on 

on 

*22 

*22 

Ah 

Ah 

s 11 

9 12 

221_ 

211 

Az 

Zll 

_>2! 

>22 

1 

>22 

1 

Oil 

012 

Oil 

Ab 

*22 

*12 

*22 

*21 

Ah 

*11 

Ah 

*21 

*22 

Az 

= Z11Z22 — 

221212 

Ay 

= >11>22 “ 

>21>12 

Aa 

= Ona 2 2 - 

02|0[2 

A b 

= b\]b22 - 

b2ib[2 

A h 

= & 11*22 — 

*21*12 

Ag 

= *11*22 ~ 

*21*12 
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Reciprocal Two-Ports 

A two-port is said to be reciprocal if interchanging an ideal voltage source V 
at one port with an ideal ammeter at the other port produces the same ammeter 
reading J. This is illustrated in Figure 15.3. Similarly, a two-port is reciprocal 
if interchanging an ideal current source I at one port with an ideal voltmeter at 
the other port produces the same voltmeter reading V. 



(a) (b) 


Figure 15.3 In a reciprocal two-port, interchanging a voltage source V at one 
port with an ideal ammeter A at the other port yields the same reading I, 

We now wish to find the parameter conditions that make a two-port recip¬ 
rocal. When connected as in Figure 15.3(a), a reciprocal two-port yields, by 
Equation (15.2b), I = y 2 jV; when connected as in Figure 15.3(b), the same 
two-port yields, by Equation (15.2a), I = y l2 V. This is possible only if the 
condition y l2 =y 2 i is met. Using the entries in the top two rows of Table 15.1, 
it is readily seen that the following hold for a reciprocal network: 


II 

<N 

(15.9a) 

^12=^21 

(15.9b) 

Aa = 1 

(15.9c) 

A b = 1 

(15.9d) 

h 1 2 = ~h\ 

(15.9e) 

toe 

II 

<N 

too 

(15.9f) 


Looking back at Equations (15.7) and (15.8), we note that both the T net¬ 
work and the it network are reciprocal. This is not a mere coincidence; it stems 
from the fact that the elements making up these networks are bilateral, that is, 
they can be placed in either direction in the circuit to yield the same behavior. 
Were the circuit to contain a nonbilateral element such as a dependent source, 
this property would no longer hold. We shall see examples later. 

It is apparent that in order to characterize a reciprocal network we need 
only three parameters instead of four. Moreover, any reciprocal network can be 
modeled either with a T or a n network. 
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Solution 

Comparing with Equation (15.7), we need 

Z,t -t- Zc = 20 k£2 
Z c = 5 k£2 
Zb ~\~ Zc — 30 k£2 

Solving, we obtain Z^ = 15 kfi, Zg = 25 k£2, and Zc =5 k£2. 




A reciprocal network with y n = y 22 is said to be symmetrical because 
its ports can be interchanged without altering its terminal currents and voltages. 
Using the entries in the top two rows of Table 15.1, it is readily seen that for a 
symmetrical network the following relationships hold: 


Z\ 1 = Z 22 

(15.10a) 

*11 =*22 

(15.10b) 

a n = #22 

(15.10c) 

<9* 

II 

*9* 

(15.10d) 

Ah = 1 

(15.10e) 

Ag = 1 

(15.1 Of) 


Clearly, to characterize a symmetrical network we need only two parameters 
instead of four. 


^Example 15.4 

j The following measurements are performed on a symmetrical, passive 
resistive network: (a) with port 2 open, V[ = 8 V and /[ = 2 mA; 

(b) with port 2 shorted, V\ = 7 V and / 2 = — 3 mA. Find the z parameters 
of this network. 


Solution 

With port 2 open, / 2 = 0. Then Equation (15.1a) yields 
8 = Zn x 2 + z |2 x 0 


or zn = 8/2 = 4 k£2. With port 2 shorted, V 2 = 0. Considering that for 
a symmetrical network we have zu = zn and Z \2 = Z 21 * Equations (15.1) 
can be written as 

7 = 4/! +z, 2 (-3) 

0 = z, 2 /i + 4{—3) 


I 


Eliminating / 1 , solving forz] 2 , and retaining the positive solution, which 
is the only physically acceptable one, we obtain zn = 3 kS2. In summary, 
Z11 = Z 22 = 4 kfi and z \2 = Z21 =3 k£2. 
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Exercise 15.3 Specify the elements of a n network so that 


\y] 


0.5 -0.1 

-0.1 0.5 


ST 1 


ANSWER Z A =Z H = 2.5 Q, Z c = 10 Q. 


l °-1-°- 


Z 


O -*-O 


(a) 


l O—[ Z |—° 




O- 


-o 


(b) 

Figure 15.4 

Single-element 

networks: 

(a) shunt and 

(b) series. 


Nonexistence of Parameters 


There are networks for which the z and y parameters do not both exist. The 
simplest examples are offered by the single-element networks of Figure 15.4. 
The shunt element may be regarded as a T network with Z A = Zb = 0 and 
Zc = Z. Hence, Equation (15.7) yields 


kshunt] — 


z z 
z z 


(15.11} 


Since the determinant A z is zero, the y parameters as determined from the z 
parameters via Table 15.1 do not exist. 

By similar reasoning, the series network may be regarded as a it network 
with Z A =Z B = oo, and Zc = Z. Hence, Equation (15.8) yields 


\y series 

Since the determinant Ay is zero, the z parameters as determined from the y 
parameters via Table 15.1 do not exist. 

Even though the z parameter set does not exist for the series element, other 
sets exist besides the y set. For example, using Table 15.1, we find h n = Z, 
hn — 1, = — 1, and hjj = 0. One can likewise verify that even though the 

y parameters do not exist for the shunt element, other parameters, such as the a 
parameters, do. 


1/Z -1/Z 

-1/Z 1/Z 


(15.12} 


15.2 The z, y, a, and h Parameters 

Any one of the six parameter sets may be found directly, either by calculation or 
by measurement. Though we focus upon the z, y, a , and h sets because they are 
the most widely used ones, the techniques of this section can readily be applied 
to the remaining sets. 


The z Parameters 

By Equation (15.1), the z parameters of a linear two-port are found as 

(15.13a) 
(15.13b) 
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We observe that z\ \ and Z 22 are driving-point impedances: zu is the impedance 
of port 1 with port 2 open, and Z 22 is that of port 2 with port 1 open. By contrast, 
Z 12 and Z 21 are transfer impedances: Zn relates the open-circuit voltage response 
of port 1 to the current applied at port 2, and Z 21 relates the open-circuit voltage 
response of port 2 to the current applied at port 1. It is precisely the transfer 
impedance that makes two-ports more powerful circuits than one-ports. For 
obvious reasons, the z parameters are also called the open-circuit impedance 
parameters. 


► Example 15.5 

Find [z] for the circuit of Figure 15.5(a). 


1 o- 


6ft 

—AV-»-° 


T> 2 'V 3 ti > ‘A 


(a) 


-o 

+ 


/i 



V| 


-o 



(b) 



(c) 


Figure 15.5 (a) Two-port of Example 15.5, 
and test circuits to find (b) z\ 1 and Z2 \, and 
(c) z \2 and 222 - 


Solution 

To find Zn and Z 21 we must, by Equation (15.13a), apply a test current I\ 
to port 1 and leave port 2 open-circuited to ensure I 2 — 0. The situation 
is depicted in Figure 15.5(b). Observing that I x = V 2 / 3 , we apply the 


Chapter 15 Two-Port Networks and Magnetically Coupled Coils 


node method and write 


h 


= 2I X + 


V 1 -V 2 

6 


V 2 V,- v 2 

2 — + —-- 

3 6 


Vi-V 2 _ V 2 

~~6~ =,x = Y 


Solving for V\ and V 2 in terms of /[ yields V\ = 3/| and V 2 = II,, so 
Zi 1 = 3 £2, and z 2 1 = 1 £2. 

To find z 12 and Z 22 we must, by Equation (15.13b), apply a test 
current 1 2 to port 2 and leave port 1 open-circuited to ensure /] = 0 . 
This is depicted in Figure 15.5(c). Again applying the node method, 
along with I x — V 2 /3, we have 


h =Ix + 
V 2 - V 


V 2 -Vi 


= 2I X =2 — 


V 2 V 2 -V, 
3 + 6 


Solving gives V, = -3 1 2 and V 2 = U 2 , so z\ 2 = -3 0 and zn = 1 £2. 
In summary. 


3 -3 




1 1 




Remark Since z\ 2 7 ^ z 2 \, our network is not reciprocal, even though it 
has a tc topology. This stems from the presence of the dependent source, 
which is not a bilateral element. 


1 


Exercise 15.4 Repeat Example 15.5, but with a 4-£2 resistance in 
parallel with the dependent source. 

ANSWER zn = -Z 12 = 12/7 Q, Z 21 = 4/7 £2, and s 22 = 10/7 a 


Models of z Parameters 

Having illustrated how to find the z parameters once a network is given, we 
now turn to the inverse task of finding a network that realizes a given set of 
Z parameters. Since this is a synthesis problem, it does not admit a unique 
solution. One possible solution is shown in Figure 15.6. You are encouraged 
to verify that it does indeed satisfy Equation (15.1). Note that if Z \ 2 = Z 21 the 
network is reciprocal and it reduces to the familiar T network. 


j 
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Zn-Za 

~7T 


ZM-Z12 

- 0—0 


(Z21 -Z U )I\ 


Z|2 


-o 2 


o 1 .. . 0 

Figure 15.6 Model of z parameters. 


^Example 15.6 


Find a two-port with 


[z] = 


6+1/25 1 + 1/25 

4+ 1/25 45 + 1 + 1/25 


Q 


Solution 

Since z 12 7 ^ Z 21 . this is a nonreciprocal network. The element values of 
Figure 15,6 are z\\ — Zn = 6 + 1/25 — (1 + 1/25) = 5 £2 (a resistance), 
Z 22 — Zn = 45 + 1 + 1/25 — (1 + 1/25) = 45 £2 (an inductance), 

Zn = 1 + 1/25 Q (a resistance in series with a capacitance), and 
! (Z 21 — Z 12 U 1 = [4 + 1/25 - (1 + 1/25)]/! = (3 fl)/i (a CCVS). The 

circuit is shown in Figure 15.7. 



Figure 15.7 Circuit of Example 15.6. 


5 


Exercise 15.5 Find an ac network with 


[z] = 


3-/4 3-/2 
8-/2 3-/4 


kQ 


ANSWER -/2 kQ, -/2 kfi, 3 - /2 kQ, (5 k£2)/, (a CCVS). 
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The y Parameters 

By Equation (15.2), the v parameters can be found as 



n 


h 

>21 = 77 " 

V 2 =o V i 


V 2 =o 


— I 

„ >22 — TT\ 

Vi=0 V 2\V^0 


(15.14a) 

(15.14b) 


We observe that y n and y 22 are driving-point admittances, whereas y l2 and y 2l 
are transfer admittances. For obvious reasons, the y parameters are also called 

the short-circuit admittance parameters. 


t: 


Example 15.7 


Find the y parameters for the circuit of Figure 15.8(a). 



(a) 



Figure 15.8 (a) Two-port of Example 15.7, and test 
circuits to find (b)yn and^ii and (c) y 12 and 
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Figure 15.9 Model of y parameters. 


£ 


Example 15.8 


Find a network such that 


[y] = 


25 + 5 -2 

-4 35 + 2 


£ 2 ~‘ 


Solution 

Referring to Figure 15.9, we have + y n = 2s + 3 £2 _1 (a 2-F 
capacitance in parallel with a l/3-£2 resistance), -y l2 = 2 £2 _1 (a 
1/2-Q resistance), y 22 + y l2 = 35 £2 _1 (a 3-F capacitance), and 
0 J 2i ~y 12)^1 = ( — 2 indicating that the VCCS must point 

upward. The circuit is shown in Figure 15.10. 


0.5 


1 O-< 

+ 


1 — 

O 1 

- 2 F i fiS 3 F — 

1—. . 1 -- - -—1 

= M', <|> 

--i- O 


Figure 15.10 Circuit of Example 15.8. 


◄ 


Exercise 15.8 Find an ac network such that at w = 10 4 rad/s it 
has y u - y 22 = (4 - ^4) 10~ 3 ^2“ 1 , y l2 = -2 x 10“ 3 £2-\ and 

y 2i =-io- 3 fr'. 


ANSWER j], +y\ 2 : 100 £2 in series with 20 mH; —> 12 : 500 £2; 
y 22 +y 12 : 100 £2 in series with 20 mH; VCCS: (10“ 3 £2" 1 )V 1 . 









15.2 The z, y, a, and h Parameters 


The a Parameters 


By Equation (15.3), the a parameters, also called the ABCD parameters, are 
found as 



We observe that all parameters are functions of the transfer type. Namely, an 
and a 2 2 are gain functions, a\ 2 is a transfer impedance, and a 2 1 is a transfer 
admittance. 



Figure 15.11 (a) Two-port of Example 15.9, and 
test circuits to find (b) an and a 2 \, and (c) a\ 2 
and 022 - 
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Solution 

Following Equation (15.15a), we leave port 2 open and apply a test 
voltage V[ to port 1, as shown in Figure 15.11(b). Applying KVL, the 
voltage divider formula, and KCL, we get 

V 2 = t ^(V ] + 2 V l )= 1 4v i 

, V, (V,+2V,)-V 2 5 

,| = T + -5- = 8 V ' 

Then, a ]l = V\/V 2 = yj, and a 2l = h/V 2 ~ (/j/Vi) x (V|/F 2 ) = 

1 v 1 - 1 Q-l 
y A ]S — J li . 

Following Equation 15.15b, we short port 2 and apply a test current 
I\ to port 1, as shown in Figure 15.11(c). Then, 

h =- - -= —V\ 

so a \2 = -(V]// 2 ) = 1 £2 and a 22 = -(/]// 2 ) = ~{I\fV\) x (V|/J 2 ) = 
(—jj) (—1) = In summary, we have 




£ 1 S2 


i 0-1 5 
3 “ 4 


Exercise 15.9 Find the a parameters for the circuit of Figure 15.5(a), 
and check using Table 15.1. 


ANSWER | =3, a \2 = 6 £2, a 2 \ = 1 £2 an = 1. 


Exercise 15.10 Find the a parameters for the circuit of Figure 15.8(a), 
and check using Table 15.1. 


ANSWER An =2, a ]2 = 8 a 2 \ = 2/3 £2 *, a 22 — 3. 


Exercise 15.11 Find the a parameters of (a) a T network and (b) a n 
network, each consisting of three 10-£2 resistances. 


ANSWER (a) an = a 22 = 2, an = 30 £2, a 2 i = 1/10 £2 1 ; 
(b) an = a 22 = 2, a[ 2 = 10 £2, a 2 \ = 3/10 £2*’. 
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^Example 15.10 

Find the a parameters for the single-element networks of Figure 15.4. 


Solution 

(a) Applying a test voltage Vi to port 1 of the shunt element with 
port 2 open-circuited yields V] = V 2 and I\ = (l/Z)Fi, so 
an = 1 and 02 i — 1/Z. Moreover, subjecting port 1 to a test 
current 1\ with port 2 short-circuited yields V\ = 0 and I 2 = —/j, 
so a 12 = 0 and 022 = 1- Consequently, 


[^shuntl — 


1 O' 

1/Z 1 


(15.16a) 


(b) Repeating the procedure for the series element yields 


series] 


1 z 
0 1 


(15.16b) ^ 


Exercise 15.12 Show that for an ideal transformer we have 


1 In 




0 


► Example 15.11 

Two sets of measurements are performed on an unknown resistive 
I two-port using a 10-V source connected to port 1, and a multimeter. If 

(a) with port 2 open-circuited we read l\ = 1 A and V 2 = 20 V, and 

(b) with port 2 short-circuited we read I\ — 0.75 A and I 2 — —0.5 A, 
what are the z parameters of this network? 

Solution 

The first set of measurements allows us to write 

flu = V,/V 2 |/ J=0 = 10/20 = 0.5 

«21 =h/v 2 \ ll=0 = 1/20 =0.05 Si - 1 
| The second set yields 

an = — V,// 2 |v 2= o = —10/(—0.5) =20 Si 
| fl22 = -/i//2lv J= o = —0.75/(—0.5) = 1.5 
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Finally, using Table 15.1 to convert to the z parameters, we get 

10 -5 


[Z] = 


20 30 


£2 


I 

1 


Exercise 15.13 Two sets of measurements are performed on an 
unknown network using an ac source v(t) = 10sin27rl0 3 f V; (a) with 
the source connected to port 1 and port 2 short-circuited, we find 
ii(0 = 5 cos (2 it 10 3 / + 45°) mA and i 2 (t) = 2cos (2 jt I0 3 f - 60°) mA; 
(b) with the source connected to port 2 and port 1 short-circuited, 
h(0 = 10cos(2 jt 10 3 f — 45°) mA, and i 2 (t) = 5cos(2 tt 10 3 r + 30°) 
mA. Find a suitable parameter set. 


ANSWER y u = 0.5 x lQ- 3 /135° Q~ l , y 12 = 10 3 /45° fi- 1 , 
y 2 \ = 0.2 x 10~ 3 /30° y 22 = 0.5 x 10~ 3 /120° £2'*. 


The h Parameters 

By Equation (15.5), the h parameters are found as 




h , 2 = — 


V 2 


V 2 =o 


/.=o 


*21 = ^ 


*22 = — 

V 2 


V,=o 


/,=0 


(15.17a) 


(15.17b) 


The driving-point parameters h n and h 22 are called, respectively, the input 
impedance, in £2, and the output admittance, in £2 _1 . The transfer parameters 
A 12 and A 21 are called, respectively, the reverse voltage gain, in V/V, and the 
forward current gain, in A/A. To emphasize this terminology, they are often 
denoted as 


[*) = [*• hr 

*/ * 0 . 


(15.18) 








15.2 The z, y, a, and h Parameters 


Example 15.12 

Find the h parameters for the circuit of Figure 15.12(a). 


2F 



l/2.v 




Figure 15.12 (a) Two-port of Example 15.12, and 
test circuits to find (b) /i,, and h-t\, and (c) h\i 
and hj 2 


Solution 

Equation (15.17a) leads to the circuit of Figure 15.12(b). Applying KCL at 
the upper leftmost node and KVL around the outer loop clockwise yields 

/, +/ 2 = 3 V, 


V, + -/ 2 = 4 sh 

2s 

Eliminating li yields V\ = [(8s 2 + l)/(2.v +3)]/|. Eliminating Vi yields 
/ 2 = [2s(12s - 1)/(2s +3)1/,. 

Equation (15.17b) leads to the circuit of Figure 15.12(c), where 
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so V, = [2s/{2s + 3)]F 2 and / 2 = [6s/(2s + 3)]V 2 . Hence, 


[h] = 


(8s 2 + l)/(2s + 3) Q 
2s(l2s- \)/(2s +3) 


2s/{2s 4- 3) 

6s/{2s + 3) 1 


1 


Exercise 15.14 Find the h parameters for the circuit of Figure 15.5(a), 
and check using Table 15.1. 

ANSWER An =6 2, A 12 - -3, h n = -1, A 22 = I Q 1 . 

Exercise 15.15 Find the h parameters for the circuit of Figure 15.8(a), 
and check using Table 15.1. 

ANSWER An = 8/3 £2, A| 2 = 2/9, A 2l = -1/3, h 22 = 2/9 ST 1 . 

Exercise 15.16 Find the h parameters for the circuit of Figure 15.11(a), 
and check using Table 15.1. 

ANSWER An = 0.8 £2, A )2 = 4/15, A 2 i = -0.8, A 22 = 4/15 £T'. 


Models of h Parameters 

Given a set of h parameters, a circuit that realizes them is shown in Figure 15.13. 
This circuit is used to model the small-signal behavior of bipolar junction tran¬ 
sistors (BJTs). 


An £1 



Exercise 15.17 Figure 15.14 shows the small-signal model of a 
common-emitter (CE) BJT amplifier. Show that its h parameters are 


[h e } = 


h ie 

h re 


h fe 

hoe. 

. 


r, + W + 1 ){R e || r 0 ) 

+ &r. 


Re -I 
1 


where the subscript e is meant to signify common “emitter. 


I 


i 
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h 



Figure 15.14 Small-signal model of the 
common-emitter BJT amplifier of Exercise 
15.17. 


15.3 Two-Port Interconnections 

In the typical application shown in Figure 15.15, a two-port is driven by a source 
Vs with internal impedance Z s , and it drives a load impedance Z L . Z s and Z L 
are referred to as the terminations. The functions of interest are the current gain 
/://[, the source-to-load voltage gain V 2 /V s , and the impedances Z\ and Z 2 
seen looking into the input and output ports. 



y i /o 

Figure 15.15 Terminated two-port. 


If the two-port is described in terms of its z 

parameters, as shown, the 

equations governing the circuit are 


V] = Z]]l 1 + 212/2 

(15.19) 

V 2 = Z2]I] + Z 22 I 2 

(15.20) 

V, = V, -Z,/, 

(15.21) 

-j 

N 

1 

II 

S* 

(15.22) 


By Equations (15.20) and (15.22), 221^1 + Ziih = —Zj,/ 2 , or 


h _ —Z2\ 

I\ Z 22 + Zl 


(15.23) 
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Maybe There s an EV in Your Future 


A —if not the —better 
mousetrap of the 21st 
century will be a 
practical electric automo¬ 
bile. The combined pres¬ 
sures of air pollution and 
oil shortages have made 
this elusive dream fashion¬ 
able once again. 

Like most other things 
under the sun, electric cars 
' are not new. The first 
U.S. model is credited to 
William Morrison and was 
built in Des Moines in 
1891. It used 24 storage 
batteries and could run for 
13 hours at a top speed of 
14 miles per hour. Electric 



needed to be made more 
reliable, and batteries 
needed to learn how to 
store more energy (for 
range) and power (for ac¬ 
celeration). 

Today, some relatively 
powerful motors have been 
developed—BMW has a 
permanent-magnet dc mo¬ 
tor rated at 45 horse¬ 
power and GM has an ae 
induction motor that deliv¬ 
ers 30 hp on average and 
peaks at 57 hp—and inte¬ 
grated circuits have vastly 
improved the reliability of 
(he electronic control de¬ 
vices all cars need. Van- 


taxicabs were introduced 
in New York City in 1897, and growth continued 
steadily: By 1912 there were 34,000 electric cars on 
U.S. roads and only 20,000 gasoline-powered ones. 

Such parity was maintained only while top speeds 
remained in the 20-mph range, though. Once tech¬ 
nology advanced enough to allow greater speeds, the 
internal combustion engine became king of the road, 
with the result that for years electrically powered ve¬ 
hicles were relegated to such small-range, low-power 
applications as golf carts and forklifts. 

Today, as people all over the world become more 
and more concerned about air pollution and the price 
of gasoline, electric cars are once again singing their 
siren song. A 1976 near-term electric vehicle program 
sponsored by the U.S. Department of Energy made 
an ambitious start in designing prototypes but for the 
most part was an idea ahead of its time. Technology 
had some catching up to do. Electric motors needed 
to be made more efficient, electronic control devices 


ous types of batteries hold 
promise—the old stand-bys lead-acid and nickel- 
cadmium as well as zinc-air, nickel-hydride, and 
lithium-polymer. Each type has some advantages 
and some drawbacks, so trade-offs have to be made. 
Lead-acids have sufficient power to give good accel¬ 
eration but do not rate high in the range column, for 
instance, and zinc-airs store enough energy to give 
excellent range but have very little power, so accel¬ 
eration is a problem. 

Not able to wait patiently for the automotive 
companies to develop electric cars, many buffs opted 
for the “Just do it!” school of thought and have built 
their own. Marianne Walpert of Belmont, Califor¬ 
nia, spent the early part of 1992 converting a 1981 
Volkswagen Rabbit with a kit purchased from a Santa 
Cruz company called Electro Automotive. Working 
in her garage, Walpert took three weeks for the con¬ 
version and had her EV ready for the Electric 200, 
a 200-kilometer race held at Phoenix International 
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Raceway in April 1992. In relatively hilly ^elraorit, 
the VW gets 55 miles per charge when cruise speed is 
held to 45 or 50 ffiph. The car can do 60, but the 55- 
mile range figure drops a bit. The car is used every 
day, and an overnight charge in the garage on a 220- 
V line costs less than Si. Because Walpert’s major 
interest is photovoltaic cells, she has mounted a solar 
panel on the VW’s roof and fills about 10% of her 
energy needs that way. The battery pack is sixteen 
6-volt lead-acid pells that cost about $700 and will 
have to be replaced every 4 to 5 years. 

Bob Batson, a mechanical engineer from May¬ 
nard, Massachusetts, believes in EVs so much that 
he has formed his own company, Electric Vehicles of, 
America, to sell cohversion kite and do conversions 


( ing five. You pull the gasoline engine, radiator, and 
\ exhaust system, leavings in place the 12-volt battery 
die car came with (to run headlights and so on) and 
the transmission. Connect the new motor, controller, 
and potentiometer, and you’re in business. No oil 
changes, no tuneups, no catalytic converter to break 
and cause you to flunk inspection. 

Electric cars are not totally innocent in the air 
pollution department, of course, because the elec¬ 
tricity they need has to be generated at a power 
plant somewhere. If that plant uses hydro power, 
there’s no problem, bid most likely it will be ei¬ 
ther coal-fired o t nuclear with all the attendant prob¬ 
lems. It is much easier to control emissions at 


‘ ‘A—if not the—better 
mousetrap of the 21st 
century will be a practi¬ 
cal electric automobile . ” 


The first electric car dealer¬ 
ship in Hollywood opened 
in the summer of 1992 ... 


for customers. Batson owns two EVs these days*, a 
Bradley GT-II Sports Car bom as an EV and made 
by a company no longer in business, arid an ’ 87 
Dodge pickup truck that he converted himself in about 
70 hours. The Bradley te reserved for special oc¬ 
casions, but the pickup is his everyday workhorse. 
It has a range of about 60 mites when driven at 
45 mph and charges in about 10 hours OH ja 220-Vblf 
line. ' - ". ■ : y‘ ■ “ :i . 

A conversion kit has threemajor Components: 
the electric motor, a controller box requiring four 
wires to be connected, and a potentiometer requir- 


one central plant however, than to control the 
emissions from millions of cars and trucks on die 
road. - Today California has a law in place that 
says by 1998 any company that sells 5000 cars 
in the state must have 2 percent of those sales 
t be ■ ZEVs^-i-zerptemissiep vehicles (zero 1)-—■and (he 
ratio increases gradually until topping out at 10 
percent in 5093. .! The first electric car dealer- 
r ship tin Hollywood opened in the summer of 1992, 
■ and several chargi ng ; stations have been opened 
in variotte IMtetl' of Los Angeles by entrepreneurs 
determined to be inon die beginning Of a new 
V- industry.;; . ; V, ■' -;■ .. 7 , 
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where the negative sign indicates that I 2 actually flows out of the port 2 positive 
terminal, as one might have expected. The impedance seen looking into port 1 
is found as Z\ = V\jl\. Solving Equation (15.23) for J 2 , substituting into 
Equation (15.19), and solving for the ratio V\/I\ yields 


Z\ =z\\ 


Z\ 2 Zl\ 
Z22 + Z L 


(15.24) 


Writing V , = (Z, + Z,)/ ( , we have V 2 fV s = -Z L I 2 /[(Z S + Z,)7,] = 
~[Z L /(Z S + Z])] x (I 2 /1 1 ). Using Equations (15.23) and (15.24), 


V2 _ _ Z 2 \%L _ 

V s (zn + Z s )(z 2 2 +Zi) —Z12Z21 


(15.25) 


Suppressing V s , subjecting port 2 to a test voltage V 2 , and taking the ratio V 2 /I 2 
we readily obtain 


Z 2 — Z22 


Z12Z21 

zn+Z s 


(15.26) 


As we might have expected, both impedances depend on the z parameters. 
Moreover, Z\ depends also on Z L , and Z 2 also on Z s . 




Example 15.13 


In the circuit of Figure 15.15 let V s = 10 V, Z s = 5 £2, Z\\ =z 2 i = 20 Q, 
and Z 12 = z 2 \ = 10 S2. 


(a) Find Z L for maximum power transfer. 

(b) Find the power dissipated by Z L . 

(c) Find the power delivered by V y . 


Solution 

(a) Power transfer is maximized when Z L = Z\. By Equation 
(15.26), Z 2 = 20 - 10 2 /(20 + 5) = 16 Q. Hence, Z L = 16 Q. 

(b) By Equation (15.25), V 2 /\0 = (10x 16)/[(20+5)(20+16)-10 2 ], 
or V 2 = 2 V. Then, P L = V 2 2 /R L = 2 2 /16 = 0.25 W. 

(c) By Equation (15.24), Z, = 20 - 10 2 /(20 + 16) = 155/9 Q. 
Then, P s = V 2 J(Z S +Z0 = 10 2 /(5 + 155/9) = 4.5 W. 
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A two-port with Zn = Z 22 — 0 and Z 21 — —^12 — r is called a gyrator, and 
r is called the gyration resistance. The distinguishing feature of the gyrator is 
that if its output port is terminated on an impedance Z 2 as in Figure 15.16, then 
the impedance seen looking into the input port is, by Equation (15.24), 

zi = y 2 < 15 - 27 > 

that is, Z\ is proportional to the reciprocal of Z 2 . A common gyrator application 
is the synthesis of an inductance using a capacitance. Indeed, if Z 2 = \}sC, 
then Z\ = r 2 sC = sL eq , where L eq = r 2 C. A gyrator can be built using op 
amps (see Problem 15.27). 


1 


2 

0- 

H ;1 

z 2 

0-- 




Figure 15.16 Gyrator. 


Exercise 15.18 Show that if the two-port of Figure 15.15 is described 
in terms of its h parameters. 


Z\ = h\\ - 


h\ 2 h 2 \ 
h 22 + lfZ L 


(15.28) 


1 


Z s + fen 
h 22 Z s + Ah 


(15.29) 


h = hlx _ (15.30) 

l\ 1 -\-h 22 ZL 

Yl =_- (15.31) 

V s ( h u + z s ){h 22 + 1 jZ L )~ A12A21 

Exercise 15.19 In the CE BJT amplifier of Figure 15.14 let 
r* = 3.9 kS2, R E = 1 kfi, r 0 = 100 kQ, and p = 150. Find the 
source-to-load gain if the circuit is driven by a source with Z s = 5 k£2 
and drives a load Z E = 10 k£2. 


ANSWER -9.318 V/V. 


A two-port with An = h 22 = 0 and *21 — *12 — fe is called a negative 
impedance converter (NIC) because the impedance seen looking into one port 
is proportional to the negative of the terminating impedance of the other port. 
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Figure 15.17 Negative impedance converter 
(NIC). 


The NIC is depicted in Figure 15.17 and it can be built using op amps (see 
Problem 15.30). 


Series-Connected Two-Ports 


Two-ports may be interconnected to create more complex networks. The con¬ 
nection of Figure 15.18 is a series connection because the input ports of the 
two subnetworks carry the same current /| and the output ports carry the same 
current 1 2 . Using subscripts a and h to identify the two subnetworks, we have 

^1 = V c ,i + V hl = (Z a \ll\ +Zal2^2) + +Zftl2^2) 

= (Zuii + Zbi] )h + (Zai2 + 2)^2 = Zl ] /1 +Z|2^2 

^2 = V a 2 + Vb2 ~ {Z a 2[I\ -\-ZaTlIl) + fo,2l/l +Zft22^2) 


= (Z u 21 "F" Zb2] 1 + (Za22 = Z2\I\ +Z 22 H 


where we have set 


Zjk — Zajk ~F Zbjk 


(15.32) 


j = 1,2 and k = 1,2. The series connection of two-port subnetworks is still a 
two-port, and its z parameters are the sums of the corresponding z parameters 
of the individual subnetworks. This can be exploited to facilitate the analysis of 
a complex two-port. 



Figure 15.18 Series-connected two-ports. 
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y Example 15.14 

Find the z parameters of the CE BJT amplifier of Figure 15.19(a). 



Figure 15.19 Decomposing a network into two series-connected subnetworks for 
Example 15.14. 


Solution 

We can regard the circuit as the series connection of the two simpler 
networks of Figure 15.19(b). First we find their individual z parameters, 
then we add them up as follows: 


fn 0 

+ 

Re 

Re 

1 

'to 

Re 

Re 


tV + Re Re 
—fir 0 -I -Re e 0 + Re 


1 


Parallel-Connected Two-Ports 

The connection of Figure 15.20 is a parallel connection because the input ports 
of the two subnetworks experience the same voltage V\ and the output ports the 
same voltage V 2 . Proceeding as in the case of the series connection, but using 
the y parameters, it is readily seen that we now have 


yjk y<iik ~^~ybjk 


(15.33) 


j = 1,2 and k = 1, 2. The parallel connection of two-port subnetworks is still 
a two-port, and its y parameters are the sums of the corresponding y parameters 
of the individual subnetworks. 
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^Example 15.15 

Find the y parameters of the network of Figure 15.21(a). 


Solution 


Regarding the circuit as the parallel connection of the two subnetworks 
of Figure 15.21(b), we first find their individual y parameters, then we 
add them up as follows: 


-1 

-M — 

1 

_i 

+ 

r ± --Li 

ii it 


r 16+jfll 

44 

4+jll , 
44 

l -a n j 

1 3 


4+j 11 

12+./11 


L 11 11 J 


L 44 

44 J 


- y'4 Q 



-J4SI 


o- 


-o 


o- 

o- 


o— 



VW 

3fi 


-o 

■0 


■o 


(a) (b) 

Figure 15.21 Decomposing a network into two parallel-connected subnetworks 
for Example 15.15. 


L 


Exercise 15.20 In the parallel network of Figure 15.20 let the a and 
b subnetworks be, respectively, a T and a tv network, each consisting of 
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three 10-kf2 resistances. Find the z parameters of the composite network. 
(Hint: First find the y parameters; then convert to the z parameters.) 

ANSWER z\\ = Z 22 = 5 k£2, zn = Z 21 = 2.5 k£2. 


Cascade-Connected Two-Ports 

The connection of Figure 15.22 is called a cascade connection because the output 
port of one subnetwork is connected to the input port of the other subnetwork so 
that they share the same voltage V and current/. Using Equation (15.3), we have 

V| = a an V + a a \ 2 I = flan ( 0 * 11^2 — dbnh) + fl 0 i2(fl£>2i V 2 — Qbiih) 

= (a al] a h n + a a]2 a b2] )V 2 - (a a ua h ] 2 +a a \ 2 a h22 )I 2 = flu V 2 -" 12/2 
I) = a a2 iV + a a22 I = a a2 i(a b \]V 2 - a bX2 h) + a a22 (a b2 \V 2 - a b22 I 2 ) 

= (fl«2iflftii +a a 22a b2 i)V 2 - (fla2iflfc!2 + o. a22 a b22 }h = a 2 \V 2 - a 22 I 2 
where we have set 


(15.34a) 

(15.34b) 

(15.34c) 

(15.34d) 


The cascade connection of two subnetworks is still a two-port, and its a param¬ 
eters are found by multiplying the a parameters of the individual subnetworks 
according to Equation (15.34). We wish to point out that the order in which 
the subnetworks appear in the cascade is important. Interchanging one network 
with the other generally results in a different set of a parameters. 


flu =«<3llflf>11 +a a \2Qb2l 
012 = 0«110M2 +0(il20f>22 
021 =A«210M1 +0«220621 
022 = 0a210M2 +0a220fr22 



Figure 15.22 Cascade-connected two-ports. 


E 


Example 15.16 


Find the a parameter of the network of Figure 15.23. 


Solution 

The circuit consists of a T subnetwork followed by a n subnetwork. 
Following are their individual a matrices, along with the product a matrix 
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o- 



vw 

10 £2 




-o 


vW 

10 £1 


ion 


ion 


-o 


Figure 15.23 Cascade connection of Example 15.16. 


obtained via Equation (15.34): 


‘ 2 
0.1 

30' 

2 

X 

' 2 
0.3 



r 13 , 
0.8 £2"' 

80 ft' 
5 







L 

J 




Exercise 15.21 Repeat Example 15.16 if the T and tt subnetworks are 
interchanged with each other. 

ANSWER a u = 5, a 12 = 80 ft, a 2 \ = 0.8 ft" 1 , a 22 = 13. 


The properties of the cascade interconnection can be exploited in the analysis 
of ladder networks. Regarding a ladder as the cascade connection of series and 
shunt elements, we first find the matrices of its individual elements; then we 
multiply them out, one pair at a time, to obtain the a matrix of the entire ladder. 


Example 15.17 

Find the a parameters of the ladder of Figure 15.24. 


C- AV - 

r — W — 

P~ —AV -o 

l 

*2 

i 

1 J 

L _ 

- i 

j3“ 

O---- 

r - 

s3 

1 — -0 


Figure 15.24 Ladder of Example 15.17. 


Solution 

By Equations (15.16), the a matrix of the ladder is 


i i] 


' 1 0 


'l 2 s' 


r i oi 

i r 

[o ij 

1 ^ 

3s 1 

X 

0 1 

l X 


0 1 
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Multiplying out the first matrix by the second and the third by the fourth 
yields 


[a] - 


1+35 1 

3s 1 


1 + 6s 2 2s 

X 

'l 

r 

3s 1 

0 

i 


Multiplying out the first two matrices yields 


'18s 3 + 6s 2 + 6s + 1 

6s 2 + 2s + 1 

X 

1 1' 

18s 3 + 6s 

6s 2 + 1 

[o lj 


Finally, multiplying out this last matrix pair, we get 


[a] 


18s 3 +6s 2 + 6s+1 18s 3 + 12s 2 + 8s+2 

18s 3 + 6s 18s 3 + 6s 2 + 6s + 1 




Exercise 15.22 Verify the results of Example 15.16, but using the 
ladder approach. 


15.4 Magnetically Coupled Coils 

Just as a two-port is a generalization of a one-port, a pair of magnetically 
coupled coils is a generalization of the inductor. Recall that forcing a current i 
through a coil results in a magnetic flux 0 in the core and, hence, a flux linkage 
Ntp with the coil itself, where N is the number of turns. The direction of 0 
relative to i is found via the rule depicted in Figure 15.25: 

Right-Hand Rule: If we curl the fingers of our right hand around the coil so 
that the fingers point in the direction of /, then 0 is in the direction of the 
thumb. 

The rate at which N<p varies with i is called the self-inductance of the coil, 
or L = Nd<p/di. By Faraday’s law, any change in flux linkage induces across 
the terminals of the coil a voltage v = N d<f>/dt, as depicted in Figure 15.26(a). 
Eliminating N dtp yields 


v 



or, in s-domain form. 


V= sLI 

We also know that the inductor stores the energy 

1 2 , 

w(t) = -Lr(t) 


0 



Figure 15.25 Illustrating the 
right-hand rule. 
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Figure 15.26 (a) Single coil and (b) magnetically coupled coil pair. 


When two coils are placed in proximity to each other as in Figure 15.26(b), 
they share magnetic flux. Current 1 1 produces flux inside coil 1 pointing upward. 
This flux can be expressed as 0i = (f>\ \ + 0 2 i, where <p\ i, called the leakage flux, 
is the flux linking coil 1 but not coil 2, and 0 2 ], called the mutual flux, is the 
flux linking both coil 1 and coil 2. By Faraday’s law, these flux components 
induce, respectively, a voltage component un = N[d^ u /dt = L x di x jdt in 
coil 1, and a voltage component v 2X = N 2 d<f> 2X /dt = M lx di x jdt in coil 2, 
where N x and jV 2 are the turns in the two coils. Likewise, the coil 2 current i 2 
produces a flux 0 2 = 022+012 pointing downward inside this coil and consisting 
of the leakage flux 0 22 , linking coil 2 but not coil 1, and the mutual flux 0 !2 , 
linking both coils. By Faraday’s law, these fluxes induce, respectively, a voltage 
component v 22 = N 2 d(j) 22 /dt = L 2 di 2 /dt in coil 2 and a voltage component 
v \2 = N x d<f>\ 2 jdt = M X2 di 2 fdt in coil 1. Note that the mutual fluxes tp 2 \ and 
0i2 have the same direction inside either coil. This congruence is signified by 
dot markings on the two coils, a subject to which we shall return soon. Letting 
U] = tfli + V] 2 and v 2 = v 2x + ifii yields 

di\ di 2 

V '~ L] li + M|2 rf7 ,15 - 35a) 

,, di] di 2 

V2 = m '7, +L ^ (15 - 35b > 

or, in s -domain form, 

Vj =sL]I[ +sM] 2 I 2 (15.36a) 

F 2 = sM 2 \I[ + sL 2 1 2 (15.36b) 

The last set of equations indicates that a pair of coupled coils constitutes 
a two-port with zn = sL i, z X2 = sM ]2 , z 2 \ = sM 2] , and Z 22 = sL 2 . L\ and 
L 2 , each representing the ability of a coil to produce a voltage in response to 
a change in its own current, are self-inductances. By contrast, M X1 and M 2 \, 
each representing the ability of one coil to produce a voltage in response to a 
changing current in the other coil, are called mutual inductances. All four 
parameters are expressed in henrys (H). 

Mutual Inductance 

Since coupled coils are based on the concept of magnetic inductance, which is 
bilateral, we have good reasons to expect that they form a reciprocal two-port, 
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that is, Z \2 — Z 21 , or M l2 = M 2 \. The following proof is based on an article 
by P. M. Lin,* which you may wish to look up in the library to appreciate how 
what might appear to be well-established concepts still continue to occupy the 
minds of scholars. 

Suppose we excite the two coils with the currents /) = sinr and i 2 = cos t. 
The instantaneous power pit) delivered to the coils is found with the help of 
Equation (15.35) as 

p(t) = 4- v 2 i 2 = L\ sin t cos t — A/^sin 2 t 4- M 2 \ cos 2 1 4- L 2 cost sin t 

The average power P delivered to the coils is obtained by integrating pit) over 
one period and then dividing the result by the period itself, which in the present 
case is T = 2n. Using the fact that sin t cos t dt = 0 and sin 2 r = 
/ 0 2jr cos 2 1 dt = 7T, we obtain 

P = \iM 2 ,-M x2 ) 

Repeating the calculations with /j = cost and i 2 = sin t yields 

P = ^(M\2-Mzi) 

Since a network of coupled coils is a passive network, P cannot be negative. 
This implies that we cannot have M\ 2 > M 2 \ or M 2 \ > M\ 2 . The only way to 
avoid both inequalities is for M\ 2 and M 2 \ to be equal. 

Denoting the common value of the mutual inductance as M\ 2 = M 2 \ = M, 
Equations (15.35) and (15.36) take on the simpler forms 


di i dh 

v ' = l '17 + m 17 

. 7 dtl 

V2 = M- + L 2 - 


V| =ii|/i +sMI 2 
V 2 = sMI\ 4- sL 2 h 


(15.37a) 

(15.37b) 

(15.38a) 

(15.38b) 


Figure 15.27 shows the circuit symbol for coupled coils, along with a model with 
two dependent voltage sources to account for the effect of the mutual inductance. 



Figure 15.27 Circuit symbol and model for coupled coils. 


*“Proof of M {2 = Mu Based on Energy Storage Is Incorrect,” IEEE Trans, on Circuits and Systems, 
vol. 36, no. 9, Sept. 1989, pp. 1153-1158. 
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Example 15.18 


In the circuit of Figure 15.28 let Vs = 10 V, R = 5 Q, M = 2 H, 
Li =4 H, and L 2 = 6 H. Find V 2 if t'i(0“) = 0. 



Figure 15.28 Circuit of Example 15.18. 


Solution 


Using Equation (15.37a) along with KVL gives 

V s = Rh+Li^-+M^ 

dt dt 

Since i 2 ~ 0 because coil 2 is open, this equation becomes 

10 = 5/i+4 — 
dt 

Dividing both sides by 5 to put it in the standard form of Equation (7.25), 
we obtain 0.8di t /dt + i { = 2, indicating that z = 0.8 s. Applying 
Equation (7.41), we get 

/,(t > 0 + ) =2(1 A 

To find v 2 , use Equation (15.37b), which in the present case becomes 

A* di[ 

v 2 — M — 
dt 

Thus, v 2 = 2(2e _ ' /0 - 8 /0.8), or 


v 2 (t > 0 + ) = 5e~‘ m V 


3 


Exercise 15.23 In the circuit of Example 15.18 find /[ if coil 2 is 
short-circuited. 

ANSWER 0 (t > 0 + ) = 2(1— e -1 - 5f ) A. 


The Dot Convention 

The coil winding directions of Figure 15.26(b) were deliberately chosen so as 
to make the mutual voltage terms Mdi 2 jdt and Mdi\jdt come out positive 
for the terminal voltage and current assignments shown. In a circuit diagram, 
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however, it is impractical to show the winding details, and a dot convention is 
used in order to keep track of the polarities of the mutual voltage terms when 
formulating circuit equations. The rule for using such a convention is 

Dot Rule: When the reference current direction is into the dotted terminal of 
one coil, the reference polarity of the voltage term induced in the other coil 
is positive at its dotted terminal 

Conversely, when the current is out of the dotted terminal of one coil, the 
mutual voltage term is negative at the dotted terminal of the other. This rule is 
visualized with the aid of the circuit model of Figure 15.27(b). 


Example 15.19 

In the circuit of Figure 15.29 find the steady-state ac voltage u(/). 



Figure 15.29 Circuit of Example 15.19. 

Solution 

Analyze the circuit in the s domain using the loop method. Then, find 
the ac response by letting s jco = j 1 rad/s. 

Going around the mesh labeled /1 we encounter a voltage rise V,, 
three voltage drops 51 1 , s3I\, and (1/0.2s) x (/[ —/ 2 ), and the mutual 
voltage term s2/ 2 . Is this term a rise or a drop? Since / 2 flows out of 
the dotted terminal of the 4-H coil, the mutual voltage term at the dotted 
terminal of the 3-H coil is negative, indicating that it appears as a rise. 
Equating the sum of the rises to the sum of the drops around the first 
mesh yields 

V, + slh = 5/, + *3/, + -^-(/i - h) 

s\}.2 

or 

J (3s“ -F 5s -F 5)/] — (2s 2 + 5)/ 2 = -sV, 

| Going around the mesh labeled /' 2 we encounter three voltage drops 
\ (l/0.2s)(l2 — / 1 ), s4/ 2 , and 6/ 2 , and the mutual voltage term s2I\. Since 
([ flows into the dotted terminal of the 3-H coil, the mutual term at the 
dotted terminal of the 4-H coil is positive, indicating that it appears as a 
rise. Thus, 

s21 1 = (1 1 — I\ ) -F s4/ 2 -F 6/ 2 

s0.2 
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or 


C 2s 2 + 5)1 \ = (4 s 2 + 65 + 5)1 2 
Eliminating I\, solving for I 2 , and simplifying yields 

j _ 2s 2 +5 

2 8* 3 + 38s 2 + 45s + 55 V * 

Before proceeding, perform asymptotic checks. Mathematically, 
jim /2 = Vj/11 and ^lim^ 1 2 = 0. Physically, at low frequencies 
the coils act as shorts and the capacitor as an open, yielding 
h = Vj/(5 + 6) = Vs/11. At high frequencies the coils act as opens, 
yielding I 2 = 0. Our result thus passes die asymptotic tests. 

Letting s -* j\ and V, = 12/0f V yields l 2 = 36/(17 + j31) = 
0.8841 /-65.32° A. Thus V = 6 1 2 = 5.305 /-65.32° V, so 

t>(0 = 5.305 cos (It - 65.32°) V 


Exercise 15.24 Repeat Example 15.19 with the terminals of the 4-H 
coil interchanged so that the dot marking appears at the left. 

ANSWER 6.392 cos ( 1 / -77.55°) V. 


Dot Markings Assignment 

A common task facing the user of coupled coils is to assign a proper set of dot 
markings once the winding arrangement is known. Following is a procedure to 
achieve this goal: 

(1) Arbitrarily select one terminal of one coil, mark it with a dot, and assign 
a current into this terminal. 

(2) Use the right-hand rule to find the direction of the mutual flux produced 
by the current of step 1 inside the second coil. 

(3) Curl your right hand around the second coil so that the thumb points 
in the mutual flux direction found in step 2 . 

(4) Assign a current in the direction of the fingers, and mark with a dot the 
terminal of entry of this current. 


Example 15.20 

Find a proper set of dot markings for the coils of Figure 15.30(a). 

Solution 

Pick terminal A as the terminal of current entry, and mark it with a dot. 
Next, use the right-hand rule to find that <p due to this current is directed 













15.4 


Magnetically Coupled Coils 


715 




Figure 15.30 Coupled coils of Example 15.20. 

downward inside this coil and, hence, upward inside the second coil. 
Curl your right hand around the second coil with the thumb upward to 
find that its current must enter via terminal D. Hence, place a dot on 
terminal D. In summary, A and D are dotted. 


Exercise 15.25 Find a proper set of dot markings for the coils of 
Figure 15.31. 

ANSWER (a) Either A and D or B and C; (b) either A and D or B 
and C. 



Coupled coils are often encapsulated or not easily accessible for inspec¬ 
tion. indicating that the dot markings must be determined experimentally. Fig¬ 
ure 15.28 provides a suitable arrangement for this purpose. First, we mark the 
coil 1 terminal facing the resistance. Next, we observe the response V 2 with an 
oscilloscope or a voltmeter. If flipping the switch up yields a positive response, 
we mark the coil 2 terminal connected to the positive terminal of the instrument; 
otherwise we mark the other terminal of coil 2. 

Energy in Coupled Coils 

We now wish to find the instantaneous stored energy w(t) in a pair of coupled 
coils. Assuming f'i(0) = (2(0) = 0 so that the initial stored energy is zero, iu(r) 
is found by integrating the total power p delivered to the two coils, 

m(t)= [ {p&dt- 
./o 


(15.39) 
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where £ is a dummy variable of integration, and 

/><£> = Pi($) + />2($) = + U2<£)/ 2 (£) 

Using Equation (15.37), we can write 

Substituting into Equation (15.39) yields 


= Ll f 


ri(£)<^'i(£) + T 2 / ( 2 (£)d( 2 (£) + M / rf[i‘i(f)t 2 (£)] 

7o 7o 


1 1 

«>(0 = + 2 L 2 ‘ 2 (,) + M/l ( 0 * 2(0 


(15.40) 


The total stored energy in a pair of coupled coils is the sum of the energies 
stored in its self-inductances and that stored in its mutual inductance. Although 
the former are always positive, the latter may be positive or negative, depending 
on the relative polarities of i] and it, whose reference directions are assumed 
into the dotted terminals, as we know. 


> Example 15.21 

In the coupled coils of Example 15.19 find w(t = 0.5s). 

Solution 

We have seen that / 2 = 0.8841 /-65.32 0 A. Moreover, from the second 
mesh equation we obtain 

4s 2 -(-65 + 5 l+y’6 

7l = 2s 2 + 5 h = ~^~ 0 8841 /- 65 - 32 ° = 1-793 /15.21° A 

Thus, t‘i(0.5) = 1.793cos(l x 0.5 + 15.21°) = 1.293 A and 
i2(0.5) = 0.8841 cos(0.5 — 65.32°) = 0.7091 A. Using Equation (15.40), 
«>(0.5) = 0.5[3x 1.293 2 +4 xO.7091 2 +2 x 1.293 x (-0.7091)] = 2.597 J, 
where the negative sign stems from the reference direction of / 2 , which 
was assumed out of the dotted terminal of the 4-H coil. 


Exercise 15.26 Find uj(0) in the circuit of Exercise 15.24. 


ANSWER 1.6 J. 
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The Coefficient of Coupling 

Adding and subtracting the term ^M 2 i 2 (t)/L 2 in the right-hand side of Equa¬ 
tion (15.40) allows us to express the stored energy in a coupled pair as 


w{t) = i (Li - tf(t) + L 2 

To ensure w(t ) > 0 for any i\ and i 2 , we must require that L\ — M 2 jL 2 > 0, or 

M < yjL\L 2 (15.41) 

This important inequality provides an upper limit on the value of the mutual 
inductance in terms of the self-inductances. The extent to which this inequality 
is met is expressed via the parameter 


(15.42) 


called the coefficient of coupling between the two inductors L\ and L 2 . This 
coefficient gives a measure of how much of the magnetic flux due to one coil 
links the other coil. In view of Equation (15.41), the range of values of k is 



0 < it < 1 


(15.43) 


We identify three important cases. 


(1) k = 0, or M = 0. In this case none of the flux from either coil links 
the other. The two coils act as a pair of independent inductances. 

(2) k — 1. Now all the flux from either coil links the other, and M = 
y/L\L 2 , that is, the mutual inductance equals the geometric mean of 
the self-inductances. The coils are said to be perfectly coupled, or to 
form a perfect transformer. To approach perfect coupling, the coils 
are wound around a common core of highly permeable material such 
as iron or ferrite. We shall see later that the perfect transformer forms 
the basis of the ideal transformer introduced in Chapter 5. 

(3) With 0 < k < 1, only some of the flux from either coil links the 
other, and the coils are said to be loosely coupled. To achieve loose 
coupling, the coils are usually wound around a core of nonmagnetic 
material. Since these materials exhibit a linear relationship between 
flux and current, a pair of loosely coupled coils is also referred to as a 
linear transformer. 


Linear and perfect transformers are investigated in the next section. 

The stored energy in an inductance is w = \Li 2 , indicating that for w = 0 
we must have i = 0. We now wish to find the conditions for the stored energy 
of coupled coils to go to zero. Letting w = 0 in Equation (15.40) and solving 
the quadratic equation for i\, we obtain, after simple manipulations. 
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Since both i'i and i 2 are real, we see that for if = 0 we must have 

(15.44a) 

if k < 1 , and 

(15.44b) 

if k = 1- For tv = 0 in loosely coupled coils, both currents must be zero, just 
as in ordinary inductances. However, for w — 0 in perfectly coupled coils, the 
currents need not necessarily be zero. All that is required is that their polarities 
relative to the reference directions of Figure 15.27 be opposite and that their 
magnitudes be in the ratio |ii|/|f 2 1 = \fPifT\- In the next section we shall 
see that the most striking consequence of Equation (15.44) is that currents in 
perfectly coupled coils can change instantaneously, a feature not possible in 
independent or in loosely coupled coils. 

Coupled Coil Measurements 

The parameters of a coupled pair are readily measured with an impedance bridge. 
L\ is found by measuring the inductance of coil 1 with coil 2 open, L 2 by 
measuring the inductance of coil 2 with coil 1 open. M is found indirectly by 
measuring the inductance of either a series or a parallel combination of the two 
coils. 





(15.46) 







(c) Show that if the connections of coil 2 are reversed, Equations 
(15.45) and (15.46) still hold, but with M replaced by —A/. 


Example 15.22 

The impedance bridge measurements of the coupled pair of Figure 15.32(a) 
yield L\ = 2.0 mH, L 2 = 3.0 mH, and L s = 8.0 mH. What is the value 
of it? 

Solution 

By Equation (15.45), 

M = -L 2 ) <15.47) 

or M = i(8-2 - 3) = 1.5 mH. Thus, k = 1.5A/21T3 = 0.6124. 4 


15.5 Transformers 

In this section we examine linear and perfect transformers in greater detail. 
We also identify the conditions under which two coupled coils form the ideal 
transformer introduced in Section 5.3. 

The Linear Transformer 

Figure 15.33 shows the s-domain representation of a typical linear transformer 
termination. The primary is driven by a source with series impedance Z s , and 
the secondary drives a load impedance Z^. Considering that the transformer is 
a two-port with Zn = sL 1 , Z 12 = Z 21 = sM, and Z 22 = sL 2 , we can directly 
apply Equations (15.23) through (15.26). The impedances seen looking into the 
primary and secondary are, respectively. 


(15.48) 

<15.49) 



Z| = sL\ — 

s 2 M 2 

sLj + Zl 


Z 2 — s L 2 — 

s 2 M 2 

sL 1 4 - Z s 


Figure 15.33 Terminated linear transformer. 


Chapter 15 Two-Port Networks and Magnetically Coupled Coils 


Moreover, the current gain and the source-to-load voltage gain are 


h __ -sM 
I\ SL2 + Zi 

V 2 _ sMZ l 

Vs ~ s 2 (LiL 2 - M 2 ) + s{L\Z l + L 2 Z s ) + Z S Z L 


415.50} 

(15.51) 


t: 


Example 15.23 


In the circuit of Figure 15.33 let L\ = 3 H, L 2 = 2 H, M = 1 H, 
Z s — 2 £2, and = 1 Q. Find v 2 (t) if vs(t) is a 10-V source that is 
turned on at t = 0. Assume zero initial energy in the transformer. 


Solution 


Find the complete response v 2 (t) via the network function techniques 
of Section 14.4. Substituting the given component values into Equation 
(15.51) yields 

V 2 ~ _-_ V 

2 5s 2 + 7s+ 2 A 

The network function has the poles p\ = — 1 Np/s and p 2 = -0.4 Np/s. 
Since lim V 2 = 0 , the dc steady-state value of v 2 (t) must be zero, 
indicating a response of the type 

V 2 (t > 0+) = + A 2 e~ 0At (15.52) 

where A \ and A 2 are to be found on the basis of the initial circuit 
conditio ns. Th e first condition stems from uj( 0 + ) = iu(0“) = 0. Since 
k = 1/V3 x 2 = 0.4082 < 1, it follows from Equation (15.44a) that 

0(0 + ) =i 2 (0 + ) =0 (15.53) 

Imposing u 2 (0 + ) = -Zz,/ 2 (0 + ) = 0 yields A^ 0 + A 2 e° = 0, or 


Ai+A 2 = 0 (15.54) 

To obtain the second condition, apply the loop method at t = 0 + , 

l 0 = 2/ 1 (O + ) + 3‘^!) + l^ 

dt dt 

0=,, 2 (0+) + l^ + 2^ 

dt dt 

Using Equation (15.53) and eliminating di](0 + )/dt, we obtain 

Jf 2 (0+) 


dt 


= -2 A/s 


(15.55) 
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By Ohm’s Law, U2(0 + ) = — Ii2(0 + ), so dv2(0 + )/dt = — \di2(0^)/dt = 
2 V/s. But, by Equation (15.52), dv2(0 + )/dt = — lAie 0 — 0.4A 2 e° = 
-A] - 0.4A2. Hence, 

— A\ — 0.4A 2 = 2 (15.56) 


Combining with Equation (15.54) yields A 2 = —A 1 = 10/3 V. 
Substituting into Equation (15.52) finally yields 


. 10 

v 2 (t > 0+) = — (e 


—OAl 


— e 


r ) V 


(15.57) 


1 


Exercise 15.28 Find ii(t) in the circuit of Example 15.23. 
ANSWER ti(r > 0+) = 5 - ? e~ 0Al - y e~ u A. 


Example 15.24 

Repeat Example 15.23 with M = = VS H. 

Solution 

Now we have k — 1, and Equation (15.51) yields 

VSs T/ 

Vl = ls+2 Vs 

With the single pole p\ = -2/7 Np/s, the response is of the type 

v 2 (t > 0 + ) = A<T 2 " 7 (15.58) 

To find A, we observe that since tn(0 + ) = tn(0 _ ) = 0 and k = 1, we 
must have, by Equation (15.44b), 

/,( 0 + ) = -^2/3h(0 + ) 

Applying again the loop method at t = 0 + , 

. ^tl(0+) r-dhi 0 +) 

10 = 2t'i(0 + ) + 3 . - + V6 


(15.59) 


0= li 2 (0 + )+2 


dt 
di 2 { 0 + ) 


+ VS 


dt 

dhm 


dt dt 

Multiplying the second equation by s/V2 throughout and subtracting 
pairwise from the first equation yields 

10 = 2 /]( 0 + ) — s/3/2i 2 (0+) 

Combining with Equation (15.59) gives 

-10 VS . 


i 2 (0 + ) = 


(15.60) 
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Hence, u 2 (0+) = -li 2 (0 + ) = 10^6/7 = 3.499 V. But, by Equation 
(15.58), u 2 (0+) = Ae 0 = A. Thus, 

v 2 (t > 0 + ) = 3.499e~ 2t/7 V (15.61} 


Remark Note that at t = 0, i 2 changes abruptly from 0 to -10^6/7 A 
in order to ensure u>(0 + ) = u>(0“). 


1 


Exercise 15.29 Find w(t > 0 + ) in Example 15.24. 
ANSWER w(t > 0 + ) = 37.5(1 - 2e" 2 ^ + e~ Atn ) J. 


V 


Example 15.25 


In the circuit of Figure 15.33 let L, = 2 H, L 2 = 1 H, M = 1 H, and 
Z s ~ 2 Q., and let the source be an ac source with V s = 10/0° V and 
a) — 1 rad/s. Find (a) Zj, for maximum average power transfer and (b) the 
maximum average power. 


Solution 

(a) Power transfer is maximized when Z L = Z\. Substituting 
the given component values into Equation (15.49) and letting 

s —* 7*1 yields Z 2 = 0.25 + /0.75 f2. We thus need a capacitive 
load 

Z L = 0.25 - y‘0.75 = 0.7 9/-71.57° Q 

(b) Substituting into Equation (15.51) gives V 2 = 5.59 0/-26.57° V. 
By Equation (12.12), P = [(5.590/>/2) cos (-71.57°)] 2 /0.25 = 
6.250 W. 


Reflected Impedance 

We wish to take a closer look at the manner in which a linear transformer reflects 
the impedance of one port to the other. Letting 5 -► jco in Equation (15.48) 
yields 


Zi — + 


a) 2 M 2 


jcoLx + Z/, 


(15.62) 





The first component, jtoL i, is simply the impedance of coil 1. The second 
component, due to mutual coupling, is aptly called the reflected impedance by 
the secondary to the primary, 


a) 2 M 2 


J reflected — 


j(oL 2 + Zl 

Expressing the load impedance as Zl = Rl + jXt and rationalizing, 


(15.63) 


^reflected — 


a) 2 M 2 


R z L + (X L +coL 2 y 


\Rl- j(X L +coL 2 )] 


(15.64) 


The reflected impedance may be capacitive, inductive, or resistive, depending on 
whether the reactance (Xi + ojL 2 ) is, respectively, positive, negative, or zero. 


Exercise 15.30 In the circuit of Figure 15.33 let Z-j = 10 mH, L 2 = 16 
mH, and M = 8 mH, and let Zl consist of a 100-£2 resistance in series 
with a 0.1 -pF capacitance, (a) Find to for <Z re n ecte d = 0. (b) Find 
^reflected as well as Z\ at this frequency. 

ANSWER (a) 25 krad/s, (b) 400 Q, 400 + 7250 Q. 


The Ideal Transformer 

When two coils are perfectly coupled and their reactances are made to approach 
infinity compared to the external impedances, they are said to form an ideal 
transformer. These two conditions are achieved by winding the coils around a 
common core of highly permeable material. These materials have the ability 
to concentrate virtually all magnetic flux within the core, thus approaching the 
conditions of perfect coupling. Moreover, in the limit p —*• oo the current 
needed to establish a given flux will approach zero, making the self-inductances 
of the coils approach infinity. As shown in Figure 15.34(a), the presence of the 
magnetic core is signified by means of two bars. 



(a) (b) 


Figure 15.34 Circuit symbol and model of the ideal transformer. 


It is convenient to redefine the direction of i 2 so that it flows out of the 
dotted terminal of the secondary. Letting M = -JL\L 2 in Equations (15.38), 


Chapter 15 Two-Port Networks and Magnetically Coupled Coils 


the perfect-transformer equations are 

(15.65a) 
(15.65b) 

Multiplying both sides of Equation (15.65a) by vTI and both sides of Equa¬ 
tion (15.65b) by —yTV, and then adding them up pairwise yields \ — 

*fL\V 2 ~ 0, or 

y- = \/L 2 /L l 


Vi = sLiI] — s yj LxLiJj 
V 2 = s \J L\L 2 I i — sL 2 I 2 


Recall that the inductance of a coil is proportional to the number of its turns 
squared. Consequently, L 2 jL\ — N\jN 2 = n 2 , where N\ and N 2 are the turns 
of the two coils, and 



(15.66) 


is the turns ratio. Substituting yields the perfect-transformer relation 


V 2 = nVi 


(15.67) 


Solving Equation (15.65a) for I\ and using yjL 2 jL \ = n yields 

1 1 = ~ + nl 2 
sL i 

In the ideal limit sL\ —* oo we obtain the ideal-transformer relation 


I\=nl 2 


(15.68) 


As we know. Equations (15.67) and (15.68) are modeled by the equivalent of 
Figure 15.34(b). 

Using this equivalent, we generalize the resistance transformation proper¬ 
ties of Section 5.3 to impedances and state that if the secondary of an ideal 
transformer is terminated on an impedance Z 2 , the equivalent impedance seen 
looking into the primary is 



(15.69) 


If Z 2 is a resistance R 2y an inductive impedance sL 2 , or a capacitive impedance 
\/sC 2 , it transforms, respectively, as Z\ = R 2 /n 2 , Z\ = sL 2 /n 2 = s{L 2 /n 2 ), 
andZi = (\/sC 2 )/n 2 = \Js{n 2 C 2 ). Clearly, when reflected to the input port, the 
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resistance and the inductance are divided by n 2 , but the capacitance is multiplied 
by n 2 . 

Comparing Equation (15.68) with Equation (15.44b), we observe that the 
stored energy in an ideal transformer is always zero. As we know, any energy 
entering the primary is entirely transferred to the load via the secondary. This is 
also confirmed by the fact that V\I\ = Vfli, by Equations (15.67) and (15.68). 


15.6 SPICE Analysis of Two-Ports and Coupled Coils 

SPICE provides an effective means for finding any one of the six parameter sets 
of a two-port, as well as for performing the transient and ac analysis of circuits 
containing coupled coils. 



Two-Ports 

Our study of two-ports revealed that the derivation of each parameter set requires 
two sets of measurements on the same network. Consequently, to avoid repeating 
the SPICE description of the circuit for each measurement, it is convenient to 
use the . STBCKT facility introduced in Section 6.6. 

Each set of measurements requires the application of either a test voltage 
or a test current to one port, and either an open circuit or a short circuit to the 
other port. To simplify the interpretation of the SPICE results, it is convenient to 
use test signals with unity values. With this artifice the value of each parameter 
will simply coincide with the value of the corresponding response or, in the case 
of transmission parameters, with its reciprocal. Moreover, to satisfy the SPICE 
requirements that each node have at least two connections, we use a dummy 0-V 
source to implement a short circuit, and a dummy 0-A source to implement an 
open circuit. Some examples will better illustrate. 


^Example 15.26 

Use SPICE to confirm the z parameters of Example 15.5. 

Solution 

The two-port subcircuit is shown in Figure 15.35(a), where we use the 
dummy source YD to monitor the controlling current ix- The two test 
l circuits are shown, respectively, in Figure 15.35(b) and (c), and the input 
file is 

kg the z parameters 
j . :.'i.i eckt two-port 1 2 
: k: ; u vd 2 
; r ; ] 2 6 

71! i 0 DC 0 

.EMMS rV/Q-PORT 

*21; - V ! 1 ) , Z2 Z ■= V ( 2 ! 
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'll 0 1 DC 1 

T2 0 2 DC 0 

x: 1 2 TWO-PORT 

*Z12 = V { 3 ) , Z2 2 = V ( 4 > 

13 0 3 DC 0 

14 0 4 DC 1 

X2 3 4 TOO-PORT 
. END 


After SPICE is run, the output file contains the following: 


NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE 
(1) 3.0000 {2 ) 1.0000 (3) -3.0000 (4) 1.0000 


We interpret this asz n = v (1 ) = 3, z 2 i = V (2 ) = 1, zn = V ( 3 ) = 
and Z 22 = V ( 4 ) = 1, all in £2, in agreement with Example 15.5. 



Figure 15.35 (a) Two-port subcircuit of Example 15.26, and (b), (c) test circuits 
to find its z parameters. 





Example 15.27 


Use SPICE to confirm the y parameters of Example 15.7. 


Solution 

The two-port subcircuit is shown in Figure 15.36(a), and the two test 
circuits are shown, respectively, in Figure 15.36(b) and (c). The reason 
for specifying the polarities of the sources as shown is to conform to 




15.6 SPICE Analysis of Two-Ports and Coupled Coils 


727 


the SPICE convention which assumes current to flow into the positive 
terminal, through the source, and out of the negative terminal. The input 
file is 

I Ml) I NG 7: IE Y PARAMETERS 

. E2IBCKC YWO-POY': 1 1 2 

HI 13 2 

22 3 3 1 

H 3 3 -I 3 

Fli 2 4 3 G 0.2 

. ENDS TWO-PORT 

* Y 11 - I {V1 ) , Y21 -■ 1 ( V2 } 

V! 0 I DC 1 

V2 3 2 DC G 

XI. I 2 'TWO-POH':' 

*Y!2 - I (V 3) , Y2 2 - I (Y4) 

V4 0 4 DC -1 
X2 3 4 TWO-PORT 
. END 



(b) (c) 


Figure 15.36 (a) Two-port subcircuit of Example 15.27, and (b), (c) test circuits 
to find its y parameters. 


After SPICE is run, the output file contains the following: 

VO I.TACK SOURCE CURRENTS : 

NAME CURRENT 

VI 3.75GE-0F 

v2 -:.2 goe-o: 

V3 
V4 


8.3 3 3 E - 0 2 

2.500E-01 
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We interpret this as y n = I {VI) = 0.375 = 3/8, y 2 \ = I (V2) = 
-0.125 = -1/8, y 12 = I (V3 ) = -0.08333 = -1/12, and 
y 22 = I <V4} = 0.25 = 1/4, all in £2“'. This confirms Example 15.7. 


1 


Exercise 15.31 Use SPICE to confirm the a parameters of 
Example 15.9. 

Exercise 15.32 Use SPICE to confirm the h parameters of 
Exercise 15.16. 


RVALUE 



Figure 15.37 SPICE 
terminology for coupled coils. 


Magnetically Coupled Coils 

The general form of the statement for a pair of magnetically coupled coils, 
depicted in Figure 15.37, is 

KXXX LYYY LZZZ KVALUE (15.70) 

where KXXX is the name of the coupled pair, which must begin with the letter 
K; lyyy and lzzz are the names of its individual inductances; and KVALUE is 
the coefficient of coupling, which must lie in the range 0 < KVALUE < 1. The 
inductances LYYY and LZZZ also appear elsewhere in the SPICE program, in 
statements of the usual type 

LYYY NY+ NY- VALLEY KVICONDY 
LZZZ NZ + NZ- VALLEZ IC^TCOMDZ 

The dot convention holds also in SPICE circuits, and the dotted nodes should 
always be the NY + and NZ+ nodes. 





Example 15.28 


Use PSpice to verify the transient response of Example 15.23. 


Solution 

The circuit is shown in Figure 15.38, where we have k = I jy/L\L 2 = 
1 /vTx~2 = 0.40825. The input file is 

XSIENT RESPONSE OF A TERMINATED LINEAR XFORMLR 
VS 3 0 DC 10V 

RS 3 1 2 

* HERE ARE THE COUPLED COILS: 

LI 1 0 3 IC=C 

L2 2 0 2 IC^O 

K12 LI L2 0.40825 
RLi 2 0 1 




15.6 SPICE Analysis of Two-Ports and Coupled Coils 


.TRAN 0.2 6 UIC 

. PROBE 

.END 



Figure 15.38 Circuit to investigate the transient 
response of a terminated linear transformer. 


After directing the Probe post-processor to display V ( 2 ) we obtain the 
response of Figure 15.39, in agreement with Equation (15.57). 



Figure 15.39 PSpice plot of the transient response of the circuit of Figure 15.38. 




Exercise 15.33 Use PSpice to verify the results of Example 15.24. 
Show the discontinuity of ij- 


t 


Example 15.29 


Use SPICE to verify the ac response of Example 15.19. 
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Solution 

The circuit is shown in Figure 15.40, where we have k = 2/\/3 x 4 
0.5774. The input file is 

AC RESPONSE OF A CIRCUT'!' WITH COUPLED COLLE 


R ! 12 5 

*:ih,EE .ARK CHE COCKLE!) COLLS: 
L: 2 ^ 3 


K 1 C LA L2 0 . 37 7 4 
C .3 0 0 . C 
RC 4 0 6 

.AC LIN ! 0.1392 0.1392 
. fkac ’/m(41 yp<4> 


L12 

0.5774 

0 Ri 0 

Y——Y—w 

I 5 ft 3 H 4 H 

vs/rN c _L 

12 cos I / V \w/ 0.2 F | 


Figure 15.40 Circuit of Example 15.29. 


After SPICE is run, the output file contains the following: 

FREQ VK(4) VP(4) 

4 . 3 9 2 V. - 0 b. 3 05E-00 -6 . b 32E-01 

This confirms the results of Example 15.19. 


Exercise 15.34 Use SPICE to verify the ac response of Exercise 15.24. 


▼ Summary 

• A linear two-port is a circuit designed to establish a prescribed set of linear 
relationships among its terminal voltages and currents. Of these four vari¬ 
ables, only two can be chosen as independent The other two are related to 
the former by a pair of linear equations. 

• There are six different ways of choosing the independent variable pair. The 
parameters defining the corresponding equations are called z, y t a, b, h, and 
g parameters. The z and y parameters are the immittance parameters, a and 
b are the transmission parameters, and h and g are the hybrid parameters. 
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• Each parameter set is found via suitable open-circuit or short-circuit tests. 
Once a parameter set is known, it is generally possible to find any other set 
using appropriate conversion tables. However, not all parameter sets may 
exist for a given two-port. 

• The simplest two-ports consist of just one element, which may be either a 
series or a shunt element. Other popular two-ports are the T network and 
the it network, each consisting of three elements. These networks are often 
used to model other two-ports. 

• A two-port is reciprocal if interchanging a voltage source at one port with 
an ammeter at the other produces the same ammeter reading. A reciprocal 
two-port is symmetrical if interchanging its ports does not alter its terminal 
currents and voltages. 

• When two-ports are connected in series, the z parameters of the compos¬ 
ite two-port are the sums of the z parameters of the individual two-ports. 
When two-ports are connected in parallel, the y parameters of the compos¬ 
ite two-port are the sums of the individual y parameters. When two-ports 
are connected in cascade, the a parameters of the composite two-port are 
combinations of products of the individual a parameters. 

• When a two-port is terminated on a source and a load, it is of interest to 
know the impedances seen looking into the individual ports as well as the 
source-to-load gain. In general, these quantities are functions not only of the 
two-port parameters, but also of the terminating impedances. 

• An important example of a two-port is the coupled coil pair . In addition 
to the self-inductances L\ and L 2 of the individual coils, we also have the 
mutual inductance M stemming from the flux linkage in one coil due to the 
current in the other coil. 

• The dot convention states that when the reference current direction is into 
the dotted terminal of one coil, the reference polarity of the induced voltage 
term at the other coil is positive at the dotted terminal. 

• The energy stored in a coupled coil pair is the sum of the energies in its 
self-inductances as well as in its mutual inductance. 

• The mutual and self-inductances are related as M = k*Jh\Ui, where k is the 
coefficient of coupling, and 0 < k < 1. If k = 0, there is no coupling between 
the coils; if k — 1 the coils form a perfect transformer; for intermediate values 
of k the coils form a linear transformer. 

• An ideal transformer is a perfect transformer whose coils have sufficiently 
large self-inductances to make their reactances approach infinity in compari¬ 
son with the external impedances. 

• A distinguishing feature of transformers is their ability to effect impedance 
transformations. 

• SPICE can be used to find two-port parameters as well as to display both the 
transient and frequency response of circuits containing coupled coils. 
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▼ Problems 


15.1 Two-Port Parameters 


15.1 Specify the element values (in Q, F, and H) of a T 
network to realize the following z parameters at w = 1 Mrad/s: 



2 + yl 


k £2 


15.2 Find ji networks realizing the following _y-parameter 
sets: 


(b,w = [y/7 / .5 

15.3 Given a T network with Z A = j5 £2, Z B = -j5 £2, 
and Zq = 1 £ 2 , find its n equivalent. 

15.4 Given a network with the z parameters of Problem 15.1, 
find its y , b, and g parameters. 

15.5 (a) Predict the reading of the ideal voltmeter V in Fig¬ 
ure P15.5. (b) Repeat, but with the voltmeter V and the 4-A 
current source interchanged with each other. What do you 
conclude? 



so: 


40 a : 


■WSA- 

3oa 

ion: 


O 


4 A 


Figure PI5.5 

15.6 (a) Show that the network of Figure PI5.6, known as 

a lattice network, is a symmetrical network with z\\ = Z 22 = 
j(Zb -h Za) and z 12 = Z 21 — \{Zb — Za). (b) Show that 

•Vii = y 22 = 5(^5 + Ta)> and y I2 = y 2l = Y B - Y A ), 
where Y A = 1 jZ A , and Y B = 1 jZ B . 



Figure PI5.6 


15.2 The z, y, a, and h Parameters 

15.7 Find the z parameters of the network of Figure PI5. 7 . 
Is it reciprocal? Symmetrical? 


3n 



Figure P15.7 


15.8 Find the z parameters of the network of Figure P15.8. 
Is it reciprocal? Why? 


1 Q 

1 0 —vVA 

+ v r 



2 


o 



-o 


Figure PI 5.8 

15.9 Find the z parameters of the network of Figure PI 5 . 9 . 
Is it reciprocal? Why? 



15.10 Find a T equivalent for the network of Figure P15.10. 



Figure PI 5.10 

15.11 The following measurements are performed on a two- 
port: (a) with port 1 open and V 2 = 10 V, we find V, = 5 m V 
and 1 2 = 0.5 mA; (b) with port 1 shorted and V 2 - 10 V, we 
find /| — —2.5 fi A and I 2 = 0.75 mA. Find the z parameters 
of this two-port. 

15.12 Find the y parameters of the network of Figure P15.12. 
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2 i. 



Figure PI 5.12 

15.13 Find the v parameters of the network of Figure PI 5.13. 
Is it reciprocal? Why? 


1/s 



Figure P15.13 

15.14 A 10-V source is connected to port 1 of a two-port, 
and the following measurements are taken: (a) with port 2 
open, V 2 = 20 V and I\ = 6 mA; (b) with port 2 shorted, 
l 2 = -1 mA and I\ = 2 mA. Find the y parameters of this 
two-port. 

15.15 Find the a parameters of the network of Figure P15.15. 



Figure PI 5.15 

15.16 Find the a parameters of the network of Figure P15.16. 



Figure P15.16 

15.17 Find the a parameters of the network of Figure P15.12. 

15.18 Find the b parameters of the network of Figure P15.15. 


15.19 Find the h parameters for the network of Fig¬ 
ure PI 5.19. 


100 kH 



Figure P15.19 

15.20 Find the h parameters for the network of Fig¬ 
ure P15.20. 



Figure PI 5.20 

15.21 (a) Find the h parameters of the op amp circuit of 

Figure P15.21. (b) Under what condition do we have Ah = 0? 
What are the parameter values under this condition? 



Figure P15.21 


15.22 The following measurements are performed on a two- 
port: (a) with port 1 open and V 2 — 10 mV, Vi = 25 /xV 
and h = 5 /xA; (b) with port 2 shorted and V| = 20 mV, 
1 2 = 1 mA and /i = 10 n A. Find the h and g parameters of 
this two-port. 

15.23 Find the g parameters for the network of Fig¬ 
ure PI 5.20. 
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15.3 Two-Port Interconnections 

15.25 A two-port network with z\\ = 20 £2, z\z = 2 £2, 
Z2\ =40 £2, and 222 = 10 Q is driven by a 10-V dc source 
having an internal resistance of 5 £2 and is terminated on a 
25-£2 load. Find the Thevenin equivalent seen (a) by the source 
and (b) by the load. 

15.26 Figure PI5.26 shows the z-parameter representation 
of a BJT amplifier configuration known as the common-base 
(CB) configuration. Find an expression for its source-to-load 
voltage gain, and compute it for R s = 50 £2. r e = 26 £2, 
r b = 200 £2, r 0 = 100 k£2, a = 0.99, and R L = 10 k£2. 



15.27 (a) Show that the circuit of Figure PI 5.27, known as 

Antoniu’s gyrator, yields Z\ = /f 2 /Z 2 . (b) Assuming R = 
10 k£2 and Z 2 = 1/sC, find C so that Z\ = sL , with L — 1 H. 



15.28 Find the y parameters for the gyrator circuit of Fig¬ 
ure PI 5.28. 


Ri 



15.29 A 10-V dc source with an internal resistance of 20 Q 
drives a two-port having y n = 1/(80 £2), y n = -1/(2 k£2), 
? 2 i = ~l/(8 £2), and y 22 = 1/(50 £2), and the two-port is 
terminated on a load Ri. (a) Find Rl for maximum power 
transfer to the load, (b) Find the maximum power delivered to 
the load. 

15.30 Find the h parameters for the circuit of Figure PI 5.30, 
known as a negative impedance converter (NIC). 


R 2 



Figure PI5.30 


15.31 Find the y parameters of the network of Figure PI 5.31, 
which consists of two parallel-connected T subnetworks. 


Is Is 



15.32 Find the z parameters of the network of Figure P15.32 
as follows: first find the z parameters of its individual T sub¬ 
networks; next, convert to the y parameters and find the overall 
y parameters by exploiting the parallel-connection of the two 
subnetworks; finally, convert back to the z parameters. 
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R R 



Figure P15.32 

15.33 Find the a parameters of the ladder network of Fig¬ 
ure P15.33. 


in in 



Figure PI 5.33 

15.34 Find the transfer function H{s) = VS/Vi of the ladder 
network of Figure PI5.34. 


1 H 1 H 



Figure PI 5.34 

15.35 Two identical amplifiers, each with hii = 1 kn, hi 2 = 
0.003, *21 = 50, and *22 = (10 kn) -1 , are connected in cas¬ 
cade. If the first amplifier is driven by a voltage source having 
a 200-n series resistance and the second amplifier drives a 
2-kn load, find the source-to-load voltage gain. 

15.4 Magnetically Coupled Coils 

15.36 Find the dot marking of coil L 2 in the circuit of Fig¬ 
ure PI5.36, given that whenever the switch is opened, the dc 
voltmeter V kicks upscale. 



Figura PI 5.36 

15.37 Obtain the transfer function H(s) = V 0 /Vj of the 
circuit of Figure PI5.37. Hence, sketch its pole-zero plot. 



Figure P15.37 


15.38 (a) Assuming that the circuit of Figure PI5.38 is in 

steady state prior to switch activation, find v(0- (b) Repeat, 
but with the resistance increased to 250/3 £2. 



Figure PI 5.38 

15.39 Suppose the terminals of the 2-mH coil of Fig¬ 
ure PI5.38 are shorted together. Assuming zero stored energy 
prior to switch activation, find the current out of the dotted 
terminal of the 2-mH coil. Comment. 

15.40 (a) Find V in the circuit of Figure PI5.40. (b) Repeat, 
but with the 3-£2 resistance replaced by a —j5-Cl capacitance. 



Figure PI 5.40 

15.41 Apply ^-domain loop analysis to the circuit of Fig¬ 
ure PI 5.41 to find the currents through the resistances and the 
capacitance as functions of V s for a> = 1 rad/s. 



Figure PI 5.41 
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15.42 Find i(t) in the circuit of Figure P15.42. 


10 Q 



15.43 Find Z in the circuit of Figure P15.43. 



Figure PI5.43 

15.44 Figure PI5.44 shows the equivalent circuit of a source 
driving a load via a coaxial cable. The cable conductors are 
modeled with a pair of resistances and mutually coupled in¬ 
ductances. Find the average power transferred to the load at 
(a) / = 1 kHz and (b) / = 1 MHz. 



100 Q 


15.47 Find the energy stored in the coupled coils of Fig¬ 
ure P15.47 at / = 0 if the load is (a) an open circuit, (b) a 
short circuit, and (c) a 5-S2 resistance. 


k = 0.5 



Figure P15.47 

15.48 Assuming the circuit of Figure PI5.48 is in steady 
state prior to switch activation, find (a) w(0 + ) and (b) the time 
it takes for the resistance to dissipate half this energy. 


3 H 



15.49 In the circuit of Figure P15.49 let u s = 100 sin 10 4 / V. 
Find the load that will absorb the maximum average power, as 
well as the power itself. 


330 Q 20 mH 



Figure P15.49 


15.45 Find proper sets of dot markings for each of the cou¬ 
pled pairs of Figure PI5.45. 






(a) 


Figure PI 5.45 




15.50 Find the average power dissipated in the 5-fi resis¬ 
tance of Figure PI 5.50 if |Vj| = 100 V (rms). 



Figure PI5.50 


15.46 In the coupled pair of Figure 15.27(a) let / [ (r) = 
10cos 2;r60/ mA and i 2 (t) = 5 cos (2 tt60 t + 150°) mA, Given 
that L\ = 1 H, Z .2 = 3 H, and M = 1 H, find V 2 (/), and 

w(t = 1 ms). 


15.51 In the circuit of Figure P15.51 let n = 10 sin 100/ A 
and /2 = 5 cos 100/ A. (a) Find i and v. (b) Is average power 
flow in the center of the circuit toward the left or toward the 
right? What is this power? 
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Figure PI5.51 

15.52 In the coupled pair of Figure P 15.52, find (a) Lad 
with B connected to C, (b) Lac with B connected to D\ 
(c) Lab with C connected to D, (d) Leo with A connected 
to B , (e) Lab with A connected to C and B to D, (f) Lab 
with A connected to D and B to C , (g) Lab with no other 
connections, and (h) Lcd with no other connections. 



Figure P15.52 

15.53 In the circuit of Figure P15.53 let v s = lOcoscuf V, 
L\ = 15 raH, L 2 = 20 mH, M = 10 mH, and C = 6 ii F. 
(a) Find the resonance frequency <wo- (b) Find R for a 100-V 
peak voltage across the capacitance at (dq. (c) What are the 
peak voltages across the coils at co$l 



Figure PI5.53 


15.5 Transformers 

15.54 (a) Fill in the blanks in the following table: 


Lx 

l 2 

M 

k 

3 mH 

4 mH 

2mH 


40 nH 

30 /tH 


0.5 


4 mH 

2 mH 

0.2 

100 mH 


125 mH 

0.2 


(b) What is the maximum mutual inductance M that an air-core 
transformer with L\ = 20 /iH and Li = 40 mH can have? 


15.55 In the circuit of Figure 15.33 let V s = 120/0° V 

(rms), o) = 100 rad/s, Z x = 50 £2, and Zi = 10 — j‘10 £2. 

(a) If L, = 0.5 H, L 2 = 0.2 H, and M = 0.2 H, find Z )t I u 

I 2 , V, and V 2 . (b) Repeat, but with the dot marking of the 
secondary at the bottom. 

15.56 In the circuit of Figure P15.56 let = 5sinl0t V, 

/?] = 5 £2, L] = 1 H, k = 0.8, L 2 = 0.5 H and R 2 = 

10 £2. Find the average power supplied by the source and the 

corresponding power factor. 



Figure P15.56 


15.57 In the circuit of Figure P15.56 let v s = 100V2 x 
cos 10 3 r V, Ri = 10 £2, L\ = 9 mH, L 2 = 4 mH, and R 2 = 
20 £2. Find the average power dissipated in the 20-£2 resistance 
as a function of k, and plot it versus k for 0 < k < 1. 

15.58 Find V in the circuit of Figure PI5.58. 



2£2 


Figure PI5.58 

15.59 Find v in the circuit of Figure PI5.38 if the 2-mH 
coil is terminated on a 100-£2 resistance and M is increased to 
V2 mH. Assume the circuit is in steady state prior to switch 
activation. 

15.60 In the circuit of Figure PI5.60, let v s = 100cos 5000f 
V. If the load has been adjusted for maximum average power 
transfer, find the percentage of the power delivered by the 
source that is transferred to the load. 



Figure P15.60 
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15.61 Find the value of k that will maximize the amplitude 
of the current out of the positive terminal of the source of 
Figure P15.61. What is this amplitude? 


v 



Figure P15.61 


15.62 Find the value of k for which Z in the circuit of Fig¬ 
ure PI5.62 becomes purely resistive at a> = 5 krad/s. What is 
Z at this frequency? 



15.63 Find the frequencies at which Z in the circuit of Fig¬ 
ure PI5.63 is purely resistive. 


i, L ,-M 

o —- HRRT*- 


o 



L 2 -M 


■o 

+ 


t'-y 


O 


(a) 


o- 

+ 

U 

o- 




L,L?-M 2 


M 

/ffKffv. 


| jco 


L\Lj - M z 


-M 


J<i > 


L]L 7 -M 2 
Li-M 


P 


o 

+ 


V, 


■o 


(b) 


Figure PI5.64 

15.65 Shown in Figure PI 5.65 is the circuit model of a prac¬ 
tical transformer. In this model /?[ and R 2 account for the re¬ 
sistances of the windings, L\ and L 2 for the flux leakages from 
the coils, and R c and L m for core losses and the magnetizing 
current. If R\ — 5 £2, R 2 = 1 £2, = 6 £2, Xl 2 = 2 £2, 

R c = 2 k£2, X^ m = 1 k£2, and n = 2, find Vj so that Zl 
dissipates 1 kW at 220/0° V (rms) with pf = 0.8, lagging. 




Figure P15.63 


15.64 (a) Verify that the coupled coil pair of Figure 15.27(a) 

admits the T equivalent of Figure P15.64(a). To this end, 
express uj and v 2 in terms of ij and i 2 , and show that they 
obey Equation (15.37). (b) Verify that the coupled coil pair 
of Figure 15.27(a) admits the phasor-domain it equivalent of 
Figure PI5.64(b). 


Figure P15.65 

15.6 SPICE Analysis of Two-Ports and Coupled Coils 

15.66 Use SPICE to find the z parameters of the circuit of 
Figure PI5.8. 

15.67 Use SPICE to find the y parameters of the circuit of 
Figure PI5.12. 

15.68 Use SPICE to find the a parameters of the circuit of 
Figure P15.15. 

15.69 Use SPICE to find the h parameters of the circuit of 
Figure PI5.19. 

15.70 Use the Probe post-processor of PSpice to display u(t) 
in the coupled-coil circuit of Problem 15.38. 

15.71 Assuming an operating frequency of 1 rad/s in the lin¬ 
ear transformer circuit of Figure P15.58, use SPICE to find V. 






The Laplace Transform 


16.1 The Step and Impulse Functions 

16.2 The Laplace Transform 

16.3 Operational Transforms 

16.4 The Inverse Laplace transform 


16.5 Application to Differential Equations 

16.6 Application to Circuit analysis 

16.7 Convolution 

16.8 Laplace techniques using PSpice 


F requency-domain analysis techniques, introduced in Chapter 11 to find the 
steady-state ac response and generalized in Chapter 14 to find, in addition 
to the steady-state, the transient and, hence, the complete response, allow 
us to avoid differential equations in favor of algebraic equations. However, 
the techniques of Chapter 14 succeed in predicting only the, functional form of the 
response. The unknown coefficients appearing in the transient component must 
subsequently be found on the basis of the initial conditions in the circuit. This 
can be a tedious and time-consuming task. 

In the present chapter we present a powerful analytical tool known as the 
Laplace transform. This not only retains the advantage of transforming differen¬ 
tial equations into algebraic equations, it also takes the initial circuit conditions 
into account automatically. Since these conditions are an inherent part of the 
transform process, the Laplace method provides the expression for the complete 
response explicitly. 

After introducing the Laplace transform, we investigate functional and op¬ 
erational transforms as well as the inverse Laplace transform. We then demon¬ 
strate the application of Laplace methods to the solution of differential circuit 
equations, both for the case in which the initial conditions are specified in terms 
of the response itself and the case in which they are specified in terms of the 
initial stored energies in the reactive elements of the circuit. Next, we illus¬ 
trate the use of convolution to predict circuit responses in those situations in 
which the characteristics of the applied signal or of the circuit are available only 
in the time domain. We conclude by demonstrating the use of PSpice to plot 
the impulse and step responses using H(s). 


739 


740 


Chapter 16 The Laplace Transform 


16.1 The Step and Impulse Functions 

Before undertaking the study of Laplace transforms we need to introduce a pair 
of important functions as well as other mathematical concepts that will facilitate 
such a study. 


At) 



u(l) 



5 {») 

i 


(b) 


Figure 16.1 In the limit £ ->■ 0, the functions /(f) and df(t)/dt 
of (a) tend, respectively, to the functions u(t ) and 8{t) of (b). 


Consider the function f(t ) and its derivative df{t)/dt depicted, respec¬ 
tively, at the top and bottom of Figure 16.1(a). The function /(f) is 0 for t < e, 
increases uniformly from 0 to 1 for — e < t < s, and is 1 for t > e. It is readily 
seen that 


fit ) = | 


0 

t + s 

i 


t < —B 
— £< t < E 
t > E 


(16.1) 


The derivative of fit) is different from zero only over the interval —£<t<e 
where, by Equation (16.1), df(t)/dt = 1/2 e. Thus, 


df(t) 

dt 


0 

1 

2s 
0 


t < — E 
— £< t < £ 
t > £ 


(16.2) 


The profile of df(t)/dt is a pulse centered around t = 0 and having width 2 s, 
magnitude l/2e, and area = 2 ex l/2e, or 


Area — 1 


(16.3) 


These considerations hold regardless of the size of e. If we decrease e, 
/ will change from 0 to 1 more abruptly while the df /dt pulse will become 








16,1 The Step and Impulse Functions 


narrower and higher; its area A, however, remains unity by Equation (16.3). In 
the limit e -> 0, /(f) approaches a function called the unit step function 

«(f) = lim/(f) (16.4) 

and df jdt approaches a function called the unit impulse function 

5(f) = lim (16.5) 

£-►0 dt 

These functions are shown in Figure 16.1(b). Clearly, we have 


_ JO f <0 

“ w = li t >o 

fO ( < 0 

5(f) - I OO t = 0 

lo / > 0 


We use an arrow to signify that the impulse has infinite magnitude. It is important 
to keep in mind that the impulse, though infinitely large in magnitude, is also 
infinitely narrow in width in such a way as to ensure unity area. We express 
this mathematically as 


8(t)dt = 1 


Moreover, 5(f) is related to u(t) as 


8(t) = 


du(t) 


It is also possible to define the time derivatives of the impulse function. To 
this end, refer to the function g(f) of Figure 16.2, whose area is (2s x l/e)/2 = 1, 
regardless of e. We could easily have used g(t) as an alternative to the function 
df jdt of Figure 16.1 to define the impulse function as 


5(f) = limg(f) 
£ —^ 0 


(16.10) 


The derivative of g(f), pictured at the bottom, consists of a pair of adjacent 
pulses of opposite polarities, called a doublet. It is apparent that just as g(t) 
approaches 5(f), its derivative will approach that of 5(f), 

— = lim — (16.11) 

dt e-*o dt 


The derivative of the impulse function is also called the moment function. 
Having defined u(t) and 5(f) mathematically, we now wish to investigate how 
they relate to physical circuits. 



Figure 16.2 In the limit 
e— >-0, the functions g(t) 
and dg(t)/dt tend, 
respectively, to the 
functions 5(f) and 
dS(t)/dt. 
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The Physical Significance of 11 (f) and $(f) 

The step function u(t ) provides a concise mathematical representation for a 
signal that changes abruptly, such as a voltage or a current change brought 
about by the closure of a switch. Figure 16.3(a) illustrates the effect of applying 
a unit voltage step to an RC circuit with the capacitance initially discharged, or 
in its zero state. As we know, the response is 

v(t > 0) = 1 - e~ t/RC V 

We can thus state that the physical effect of applying u(t) to a circuit is to induce 
its forced response to a unit dc forcing function. 

We now wish to investigate the response of the same circuit to a voltage 
impulse 8(t), a response that we shall aptly call the impulse response. To 
this end, it is convenient to start out with a unity-area pulse of width 2s s and 
magnitude 1/2 s V, as shown in Figure 16.4, and then let e 0. During the 
pulse, that is, for — e < t < e, the capacitance voltage builds up according to 

V(t ) = — (1 - e ~6+e)/SC\ 

2s y J 

Hence, V m = v(s) = (l - e~ 2E/RC )/2e. In the limit £->0we can approx¬ 
imate e ~ 2E/RC c? 1 - 2s/RC, so V m -► (1 - 1 + 2s/RC)/2s, or 


Since in the limit s —> 0 the pulse becomes the impulse function S(t), we can 
state that the effect of applying <$(/) to the circuit is to instantaneously charge 
the capacitance from 0 V to 1 /RC V. This abrupt change is made possible by 
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Figure 16.4 RC circuit response to a nar¬ 
row pulse of unity area. 


the infinite magnitude of the impulse, even though its width is infinitely narrow. 
After the impulse has occurred, the voltage will decay exponentially as 

u(t > 0) = (1 /RC)e~ ,/RC V 

This is the familiar natural response depicted in Figure 16.3(b). In summary, the 
physical effect of applying <5(/) to a circuit is to inject energy and thus induce 
the natural response. It is worth pointing out that the impulse response can be 
obtained mathematically by differentiating the step response. 


Practical Considerations 

It is apparent that both u(t ) and 5(f) are mathematical conceptualizations of situ¬ 
ations that in practice can only be approximated. Practical pulse generators have 
nonzero rise times. Moreover, an infinitely narrow yet infinitely large pulse is 
inconceivable in the laboratory. We can nonetheless approximate it with a pulse 
of sufficiently short duration to appear instantaneous in comparison with the 
time constant of the circuit, and of sufficient magnitude to inject enough energy 
into the circuit to make its response observable with an adequately sensitive 
instrument. 


► Example 16.1 

We wish to observe the impulse response of an RC circuit with 
R = 10 k£2 and C = 10 nF using an ordinary pulse generator and an 
oscilloscope. How do we go about this? 


Solution 

Since r = RC = 10 4 x 10 -8 = 100 ps, select a pulse width 2s <SC t, say, 
2e — 1 ps. 

Assuming a pulse amplitude of 5 V, which is typical of most pulse 
generators, we have V m = i>(l ps) — 5[1 — e~ {l ^ s)/,(10 ° ^ s) ] ~ 50 mV. The 
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response is thus u(t) ^ 50exp [—r/(100 ^s)] mV, which can comfortably 
be observed with an ordinary oscilloscope. 


1 


Even though the step and impulse functions can, in practice, only be ap¬ 
proximated, they nevertheless constitute powerful analytical tools, as we shall 
see shortly. 


Scaling 

Multiplying S(t) by a positive scaling factor k yields the function kS(t), which 
represents, by Equation (16.8), an impulse with 

Area = k (16.12a) 

We say that such an impulse has strength k, and we indicate this by means of the 
symbol k next to the arrow. Likewise, multiplying u(t) by k yields the function 
ku(t ) such that ku(t ) = 0 for t < 0, and ku(t ) = k for t > 0. Clearly, this 
is a step function of amplitude k. These functions are shown in Figure 16.5(a) 
and (b). 

If k is negative, we have ku(t ) = 0 for t <0 and ku(t ) = — \k\ for t > 0. 
Clearly, this is a negative step of magnitude |*|. Likewise, kS(t) is a negative 
impulse with 


Area =-|*| (16.12b) 

These functions are shown in Figure 16.5(c) and (d). 


*5(r),*>0 

i 


(a) 

i 




kutf), k> 0 

i 


0 


0 

(b) 

ku(t), k< 0 



(c) 


<d) 


Figure 16.5 Scaling the functions S(r) and u(t). 
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Time-Shifting 

So far we have considered impulses and step transitions that occur at t = 0; 
however, there will be instances when we will want to shift them right or left 
along the t axis by a given amount a , in seconds. As shown in Figure 16.6(a), the 
function 8(t — a) is infinite when its argument vanishes, that is, when t — a = 0, 
or t — a; it is zero for t ^ a. Likewise, the function u(t — a) depicted in 
Figure 16.6(b) changes from 0 to 1 when i — a = 0, or / = a. 


5(/-«) u(t-a) u(t - a) - u(t - b) 


i 

\ 

.. 


J 




J 

0 

1 

0 


0 



0 

< 

'J 0 

— 1 —« - 

1 a 0 1 

— 1 - 1 

1 a i 

h 


(a) (b) (c) 

Figure 16.6 Delayed (a) impulse and (b) step functions, (c) Pulse representation in 
terms of step functions. 


Time-shifted step functions can be used as mathematical building blocks for 
other discontinuous functions such as pulses and pulse trains. As an example, 
the pulse of Figure 16.6(c) can be obtained by creating a positive step at t = a 
and a negative step at t = b, and then adding them up algebraically to form the 
pulse p(t) = u(t — a) — u(t — b). Clearly, p(t) = 1 for a < t < b, and p{t) = 0 
for t < a and t > b. 


The Sifting Property 


An important property of the impulse function is the sifting property, also called 
the sampling property, 



f(t)8(t-a)dt = f(a) 


(16.13) 


t] < a < t 2 , where we assume f(t) to be continuous at t — a. To verify this 
property, note that since 8(t — a ) is zero everywhere except at t = a, we can 
change the limits of the integral from t\ to a - , the instant just preceding a, and 
from /2 to a + , the instant just following a. Then, 



f(t)8(t — a)dt = f(a) ( 8(t -a)dt = f(a) x 1 = f(a ) 


Clearly, the operation of Equation (16.13) sifts out everything except the value 
of the function right at t = a. 

It is interesting to observe that Equation (16.13) could actually be used to 
define the impulse function <5(r —a) as well as its «th derivative, d n 8(t —a)/dt n , 
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as the function satisfying the property 



d n 8(t-a ) 
dt n 


dt = (-ir 


d n f{a) 

dt n 


(16.14) 


t\ < a < t 2 , where d n f(a)/dt n is the nth derivative of fit ) computed at t = a. 


16.2 The Laplace Transform 


In our study of ac circuits we have found that working with phasors instead of 
actual signals allowed us to avoid differential equations in favor of algebraic 
equations. In switching from an ac signal such as u(f) = V m cos (ojt + 9) to its 
phasor Vico) = V m /9 we in effect perform a transformation from a function of 
time to a function of frequency, v(r) —► V{w). Likewise, when we switch back 
from a phasor to the corresponding ac signal we perform the inverse transfor¬ 
mation, Vico) —► v(t). 

The Laplace transform, named for the French mathematician Pierre Simon, 
Marquis de Laplace (1749-1827), effects a transformation from functions of 
time t to functions of the complex frequency s, fit) —*■ F(s), according to 

/ OO 

f{t)e~ st dt (16.15) 

-OO 

where 


s = a + jco 


(16.16) 


is the complex frequency, in complex Np/s. Since the integration limits are 
-oo and +oo, Equation (16.15) is referred to as the double-sided or bilateral 
Laplace transform. 

Just as the phasor transformation applies only to ac signals, we must stipulate 
what kinds of signals we are going to subject to the Laplace transformation. 
Physically realizable circuits do not respond to a signal until it is actually applied 
and are thus referred to as causal systems to signify that the effect never precedes 
the cause. When observing the response to a particular forcing signal, it is 
convenient to take t = 0 as the instant at which the signal is applied. If the 
circuit is in its zero state, the response is zero for t < 0, and it manifests 
itself only for t > 0. Signals of this nature are referred to as causal signals^ 
or positive-time signals. It is precisely this class of signals that shall be the 
subject of our Laplace transformations. 

Two common examples of causal signals are the step and impulse responses 
encountered in Figure 16.3. For instance, the impulse response is n(r) = 0 for 
t < 0, and vit) = (1 !RC)e~ tfRC for t > 0. Exploiting the availability of the 
function u(t), we can represent the impulse response concisely as 


u(0 = t/RC u(t) 


for any t. Note that the function /(f) = (1 j RC)e~ t - RC is not causal, whereas the 
function u(r) = / (t)u(t) is causal. This difference is illustrated in Figure 16.7. 

Since we assume f(t) — 0 for t < 0, we can change the lower limit of 
integration in Equation (16.15) from -oo to 0 and make the transform single 
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Figure 16,7 (a) Noncausal and (b) causal function. 


sided. Actually, to make it possible for our list of Laplace-transformable func¬ 
tions to include also the impulse function S(t) and higher-order singularities at 
the origin, we shall take the lower limit of integration as 0“, the instant just 
preceding t = 0. In summary, we define the single-sided or unilateral Laplace 
transform of a causal function of time /(/) as 



{16.17} 


It is apparent that once we evaluate the integral of Equation (16.17) we are left 
with a function of s, which we denote as F(s), 


F(s) = 


<16.18) 


Once again we stress that the Laplace transform of Equation (16,17) ignores /(f) 
for f < 0 . Whatever happened prior to t — 0 is accounted for by the initial 
conditions, which are memorized by the circuit in its energy-storage elements. 

Just as F{s ) is said to be the Laplace transform of /(f), /(f) is said to be 
the inverse Laplace transform of F(s), denoted as 


f(t) =_^-‘(F(s)} 


(16.19) 


Though the inverse transform may also be expressed as a suitable integral, it 
is more conveniently obtained via an algebraic technique known as the partial 
fraction expansion, to be presented in Section 16.4. The function /(f) and its 
Laplace transform F(s) are said to constitute a transform pair, denoted as 


no 4+ f(s ) 


(16.20) 


Mathematicians have shown that no two distinct functions have the same Laplace 
transform, and vice versa, a property referred to as the uniqueness of the Laplace 
transform and its inverse. 


748 Chapter 16 The Laplace Transform 


Transform Pairs 


Using Equation (15.17), we can readily apply our mathematical skills to the 
calculation of a variety of transform pairs. We are especially curious about the 
transforms of the impulse function 5(0 and the step function «(/). The former 
is 


(16.21) 



The latter is 


= f u(t)e~ st dt = f 

Jo Jo- 


(t)e~ sr dt = I 1 e~ st dt =--e~ st 


o- 


—_ e ~(v+jto)t 

S 


°° 1 1 

= - - lim - e - at e~ ja>t 

0 _ S f-»oo S 


If a > 0, this simplifies as 



(16.22) 


Another function of great interest is the decaying exponential e~ ar u(t), 
which appears in the transient response of first-order circuits and overdamped 
second-order circuits. We have 


J^[e- at ) 


J /'OO pc 

f e- a! e~ st dt = 

o- J 0 - 


e~( s+a) ‘dt = -■ 


1 


s + a 


-(s+a)t 


1 


1 


lim 


s + a s + a t->oo 
If (c + a) > 0, or a > —a, this simplifies to 



(16.23) 


Equally interesting is the cosine function (cos cot)u(t), which forms the 
basis of the ac response. Using Euler’s identity, 

{cos o>0= f ^(e jcot + e- ja,t ) e~ st dt 
Jo~ 2 

Applying Equation (16.23) twice, first with a - -jco and then with a = jco, 
we obtain 


Jf {COS (Dt } = - 


- ( 1 \ 1 ) - 
2 \s - jco s + ja>) s 2 + co 2 


(16.24) 
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Finally, the transform of the damped sinusoid (e at cos cot)u(t), which 
arises in second-order underdamped responses, is 

rOC 1 

2^[e~ a! coscot} = / +e- jM )e~ s, dt 

Jo- 2 

fOO 1 

= - -<«-/*>)' + e -a fa 

Jo- 2 

Applying Equation (16.23) twice, first with a replaced by (a - jco), and then 
with a replaced by (a + jco), we obtain 


coscot}=\( 1 — + — 

2 \s + a — jco s + 


-L_) 

a + jcoJ 


Jf{e at cos cor} = 


s + a 


(s + a) 2 + co 2 


(16.25) 


Exercise 16.1 Find the Laplace transform of the damped ramp 
f(t) = te~ at u(t), which arises in second-order critically damped 
responses. 

ANSWER 1 J{s+a) 2 . 

Exercise 16.2 Find the Laplace transforms of the following functions: 
(a) f(t) = (coshaOw(^); (b) fit) = [cos {cot + </>)]«(0- 

ANSWER (a) s/(s 2 — a 2 )-, (b) (5 cos 0 — co sin <}>)/{s 2 + co 2 ). 



The transform pairs just discussed are listed in Table 16.1. Also included are 
two additional transforms of mathematical significance, namely, the functions 
F(s) = 1/s" and F(s) = s n , where n is an integer and n > 1. Since s" is listed as 
the transform of d n B(t)/dt n , we wish to take a closer look at this kind of function. 
Referring back to Figure 16.2, we observe that since dS/dt = lim dgjdt, the 
Laplace transform of the moment function can be found as 



Since this limit yields the indeterminate result 0/0, we apply l’Hopital’s rule 
twice to obtain 2f[d&fdt] = lim (se SE — se~ se )f2se = lim +s 2 e SE )f2s = 

e-vO £—►<) 


Chapter 16 The Laplace Transform 


TABLE 16.1 Some Laplace Transform Pairs 


Name 

fit), t > 0 

F(s) 

Impulse 

Sit) 

1 

Step 

H it) 

] 

s 

Ramp 

t 

1 

s 2 

Exponential 

e~ at 

1 

s + a 

Sine 

sin tot 

CO 

S 2 + <D 2 

Cosine 

cos tot 

S 

s 2 -1- CO 2 

Damped ramp 

te~ a! 

1 

(s +a) 2 

Damped sine 

e~ at sin apt 

(t) 

(s + a ) 2 + o ) 2 

Damped cosine 

e~ at cos wt 

s -)-a 

(i 1 + a ) 2 + w 2 

Inverse of l/s" 

{ n-l 

in- ])! 

1 

7" 

Inverse of s n 

d n Sit) 

dt n 



2s 2 /2s, or 



We use the concept of derivatives of S(t) in Section 16.4. 


(16.26) 


Convergence 

Though we have seen various examples of functions and their Laplace trans¬ 
forms, there are functions for which the Laplace transform does not exist. Even 
when it exists, it does so only under suitable restrictions, as the examples of 
Equations (16.22) and (16.23) have already revealed. Existence problems stem 
from the fact that the upper limit in the integral of Equation (16.17) is infinity, 
thus raising the question as to whether or not the integral converges and, hence, 
F(s ) exists. For instance, if /(/) is of exponential order, that is, if a real number 
<t exists such that 


lim |/(r)l e al = 0 


( 16 . 27 ) 
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then the Laplace transform exists. For each /(/). Equation (16.27) places a 
limitation on the possible values of a. The abscissa of convergence is defined 
as the value a c such that for 

cr > a c (16.28) 

Equation (16.27) holds. The range of values defined by Equation (16.28) is 
called the region of convergence, and the Laplace transform exists only for 
values of s = a + jw confined to this region. Regions of convergence appear 
as vertical strips in the s plane. 

As an example, let us find a c for fit) = e at . We are seeking a range of 
values for a such that lim \e at \e~ at = 0, or lim e^ a ~ a)t = 0. Clearly, any 

/—k» r->oo 

number a > a will meet this requirement, indicating that this function has 
o c = a. The region of convergence is the portion of the .s plane to the right of 
the vertical line positioned at a = a. If a > 0, this line lies to the right of the 
joo axis; if a < 0, it lies to the left. 

An example of a function for which the Laplace transform does not exist is 

fit) = e % . This is so because no a can be found that will make lim \e l \e~ at 

r-»oo 

approach zero. Fortunately, the functions of interest in engineering do admit 
Laplace transforms. 


Exercise 16.3 Find the abscissa of convergence of (a) 5(0, 
(b) te~ at u(t), (c) ( e~ at cosf>0«(0, and (d) (cosh£>0u(0- 

ANSWER (a) a c — 0; (b) a c — —a; (c) a c = —a; (d) a c = |A»|. 


16.3 Operational Transforms 

The Laplace transform and its inverse affect not only functions but also opera¬ 
tions upon functions. In this section we investigate how time operations upon 
f(t) translate into complex-frequency operations upon F(s), and vice versa. 


Linearity 


Given two causal functions f\{t) and / 2 (f) having Laplace transforms Ffs) 
and Fi(s), we wish to find the Laplace transform of their linear combination 
af\(t) + bfi(t), where a and b are constants. By definition. 


-¥{af x (t) + 



[afdt) + bf 2 me- sl 


dt 


-f 


Mt)e- s, dt+b / f 2 {t)e~ st dt 


/ 

J 0 - 


or 


3f{af\{t) + bf 2 (t)} = aF\(s) + bF 2 (s) 


(16.29) 
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In words, the Laplace transform of a linear combination is the linear com¬ 
bination of the individual transforms. 


Example 16.2 


Find the Laplace transform of 


f(t) = 2(1 - 5 e~ 3, )u(t) 


Solution 

Using linearity, along with Table 16.1, we have 

Jf{f{t)} = 2 (^{u(t)}-5^{e- 3l u(t)})=2 (- - -?-) = 

\s 5 + 3/ 


—85 + 6 
5(5 4- 3) 


Exercise 16.4 Find the Laplace transform of the function fit) = 
[5 + (/ + cos 3t)e~ 2 ’]uit). 

ANSWER 5/s + 1/(5 + 2) 2 + (s + 2 )/is 1 + 4 s + 13). 


Example 16.3 

Find the inverse Laplace transform of 


F(s) = 4+-I 2 

5 J 5+2 


Solution 


Using linearity, we can write 

fit) =^- ] {F(s)} = 8JT 


+} 


+ 32f- 


Using Table 16.1, we find 

f(t) = (4t 2 + 3e- 2t )u(t) 
where we use «(t) to make fit) causal. 


Remark This example suggests a method for obtaining inverse Laplace 
transforms. We first express Fis) as a linear combination of terms of 
the type of Table 16.1. Next we look up the corresponding inverse 






16.3 Operational Transforms 753 


transforms. Finally, we obtain f{t) as a suitable combination of these 
inverses. We shall return to this method in Section 16.4. 


Exercise 16.5 Find the inverse Laplace transform of F(s) 
5 -2/s + 6/(r 2 + 4). 


ANSWER 55(0 + (3 sin It - 2)u(t). 


Differentiation 

Given a causal function /(/) having the Laplace transform F(s), we wish to 
find the transform of its derivative df jdt\ that is, given the r-domain operation 
of differentiation of f(t), we ask what is the corresponding j-domain operation 
on F(s). Using the definition of Laplace transform and integrating by parts, 


m-n 


d f„-sr 


dt = f{t)e~ 


f(t)e~ st dt 


{£} 


= sF{s) - /(0 ) 


(16.30) 


where we have assumed lim fit) e ' r = 0. In words, differentiation in the 

f—H30 

t domain corresponds to multiplication by s in the s domain, followed by the 
subtraction of the initial value /(0 - ). As in the case of phasors, the differen¬ 
tiation operation is changed into an algebraic operation. However, unlike the 
phasor, the Laplace transform accounts also for the initial value of the function. 

Equation (16.30) can be applied to find the Laplace transform of the second 
derivative, 




r d f( Q ~y 

—-- = s[sF(s) - /(0 )]--- 

dt dt 


= s 2 F(s)-sf( 0")- 


df«n 


(16.31) 


Using similar reasoning, we can generalize to the nth derivative, 


&}-' 


F(s)-s”-'f( 0-)-r 




rf w ~7(Q~) 

dt n ~ l 


To simplify the notation it is convenient to express derivatives as 


d n f 
r(n) A J 
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after which we can write 


(16.32) 


In Section 16.5 we apply Equation (16.32) to the solution of differential equations 
via Laplace transforms. It is apparent that the initial conditions are automatically 
taken into consideration with this method. 




Exercise 16.6 Show that differentiation in the s domain corresponds 
to multiplication by (— t) in the t domain. 


m- 


(16.33) 


(Hint: Differentiate Equation (16.17) with respect to 5 throughout.) 


Integration 

Given a causal function f(t ) having the transform F(s), we wish to find the 
transform of its integral / 0 r _ f(%)d%, where $ is a dummy variable of integration. 
Noting that 

we can apply the differentiation rule of Equation (16.30) and write 

f( S ) = jfi/d)) = *{j, £ = ** {f mdi 
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Since the last term is zero, we divide by s throughout to obtain 


! 

i 

i__ 




o- 


<16.34) 


In words, integration in the t domain corresponds to division by s in the 
s domain. Note the similarity with the case of phasors. 


! Exercise 16.7 Given that 3f{tu{t)} = 1 /s 1 , use Equation (16.34) to 
find_^{6r 2 «(r)}. 

ANSWER 12/s 3 . 

Exercise 16.8 Show that integration in the s domain corresponds to 
division by t in the t domain, 

jjT F(s)^s| = ^ (16.35) 

i {Hint: Integrate Equation (16.17) from s to oo throughout.) 


Time Shifting 

Given a causal function f(t) having the transform F(s), we wish to find the 
transform of its time-shifted version f{t — a)u{t — a), where a > 0 represents 
the time shift, in seconds. By definition, 

fOC fOQ 

-^{f{t — a)u{t—a)}= I f(t — a)u(t — a)e~ st dt = / f{t—a)e~ u dt 

Jo- Ja 

where we have exploited the fact that u(t -a) = 0 for t < a. We now introduce 
the new variable of integration £ = t — a, so that as t varies from a to oo, £ 
varies from a — a —i) to oo — a ~ oo. Moreover, since d% = dt and t = a + £, 
the preceding equation becomes 


Jf{f{t-a)u{t-a)\ 


or 


[ 


me 


-*(a+$) 


d% = e' 


f 




- a)u{t - a)} = e~ as F{ S ) 


(16.36) 


In words, shifting by a > 0 in the t domain corresponds to multiplication by 
e~ as in the s domain. 
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Example 16.5 


Find the Laplace transform of the following rectangular pulse 
/(/) = 10[w(f - 3) — u(t — 5)] 


Solution 

Applying linearity and time shifting, 

-W(f)} = 10 (V 3 *-- = — {e~ 3s - e~ 5s ) <4 

\ S S J S j 

i 


Frequency Shifting 


Using once again the definition of Laplace transform, one can easily show that 


Jf-'{F(s + a)) = e- a m 


(16.37} 


that is, shifting by a > 0 in the .v domain corresponds to multiplication by 
e~ a! in the t domain, where a is the amount of shift, in complex Np/s. 


Exercise 16.9 Using the results of Exercise 16.2(b), find 
df[[e~ at cos (cot + 0)]w(f)}. 

ANSWER [(s + a) cos <p — a) sin<£]/[(.y + a) 2 + cu 2 ]. 


Scaling 


Given a causal function /(f) having the Laplace transform F(s), we wish to find 
the transform of f(at), obtained by scaling time by the dimensionless constant 
a > 0. By definition, 


fOO 

df[f{at)} = / f(at)e~ st dt 
J o- 

Letting £ = at, so that t = %/a and dt = d%[a, we obtain 

1 f°° 

^{f(at)}=- / me-<^d$ 

a Jo- 


or 


^{f(at)} = -F(-) 
a \a / 


(16.38) 
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Likewise, 




(16.39) 


In words, scaling by a > 0 in one domain corresponds to scaling by 1 /a in 
the other domain, followed by multiplication by 1/a. 


► Example 16.6 

Given that J^{(cosf)w(f)} = s/U 2 + 1), find the Laplace transform of a 
1-MHz cosine wave. 

1 

! Solution 

J^{(cos27rl0 6 r)«(0) = (1/2 tt10 6 ) x (s/2jrl0 6 )/[(*/27rl0 6 ) 2 + 1] = 
s/[s 2 + (2jt10 6 ) 2 ] = s/(s 2 + 4jr 2 10 12 ). 


Convolution 


Given two functions F(s) and G(.s) having inverse Laplace transforms f\ (t)u(t) 
and fi{t)u(t), we wish to find the inverse Laplace transform of their product 
F(s)G(s). Products of Laplace transforms arise quite frequently in systems 
analysis, as when we express the output Y(s) in terms of the input X (.?) via the 
network function H(s) as Y(s) = H(s)X(s). We have, 


FCj)G(s) = 


rOO \ 

j^ d$)G{s) = j f{$)[G{s)e- si ]dH 


Using the time-shifting property of Equation (16.36), we can write 


F(s)G(s) = 


f/c™ 

J 0- 



g(t - £)w(r - £)e 


-St 



d% 


Interchanging the order of integration and exploiting the fact that u(t —£), viewed 
as a function of §, satisfies u(t — £) = 0 for £ > t, we can lower the upper limit 
of the second integral from oo to t and write 


F(*)G(s) = 



/(£)g(/-£)rf£ 


e~ H dt 


If we now define the convolution of /(/) and g(t) as 


J o- 


(16.40) 
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it is apparent that the inverse transform of the product F{s)G(s) is the convolu¬ 
tion of their individual inverse transforms. We thus have the following additional 
transform pair: 




(16.41) 


In words, convolution in the t domain corresponds to multiplication in the 
s domain. 

Making the change of variable £ = t - x in Equation (16.41), we can 
readily verify that the operation of convolution is commutative 


fit)* g(t ) = g(t) * f(t ) (16.42) 

where 


git) * fit) 


f 

Jo- 


8G)f(t-$)d$ 


(16.43) 


Clearly, the order in which the functions /(f) and g(t ) appear in the convolution 
is immaterial. We shall of course choose the order that renders the calculation 
of the integral easier. The application of convolution to circuit analysis is shown 
in Section 16.7. 




Example 16.7 


Use convolution to find 




{ 


1 


s(s + 2) 


Solution 

The function to be inverse-transformed is the product of the function 
F(s) = l/s, whose inverse transform is f(t) = u(t), and the function 
Gfs) = 1/(5 +2), whose inverse transform is g(f) = £T 2 'w( 0- Using 
convolution, we get 




{ ^JTI)} = 8(0 * /<0 = /. s< * )n ‘ ~ d * 

= f e“ 2? u(£)H(f - = f e~ 2 S d$ 

Jo- J o- 


= 0.5(1 - e- 2r )u(t) 
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Exercise 16.10 Use convolution to find *{4/[j 2 (5 + 2)]} 
ANSWER (2r + e" 2f - l)«(r>. 


Periodic Functions 

As we know, a function fit) is periodic with period T if 

f(t) = f(t ±nT) 

for n = 1, 2, 3,, and for all t. The Laplace transform of such a function is ob¬ 
tained by repeated application of the time-shifting property of Equation (16.36). 
To this end, let us define the function 

MO = - u(t - T)] 

which is nonzero only over the first period. Then, a causal periodic function 
fit) can be represented as the sum of an infinite number of such functions, 
delayed by integral multiples of T, 

fit) = fi(t) + Mt - T) + Mt - 2 T) + Mt - 3T) + ■ • • 

LettingF(j) = Jf{/(f)} andF|(s) = [f\it) }, we can apply Equations (16.36) 

and (16.29) to write 

F(s) = Fi is) + e~ sT Fi is) + e~ 2sT F ] is) + e“ 3l7 >i (j) + ■ ■ ■ 

= (1 + e- jr + + e- 3 ‘ Tr + • ■ -)fi(j) 

Applying the binomial theorem to the expression within parentheses, 

(16.44) 

where 

T Mt)e~ sl dt 

In words, making a function /i(0 periodic with period T is equivalent to 
dividing its Laplace transform F](i) by 1 — e~ sT . 

► Example 16.8 

Find the Laplace transform of the causal pulse train of Figure 16.8(a). 

Solution 

First, consider the function f\{t) shown in Figure 16.8(b). We have 

fOO rW A 

Fiis) = / Ae~ s, dt = / Ae~ st dt = - (l 

Jo- Jo- 5 
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Figure 16.8 A periodic function f{t), and the corresponding first-period function 

/i(0- 


Then, applying Equation (16.44), 


A\ - e iW 

F ( s ) = —:- ~r 

s 1 — e sl 


Exercise 16.11 Find the Laplace transform of the causal sawtooth 
waveform of Figure 16.9. 



Figure 16.9 Sawtooth waveform of 
Exercise 16.11. 


ANSWER [A/{s 2 T)W t - 1 - sT)/(e sT - 1). 


Exercise 16.12 Sketch and label the function f(t) = A x | sina>/|«(/). 
Hence, find _^{/(t)}. 

ANSWER [a)/{s 2 + to 2 )] coth (7zs/2(o). 


Initial and Final Values 

Given the pair f(t) F(s'), we are interested in ways of finding /(0 + ) = 
lim /(f) and f(o o) = lim f(t) once F(s ) is kn own. These limiting values 

;->0 + f-s-oo 

provide useful checks for our calculations as we transform from one domain to 
the other. 
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Consider first the transform of the derivative, which can be expanded as 


=sF(s)-f( O') 
at 


= riL^ d , = r d L e « d , + r«L e -» d , 

Jo- dt Jq dt J{y dt 

= [ df+f ^fe- x, dt = f(0 + )-f(0-)+f j-e^dt 
Jo- Jo+ dt J o+ dt 


Simplifying, we have 


f°° df 

sF(s) = / (0 + ) + / ~~r e ~ xl dt 
J o+ dt 

If we now let s —> oo throughout, the last term will vanish, subject to the 
condition that df /dt be transformable. Moreover, lim /(0 + ) = /(0 + ) because 
/<0 + ) is independent of s. We thus obtain 


/(0 + ) = lim sF(s) 

S-KX> 


(16.45) 


a result referred to as the initial-value theorem. For it to hold, the limit must 
exist. If F{s) is a rational function of s, this requires that it be of the proper 

type. 

Considering again the transform of the derivative, but in the limit s —» 0, 
we can write 


/■<*> df f 00 df 

lim [sF(s) — /(0 - )] = lim / —e~ sl dt= f — e 0t dt 
'-Wo- dt Jq- dt 



= /(oo)-/(0") 


Exploiting the fact that lim /(0 ) = /(0 ) because /(0 ) is independent of s, 

x —► 0 

we can simplify and obtain 


/(oo) = lim sF{s) 


(16.46) 


a result referred to as the final-value theorem. For it to hold, the limit must 
exist. If F(s) is a rational function of 5, this requires that all its poles be located 
in the left half of the s plane, with the possible exception of a single pole at the 
origin. 

The findings of this section are summarized in Table 16.2. 
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TABLE 16.2 Some Operational Transforms 


Name 

Time Domain 

Frequency Domain 

Linearity 

+ bf 2 (t) 

aFi(s) + bFiis) 

t differentiation 

dm 

dt 

sF(s) - /(0") 

t integration 

Jl-m# 

Fjs) 

s 

s differentiation 

- tf(t ) 

dF(s) 

ds 

s integration 

m 

t 

/“Fi^dS 

t shifting 

f(t -a)u(t - a ) 

e~ as F(s) 

5 shifting 

e~ at f(t) 

F(s + a) 

t scaling 

fiat) 

+(-) 

s scaling 

M;) 

F(as) 

Convolution 

fit)* git) 

F(s)G(s) 

t periodicity 

f{t) = fit + nT) 

1 

Initial value 

fi o + ) 

lim sF(s) 

s—>oo 

Final value 

/(oo) 

lim sF{s) 

s — ► () 


f 


Example 16.9 

Find the Laplace transform of 

f(t) = (5 + 6 te~ 2 ‘ — 4e~‘ cos 

Then use the initial-value and final-value theorems to check your results. 

Solution 

Using linearity, along with Table 16.1, we obtain 

5 + 1 


5 6 

F( ^ “ 7 + (5 + 3) 2 


-4- 


sF(s ) = 


{5 + l) 2 + 2 2 
5 4 + I 85 3 + 825 2 + 2345 + 225 


5 4 + 85 3 + 265 2 + 485 -(- 45 
By inspection, /(0 + ) = 5 + 6x0 — 4e°cos0 = 1, and lim sF(s) = 

J-F OO 

s A /s 4 = 1, in agreement with each other. Likewise, f(o o) = 5 and 

lim sF(s) = 225/45 = 5, also in agreement. 

$—►o 


i 
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Exercise 16.13 Find 1 {2 (s - I/O + l) 3 - 3/0 +4)]. Then use 

the initial-value and final-value theorems to check your results. 

ANSWER (2 - 0 .5t 2 e~' - 3e~ 4t )u(t). 


16.4 The Inverse Laplace Transform 


As evidenced by Tables 16.1 and 16.2, Laplace transforms may take on a variety 
of different functional forms. However, in the next sections we shall find that 
the functions arising when applying the Laplace transform to circuit analysis are 
rational functions of s, that is, functions that can be expressed as ratios of two 
polynomials AO) and DO), 


F(s) = 


AO) 

DO) 


a m s m +a m -]S m '-I-ha^+Qo 

b„s n + b n -\s n-l H-1- b t s + 


(16.47) 


Since this is the familiar form already investigated in Section 14.2, the termi¬ 
nology introduced there applies here as well. The coefficients aj, i — 1,2,..., 
m , and b k , k — 1, 2, ..., n, are real. The roots of the equation DO) = 0 are 
called the poles of F(s). If b k > 0, k = 1,2, ..., n, the poles lie in the left 
half of the s plane or, at most, on the imaginary axis, but not in the right half. 
Moreover, F(s) is said to be proper if m < n, and improper if m > n. 

The goal of this section is to present techniques for finding f{t) = 
Jf~ { [F{s)\ using the known transform pairs of Tables 16.1 and 16.2. These 
techniques require that F(s) first be put in a suitable functional form. We begin 
with proper functions; then we proceed to examine improper functions. Both 
cases are in turn broken down into subcases, depending on whether the poles of 
F(s) are real or complex, distinct or repeated. 


Real and Distinct Poles 


If the poles of F(s ) are real and distinct, its denominator polynomial can be 
factored out as 


F(s) = 


_ ms) _ 

(5 - Pi)(s - p 2 ) ■ ■ ■ (s - p„) 


(16.48) 


where p\, p 2 , ..., p„ are the poles. If F{s) is proper, it is possible to express 
it in a form known as a partial fraction expansion, 


F(s) = 


A i 

s - pi 


M An 

+ - + ••■ + - 

S - pi S - p n 


(16.49) 
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where A\ through A n are suitable coefficients, independent of s, known as the 
residues of F(s). Once their values are known, we can exploit linearity, along 
with the property 


to write 


f{t) = (Aie pit + A 2 e P2t + - • - + 


(16.50) 


The method for finding the residues is straightforward and it works as fol¬ 
lows. To find A\, first multiply Equation (16.49) throughout by (s — pi) to 
eliminate the denominator of A x , 


(s - pi)F(s) = Ai +(j - pi ) 


A 2 


+-h 


A n 


L(S - P2) ' ' is ~ p n ) J 

Then, let s = p x throughout to leave only A\ at the right-hand side. Hence, 


A i = {s- p\)Fis) 


S=P l 


The process is readily generalized to all residues as 


Ak = is - pk)F(s) 


s=Pk 


(16.51) 


k = 1, 2, ..., n. In words, the residue Af, of F(s) at a simple real pole p k is 
found by taking the product (.v - pk)F(s) and computing it at r = p k . 

Once all the residues have been obtained, it is important to check that 
they are correct. To this end, we substitute their values in Equation (16.49) and 
verify that both the original expression for Fis) and its partial fraction expansion 
achieve the same values at some arbitrarily chosen values of s. To avoid the 
indeterminacy of infinity, the values of 5 must be different from the poles. If 
applicable, it is wise to use also the initial-value and final-value theorems as 
additional checks. 


t: 


Example 16.10 


Find the inverse Laplace transform of 


Fis) = 


2 s 2 + s — 3 
sis 2 +45 + 3) 
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Solution 


This function has three distinct real poles, p\ = 0, p 2 = — 1, and 
/?3 = —3, all in Np/s. We can thus write 

2 s 2 + s — 3 

F(s) = 


A 2 


= ^ + 

5(5 + l)(s + 3) 5 5+1 


5 + 3 


The residues are 
A i = sF(s) = 

s =0 

A 2 = (s + l)F(s) 
A 3 = (5 + 3)F(5)| 


25 2 + . 


(5+ l)(5 + 3) 


= -1 


s=0 


2s 2 + 5 — 3 


S = — 1 


I s ——3 


5(5 + 3) 
25 2 + s—3 

5(5+1) 


2 x 0 2 + 0 - 3 
(0+ l)(0 + 3) 

2 x (-1) 2 -1-3 
(—!)(— 1 + 3) 

2 x (—3) 2 - 3 - 3 
(—3) (—3 + 1) 


= 1 


= 2 


3 


Hence, 


F(s) = 


Is 2 + 5 - 3 


-1 1 2 
5 5+1 5+3 


5 (5 2 +45 +3) 

Before proceeding, check that the expansion is correct. For example, 
pick 5 = 1, which is not a pole. The original expression then yields 
F(l) = (2 x l 2 + 1 — 3)/[l(l 2 + 4 x 1 + 3)] = 0, and the partial fraction 
expansion yields F(l) = —1/1 + 1/(1 + 1) + 2/(1 + 3) = 0. Applying 
a similar check at 5 = 2, which also is not a pole, we obtain in both 
cases F(2) = 7/30, indicating that we have good reasons to believe our 
expansion to be correct. 

Finally, applying Equation (16.50), we have 

= + +2e~ 3 ')u(t) 

As a final check, we observe that /(0 + ) = 2 and lim sF(s ) = 2; 
/(oo) = —1 and lim sF(s) = — 1. This further corroborates our results. 


i Exercise 16.14 Find the inverse Laplace transform of F(s) = 
I (7 — 4s)/(55 3 + 35 2 + 5/4). Check your results. 

ANSWER (28 - 37*--° " + 9e~° 5, )«(0- 


Complex-Conjugate Poles 

If F(5) has a complex-conjugate pole pair, p\ = a + jfi and p 2 = a. — jfi, 
then its denominator D(s) will contain the quadratic term (s — pi)(5 — p 2 ) = 
(5 - a - jfi)(s - a + jfi) = (5 - a) 2 + /J 2 . For the sake of simplicity, we 
assume F(s ) has just this single pole pair and we later show how to generalize. 
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Thus, let 
F(s) = 


N{s) 


N(s) 




(s - of) 2 + p 2 ( s - a - - a + jp) s - a - jp ' s - a + jp 

where we have expressed the residues in boldface in anticipation of their complex 
nature. Adapting Equation (16.51) to the present case, we have 

_ N(a + jp) 

U=cr +jft 


A\ = (s-a-jP)F(s)\ 


A 2 = (s - a + jP)F(s) 



= A] 


\s= a -jp —2 jP 

Since A j and A 2 are conjugate of each other, we need to calculate only one of 
them. In the following we shall always calculate A u the residue at the upper 
pole in the s plane, 

Pi = a + jp (16.52) 

This residue is 


A\ — (s — a — jp)F(s) 




(16.53) 


Letting A i = |A| | /<A t and A 2 = \A { \ j — <A\ , and using Equation (16.50), we 
can write 

f(t) = (|A,|e^ 1 e<“ + ^' + |A ] |e-- /<Al e ( “-' w ) u(t) 

= | A,\e at [ e j^+<A) +e -W+<A l)]u{t) 

Using the identity 4- e~ je = 2cosd , we can summarize our findings by 
writing 




+ 


[s - a - jp s ~ a + jp 
= 2|Ai|e“ / [cos( J 6r + <Ai)]«(/> 


(16.54) 


As we might have expected, the inverse transform of a function with a complex 
pole pair in the left half of the s plane, where a < 0 is a damped sinusoid. The 
parameters of this sinusoid are determined by the upper pole p\ = a + j fi and 
by the corresponding residue A\ as follows: 

negative of the damping coefficient = a 
angular frequency = p 

amplitude = 2|A| | 
phase angle = <Ai 

These observations are readily generalized to the case in which F{s) has 
additional poles, besides the complex pair. 
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^Example 16.11 

Find the inverse Laplace transform of 

40(y -h 1 ) 


F(s) = 


(5 + 5)(s 2 + 6s + 25) 


Solution 

This function has one real pole, p\ — —5 Np/s, and two complex- 
conjugate poles, p 2 = -3 + 7 4 and p 3 = -3 - j 4, both in complex Np/s. 
The inverse transform thus consists of a decaying exponential due to p\ 
and a damped sinusoid due to the complex pole pair. We have 

40(5 + 1) 


F(s) = 


(s + 5)(s + 3 - ;4)(s + 3 + ;4) 
A\ A 2 ^2 


s + 5 s + 3 — y‘4 s + 3 + y‘4 
We are only interested in the first two residues, 

_ _ 40(5 + 1) 

s——5 


A i = (s + 5)F(s) 


s 2 + 6s + 25 


A 2 = (s + 3 - j4)F(s) 
40(—3 + 7'4 + 1) 


- -8 

j=-5 

40(5 + 1) 


J= -3+j4 ( S + 5)C* + 3 + J 4 ) 
1-/2 


s=-3+;4 


— 5- 


(-3 + 74 + 5)78 2 - 7 I 


= 5 /—36.87° 


Hence, 


f(t) = [—8e -51 + 10e -3f cos (4r - 36.87°)] a(/) 
which can be checked with the initial-value and final-value theorems. 


4 


Exercise 16.15 Find the inverse Laplace transform of F(s) = 
55/[(5 + l)(s 2 + 2s + 2)]. Check your results. 

! ANSWER 5<r , [V5cos(r-45°)-l]«(f). 


Repeated Real Poles 

Repeated poles may be either real or complex conjugate. Let us consider first 
the case of a repeated real pole at s = p with multiplicity r. The denominator 
Z)(s) thus contains the term (5 — p) r . For the sake of simplicity, assume F(s) 
has just this single repeated pole, though we shall show later how to generalize. 
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Repeated poles require that the partial fraction expansion contain all powers of 
(5 — p) from r down to 1, 


F( S ). 


N(s) 


A r -1 

+ --r + - 


(s - py 0 - p) r (s pY~ 1 (s - p) 


{16.55} 


Once A r through A\ are known, we exploit the property 

1 




t k-\ e - at 


(s + a) k ) (k — 1)! 


«(0 


to write 


/(0 = 


A r t r ~ l 
Cr — 1)! 


+ ■ • • 4- Aff^ + A2t + A\ 


e pt u(t ) 


(16.56) 


We now wish to find A r through A\. To find A r we multiply Equa¬ 
tion (16.55) throughout by (s — p) r to get rid of the denominator of A r . Then 
we let s = p to get rid of all the right-hand side terms except A r itself. 


A, = <J - p) r F(s ) 


s=p 


(16.57a) 


To find A r _( we again multiply Equation (16.55) throughout by (s — p) r \ how¬ 
ever, to get rid of the constant A r , we now differentiate with respect to s 
throughout, and to get rid of all remaining terms except A r _] we then let s = p. 


Ar¬ 


ds 


(s - p) r F(s ) 


s=p 


The procedure is readily generalized as 


A,- = 


1 


(r — i)l ds r ' 


j(J - p) r F(s ) 


(16.57b) 


s=p 


i = 1, 2, ..., r — 1. The following example illustrates the application of these 
concepts for the case in which F(s) contains other poles besides a repeated pole. 
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^Example 16.12 

Find the inverse Laplace transform of 

8(5 + 2) 


F(s) = 


(5 + 1) 3 (5 + 3) 


Solution 

This function has a repeated real pole, p\ = — 1 Np/s, with multiplicity 
3, and a simple pole, p 2 = —3 Np/s. Thus, 

^ 1,3 , ^ 1,2 


F(s) = 


+ ^+ A2 


(5 + l) 3 (5 + l) 2 5+1 5 + 3 

Applying Equations (16.57) and (16.51), we have 

8(5 + 2) 


A 1,3 = (5 + lrF(s) 
d 8(5 + 2) 


^ 1,2 — 


ds 5 + 3 


S = — 1 


ly=—1 


5 + 3 
8 


_ 4 


J=- 1 


1 d 


A, , = - 


8 


2 ds (5 + 3) 2 
A 2 = (5 + 3)F(5) 


(5 + 3) 2 

1 -16 


= 2 


,=-i 2(s + 3) 3 U_ 1 

8(5+2) 


_ -1 


s——3 


(5 + l) 3 


= 1 


s =—3 


Finally, combining Equations (16.56) and (16.50), we get 
f(t) = [(4 1 2 + 2 1- l)e~‘ + e~ 3t ]u(t) 
which can be checked with the initial-value and final-value theorems. 


Exercise 16.16 Find Jf '{3(s + 2)/[5 2 (5 + 1)]}. | 

ANSWER 3(2/ — 1 + e~‘)u(t). 

__ 


Repeated Complex Pole Pairs 

Repeated complex pole pairs are treated in similar fashion, except that the cal¬ 
culations now involve complex algebra. 


[ 

► Example 16.13 

Find the inverse Laplace transform of 

2 


F(5) = 


(5 2 +45 + 5) 2 
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Solution 

This function has a repeated pole pair, p\ 2 — —2 ± j 1 complex Np/s, 
with multiplicity 2. Thus, 


F(s) = 


(5 + 2 — j\) 2 (s + 2 + j\) 2 
^ 1,2 ^ 1,1 


+ 


+ 


1 1, 2 


+ 


(j + 2-;l) 2 (5+2-jl) (5 + 2 + yi ) 2 ( s +2 + jl) 

We are only interested in the first two residues, 

2 


A h2 = (s + 2-jl) 2 F(s) 
d 2 


Ai i = 


ds (5 + 2 + yl) 2 


s=-2+;i (s+2 + yl) 2 

-2 


= -0.5 


i=-2+;l 


s=—2+j 1 +2+ yl) 3 | s= _ 2+jf i 

Hence, fit) = [—re -2 ' cos t + e -2 ' cos(f — 90°)]«(f), or 
fit) = (sin / - t cos t)e~ 2t «(f) 


= 0.5 /-90° 


Exercise 16.17 Find Jf -1 {(5 + l)/[5(5 2 + 2s + 2) 2 ]}. 
ANSWER 0.25 ^1 + [v^f cos (f + 135°) — cosr]e“'^u(r). 


Improper Rational Functions 

If m > n in Equation (16.47), Fis) is improper and we must perform long 
division to first put it in the form 


Fis) = 


Njs) 

D(s) 


= Q(s) + 


R(s) 

Dis) 


(16.58) 


where Q(s) is the quotient and Ris) is the remainder of the long division, and 
the degree of Ris) is less than the degree of Dis). We then perform the usual 
partial fraction expansion of the ratio Ris)/Dis) t which is proper , and we finally 
exploit linearity, along with the appropriate entries of Table 16.1, to find /(f). 




Example 16.14 

Find the inverse Laplace transform of 

2^ 3 + 115 2 + 145-5 


Fis) = 


s 2 + 5s + 6 
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Solution 


Since m = 3 and n = 2, this rational function is improper and we must 
first perform long division as follows: 

sl±5s±6\2s 3 + 1 Is 2 + 145 - 5| 2s + 1 Q{s) 

25 3 + IO 5 2 + 125 

5 2 + 25 - 5 

5 2 + 55 + 6 

- 35 - 11 «— R(s) 


Using the form of Equation (16.58) and expanding, we have 

-35-11 _ . 2 5 


F(5) =25+1 + 


= 25 + 1 + 


5 2 + 55 + 6 5 + 3 5+2 

Finally, applying linearity and using Table 16.1 we obtain 

f(t) = 2 + 5(0 + (2e -3 ' - 5 e~ 2r )u(t) 

at 


◄ 


Exercise 16.18 Find 1 {(25) 2 /(5 2 + 35 + 2)}. 
ANSWER 4[S(r) + (e"' - 4e" 2, )«(r)]. 


16.5 Application to Differential Equations 


A most elegant application of Laplace transforms is the solution of linear dif¬ 
ferential equations. As we know, in a linear circuit the applied signal jt(r) and 
the response y(t) are related by a differential equation of the type 


b„ 


d n y 

dt n 


+ bn -1 


d n l y 
dr - 1 


_ dy u d m x 

+ _ +fco ^ a „_ 


+ O-m -1 


d m 'x 

dt m - 1 


+ ... 


dx 

+ a 1 — +«o-^ 
dt 


<16.59) 


where a u through a„, and bo through b„ are real, time-independent coefficients. 
In Section 11.1 we solved differential equations using phasors; however, this 
method is applicable only to circuits in the ac steady state. In Chapter 14 we 
generalized the phasor method by introducing the concept of the network func¬ 
tion; however, this function provides only the functional form of the solution. 
Finding the unknown coefficients appearing in this function requires additional 
calculations on the basis of the initial conditions. In the present section we solve 
differential equations using Laplace transforms, and we find that this approach 
takes the initial conditions into account automatically, thus providing the com¬ 
plete solution without requiring any additional calculations. Moreover, we find 
a new meaning for the network function itself, namely, that its inverse transform 
is the impulse response of the circuit. 
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The Forced and Natural Response Components 

We assume the applied signal to be causal so that both x(t ) and its derivatives 
are zero for t < 0“. By contrast, the initial values of the response y(f) and 
its derivatives are not necessarily zero because of initial stored energy in the 
capacitances and inductances. Taking the Laplace transforms of both sides of 
Equation (16.59) and using Equation (16.32), we obtain, after rearranging, 

(b n s n + H-+ b x s + b 0 )Y(s ) - P ic (s) = ( a m s m + a m ^s m ~ l H- 

+ ajS + 


where y(s) = Jf (y(r)}, X(.s) = J?{x(t)}, and P ic (s ) is a polynomial of degree 
n — 1 in s consisting of linear combinations of the initial values of the function, 

y(0“), and of its first (n — 1) derivatives, y (1) (0“), y <2) (0“).y ( " -1) (CT). 

Solving for T(j) yields 



(16.60) 


(16.61) 


is the familiar network function introduced in Section 14.2, and 


Yio(s) = 


PiM 

D(s ) 


(16.62) 


is a rational function of s that depends on the initial conditions in y(r) and its 
derivatives, and that vanishes if these conditions are zero. To get a feel for its 
functional form, we show Y- iC (s) explicitly for the cases n = 1,2, and 3: 


YM 


Y ic (s) 


YAs) 


b\y(0 ) 
b\s + bo 

(b 2 s +fri)y(0~) +fr 2 > (1) ( 0 ") 
b 2 s 2 -t- b]S + bo 

(bjs 2 + b 2 s + £>i)y(0~) + (bis + ^2)y (1) (0~) + ^3>' (2) (0~) 
b 2 s 3 + b 2 s 2 4- b\s + bo 


(16.63a) 

(16.63b) 

(16.63c) 


The complete response y(t) to the applied signal .v(r) is found by taking 
the inverse Laplace transforms of both sides of Equation (16.60), 


y (t) = y'lflwwi + _^- , {y ic ( J )} 


(16.64) 
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This response can be expressed as the sum of two components, 


V (0 — ^forced y natural 


The first component, 


>Wd = 


116.65) 


( 16 . 66 ) 


depends on the applied signal *(/) regardless of the initial conditions, and is thus 
the forced component. As we know, it is also called the zero-state component 
because this is the response that the circuit would yield with zero initial energy 
in its reactive elements. The second component. 


ynatural —{^ic($)} 


(16.67) 


depends on the initial conditions regardless of the applied signal jc(r), and is thus 
the natural component, also called the zero-input or the source-free component. 
As we know, the circuit produces this component using the energy initially 
stored in its reactive elements. It is precisely the ability of the Laplace method 
to incorporate the initial conditions explicitly into the solution that makes it 
superior to the network function techniques of Chapter 14! 


► Example 16.15 

Use the Laplace method to solve the equation 

d 2 y{t) t n dy{t) dx(t) 

— +3 — +2yV) = 2 ^ r+m 


where 


x(t) = 2e 3t u(t) 


subject to the initial conditions y(0 ) = 1, and y {l) (0 ) = 2. 


Solution 

Taking the Laplace transforms of both sides yields 5 2 T(5) — sy(0 - ) — 
v (1J C0 ) + 3sF(s) - 3y(0") + 2Y(s) = 2jJK(j) + Jiffs). Solving for Y(s), 
we get 


Y(s) 


2s + 1 (. y + 3)y(0-) + y 1 >( 0~) 

5 2 + 35 + 2 s 2 + 35 + 2 


( 16 . 68 ) 


Substituting 2f(s) = 2e 3 'n(r)} = 2 f{s +3), along with y(0 ) = 1 
and y (1) (0“) = 2, yields 


25 + 1 
s 2 + 35 + 2 


2 5 + 5 

5 + 3 + 5 2 + 35 + 2 


Y(s) = 


x 


(16.69) 
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We now have two options, depending on whether we want to find the 
complete response or its individual components. Let us pursue both 
approaches and then check that our results satisfy Equation (16.65). 

(a) To find the complete response, combine V(.y) into a single 
expression and then perform a partial fraction expansion, 

5 2 + 125 + 17 3 3 5 

{S) ~ (s 2 + 3s 4- 2)(s + 3) “ 7TT + s+”2 ~ 7+3 
The complete response is thus 

y{ 0“) = 1 (16.70a) 

y(t > 0) = 3e~ r + 3e~ 2t - 5e~ 3 ‘ (16.70b) 


As a check, apply the initial-value and final-value theorems to 
find that y(0 + ) = 1 agrees with lim sT(.s) = 5 3 /s 3 — 1 and 

s —►OO 

y(oo) = 0 agrees with lim sT(s) = 0/(2 x 3) = 0. 

s —>-0 

(b) To find the individual response components, expand the terms 
comprising l%y) separately, 

2s +1 2 1 6 5 

i _ _ = __|__ _ 

s 2 + 3s + 2 5 + 3 s + l 5+2 5 + 3 

5 + 5 __4_3 

5 2 + 35 + 2 5 + 1 5+2 

Then, the individual response components are, for t > 0, 

yforced = —e~‘ + 6e~ Zt - 5e~ 31 (16.71a) 

ynatur.1 = 4^ - 3c" 2t (16.71b) 

As a check, you can verify that the sum of yf 0rce d and y n aturai 
coincides with y(t) of Equation (16.70), as it should. 


Exercise 16.19 Use the Laplace method to solve the equation 
d 2 y/dt +Adyjdt + 3y = x(t), where x{t) = 5e~‘u(t), y(0“) = 2, and 
yO)(Q - ) — 2. Don’t forget to check your results! 

ANSWER y (t > 0) = (2.5f + 2.75)e- f - 0.15e~ 3> . 


Example 16.16 

(a) Repeat Example 16.15, but with the initial conditions changed to 
y(0“) = 3 and y (1) (0 _ ) = 1. 

(b) Repeat Example 16.15, but with the applied signal changed to 
x(t) = 2(cos 3r)«(r). 
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Solution 


(a) With a changed set of initial conditions, only Y IQ (s) and hence 
^natural will change. Thus, 

ic{S 5 2 + 3s + 2 5 2 + 35 + 2 5 + 1 5 +2 

so that ^natural = (7e -f - 4 e~ 2r )u(t). Letting y(t > 0) = 
yforced + Vnaturah with Vforced as given in Equation (16.71a), we 
obtain 


y(f > 0) = 6e ' + 2e 2f - 5e 3( 

(b) With a changed applied signal, only y forced will change. Letting 
Jf(5) = 25/(5 2 + 3 2 ), we obtain 


H(s)X(s) = 


2 5 + 1 


25 


5 2 + 35 + 2 s 2 + 9 
■v/37/130 /—47.34° 


+ 


5 - j 3 


+ 


0.2 _ 12/13 
5 + 1 5+2 

V37/130 /47,34° 
s + j3 


Thus, yf on;e d = [Q.2e-‘ -itt/lDe' 2 * +y/l%J&co&(3t -47.34°)] 
x «(r). Letting y(r > 0) = y forC ed + Natural, with y namra | as given 
in Equation (16.71b), we obtain 


y (t > 0) = 4.2*“' - (51 /13)<T 2 ' + y/74/65 cos (3/ - 47.34°) 


1 


Exercise 16.20 

(a) Repeat Exercise 16.19, but with the initial conditions changed to 
y(0“) = 2 and y (1) (0“) = —2. 

(b) Repeat Exercise 16.19, but with the applied signal changed to 
x(r) = 2(sin/)«(/). 

ANSWER (a) y(t > 0) = (2.5r + 0.75)«?"' + 1.25<r 3 '; (b) y(t > 0) = 
4.5e"' -2.1e" 3 ' + (l/V5)cos(r - 153.43°). 


► Example 16.17 

Use Laplace transforms to solve the integrodifferential equation 
dy(t) f 

i + 4y(r) + 5 / y ($) d% = 3«(r) 

dt Jo 

subject to the initial condition y(0“) = 1. 
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Solution 

Transforming, 


or 


Y(s) = 


sY(s) — 1 + 4T(s) + -F(j) — - 
s s 

5 + 3 0.5 — j 0.5 0.5 + 70.5 

5 2 + 45 + 5 5 + 2 — jl s + 2 + jl 


Thus, 


y(t > 0) = \Fle 2t cos (t — 45°) 


Exercise 16.21 Use Laplace transforms to solve the integrodifferential 
equation dy{t)fdt + y(f )e~ 2(! ~^ ] d% — 2u(t), subject to the initial 
condition y(0~) = 1. 

ANSWER y(t > 0) = 4 - (f + 3)e~‘. 


Example 16.18 

Use Laplace transforms to solve the simultaneous equations 
dyi(t) 


dt 


+ 2yi(r) - ys(f) = u(t) 


d y2(t) 

yi(0 -t: - 2 y 2 (0 = o 

dt 

subject to the initial conditions yi(0 _ ) = 2, and V 2(0 ) = 0. 


Solution 

Taking the Laplace transforms of both equations, 

sYi(s) -2 + 2Yi -Y 2 = 1/5 
Y\ (s) -(sY 2 -0)- 2Y 2 (s) = 0 
Solving by Cramer’s rule yields 

y (5 + 2)(25+l) 2/3 1/2 5/6 

1 5(5 2 +45 + 3) 5 5 + 1 5 +3 

y 25 + 1 _ 1/3 1/2 5/6 

2 5{5 2 + 45 +3) 5 5 + 1 5 + 3 
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Taking the inverse Laplace transforms, 

vi(r > 0) = ~(4 + 3e~' + 5e~ 3t ) 
o 

n(t> 0) = ^(2 + 3e“'-5e“ 3 ') 

b 


1 


Exercise 16.22 Use Laplace transforms to solve the simultaneous 
equations dy\{t)fdt + yi(t) + dy 2 (t)/dt + yiit ) = e~ 2l u(t), and 
dy\{t)/dt — _yi(/) — 2y 2 (t) = 0, subject to the initial conditions 
| vi (0 ) = 0 and >»2(0 ) = L 

i 

ANSWER V|(f > 0) = 2[e~ 2 ' + (2 1 — l)e - '], and y 2 (t > 0) = 
-3e- 2 ' - 4 (/ - 




Example 16.19 


A circuit has the network function 


H(s) = 


2s + 3 
s 2 -4- 2s + 5 


i Find its response y(t) to the applied signal x(t) = 2tu{t), subject to the 
initial conditions y(0~) = 1, and y (1, (0 _ ) = — L 


Solution 

To find y(t) we must first put T(s) in the form of Equation (16.60). By 
inspection, b 2 = 1, and b\ =2. Hence, using Equation (16.63b), 


Y(s) = 


2^ + 3 (j + 2)y(0-) + y>(0-) 

s 2 + 2s + 5 (S>+ s 2 + 2s + 5 


Substituting A^s) = 2^{2tu(t)} = 2/s 2 , along with y(0 ) = 1 and 
y n> (0 - ) = — 1, we obtain, after collecting and expanding. 


Y(s) = 


s 3 + s 2 4- 4s + 6 
(s 2 + 2 s + 5)s 2 


6/5 8/25 (726/10)/48.18° (726/10)/-48.18° 

s 2 s s + 1 — j2 s + 1 + j2 
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Clearly, the inverse transform of the network function of a circuit is simply its 
impulse response. Once we know H(s), this response may be found by taking 
its inverse transform. Conversely, if we know the impulse response h(t), we can 
find the network function by taking its Laplace transform. This is particularly 
important when the network function must be found experimentally. We now 
have an important new interpretation for the network function! 


^Example 16.20 

The network function of a certain circuit has a pole pair p\^ = —3 ± j4 
complex Np/s, and a zero z 1 = — 5 Np/s. Moreover, H{ 0) = 10. Find the 
impulse response of this circuit. 


Solution 

By inspection, 


H(s) = 


50(5 + 5) 


(5 + 3-j4)(5 + 3 + ;4) 

The residue at the upper pole is A\ = 12.5V5 /—26.57° . Hence, 
h(t) = 25V5e- 3r [cos(4 1 - 26.57°)]«(0 


5 




Example 16.21 


If the impulse response of a circuit is h(t) = 10c 2r «(f), what is its 
response to a unit step? 


Solution 


H(s) = Jf{h(t)} = 10/(5 + 2). Then, 

Y(s)=H(s)X(s) = -^-- = - 

5 + 25 5 

Hence, 

y(t)=5(\-e- 2t )u(t) 


5 

7T2 


1 


Exercise 16.24 If the unit step response of a circuit is y(r) = 10c 2t , 
what is its impulse response? 

ANSWER h(t) = 105(f) - 20 e~ 2t u(t). 
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A CONVERSATION WITH 

Louis S. Hureston 

PACIFIC BELL 



Louis Hureston found that his electrical engineering degree 
was a great platform to becoming a telecommunications 
manager at Pacific Bell. 


A fter earning his BS degree in electrical engi¬ 
neering from the Illinois Institute of Technol¬ 
ogy {1982} and his MS in electrical engineer¬ 
ing from Georgia Institute of Technology (1983), Louis 
S. Hureston worked for Bell Labs in Chicago before 
accepting a management position with Pacific Bell 
in 1987. He completed the Executive Development 
Program at Northwestern University in 1989 and is 
currently director of the Information Technology and 
Engineering Consulting Group at Pacific Bell in San 
Ramon, California. 

What is the main responsibility of your group, Mr. 
Hureston? 

The short answer is “design software and propose 
hardware.” The long answer covers a lot of ground 
with those five words because we offer a whole menu 
of services to the operational units of Pacific Bell. 
The company is divided into regional business units, 
each unit operating a segment of the California pub¬ 
lic telephone network. My organization offers re¬ 
engineering of business processes and development of 
knowledge-based systems for these business units. A 
typical request might be, “Design a computer system 
that improves the efficiency of our service representa¬ 
tives,” or perhaps, "Give us an intelligent workstation 
that will help our repair department handle service 
calls more effectively.” 

Then my people have to come up with a program 
that gets the job done, analyze all the cost, perfor¬ 
mance, and scheduling trade-offs, and end up with 
the best package possible for the task. 


















Conversation with Louis Hureston 


How does your EE background enter into this 
work? 

Well, because most of our assignments boil down to 
revamping telecommunications systems, training in 
EE helps in analyzing those systems. Also, the EE 
work I did for my master’s had a heavy emphasis 
on the combination of computer systems and com¬ 
munication theory because I knew I’d be going into 
telecommunications from the time I had my first sum¬ 
mer job with AT&T in Chicago in 1978. 

When did you know you wanted to major in EE? 

Up until I was a junior in high school, I always 
thought I would be a doctor. I did well in math and 
science and felt, the way a lot of other idealistic kids 
do, that I wanted to help people. So everyone I talked 
to told me I was a natural for being a doctor. During 
my senior year, though, when I started exploring the 
college catalogs more closely, I became intrigued by 
the engineering courses, and that’s the route I ended 
up taking. 

Any regrets? 

Not at all. I think you get more career choices with 
an engineering base than with premed. For instance, 
if I had continued to want to go to med school, I 
would have stressed biomedical engineering as an un¬ 
dergraduate. As things turned out, I ended up in man¬ 
agement, and engineering offered a great platform for 
making that jump. In general, an engineering degree 
is a prized asset in business careers. It’s common 
for about 30 percent of students in the top MBA pro¬ 
grams to have an undergraduate degree in engineer¬ 
ing or one of the sciences, and a significant number 
of senior managers in Fortune 500 companies have a 
technical degree. 

Once I had a few engineering courses under my 
belt in college, I said goodbye to med school plans. 
Now the service-to-people part of me gets satisfac¬ 
tion from knowing that engineers can use design to 
improve conditions in society across all disciplines. 


Plus I’m active in the National Society of Black Engi¬ 
neers, an organization I joined when I was a junior in 
college. I speak at high schools and colleges and try 
to get African-American students enthusiastic about 


“Enjoy the learning and... the 
applications will come... .don’t be 
concerned if you finish school with 
more questions than answers. ” 

engineering. One of the NSBE projects I have been 
involved in is the design and implementation of an 
electronic mail system that students and alumni mem¬ 
bers of NSBE can use as a communication tool. As 
an added benefit, projects like this are great for cre¬ 
ating enthusiasm and awareness among high school 
and even elementary school students, making these 
kids aware of the opportunities in engineering. 

Can you remember anything about your circuits 
course you’d like to mention? 

It’s the first time most science students see the abstract 
laws they learned in physics applied to the real world. 
In that respect, this course gave me a new feel for the 
meaning of the core science program my teachers had 
been talking about since grade school. Sort of “Aha, 
so this is what all that work was for, how to bring 
electricity into people’s lives.” 

What advice would you offer to someone taking 
the circuits course today, in other words, someone 
just starting out on the EE road? 

Enjoy the learning and accept that the applications 
will come. Take as many social science and hu¬ 
manities courses as you can to balance the math and 

(Continued) 
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( Continued ) 

science courses. Doing so will show you the people 
side of the picture, which you will need as much as 
you need the computer side. If you think you might 
like to go into management, take some economics 
courses, too, to help you appreciate the financial di¬ 
mension of any project. 

Also, don’t be concerned if you finish school with 
more questions than answers. I naively expected that 
grad school would answer all the EE questions I had 
accumulated in college. I ended up with so many new 
questions, it took me five years of work experience 
to get most of the answers. And note I said “most.” I 
still have questions—and hope I always will, for that 
matter. 

Let’s talk for a minute about being a manager. 
How does it compare with being a working engi¬ 
neer? 

My first six months as a manager at Pacific Bell were, 
shall we say, challenging, and in many respects I felt 
quite uncomfortable. But then I began to see how I 
could have a positive impact on other people’s poten¬ 
tial. Instead of working alone and solving one prob¬ 
lem in the course of a week, say, or a month, I could 
get ten people to solve 25 problems. Once I realized 
that, I became quite comfortable with my job. 

Being a manager is as demanding as being an 
engineer but in a different way. A manager’s inter¬ 
personal skills and communications skills are needed 
every minute of the day. An engineer needs these 
skills, too, of course, but they come into play when 
she or he is writing a report, say, or working on a team 
project—activities that are only part of the engineer’s 
job. For managers, communication is a greater part 


of the job. In other words, managers spend a sig¬ 
nificant portion of their time coaching and acting as 
mentors. 

The questions I deal with these days are not 
“What series resistors will get the job done here?” 
but “How can I tap into the human potential of my 
staff?” or “How can I help this engineer develop his 
critical thinking skills?” or “What will motivate this 
engineer to handle her time more efficiently?” 

What’s the future look like for information tech¬ 
nology? 

Growth, growth, growth. The information industry 
worldwide is expected to have hundreds of billions 
of dollars of growth during the 1990s. It’s almost 


“It’s almost indescribable how 
much growth potential there is in 
information technology , and... circuits 
are the hub ... hardware design 
boils down to circuit design. ” 


indescribable how much growth potential there is in 
information technology, and when you think about 
it, circuits are the hub of the whole issue: The 
whole area of hardware design boils down to circuit 
design. 


16.6 Application to Circuit Analysis 

The Laplace techniques of the previous section allow us to solve a differential 
equation in which the initial conditions are specified in terms of the solution itself 
and its first n — 1 derivatives. In circuit analysis, however, it is more sensible 
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to have these conditions specified in terms of the initial states of its reactive 
elements. Moreover, it is desirable to formulate circuit equations directly in 
algebraic form, bypassing the derivations of any differential equations. We 
now develop a method to simultaneously achieve both goals. But first, let us 
investigate how Laplace transforms affect the constitutive laws of the basic 
circuit elements. 


Circuit Element Models 


The constitutive law for resistance is v(t) — Ri(t). Taking the Laplace trans¬ 
form of both sides yields 

(16.74) 

where V%y) = _^{u(r)} and I(s) — -!f'{i{t)}. Clearly, Ohm’s Law holds 
also for the Laplace transforms of voltage and current. Note, however, that 
the physical units of V(.v) and I is) are, respectively, volts x seconds (V-s) and 
amperes x seconds (A-s); this follows from the Laplace transform definition of 
Equation (16.17). The dimensions of the ratio V(s)/I(s) are ohms. As depicted 
in Figure 16.10, the 5 -domain model for resistance is again a resistance of R 
but carrying a current of I(s) A-s and developing a voltage of V(r) V-s. 

The constitutive law for inductance, shown in Figure 16.11(a), is u(r) = 
Ldi(t)/dt. Taking the Laplace transform of both sides yields 

(16.75) 

where we have used the subscript L to emphasize that the initial condition 
accounted for by the Laplace transformation is the inductance current. Note 
that Lii(0~) has the same dimensions as V%r), namely, V-s. Equation (16.75) 
suggests the ^-domain model of Figure 16.11(b), which consists of an impedance 
of sL Q in series with a voltage source of Lf’z,(CT) V-s and with polarity opposite 
to V(s), 

Equation (16.75) can be turned around to yield 




sL s 


(16.76) 


This suggests the alternative 5-domain model of Figure 16.11(c), consisting of 
an impedance of sL S2 in parallel with a current source of ii(0~)/s A-s and 
with the same direction as I (s). 

The constitutive law for capacitance, shown in Figure 16.12(a), is i(t) = 
Cdv(t)/dt, and it transforms as I(s) = sCV(s) — Cuc(0“), or 



where we have used the subscript C to emphasize that the initial condition is 
now the capacitance voltage. Since Cvc (0 _ ) has the same dimensions as l(s). 


id) I{s) 



(a) (b) 

Figure 16.10 (a) /-domain and 
(b) s-domain representations for 
resistance. 





(b) (c) 

Figure 16.11 (a) /-domain and (b), 
(c) ^-domain representations for 
inductance. 
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(a) 



I(s) 


—- 


+ 

Cu r (0-) 

-) = 

=k C 

0 J 



(c) 


Figure 16.12 (a) r-domain and ( b ), 
(c) ^-domain representations for capaci¬ 
tance. 


or A-s, we can use the 5 -domain model of Figure 16.12(c), consisting of an 
impedance of 1 jsC £2 in parallel with a current source of Cvd 0 _ ) A-s and 
with opposite direction as I(s). Turning Equation (16.77) around as 


V(s) = 


f(s) v c ( 0 ~) 
sC s 


(16.78} 


suggests the alternative 5 -domain model of Figure 16.12(b), where the impedance 
of 1 / 5 C £2 is now in series with a voltage source of Uc( 0~)/5 V-s and with the 
same polarity as V( 5 ). 

Finally, the constitutive laws for magnetically coupled coils are u,(r) = 
L \ dif ty/dt + Mdi 2 (t)/dt, and v 2 (t) = Mdi { {t)jdt -f L 2 di 2 {t)/dt, and they 
transform as 


VK5) = fLs/i<5) + sMI 2 (s) - [L,ii(0") + Afi 2 (0“)] (16.79a) 

V 2 (s) = sM.I\ ( 5 ) + sL 2 1 2 (s) - + L 2 i 2 (Q-)] (16.79b) 

This suggests the 5 -domain model of Figure 16.13(b). 

In dealing with 5 -domain circuit representations, careful attention must be 
paid to the polarities of the initial-condition sources relative to the polarities 
of V( 5 ) and I(s). If the polarity of i/.(0“) or u c (0~) is reversed, then the 
corresponding source must also be reversed. 

We observe that if all initial conditions are zero, then all corresponding 
sources vanish and the 5-domain element models reduce to those developed in 
Chapter 14, or Vf 5 ) = RI(s), V r ( 5 ) = sLI(s), and V ( 5 ) = f(s)/sC. It is apparent 
that thanks to its ability to account for nonzero initial conditions, the Laplace 
technique is a generalization of the network function techniques of Chapter 14. 
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(a) (b) 

Figure 16.13 (a) r-domain and (b) 5-domain representations for magnetically 
coupled coils. 


Circuit Analysis Using Laplace Transforms 

We are now ready to analyze a circuit and find its response in terms of the initial 
states of its reactive elements. Our analysis is based upon the 5-domain element 
laws of Equations (16.74) through (16.79), along with KCL and KVL, which 
hold also in s-domain form, 


= Y2 i om( s ) (16.80a) 

n n 

v -e(*> = S W s) (16.80b) 


Circuit analysis via Laplace methods involves the following steps: 

(1) Use the r-domain form of the circuit to find (0 — ) through each in¬ 
ductance, and u c (0“) across each capacitance. 

(2) Redraw the circuit in 5-domain form, with each voltage and current 
source replaced by its Laplace transform, and with each element re¬ 
placed by its 5-domain equivalent. For loop analysis, the models using 
initial-condition voltage sources are generally preferable; for node anal¬ 
ysis, the models with current sources are generally preferable. 

(3) Analyze the transformed circuit as if it were purely resistive, except 
that the signals are Laplace transforms, in V-s or A-s, the elements are 
impedances, in and the circuit contains additional sources to account 
for the initial conditions in its reactive elements. These sources will 
be absent if the circuit is in its zero state. Depending on the case, 
the analysis may require the use of the series or parallel impedance 
formulas, the voltage or current divider formulas, the superposition 
principle, the node or loop methods, Th6venin or Norton reductions, 
the op amp rule, and so forth. The outcome is one or more algebraic 
equations relating the Laplace transform T(.v) of the response to those of 
the applied sources. The coefficients of these equations are functions 
of the complex impedances R, sL, and 1/sC, as well as the initial 
conditions iz(CT) and uc(0 - ) of the reactive elements. 
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Once we know F(,y), the time-domain response is obtained as 


j(0 = ^'{F(s)} 


(16.81) 


Of particular interest is the case of a single applied source X(s), for then the 
response ITsj takes on the general form 


Y(s) = H(s)X(s) + 

^natural (■') 


( 16 . 82 ) 


where H(s) is the network Junction, and FnaturaiOs) is a function arising from the 
initial stored energies in the reactive elements. The complete response is the 
sum of the forced and natural components, y(t) = >’ forced + y naturaN where 


Jforced = ^- l ms)X(s)} 
^natural = {^natural (•*)) 

Let us illustrate the Laplace method with actual examples. 


(16.83a) 

(16.83b) 


t: 


Example 16.22 

Find v(t) in the circuit of Figure 16.14(a). 

Solution 


We could analyze the circuit via the techniques of Chapter 8; however, 
we shall use the Laplace method to see how it automatically accounts for 
the initial conditions. 



Figure 16.14 (a) Circuit of Example 16.22; (b) circuit to find the initial conditions; 
(c) i-domain representation. 
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Referring to Figure 16.14(b), where the units are [V], [A], and [£2], 
we observe that 


i>c(0“) = -1 x 4 = -4 V 

indicating that the ^-domain model of the capacitance must include a 
parallel current source Cvc (0“) = 10 -6 x 4 A-s pointing downward 
because of the polarity of t> c (0 _ ). 

Next, redraw the circuit in 5-domain form as in Figure 16.14(c), 
where the units are now [V-s], [A-s], and [£2]. Note that the original 
sources are replaced by their Laplace transforms lO/s and 4 x 10 _3 /s, 
the capacitance by its impedance l/(sl0 -6 ), and the response by its 
transform V(s), Applying KCL, we have 

4 x 10" 3 V(s) , 

-+ . . . ' + 4 x 10 -6 


10 /s - V(s) 


10 3 5 ' l/(sl0- 6 ) 

Collecting and performing a partial fraction expansion gives 
6 x 10 3 — 4r 6 10 


V(S) s(s + 10 3 ) 5 

Taking the inverse Laplace transform yields 

v(t > 0) — 6 lOe 


+ 10 3 


-lO 3 ; 


Exercise 16.25 Repeat Example 16.22, but with the capacitance 
replaced by a 10-mH inductance. 

ANSWER V (t > 0) = 10<r 1Q5f V. 




Example 16.23 


Find u(f) in the circuit of Figure 16.15(a). 


Solution 

We could use the techniques of Chapter 14; however, we shall employ 
the Laplace method to obtain the complete response with the initial 
conditions automatically accounted for. 

To find these conditions, refer to Figure 16.15(b), where the units are 
[V], [A], and [£2|. By Ohm’s Law and the current divider formula, 

«c(0“) = (4 || 1)2.5 = 2 V 

4 

4TT 


it(0“)= 


2.5 = 2 A 
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5«(/)Vf + ) i F 


2.5 A 0 ) 1 £ 2 . 


c(0-)(T)2.5 > 1 



Figure 16.15 (a) Circuit of Example 16.23; (b) circuit to find the 
initial conditions; (c) s-domain representation. 


Next, redraw the circuit in 5-domain form as in Figure 16.15(c), 
where the units are [V-s], [A-s], and [ft]. Anticipating the use of the 
node method, we model the initial conditions with the current sources 
Cuc(0~) = J x 2 = 0.5 A-s (t), and i L (0~)/s - 2/s (—►). We also 
select the reference node, label the essential nodes, and select reference 
directions for the branch currents. 

Applying KCL at nodes Vi(s) and V(s) yields 

5/s-V,(j) , ne , 2.5 Vi(s) , 2 ( VKsJ-Vfs) 

4 5 4/s s 0.2s 

2 VM-Vjs) _ V(5) 

s 0.2 j 1 

Eliminating Vi(5), solving for V(5), and performing a partial fraction 
expansion, we obtain 


2s 2 + 125 + 75 3 0.625/143.13 c 

V{s) = —--= - H- !== 

s(s 2 + 65 + 25) 5 5 + 3 - i4 


0.625/ —143.13 c 


-1- ^ _L i/I 
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Taking the inverse Laplace transform, 

v(t > 0) = 3 + l.25e~ 2! cos{4 1 + 143.13°) V 

! Exercise 16.26 Find t(r) in the circuit of Figure 16.15(a) if the 
| capacitance and inductance are interchanged with each other. 

j ANSWER u(r) = [L25e“ 2 4 ' cos (3.2r + 36.87 °)]h(0 V. 


► Example 16.24 

j 

(a) Find t;(f) in Figure 16.15(a), but with the 2.5-A source removed 
from the circuit. 

(b) Repeat part (a) if the applied source is changed to (sin 2t)u(t) V. 


! Solution 


(a) Without the 2.5-A source we have t>c(0 - ) = 0 and t‘i(0 - ) = 0, 
so the ^-domain circuit assumes the simpler form of Figure 16.16. 
Since now V„atunii(s) = 0* we can solve our circuit by working 
directly with the network function. Applying the voltage divider 
formula twice, we get 


H(s) = 


Hence, 


1 


(4/5) || (0.25 + 1) 


0.25 + 1 4 +[(4/5) || (0.25 + 1)] 5 2 + 65 + 25 


vm= " w ; = ^ + 6 5 , + 25 ) 

_ 1 0.625 /143.13° 0.625 /-143.13° 

5 5 + 3 - jA 5 + 3 + y'4 

Taking the inverse Laplace transform, 

u(/) = [1 + 1.25e“ 3 ' cos {At + 143.13°)]u(f) V 

(b) The Laplace transform of the applied signal is now 2/{s 2 + 2 2 ). 
Hence, 



2 10 
5 2 + 4 ( 5 2 + 65 + 25)(5 2 + 4) 


V(s) = His) 





790 Chapter 16 The Laplace Transform 


After performing the usual partial fraction expansion we find 

v(r) = —[e" 3 ' cos (At +7.13°) +2 cos (It -119.75°)]w(f) V ^ 
6 v 65 


Exercise 16.27 Consider the circuit obtained from that of Fig¬ 
ure 16.15(a) by removing the 2.5-A source. 

(a) Find u(f) if the 1-fi resistance is changed to 2 Q. What is the 
damping condition? 

(b) Find the value to which the l-£2 resistance must be changed in 
order to achieve critical damping. Hence, find u(r). 

ANSWER (a) v(f) = |(1 — 6 e~ 5r -I- 5 e~ 6 ‘)u(t) V, overdamped; 

(b) 0.2(1 +4V5) a u(r) = [1.660- (9.086r + 1.660)e- 5 - 472 ']w(0 V. 




Example 16.25 


Assuming the switch in the circuit of Figure 16.17(a) has been open for a 
long time, find i(t > 0 ). 


Solution 

Referring to Figure 16.17(b), where the units are [V], [A], and [£2]» we 
have, by KCL, 

8 — vx _ vx vx 

2 ~ T + T 

or vx = 2 V. The initial conditions are 


u c (0 ) = v x = 2 V 
8 — i>x 

hi 0“) = = 3 A 

so Ci>c(0 - ) = 5 x 2 = 0.5 A-s, and ii(0~)/s =3 /s A-s. This leads to 
the .y-domain representation of Figure 16.17(c), where the units are [V-s], 
[A-s], and [£2]. Because the switch is closed, we have Vx(s) = 8/5. 
Applying KCL and Ohm’s Law, 


3 , 8/5 - V,(s) , V,(y) , 8/5 , V,(j) 

7 + as7 +a5_ ~ + ^“ + 77T 

/w .!^w + ? 

O.Sy s 
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3/s 



Eliminating V\ {s) and performing a partial fraction expansion, j 

_ 3s 2 + 245 + 96 _ 12 1.5710/161.56° 1.5710/ -161.56° ' 

s(s 2 +4j + 8) s + 5 + 2 — jl s + 2 + j2 


Hence, 

i(t > 0) = 3[4 + TTOe" 2 ' cos (2 1 + 161.57°)] A 




Exercise 16.28 Repeat Example 16.25 if the switch, after having been 
closed for a long time, is opened at t = 0. 

ANSWER /(f > 0) = 3[1 + VWe~ 4t cos (4r + 18.43°)] A. 
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Example 16.26 

Find the response of the circuit of Figure 16.18(a) if vj{t) is a 1-V, 1.5-s 
pulse. 



Figure 16.18 Circuit of Example 16.26 and its pulse response. 


»,('). V 

j, 


Solution 

Since the initial conditions are zero, we have y n;Ulira i(s) = 0, and we can 
thus write 


Vo(s) =»<J)V,W = - 1(1 -e~' s ’) 

R + 1 jsC s 


1 1 

s s + 1 


(l~e~ L5s ) 


where we have used voltage division, along with Equation (16.36). The 
response is thus 

v Q (t) = (1 - e~‘)u(t) - (1 - e~°~ L5) )u(t - 1.5) V 
and is shown, along with the applied pulse, in Figure 16.18(b). 


Exercise 16.29 Repeat Example 16.26, but with the capacitance 
replaced by an inductance L = 1 H. 


>0 1 

Figure 16.19 Signal of 
Exercise 16.30. 


ANSWER v 0 (t) = e — e (t 15) n(r — 1.5) V. 


Exercise 16.30 Repeat Example 16.26 if the applied signal is that of 
Figure 16.19. 


ANSWER v o (0 = (t -l +e“ f )«(0 - (r - l)«(r - 1 ) V. 
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Example 16.27 

Assuming the switch in the circuit of Figure 16.20(a) has been open for a 
long time, find u(r > 0). 




0.5 




(c) 

Figure 16.20 Circuits of Example 16.27. 


Solution 

Referring to Figure 16.20(b), where the units are [V], [A], and [S2], we 
have 

m(0“) = 6/(2+1) = 2 A 
1 * 2 ( 0 ") = 0 

Consequently, the ^-domain representation must include a source 

— L]/|(0 - ) = -2 x 2 = -4 V-s in series with L\, and a source 

— Af/'i(0 - ) = — 1 x 2 = —2 V-s in series with L 2 . This is depicted in 
Figure 16.20(c), where the units are [V-s], [A-s], and [S2], Applying the 
loop method, we get 


4=1/,+ 2s/! 4- ls/ 2 
2 = (1.5 +0.5)/ 2 + 3 s/ 2 + ls/i 
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Eliminating /j and performing a partial fraction expansion, we get 

2 2 / 3 2/3 

2 5s 2 +7$-t-2 5 + 0.4 5 + 1 

The current response is thus r'2(0 = |( e~ 0At — e~ r )u(t) A. Letting 
u(t) = — 1.5i2(t) yields 

v(t) = (e 1 ~e-° A! )u(t) V 


Exercise 16.31 Repeat Example 16.27 if the switch, after having been 
closed for a long time, is opened at t = 0. 

ANSWER u(/) = f («? a6 ' - e~ 2t )u(t) V. 




Example 16.28 

(a) Find the impulse response h(t ) of the circuit of Figure 16.21. 

(b) What is the amount of energy injected by the impulse into the 
circuit? 



Figure 16.21 Circuit of Example 16.28. 


Solution 


(a) u(r) = -^ -1 {ff(5);t(s)} = Jf -1 {ff(.s)l} = h(t). By the voltage 
divider formula. 


ms) = 


1/sC 

R + 5L + 1/sC 


1 

LCs 2 + RCs + 1 


Substituting the given component values and performing a partial 
fraction expansion, we have 


= 25 = -7 25/8 7 25/8 

s 2 + 6s + 25 5 + 3 — / 4 s + 3 + j4 


Hence, hit) = ^ e 3f cos (4 1 — 90 a )u(t), or 

h(t) = (6.25e~ 3t sin4t)«(0 V 
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(b) The total initial energy is the sum of the capacitive and inductive 
energies: 

uj( 0 + ) = iuc(0 + ) + u>l( 0 + ) = -Cu£(0 + ) + -Li£(0 + ) 

By inspection, i>c(0 + ) = M0 + ) = 6.25e°sin0 = 0, so irc(0 + ) = 
0. By KCL and the capacitance law, u(0 + ) = i'c(0 + ) = 
Cdh(0+)/dt = 6.25C(-3e°sinO + 4e°cosO) = 25 C = 2.5 A. 
Then, 

tn(0 + ) = u>l( 0 + ) = ^0.4 x 2.5 2 = 1.25 J 


Remark Note that the energy injected by the impulse is initially stored 
entirely in L, and that the amount is independent of the value of R. Can 
you justify this physically? 


Exercise 16.32 Find the impulse response of the circuit of Figure 16.21 
if (a) R = 4 £2 and (b) R = V20 fi. 

ANSWER (a) h(t) = 25te~ St u(t) V; (b) h(t) = 

5^-3.090/ _ g—8.090f)y(j) V 


Example 16.29 

Find the response i(t) of the circuit of Figure 16.22(a) if = 5 V 

and = 2.5 A. 


Solution 

Since this is a source-free circuit, we have i(t) = (natural- Anticipating 
the use of the loop method, we redraw the circuit as in Figure 16.22(b), 
where the units are [V-s], [A-s], and [CT|. Applying KVL around the loop 
yields 

1 = j + ^2.4 + 0.4j + y^/ 


2.5(5 - 5) 
s 2 + 6s + 25 
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This function has the pole pair p\ 2 = (—1 ± 71 ) 10 3 complex 
Np/s. The response to an impulse with a strength of 10 -3 V is 
thus 

MO =-^ _ 1 {//(s)l(T 3 } = 2 e -10 '(sin 10 3 r)w(r) V 
(b) The response to a 10-V step is 

Vo(t)=^~ l |/f(s)y| = 10[l + V2e _,oJ 'sin(10 3 t-135°)]M(0 V 


Exercise 16.33 In the circuit of Figure 16.23 let /?[ = R% = 10 k£2 
and Ci = C 2 = 10 nF. The source 17 , after having been 5 V for a long 
time, is switched to 10 V at t = 0. Find vo(t). 

ANSWER v 0 (t < 0) = 5 V, v 0 (t > 0) = 5[2 - (10 4 r + DM 0 *'] V. 


16.7 Convolution 


Laplace techniques transform a time-domain problem to a frequency-domain 
one. If the circuit under scrutiny is in its zero state, its 5 -domain response is 
found as 

Y(s) = H(s)X(s) 


where H(s ) is the network function of the circuit, and 3f(s) and Y(s) are, 
respectively, the Laplace transforms of the applied signal and the response. 
The t -domain response, which is the forced response, is then found as y(f) = 
or 


There are situations in which a circuit must be analyzed entirely in the time 
domain. A common example is when the applied signal x{t) or the impulse 
response h{t) of the circuit are known only through experimental data and may 
thus lack explicit Laplace transforms. Exploiting the fact that {H(s)X(s)} = 
h(t)*x(t), these situations are more easily handled via the convolution operation, 
which is exclusively a time-domain operation, 



116.84a) 


Since the convolution operation is commutative, the response can also be found 
as 


y(t)=x(t)*h(t)= [' x$)h(t-$)dS 

J 0- 


116.84b) 
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Convolution is pictured in Figure 16.24. We again stress that the response 
provided by this method is the zero-state or forced response, that is, the re¬ 
sponse for the case of zero initial stored energy in the reactive elements of the 
circuit. 



Figure 16.24 Once we know the response h(t) to the impulse S(t), the response y(t) to 
an arbitrary signal x(r) is found by convolving h{t) and x(t). 


Graphical Convolution 

We can better appreciate the convolution of two functions f(t) and g{t) via the 
graphical sequence of Figure 16.25. Its steps are: 

(1) Plot g versus the dummy time-integration variable £, as shown in the 
example of Figure 16.25(a). 

(2) Fold g about the vertical axis by changing its argument from £ to 

as in Figure 16.25(b). Whatever value gif) achieves at £, g(~C) 
achieves at since g[-{—£)] = g(£), 

(3) Slide g along the $ axis by augmenting its argument by t, as in Fig¬ 
ure 16.25(c). Whatever value g{— §) achieves at £ = 0, g(t — £) 
achieves at t - £ = 0, or £ = t. Clearly, t > 0 implies a shift toward 
the right, and / < 0 a shift toward the left. 

(4) Plot / versus the dummy time-integration variable £, as shown in the 
example of Figure 16.25(d). 

(5) Take the product /(£)#(*-£) and plot it versus point by point, 
as shown in Figure 16.25(e). The area under this curve represents the 
value of fit) * g(t) for the given t. 

(6) To find the profile of f(t) * g(t) versus t, calculate the areas of Step 
5 for different values of t, starting with / = 0 and gradually increas¬ 
ing t, and then plot them point by point. The result is shown in Fig¬ 
ure 16.25(f). 
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In this illustration we have kept /(£) fixed while folding and sliding g(£). 
By the commutativity property, we obtain the same result by folding and sliding 
/(£) with g ) kept fixed. 




Example 16.31 


Use Equation (16.84b) to find the response of the RC circuit of 
Figure 16.26 to a unity pulse of width W. 


Volts 


y 

1 

0 

Ly 


(a) -*f ~I 

0 w 


Volts 



1 

/ 

V/ 

LS 

k 

\ 

/ 



- " 

0 




(b) 

0 

t 

W 


Volts 



Volts 



Figure 16.27 Graphical convolution 
for Example 16.31. 



Figure 16.26 Finding the pulse response of an RC 
circuit. 


Solution 

The applied input and the impulse response are 

«/(*) = m(0 -u(t - W) V (16.85) 

h(t) = V (16.86) 

where r — RC. Applying Equation (16.84b), we get 

v O (0 = u/(r) *h(t) = f vi(%)h{t - (16.87) 

Jo 

Folding and sliding h, and then plotting i)/(£) = «(£) - u(f - W) and 
- £) = versus f for different values of t yields the 

sequence of Figure 16.27. We distinguish three cases: 


(1) t < 0. As shown in Figure 16.27(a), there is no overlapping 
between h{t - £) and ?.'/(£). The area under their product is thus 
zero, so 


t> o (r<0) = 0 (16.88a) 

This is not surprising, as t>/(/) and h{t) are causal signals. 

(2) 0 < t < W. The area of interest is the shaded area of 
Figure 16.27(b), whose value is 


u o (0 < t < W) = 


f 


t r 
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or 


i 


v o (0<t < W) = 1 -e~ ,/T V 
(3) / > W. The shaded area of Figure 16.27(c) is now 

1 


(16.88b) 


e -('-S)/T = L e ~</r A 


or 


r 1 

v 0 {t > W) = / 1 x - 

Jo t r 

Vo a > W) = (e w/T - \)e~ !/r V 




(16.88c) 


As expected, these results agree with those obtained via a 
different procedure in Section 8.3, Equation (8.22). 


1 


Exercise 16.34 Repeat Example 16.31, but with R and C interchanged 
with each other. 

ANSWER v Q (t < 0) = 0; u o (0 < / < W) = e~’ /T V; v 0 {t > W) = 

; (e~ w/T - V. 


► Example 16.32 

I Repeat Example 16.31, but using Equation (16.84a). Clearly, the result 
must be the same. 


Solution 

We now have 


v 0 (t) = h(t) *v I (t) = [ h($)vi(t 
Jo 

Since h(t) and vi(t) are causal signals, we must again have 

v o 0 < 0 ) = 0 


(16.89) 

(16.90a) 


The two cases to consider are thus those of Figure 16.28. Referring 
to Figure 16.28(a), which shows the shaded area for 0 < t < W, we 
have 

i)o(0<t < W) = [ —e~^ T x 1 d% = — (—re~^ T ) 

JO T V V 0/ 

or 

vo(0 <t <W) = 1 - e~‘ /T V (16.90b) 
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Volts 



Volts 



Figure 16.28 Alternate graphical convolution 
for Example 16.31. 


Referring to Figure 16.28(b), which shows the shaded area for t > W, 
and noting that the pulse begins at £ = t - W, we have 

vo(t > W) — f —e~^ r x 1 d% = — (—Te~^ /r 

Jt-w * t V 

or 

Vo(t > W) = (e w/T - \)e~ !lT V 116.90c) 

As expected, Equation (16.90) agrees with Equation (16.88). 

Exercise 16.35 Solve Exercise 16.34 using Equation (16.84a). 

Exercise 16.36 

(a) Derive expressions for f{t) * g(t) of Figure 16.25(f). 

(b) Repeat, but using the form g{t) * f(t). 

ANSWER y(f) = /(f) * g(f) = g(f) * /(f) = 0 for f < 0 and t > 4, 
y(/) = f 2 for 0 < t < 2, and y(t) = 4f — t 2 for 2 < t < 4. 



• Numerical Convolution 

As indicated previously, the convolution method is especially useful when h(t) 
and x(t) are available in tabulated form as, for instance, in the case of laboratory 
measurements. 


h(nT) = {h(0T), *(17), *(27), *(37),...} 
x(nT) = {*(07), *(17), *(27), *(37),...) 


(16.91a) 

(16.91b) 
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where T represents the time interval between consecutive data. Such a situation 
is depicted in Figure 16.29(a) and (b), where the data points have been numbered 
sequentially for easy identification. 


h(nT) 


(a) 



x(nT) 


(b) 



(0 



h(kT)x(nT-kT ) 

i 



(d) 


^Area = h(nT) * jr{nT) 

- 1 —~\ - 1 - 1 -► t 

0 17 2 T 3 T 4 T 5 T 6 T IT 8 T 


Figure 16.29 Numerical convolution. 


Proceeding as usual, we fold and slide one of the two functions, say, 
x, to obtain the function x(nT — kT). Figure 16.29(c) depicts the case 
n = 4. Next, we take the product h(kT)x(nT — kT) point by point and plot 
it as in Figure 16.29(d). The area under this curve represents the convo¬ 
lution 


y(nT) = h(nT) * x(nT) (16.92) 

We wish to find and tabulate it for different values of nT, 

y(nT) = MOT), y(lT), y(ZT), yQT ), .. .) (16.93) 

The area under the curve h(kT)x{nT — kT) can be approximated by sum¬ 
ming the areas of the individual trapezoids. For the case n = 4 depicted in the 
figure, these areas are 0.57 t [A(07 t )jc( 47’) -h A(17 ')jc( 37 t )], 0.57’[ft(17')jr(37’) + 
A(2r)jr(2T>], 0.5T[h(2T)x(2T) + h(3T)x(\T)], and O.SnfcPWir) + 
/i(4T)jt(0T)]. Adding them up and combining equal terms yields 


y(4T) = T 


-h(0T)x{4T) + h(\T)x(3T) + h(2T)x(2T) + h(3T)x{\T) 


+ -h(4T)x(0T) 
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This result is readily generalized to an arbitrary instant n T as 

y(nT) = T l\Ui{0T)x(nT) + h{\T)x[{n-\)T}+h{2T)x[(n-2)T} 

+-b h[(n - l)T]x(l) + ^/i(nT)x(0r)| (16.94) 

Note that the h terms appear in ascending order and the * terms in descending 
order. The interested reader may find it instructive to write a computer program 
that accepts the data tables of Equation (16.91) and then uses Equation (16.94) 
to generate and plot the table of Equation (16.93). 


Y 16.8 Laplace Techniques Using PSpice 

The ability of PSpice to accommodate VCVSs and VCCSs of the transfer func¬ 
tion type was exploited in Section 14.8 to plot frequency responses. Here we 
use it to plot impulse and step responses. 





Example 16.33 


Use PSpice to verify the impulse response of Example 16.20, where 
H(s) = 50(j + 5)/[(j + 3) 2 4- 16]. 


Solution 

Use the circuit of Figure 14.41 with a pulse source having a width of 
1 ms and an amplitude of 1 kV to ensure unity area. 

IMPULSE RESPONSE OF H(S) 

VS 1 0 PULSE(0 IK 0.1 IN IN 1M 2) 

R1 10 1 

El 2 0 LAPLACE {V(l, 0) } - (50* (S-t-5) / ( { S-3 ) * { S-3 ) +1 6 ) } 
R2 2 0 1 
.TRAN 0.1 2 
.PROBE 
.END 

After directing the Probe post-processor to plot V ( 1 ) and V { 2 ) we 
obtain the traces of Figure 16.30. 


Exercise 16.37 Use PSpice to plot both the impulse and the step 
response of Example 16.21. 
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Figure 16.30 Using PSpice to plot the impulse response of Example 16.20. 


▼ Summary 

• The Laplace transform effects a transformation from a causal function of 
time f(t) to a function of the complex frequency F(s). The inverse Laplace 
transform effects a transformation from F(s) back to fit). The two func¬ 
tions are said to form a transform pair, and this is denoted as fit) ** 
Fis). 

• The distinguishing features of the Laplace transform are that (a) it transforms 
an integrodifferential equation into an algebraic equation and (b) it automat¬ 
ically accounts for the initial conditions, thus providing the solution to the 
equation explicitly. 

• The step function uit) and the impulse function Sit) are related as 5(f) = 
du(t)/dt. An impulse can be regarded as a pulse with infinite amplitude, 
zero width, and unity area. 










806 Chapter 16 The Laplace Transform 


• Subjecting a circuit to a step function causes it to display its response to a 
unit dc forcing function. Subjecting it to an impulse function injects energy 
into the circuit and causes it to display its natural response. 

• Some important transform pairs are 5(0 1, u(t) ** 1/s, tu(t) 1/s 2 , 

e~ a ’u(t) *+ 1 /{s + a), (coscot)u(t) s/(s 2 + co 2 ), (e~ at cosarf)w(r) ^ 
(s + d)/[(s + a) 2 + cu 2 ], and te~ al u(t ) +* l/(s + a) 2 . 

• Important functional transforms are df /dt ** sF(s)-f(0~), f(f) d% ++ 

F(s)/s, f(t — a)u(t — a) *+ e~ as F(s), fiat) ++ (1 /a)F(s/a), and f{t) * 
#(0 F(s)G(s), where * represents the operation of convolution. 

• The initial and final values of a function fit) can be found from its transform 
F(s) as /(0 + ) = lim sF(s), and f(oo) = limsF(s), provided these limits 
exist. 


• The Laplace transforms arising in circuit analysis are rational functions of s. 
This feature allows us to find inverse transforms via partial fraction expan¬ 
sions. The poles p u p 2 , ..., p„ and the residues A x , A 2 , ..., A„ of F(s) 
determine the terms of f(t). 

• If F(s) has a real nonrepeated pole at 5 = p k , then f(t) contains the term 
fk{t) = A k e Pk ‘, where A k is the residue at s = p k . 

• If F(s) has a nonrepeated complex-conjugate pole pair at s = ct k ± j 0 k , then 
f(t) contains the term /*(/) = 2\A k \e“ kt cos (f k t + <A k ), where A k is the 
residue at s = a k + j0 k . 

• If F(s) has a repeated real pole with multiplicity r, then the correspond¬ 
ing term of fit) takes on the form /*(/) = (A*, r _ 1 F -1 /(r - 1)! -I_h 

A k ^)e pkt . Similar considerations hold for the case of repeated complex pole 
pairs. 

• The response of a circuit to a forcing signal x(t) is y(t) = y forced + y natural . 

These components can be found as y forced = {H(s)X(s)}, and > naturaI = 

{^ic(-s)}, where H(s) is the network function, Jt( 5 ) is the Laplace trans¬ 
form of jc(f), and Ti c (r) is a suitable initial-conditions polynomial in s. 

• The impulse response of a circuit is found from its network function as 
h{t) =Af- l {H(s)}. 

• The Laplace forms of the terminal characteristics of the basic circuit elements 
are V(s) = RI(s), V(s) = sLI(s) - Li L ( (T), and V(s) = (1 /sC)I(s) + 
i>c(0 )/s. This allows us to work with a transformed circuit in which 
the initial conditions in its reactive elements are modeled via suitable dc 
sources. 

• When H(s) or X(s) are not available, the forced response can be found via 
exclusively time-domain operations as yforced = Jt(f) * hit). 

• Given a transfer function H{s), we can direct PSpice to plot the frequency 
as well as the impulse and step responses. 
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▼ Problems 

16.1 The Step and Impulse Functions 

16.1 Let the R-C circuit of Figure 16.3 be subjected to an 
impulse and a step function simultaneously, that is, let the 
applied source be vs = 5(f) + ii(f) V. Find u(f) if C = 10 juF 
and (a) R = 50 k£2, (b) R = 200 k£2, and (c) R = 100 k£2. 

16.2 (a) Sketch and label the impulse response u(f) for the 
C-R circuit of Figure of P16.2. (b) Outline a procedure for 
observing this response experimentally if C = 1 /xF and R = 
1 kfi. 


C 



Figure P16.2 

16.3 Repeat Problem 16.2 for the circuit of Figure PI 6.3. 
Assume L = 25 mH and R = 100 £2. 


L 



Figure P16.3 

16.4 For the circuit of Figure PI 6.4, sketch and label v(f) if 

(a) is = 1 h( 0 A and (b) i s = li(f) A. 



Figure PI 6.4 

16.5 Sketch and label the following functions versus time: 

(a) f\ = 5u{t — l)«(r)w(3 — f), (b) fi — 2(sin jrf)t5(4f — 1), 
(c) / 3 = 10 e- u ~ ])/2 u(t - 2), and (d) / 4 = (/ - l)«(f - 1) - 
(r - 2)w(r — 2) — (/ — 3)«(r - 3) + (r - 4)«(r - 4). 

16.2 The Laplace Transform 

16.6 Using direct integration, find (a) {(sinhnf)»(/)} and 

(b) [sin {iot 4- 0)]«(r)}. What is the abscissa of conver¬ 
gence of each transform? 

16.7 Using direct integration, find (a) Jf[58(t — 1)}, 

(b) Jf {5w(f - 1)}, (c) [8(t 2 -4t 4- 3)}, and (d) 2) x 

w(/-3)}. 


16.8 Using direct integration, find the Laplace transform as 
well as the abscissa of convergence of (a) fit) = e _3, n(f — 1) 
and (b) /(f) = te~ 3l uit — 1). 

16.9 Find the Laplace transforms of the functions of Prob¬ 
lem 16.5. 

16.10 Find /(/), given that Fis) is (a) — n, (b) —e~ s , 

(c) 1/(0.1 + j), (d) [2/(2 4- j)] 2 , (e) l/(0.5s 2 4- s + 1), 
(0 (2/s) 5 , and (g) F(s) has a pole pair at —3 ± j 4 complex 
Np/s, and F(l) = 1. 

16.3 Operational Transforms 

16.11 Find the Laplace transforms of (a) 5{2r 2 -f+l) x 
e _3f u(f), (b) (sin 2 10 3 f)u(f), and (c) (sin lOf cos 10f)«(f). 

16.12 Find J£\e~ al sin {a>t + 0)w(f)}, a > 0. 

16.13 (a) Find _^{/(10f)| if -*?{/(*)} = l/(^ 4 + 1); 
(b) find /(f) and Jf[tfit)] if df\f{t)\ = 1/(5 + l) 3 ; (c) 
find /(10 3 r) if _^{/{f)} = l/(s 2 +2s + 2). 

16.14 (a) Use two methods to find Jf 7 {fit)uit)), where 
fit ) = d(e~ at cos a>t)/dt. (b) Repeat, but for /(f) = 

e ~ a * sinn>£ d%. 

16.15 Find the Laplace transform of the function of Fig¬ 
ure P16.15 by two methods: (a) using dfit)jdt\ (b) using 
d 2 f(t)/dt 2 . 


m 



Figure P16.15 

16.16 The Laplace transform of the function of Fig¬ 
ure P16.16 can be put in the form Fis) = F\(s)+F 2 is)e~ sT + 
F$(s)e~ 2sT t where F i, F 2 , and F$ are rational functions of s. 
Find these functions. 


m 



Figure P16.16 

16.17 Use convolution to find /(/) if Fis) = 10/[(i 4- 1) x 
is 4- 3)]. 
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16.18 Use convolution to find fit) if (a) F(s) = 
10/[(J + 1) 2 (* + 3)] and (b) F{s) = 2/s 3 . 

16.19 Find the Laplace transform of the triangular wave of 
Figure PI6.19. 

m 



Figure PI6.19 


16.20 Find the Laplace transform of the half-wave rectified 
sine wave of Figure P16.20. 


fit) 



16.25 Given a causal function fit) with 


-¥{f{t)) = 


5 js + 2)(s + 3) 
sis + l)(s + 4) 2 


find the initial and final values of /(f) and dfit)jdt 


16.4 The Inverse Laplace Transform 


16.26 Find fit) if 


(a) Fis) = 


2s + 10 
s 2 + 3s + 2 


(b) Fis) = 

(c) Fis) = 


3 

s(s + l)(s + 3) 
10s + 1 
s 2 + 2s -(- 1 


16.27 Find fit) if 
(a) Fis) = 5 


(b) F{s) = 6 

(c) Fis) = 


s 2 + 2s + 5 
s 2 + 3 


(s 2 + l)(s 2 + 4) 
5 


sis + l) 4 


16.21 Find the Laplace transform of the sawtooth wave of 
Figure P16.21, where 0 < d < 1. 

/(0 



16.22 (a) Show that if / is a function of time f as well as 
some other parameter a, then 

f df(t,a) _ dFjs, a) 
j da da 

(b) Apply this property to (1) fit, a) = e~ al u(t) and 
(2) fit, to) — (cos (ot)uit). (c) Check your results by some 
other method. 

16.23 Find Fis) if fit) = [1 + cos(f - I35°)]«(f). 
Check your results via the initial-value and final-value theo¬ 
rems. 

16.24 Find /(f) if Fis) = is- l)/(s 2 + 2s+5) + 5/(s +2) + 
2/s, and check via the initial-value and final-value theorems. 


16.28 Find /(/) if 

12(s + l) 3 


(a) Fis) = 


(b) Fis) = 10 


s 2 + 8s + 5 
s 2 + 4s + 5 


(c) Fis) = 


1 


+ 


1 


+ 1 s 2 + 2s + 2 


16.29 Find /(f) if 


(a) Fis) = 

(b) Fis) = 

(c) Fis) - 


2s 1 + * + 1 
(s 2 + 2s + 2) 2 
s 2 + 25s + 150 
2 is + 10) 
3s 2 + 2 


* + 4 
16.30 Find /(f) if 


(a) Fis) = 


5+1 


'25 


(b) Fis) = 


(c) Fis) = 


s 2 + 2s + 1 

g $ _.g ^ 
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16.31 Find f(t) if 


(a) F(s) = 


(b) F(i-) = 


(c) F(s) = 


s 2 + 3.r + 2 
1 - e-** 


16.5 Application to Differential Equations 

16.32 Use Laplace transforms to solve the differential equa¬ 
tions 

, , <iy( 0 , ^ t dv(o _ ) 

(a) —— + 2v(/) = 3e 'u(t), —--= 1 

dt dt 

. dy(t) , 

(b) + y(t) = {e~' cos 2 f )«( 0 , y(0“) = - 1 
at 

16.33 Use Laplace transforms to solve the differential equa- 


d 2 \(t) dv(t) 

—i— + 7 + 12y(r) = (r+4)u(r), 

dt- dt 


v((T) - - 


rfy(O-) 


Show both the natural and forced components of y(f )■ 

16.34 Use Laplace transforms to solve the differential equa¬ 
tion 

d 2 \(t) d\(t) ^ ^ n 

—-b 4 —--h 3y(f) = 5(sin 2/)«(/), 

dt- dt 

„ dy( 0 _ ) 

v(o-) = — 4 —^ = i 

dt 

Show both the natural and forced components of y(/). 

16.35 Assuming all initial conditions are zero, use Laplace 
transforms to solve the differential equation 


d 2 y(t) , e d 2 y(t) , ^dy(t) ^ _ 

——;-b 5 —— -b 6 —-— —6e u{t) 

dt i dt 2 dt 


16.36 Use Laplace transforms to solve the integrodifferential 
equations 

(a) y(r) + 3 f ytf)d$ = 10 e- 2 f «(r), y((T) =0 

J o- 

, dy(t) f 

(b) + 2 y{t) + J y($)u(t -$)d$ = 5u(t). y( 0 ~) = 1 

16.37 Use Laplace transforms to solve the integrodifferential 
equations 


4 + 9 r, 

d* Jo- 

4 + 2 f, 

dt Jo- 


y($)d$ = 8 (sini)u(r), y((T) = 2 


At — 


d% = 2/«(r), y(0 ) = 5 


16.38 A circuit has the network function H{s) = 1 /(j 2 +2j+ 
2). Find its response y(r) to jc(f) = u(t) if the initial conditions 
are (a) y( 0 “) = y (,) ( 0 “) = 0 and (b) y((T) = = 1 . 


16.39 Use Laplace transforms to solve the simultaneous equa¬ 
tions 


+ 2 yj (0 - 2 y 2 (t) = e~ 


y\(t)~ -nit) =o 

dt 


subject to the initial conditions >■ | (0 ) = — 3 and y 2 (0 ) = 0 . 

16.40 Use Laplace transforms to solve the simultaneous equa¬ 
tions 


dy 2 x {t) 2 dy 2 (t) 
dt 2 dt 


+ 36yj (/) 


= 3 


dt 


+ 2y 2 (t ) =e 2t 


subject to the initial conditions yi (0 ) = 0 , y { 1J (0 ) = — 2 , 
and y 2 ( 0 _ ) = 1 . 

16.41 Find the impulse and step responses of a circuit whose 
network function is H(s) = 6 (s + 2)/[(s + l)(s +- 3)]. 

16.42 Find the impulse and step responses of a circuit, given 
that its network function has a pole at the origin and a pole pair 
at (—4± 7 3) 10 3 complex Np/s; moreover, H{ 1 kNp/s) = 1/34. 

16.43 Given that the impulse response of a circuit is h(t) = 
( 10 e -ia ' sin 10 3 /)u(r), find H(s)\ hence, predict its response 
to the ramp tu(t). 

16.44 Given that the impulse response of a circuit is h(t) = 
10 6 re -10 ', find its step response subject to the initial condi¬ 
tions y(0~) = I, and y ( 1 ) (0“) = lO 3 . 


16.6 Application to Circuit Analysis 

16.45 Use Laplace transforms to find n(r > 0) in the circuit 
of Figure PI6.45. 


15 kfi 30 kQ 



Figure P16.45 

16.46 Repeat Problem 16.45, but with the capacitance re¬ 
placed by a 10 -mH inductance. 
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16.47 Use Laplace transforms to find u(f) in the circuit of 
Figure PI 6.47. 


3k£l 



Figure P16.47 

16.48 Find u(t) in the circuit of Figure P16.48 if (a) vs = 
5S(t) V, (b) us = 2u(t) V, and (c) us = lOrn(r) V. 


1 Q 



Figure P16.48 

16.49 Use Laplace transforms to find u(f >0) in the circuit 
of Figure P16.49, subject to the initial conditions uc(0 - ) = 
10 V, and i L (0“) = 1 A. 



Figure P16.49 


16.50 Use Laplace transforms to find i(t > 0) in the cir¬ 
cuit of Figure PI 6,50. Assume the circuit is in steady state at 
t = 0~. 



Figure P16.50 

16.51 Repeat Problem 16.50 (a) with the leftmost capaci¬ 
tance replaced by a 0.3-H inductance, and (b) with both capac¬ 
itances replaced by 1-H inductances. 

16.52 In the circuit of Figure P16.52 find u(r) via Laplace 
methods if (a) us = 5<S(r) V, (b) vs = 10«(r) V, and (c) us = 
2 tu(t) V. 




Figure P16.52 

16.53 Use Laplace transforms to find v(t > 0) in the circuit 
of Figure P16.52 if us, after having been 10 V for a long time, 
is switched to 5 V at t = 0. 

16.54 Assuming the circuit of Figure P16.54 is in steady- 
state at ( = 0", use Laplace transforms to find i(t > 0). 


i = () 



Figure PI 6.54 

16.55 In the circuit of Figure PI6.55 use Laplace transforms 
to find v(t > 0) if is = 2 m ft) A. 


1 A 



Figure P16.55 

16.56 Suppose the 1-A source in the circuit of Figure PI 6.55 
is replaced by a 6-V source, positive at the left. Use Laplace 
transforms to find u(f > 0) if is = (3 sinr)M(f) A. 

16.57 (a) Find R and ki so that the impulse response of the 
circuit of Figure P16.57 is a 1-rad/s sinusoid with a 1-Np/s 
damping coefficient. Hence, find the response to (b) vs = 
5tt(f) V, and (c) vs = 10r<? _r u(r) V. 



Figure P16.57 
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16.58 Use Laplace transforms to find v(t) in the circuit of 
Figure P16.58. 


1 m 1 mH 



16.59 Assuming the circuit of Figure PI6.59 is in steady 
state at t = 0 - , find u(f > 0). 


t = (> 



10 nF 



Figure PI 6.62 

16.63 Use Laplace transforms to find voU) in the circuit of 
Figure P16.63 if vj = 2(sin5000r)«(f) V. 


10 nF 



16.60 Use Laplace transforms to find u(f) in the circuit of 
Figure PI6.60. 



16.61 Find the energy trapped in the circuit of Figure P16.61 
at t — 0 + . (Hint: Use the initial-value theorem.) 



16.62 Use Laplace transforms to find v(t ) in the circuit of 
Figure P16.62, subject to the condition uc(0 _ ) = 4 V. 


Figure P16.63 

16.64 Find voU > 0) in the circuit of Figure P16.63 if v/, 
after having been 1 V for a long time, is switched off at / = 0. 


16.7 Convolution 

16.65 Given /(/) = 5 tu(t) and g(t) = 10u(r), find F(s), 
G(s), and [F(j)G(j)}. Confirm the latter by performing 
the time-domain calculation of /(f) * g(t). 

16.66 Perform the graphical convolution of the signals 
shown in Figure PI6.66 and plot the result. 


m 

g(t) 


k 1 



3 



2 





0 


0 




- 1 - 

-► f(s) - 


- 1 -► 


0 12 0 12 
(a) (b) 

Figure P16.66 
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s we know, a periodic function is a function that satisfies the property 


f(t) = f(t±nT) 


for any t and n = 1, 2, 3, ..., where T is the period, in seconds. The most 
common periodic functions are sinw/, cos cat, and e ja>t , which are the building 
blocks of ac signals and complex exponential signals. 

There are, however, many other periodic functions of sufficient practical 
importance to warrant our attention. The first examples to come to our mind 
are the triangle, rectangle, sawtooth, and pulse-train waves produced by func¬ 
tion generators in the laboratory for testing and control. Also periodic is the 
waveform produced by the sweep generator controlling the electron beam of 
a cathode-ray tube of the type found in oscilloscopes and television sets. The 
clock generator controlling the sequence of operations in personal computers, 
pocket calculators, and wristwatches produces a periodic pulse train. Electrical 
power, generated in approximately sinusoidal form at the source, is subsequently 
processed by nonlinear devices such as rectifiers and practical transformers and 
motors, which distort the original wave, either intentionally or unintentionally, 
to yield nonsinusoidal waveforms that are nevertheless still periodic. Other ex¬ 
amples of nearly periodic signals are the output of a microphone in response to a 
sustained musical note and the heart signal displayed by an electrocardiograph. 

Periodic functions are important also in nonelectrical phenomena such as 
mechanical vibrations, fluid flow, and heat flow. In fact, it was precisely the 
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17.1 The Fourier Series 
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where 


Ao is the full-cycle average of fit) 

A n , nco o, and 0 n are, respectively, the amplitude, angular frequency, 
and phase angle of the nth sinusoidal component. 

The frequency ojq is called the fundamental frequency, and the corre¬ 
sponding component, A \ cos (coot + #0, is called the fundamental component. 
The frequency ncoo, n = 1, 2, 3, ..., is referred to as the nth harmonic 
frequency, and the corresponding component, A n cos (ncoo + 0„), as the nth 
harmonic component Its period is clearly 2jr/(na>o) = Tjn. In musical par¬ 
lance the frequencies nco®, n > 1, are referred to as overtones. 

The parameters of Equation (17.2) depend on the particular function fit). 
They can be found analytically using Equations (17.5) and (17.6) to be discussed 
below, or they can be found numerically using the SPICE facility known as the 
. four statement, discussed in Section 17.8, If /(f) is a physical signal, they can 
also be found experimentally using an instrument known as spectrum analyzer. 

Not all periodic functions admit a Fourier series. Mathematicians have 
shown that a sufficient set of conditions for a function fit ) to admit a convergent 
Fourier series are the conditions known as Dirichlet’s conditions: 

(1) fit) must be single valued. 

(2) /(f) must have a finite number of discontinuities within any one 
period. 

(3) fit) must have a finite number of maxima and minima within any one 
period. 

(4) The integral J^ +T \fit)\dt must exist for any choice of to- 

Fortunately, the periodic functions of physical interest do satisfy Dirichlet’s 
conditions and are thus Fourier-series expandable. 


The Fourier Coefficients 

The calculation of the amplitudes and phase angles of the individual components 
in Equation (17.2) is made easier if we work with the alternate representation, 
called the cosine-sine Fourier series, 


OG 

/(/)= ap + a n cos ncoQt -f b n sin ncoot 

n=l 


(17.3) 


The quantities a„ and b n are known as the Fourier coefficients. Using the 
identity cos {a + ft) = cos a cos f — sin a sin fi, we have 

A„ cos incoot + 0„) = iA n cosd n ) cos na>Qt — (A„ sin0„) sinntuo/ 

indicating that the amplitude-phase and the cosine-sine representations of 
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Equations (17.2) and (17.3) are equivalent, provided 


(17.4a) 
(17.4b) 
(17.4c) 

or, vice versa, provided 

(17.5a) 
(17.5b) 
(17.5c) 


A 0 = a 0 



0„=tan 1 (-b n /a n ) 


<2(j = A() 
a n = A n cos B n 
b n =-A n sin<?„ 


Thus, once one of the two Fourier series representations is known, the other is 
readily found via Equations (17.4) or (17.5). 

We now wish to show that once fit) has been defined over its fundamen¬ 
tal period ranging from an arbitrarily chosen instant to to to + T, its Fourier 
coefficients can be found as 


1 rto+T 

ao - — / f(f)dt 

2 /* f ° +r 

a n = — fit) cos ncoot dt 

T Jto 

2 r l o+T 

b n = — I fit) sin na>Qt dt 

T J t0 


(17.6a) 

(17.6b) 

(17.6c) 


To derive Equation (17.6a) we integrate both sides of Equation (17.3) from / 0 
to fo + T. After simple manipulations, we obtain 

rta+T rta+T 

I fit)dt = ao I dt 

i/ d Iq 

00 / fto+T rto+T \ 

+ ^2\ an J t cos ncoot dt + b n J' sin nco„t dt j 

The first integral at the right-hand side evaluates to ao T. In the remaining 
integrals, the integrands are sinusoidal functions with period Tfn. Since the 
integration interval is T, which is an integral multiple of Tjn, these integrals 
evaluate to zero, thus leaving J t ‘^ +T f it) dt — aoT + 0. Solving for ao yields 
Equation (17.6a). Clearly, a 0 represents the full-wave average or the dc value 
of /(f). 
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To derive Equation (17.6b) we multiply both sides of Equation (17.3) by 
cos mwQt and then integrate throughout from to to to + T, 


rta+T rto+i 

I f (t) cos ma>ot dt = ao I cosmcootdt 

Jtn Jt(, 

I a n I cos moot cos mcoot dt + b„ j 

I V >U 7/o 


cos mcoot dt 


h+T r<v+T 

cos nco^t cos miOQt dt + b„ f sin ncoot cos mcoot dt 


The first integral on the right-hand side evaluates to zero. Using the trigono¬ 
metric identities cos accost = j[cos(Gr + ^) 4- cos (a - 0)], and sin a cos ft = 
^[sin (a + /?) + sin (a — f})], we can express the nth term in the summation as 


f 

2 LA 


fu+r rfa+T 

cos (n + m)a)ot dt + f cos (n — m)a)ot dt 


— f 

2 LA 


fo+7" rt a +T 

sin (n -f m)a>ot dt -(- f sin (n — m)coot dt 

i J '.j 


For m ^ n, all integrals evaluate to zero. For m = n, the second integral 
evaluates to j^ +T cosOdt = T and the remaining integrals evaluate again to 
zero. Thus, for m = n, we obtain J t '° +T f {t) cos na>ot dt = (a„/2)T, or Equa¬ 
tion (17.6b). 

It is left as an exercise for the reader (see Problem 17.1) to derive Equa¬ 
tion (17.6c). Let us now find the Fourier coefficients of some popular waveforms. 


^Example 17.1 

: Find the cosine-sine as well as the amplitude-phase Fourier series for the 
j sawtooth wave of Figure 17.1. 



Figure 17.1 Sawtooth wave of Example 17.1. 


Solution 

Conveniently choosing to = 0 we have, for 0 < t < T, 

fit) = yt 


Using Equation (17.6a), we get 


r Jo t 2 
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Using Equation (17.6b), along with the integral tables, we find 


_ 2 f T A 
a ” ~ T Jo T 

_ 2A f 

~ t 2 v 


, 2A 

t cos ncoot dt = ^ 


cos Inn — 1 


+ 


(na>o) 2 

\ 

T sin Inn - 0 
na>o 


cos ncoot t sin ncoot 


no) o 


0 


indicating that the cosine terms are missing for this particular waveform. 
Using Equation (17.6c), along with the integral tables, we get 

l T\ 


, 2 f T A 2A 

b n = — / — t sin ncoot dt = 

T Jo ^ 


sinmwof tcosncuot 


2 A ( si 


o T 
sin 2 nn — 0 


T 2 ^ (nai o) 2 
T coslnn — 0 s 


nto o 


lo 


intoof 


nto o 


2A 
T 2 


_T_\ = _j^ 

nto o } nn 


Thus, the cosine-sine and the amplitude-phase series are, respectively, 

/ 1 1 00 1 \ 

fit ) = A I --^ - sinna>of (17.7a) 


n ‘—' n 

n=l 


/ 1 1 °° 1 \ 
f(t) - A I - + — “ cos ^ n( 0 o l + 90 °) j 


(17.7b) 


indicating that for the sawtooth wave the amplitude of each component 
is inversely proportional to its harmonic number n. Moreover, all 
components have the same phase angle. 




E 


Example 17.2 


Find the cosine-sine as well as the amplitude-phase Fourier representations 
for the half-wave rectified sinewave of Figure 17.2. 


m 



Solution 

We conveniently choose to = 0. However, since fit) = 0 for 
T/2 < t < 7\ we only integrate from 0 to T /2, where we have 

. 2 :t 

f{t) — A sin —t = A sinoiof 












17.1 The Fourier Series 


819 


Using Equation (17.6a), we get 


- fi : 


A sin —r dr = —-- cos —t = — 

T T V 2tt J T n n 


Using Equation (17.6b), along with the integral tables, we get 


2 f T/I • 

j n = — j A sinctto^ cos moot at 
T J o 

A f cos (1 — n)a>Qt | cos( 

= ~T V (l-n)coQ + ~(T 

A /cos(l — n)j t — 1 cos(l + n)n — 1 
2jt \ 1 — n 1 + n 


cos (1 + n)ojQt \ T ^ 
(1 + «)coq 1 0 


(1 — n)7T — cos (1 + n)7T = | 


+ 1 for n odd 
— 1 for rt even 


it follows that 


a„ = 0 for n odd (n > 1) 

A f -2 -2 

Gn 2;r V 1 + m 1 — n 


2 A 1 

Ti 1 — n 2 


for n even 


For n — 1 we obtain the indeterminate result O] = 0/0. However, 
applying l’Hopital’s rule we get a\ = 0. We can represent even integers 
by replacing n with 2k so that 

2 A 1 

a 2k = — --TT 7 

j t 1 — 4 k 2 

k = 1, 2, 3, ... 

Using Equation (17.6c), along with the integral tables, we get 


2 f 1 

~T Jo 


A sin roo? sin ncool dt 


A /sin (1 — n)o>of sin (1 + n)coat \ 7/2 
T \ (1 — n)coo (1 + h)coq ) 0 

A /sin (1 — n)7T sin(l+«)jr\ 

2n V 1 — n 1 + n J 

for all « > 1. For n = 1 we obtain the indeterminate result b\ = 0/0. 
However, applying l’Hopital’s rule we get b\ = A/2. In summary, the 
coefficients are 

a 0 = Ajn 
b { - A/2 
a2 = —2A/3 jt 
«4 — —2A/15jt 
= —2A/357T 
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Figure 17.4 Full-wave rectified sinewave of 
Exercise 17.2. 


It is certainly remarkable that nonsinusoidal waves such as the sawtooth 
and square waves can be synthesized by summing sinusoids. To better appre¬ 
ciate how each harmonic component contributes to the overall makeup of a 
function, let us try synthesizing the square wave. As a first approximation we 
might start with a sinusoid having the same frequency as the square wave. This 
component is the fundamental, and is shown as curve 1 in Figure 17.5(a). To 



0 772 T 



0 772 T 

(b) 

Figure 17.5 Illustrating the Fourier 
synthesis of a square wave using 

(a) harmonics 1 and 3, and 

(b) harmonics 1, 3, 5, and 7. 
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make it look more like a square wave, we need to flatten the peak and bolster 
the sides within each half-cycle. This is achieved by adding the third harmonic, 
shown as curve 3 in the same figure. Though the result is a closer approximation 
to the square wave, it is still a crude one, and to improve it we must add higher 
harmonics. How do we choose their individual amplitudes, phase angles, and 
frequencies? The answer is provided by Equation (17.9a), which, adapted to the 
present case of a square wave alternating between +A and —A, becomes 


4 A ( . 1 . „ 1 . 1 

f(t ) = — sin co 0 t H— sin 3o>ot H— sin 5co<jt -j— sin IcoqI + 

n V 3 5 7 


Figure 17.5(b) shows the improvement brought about by including just two 
additional harmonics, shown as curves 5 and 7. It is apparent that by adding 
a sufficient number of harmonics we can approximate a periodic wave to any 
degree we wish. To achieve a perfect square wave we would, of course, need 
an infinite number of terms. 

We wish to point out that the Fourier series is not just a mathematical 
convenience. All periodic functions encountered in the physical world do in¬ 
deed consist of sums of sinusoidal components, and their harmonic makeup can 
actually be visualized and measured with a spectrum analyzer. 


The Power of a Periodic Signal 


Applying a periodic signal /(f) to a resistance R results in dissipation of power. 
The instantaneous power is either p(t) — Rf 2 (t ) or pit) = f 2 (t)/R, depending 
on whether f(t) is a current or a voltage. To avoid specifying the nature of the 
signal, it is convenient to choose a unity resistance, after which the instantaneous 
power simplifies as p\ n(t) = f 2 (t). The average power delivered to a l-£2 
resistance is then 


I ftQ + T 


-IL 




(17.11) 


Using Equation (17.2), we have 


1 rto+T / °° 

= „/ A 0 + A„ cos (mcoo' 

1 \ n=l 


) dt 


As we known, products involving different harmonics integrate to zero. The 
only terms surviving the integration over one period are A^, A 2 cos 2 (wot + 0 [), 
A 2 cos 2 (2 coot + O 2 ), A 2 cos 2 (3wo t + # 3 ), and so forth. The result is 


P,v = 


Pm = Al + Y^(A„l-j2j‘ 


( 17 . 12 ) 
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This equation, known as Parseval’s theorem for period signals and named 
for the French mathematician Marc-Antoine Parseval-Deschenes (1755-1836), 
states that the average power dissipated by a signal into a 1-Q resistance is the 
sum of the squares of its dc value and the rms values of its harmonic components. 

In signal communication theory P\ & is referred to as the power of a pe¬ 
riodic signal. Equation (17.12) indicates that this power depends only on the 
amplitudes of the harmonic components, regardless of their phase angles. Con¬ 
sequently, changing the phase angles has no effect on power, though it may 
significantly alter the shape of the wave. In signal communication the manner 
in which the power of a signal distributes among its harmonic components is 
far more important than its actual waveshape, and Equation (17.12) provides 
precisely this kind of information. 

Once we know P\ jj, we can find F rms , the rms value of /(f), as 


Frm, = '/F* 1 (17.13) 


This alternative to the closed-form definition of rms value of Section 4.4 em¬ 
phasizes how the harmonic makeup of a signal contributes to its rms value. 


^Example 17.3 

! Use Equation (17.12) with a sufficient number of terms to estimate the 
rms value of the half-wave rectified sinewave of Figure 17.2. 

Solution 

Using Equation (17.8), we can write 



Exercise 17.3 Find the terms needed in Equation (17.12) to predict the 
true rms value of the sawtooth wave of Figure 17.1 with 1% accuracy. 

ANSWER Ao through A-j. 


Mean Square Error 

Though the Fourier series consists of an infinite number of terms, when used 
in practice it must, of necessity, be truncated to a finite number N of terms. 
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Denoting the truncated series as 

N 

f N (t) = A 0 + E A„ cos ( na)ot +B n ) 

n = \ 


we define the truncation error as 

£nU) = fit ) - fir it) 

where fit) = lim /v(r). A convenient means for assessing how well /v(0 

N—*oo 

approximates fit ) over an entire period is offered by the mean square error, 
defined as 

j rto+T 

Ejj = - e 2 N (t)dt 

1 Jt 0 

The integration sums the time-dependent error e N (t) over an entire period, 
and the squaring operation assigns more weight to the larger errors, while 
simultaneously preventing positive and negative errors from cancelling each 
other out. 

It can be proved mathematically that E 2 N is minimized when the parameters 
A 0 , A„, and $ n in the expression for f N (t) are precisely the Fourier parameters 
predicted by Equations (17.5) and (17.6). This statement, whose proof is beyond 
our scope, reassures us that the Fourier series representation of a periodic signal 
is a valuable one even when used in truncated form. 


17.2 The Effect of Shifting and Symmetry 

Shifting a periodic function /(f) along either the vertical or the horizontal axis 
will generally affect its Fourier coefficients. The coefficients are also affected 
by the presence of certain types of functional symmetries in /(f). Of particular 
interest are even-function, odd-function, and half-period symmetry because some 
coefficient sets vanish altogether, expediting our calculations. 


Shifting 

We wish to investigate how shifting a periodic function /(f) along either the 
vertical or the horizontal axis affects its amplitude-phase Fourier series. It is 
apparent that shifting /(f) up or down the vertical axis changes only the aver¬ 
age value A 0 , leaving the amplitude A n and phase angle 9„ of each harmonic 
component unaffected. 

To investigate the effect of shifting a periodic function fit) by a time f 0 , 
we simply replace t by t + to in Equation (17.2), 

CO 

fit + fo) = Ao 4- ^2/ An cos [nct>o(/ + to) + 0 n ] 

n=\ 

Since the value achieved by /(f) at t = 0 is the same as that achieved by 
f(t + 1 0 ) at f + f 0 = 0 , or t = -f 0 , it follows that the shift is toward the left 
if f 0 > 0, and toward the right if f 0 < 0. Regrouping the argument of the cosine 
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function yields 


(17.14a) 

(17.14b) 


indicating that shifting a periodic function in time changes only the phase an¬ 
gle of each harmonic component, leaving the average value Ao, as well as 
the amplitude A„ and frequency na\, of each harmonic component unaffected. 
The phase shift <p n of each component is directly proportional to its harmonic 
number n. 

We are especially interested in the case in which the shift of f(t) is ex¬ 
pressed as a fraction a of its period T, 

t 0 = aT (17.15) 

Substituting in Equation (17.14b), the phase shift of the nth component 
becomes (p„ = ncooto = ntoo&T, or 

4>„ = na2n (17.16) 

radians, or 0„ = na360°. 


oc 

f(t + to) = Ao + ^ A n cos (nwQt + Of, + <j> n ) 

n= 1 

4>n = na>QtQ 




Example 17.4 


Find the Fourier series for the square wave of Figure 17.6. 


/(') 



J 

4 



—1— 

0 


-1- 

-1- 

- 


-774 0 Tl 4 T 

Figure 17.6 Square wave of Example 17.4. 


Solution 


Since this function can be obtained by shifting the function of 
Figure 17.3 toward the left by we can reuse Equation (17.9b), 
but with the phase angle of each component increased by <p 2 k-i = 
\(2k - 1)360° = (2k - 1)90°. The new phase angle is thus 
-90° + (2* - 1)90° = (k - 1)180°. Since cos[/3 + (k - 1)180°] = 
cos cos (k — 1)180° — sin j£J sin (k — 1)180° = cos ft x (— 1 ) t_ 1 , 
Equation (17.9b) becomes 


fit) = A 



2k- 1 


cos (2k — \)<oot 


(17.17) 
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Clearly, in this case the expressions for the cosine-sine and the 
amplitude-phase series are coincident, aside from a phase reversal for k 
even. 


1 



Even and Odd Functions 

A function fit) is said to be an even function if 

fit) = fi~t ) (17.19) 

Examples of even functions are costuf, |f|, t 2 , and a constant A. Replacing t 
with -t does not change the value of any of these functions. Graphically, f(t) 
is even if the portion of /(f) for t <0 is the mirror image of the portion of 
fit) for r > 0. An example of an even waveform is that of Figure 17.6. Even 
functions are also said to be symmetrical with respect to the v axis. 

A function fit) is said to be an odd function if 

fit) = -fi-0 (17-20) 

Examples of odd functions are sin<wf, t, f 3 , and the function sgn(r), defined 
as sgn it) = 1 for t > 0, and sgn(r) = -1 for t < 0. Replacing t with -t 
yields the negative value of any of these functions. Graphically, fit ) is odd 
if the function obtained by rotating fit) through by 180° using the origin as 
pivot coincides with /(f) itself. An example of an odd waveform is that of 
Figure 17.7. Odd functions are also said to be skew-symmetric about the origin. 
A distinguishing feature of an even function / eve n(f) is 

f 0 /even it) dt = 2 [ “ / eve n(0* (17.21) 

This property stems from the fact that the area under / even (0 from -t Q to 0 is 
the same as that from 0 to fo. By contrast, the area under an odd function /odd(0 
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from — Jo to 0 is the negative of that from 0 to f () . Hence, the sum of the two is 
zero. 



foddU )dt = 0 


(17.22) 


The product of two even functions or of two odd functions is even. This 
is readily seen, as 


/even( 0 X geven( 0 — /even(0 ^ Seven(0 


,fo dd( 0 X godri ( t) — [ ,/odd(0ll Sodd(0] — />dd(0 X godd(0 

Hence, these products satisfy Equation (17.21). By contrast, the product of an 
even function and an odd function is odd, 


,/even( 0 X godd( 0 — [/even(0][ goddCO] — [,/even(0 X godd(0] 


Hence, this product satisfies Equation (17.22). 

When evaluating the Fourier coefficients of a periodic function fit), we 
integrate /(f) as well as the products f(t)cosna%)t and f(t ) sin ncoot. Since 
cosmw()f is even and sinner is odd, it follows that for an even function / evC n(0 
we have 


(17.23a) 

(17.23b) 


for n = 1, 2, 3, ..., and 


2 

fT/2 

a o = — 

/ /even 

T 

Jo 

4 

fT/2 

On — 777 

/ /even (0 COS nWat dt 

T 

Jo 


b„= 0 


for n = 1, 2, 3.Likewise, for an odd function /,dd(0 we have 


(17.23c) 


On = 0 


for n — 0, 1,2,..., and 


(17.24a) 


4 f T/1 

b'i = — /odd(0 sin/ta>of at 
1 Jo 


(17.24b) 


for n = 1, 2, 3, .... In either case, one coefficient set is zero and the other 
set is obtained by taking twice the integral over half the period. Moreover, the 
average or dc value of an odd function is always zero. 

We observe that shifting a periodic function along the t axis generally alters 
its symmetry, so it is sometimes possible to establish even or odd symmetry 
by suitable choice of the origin of time and thus exploit the computational 
advantages accruing from such a symmetry. As an example, the square wave of 
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Figure 17.3 is neither even nor odd; however, shifting it leftward by Tj 4 yields 
the wave of Figure 17.6, which is even. Its Fourier series of Equation (17.17) 
confirms that this function has b„ = 0. 

Likewise, the sawtooth wave of Figure 17.1 is neither even nor odd; how¬ 
ever, shifting it leftward by T/2, and then downward by A/2 yields the odd 
function of Figure 17.7. Its Fourier series of Equation (17.18) confirms that this 
function has a n = 0. 


Half-Wave Symmetry 

The symmetries just discussed are also said to be full-wave symmetries. Another 
important type of symmetry is the half-wave symmetry, also called odd half-wave 
symmetry. A periodic function possesses half-wave symmetry (hws) if 

m =-/(*- |) ( 17 . 25 ) 

Shifting such a function by half a period and then inverting it yields again 
the original function. Examples of half-symmetric functions are the waveforms 
shown in Figures 17.8 and 17.9. Unlike even and odd symmetry, half-wave 
symmetry is not affected by the choice of the origin of time. 

We now wish to show that a function with half-wave symmetry contains 
only odd harmonics and that it has zero average or dc value. To this end, let 
f 0 = — T/2 in Equation (17.6). Then, 


= - ( m 
~ T J. T/: 

-H/' 


/h ws (t) cos ncootdt 


/hws(0 cos ncoot dt + / f hws (t) cos ncootdt 


Let us now change the variable in the first integral from t to t - T/2, so that 
Equation (17.25) can be used. Exploiting the fact that the lower and upper limits 
of integration are now 0 and T/2, and that d(t — T/2 ) = dt, we can write 




/ hws (r) cos mo 0 (t - T/2) dt+ /hws(0 cos ntoot dt 


Since cosna>o(r — T/2) = cos (na^t — tut) = (—1)" cosfzwo/, we can write 


2 f 1 
a " ~ T Jo 


/hwsCOtl - (-lVjcosmuof * 


This expression indicates that for a function with half-wave symmetry we have 


(In = 0 


(17.26a) 


for n even, and 


4 f T/2 




fbws(t) cos ncoot dt 


(17.26b) 
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for n odd. Equation (17.26a) holds also for n = 0, indicating a zero average 
or dc value. By a similar procedure, it is easy to show that for a function with 
half-wave symmetry we also have 



117.27a) 


for n even and 


4 

b n = — /hwsCOsinntwo* dt 

1 Jo 


(17.27b) 


for n odd. These properties can be exploited to expedite our calculations, as we 
are now ready to demonstrate. 


^Example 17.5 

Find the Fourier series for the triangle wave of Figure 17.8. 


m 



Figure 17.8 Triangle waveform of 
Example 17.5. 


Solution 


By inspection, this is an odd function, so a„ = 0 for all n. It is also 
half-wave symmetric, so b„ = 0 for n even. Thus, we only need to find 
b n for n odd. Even though Equation (17.27b) specifies 7/2 as the upper 
integration limit, we shall integrate only up to 7/4 and double the result. 
It is readily seen that for 0 < t < 7/4 we have f(t) = AAtjT . Thus, for 
n odd, 


8 4 A 32 A 

b " = Tj 0 ~¥ t smmu °* = ~jT x 

84 / nn nit nil \ 84 nn 

— —r —.r sin —-—cos — = ——— sin — 

n 2 n 2 \ 2 2 2 / n 2 n 2 2 


sin ncoot — ncoot cos ncoqt 


n 2 a>l 


Tj4 


where we have exploited the fact that cos nir/2 = 0 for n odd. To 
represent odd numbers, we replace n with 2k — 1. Then, using the fact 
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that sin [(2k - 1 )jt/ 2 ] = -coskx = (-l) fe we obtain 
8 A ^ (— 1 )*-> . 

The first few terms are 

/(/) = fsin&Jo^ — - sin3wot + -7 sin5tuof — — sin7<uot + 
7T l V 9 25 4y 


(17.28) 


1 


m 



Exercise 17.5 Show that the Fourier series for the waveform of 
Figure 17.9 is 


2A ^ -2/tt 

f(t) = IT ^ (2k - If 

k=\ 


cos (2k — 1 )o)Qt + 


1 


2k - 1 


sin (2k — 


Figure 17.9 Waveform of 
Exercise 17.5. 


Effect of Discontinuities 


We conclude with two useful observations whose proof, however, we shall omit 
for brevity. 


(1) If f(t) has a discontinuity at f = a, then the Fourier series converges 
to the average value, 


f(a) = 


f(a-) + /(«+) 
2 


where a and a + are, respectively, the instants immediately preceding 
and following a. 

(2) Denoting the function f(t) as / < 0 > (f), and its Ath derivative d k f(t)/dt k 
as f {k) (t), the following holds: If / ( 0 ) (f), / { 1 ) (t), / ( 2 ) (f),. - ■, f {k ~ l) (t) 
are continuous functions of time whereas / ( ^(0 is discontinuous, then 
the coefficients a„ and b n decrease with the harmonic number n as 
\/n k+l . 


For instance, since both the sawtooth and square waves are discontinuous, 
their coefficients decrease as l/n 0+l = 1 fn. The triangle and rectified sine 
waves are continuous, but their first derivatives are discontinuous; hence, their 
coefficients decrease as 1 /n l+l = 1 fn 1 . A sinelike wave made up of parabolic 
sections in such a way as to be continuous up to and including the first derivative 
would have coefficients that decrease as 1 /n 3 . 


17.3 Frequency Spectra and Filtering 

The harmonic makeup of a signal can be visualized quite effectively by means 
of frequency diagrams known as frequency spectra. Applying a periodic signal 
to a circuit containing reactive elements yields a response whose spectrum will 












17.3 Frequency Spectra and Filtering 831 


generally differ from that of the applied signal. Circuits specifically designed to 
alter frequency spectra are referred to as filters. 


Frequency Spectra 

Plotting the amplitudes A„ and phase angles 6„ of Equation (17.2) versus fre¬ 
quency yields a pair of diagrams known, respectively, as the amplitude spec¬ 
trum and the phase spectrum of f(t). Because the harmonic components have 
discrete frequency values, the spectra of periodic signals consist of lines and 
are thus called tine spectra. 

Figure 17.10 shows the spectra of the sawtooth of Figure 17.1. According to 
Equation (17.7), this wave has Ao = A/2, A„ = ( A/n)fn , and 6 n = 90°, n = 1, 
2, 3, .... It is readily seen that the envelope of the harmonic amplitudes is the 
curve M(w) — Aa^fitco, and the envelope of the harmonic phase angles is the 
curve 0(to) = 90°. 


Amplitude 



4 


90° 


0(0)) = 90 a 

01 J 02 03 04 0J 


o-l-!-1-1-f-f- 

0 (0 0 2to 0 3o)o 4(00 ^ a>0 

(b) 


■*- © 


Figure 17.10 Amplitude and phase spec¬ 
tra of the sawtooth wave of Figure 17.1. 


Plotting the squared rms values and (A n ff2) 2 versus frequency yields, by 
Equation (17.12), the power spectrum of f(t). This spectrum provides a visual 
indication of how the power of a periodic signal distributes among its harmonic 
components, a feature of paramount importance in signal communications. Fig¬ 
ure 17.11 shows the power spectrum of the same sawtooth wave. The envelope 
is now the curve P(co) = \M 2 {q)) - |(A<wo/jt£u) 2 . We observe that most of 
the power is concentrated in the dc component. If we shift the sawtooth wave 
downward until its dc component is reduced to zero, most of the power will 


Power 



Figure 17.11 Power spectrum of 
the sawtooth wave of Figure 17.1. 


832 Chapter 17 Fourier Analysis Techniques 


come only from the first few harmonics, because it decreases quadratically with 
the harmonic number. Once again, we stress that the power spectrum depends 
only on the harmonic amplitudes, irrespective of the phase angles. 


Exercise 17.6 Sketch the amplitude, phase, and power spectra of 
(a) the square wave of Figure 7.3, (b) the square wave of Figure 17.6, 
and (c) the triangle wave of Figure 17.8. 


Steady-State Response to a Periodic Signal 

We wish to find the response y(t) of a circuit to a periodic signal x(r). We are 
interested in the steady-state response, that is, the response after all transients 
have died out. We know that if the signed is purely sinusoidal, the response 
can be found via phasor techniques as Y = H(jai q)X, where X and Y are, 
respectively, the phasors of the applied signal and the response, and H(jco o) is 
the network function calculated at the frequency o>q of the applied signal. This 
approach can be extended to a nonsinusoidal periodic signal as follows. 

First, we express the signal as a Fourier sum of sinusoidal components, 

x(t) = Xo + ^ X n cos (ncoot 4- 9 xn ) (17.29) 

n= 1 

Next, using standard ac analysis techniques, we find the phasors of the responses 
to the individual components, 


Y n = \H(jncoo)\ x X n (17.30a) 

Oyn = < H(jncoQ) + $ xn (17.30b) 


n = 0, 1,2.Finally, we apply the superposition principle and add up these 

responses to obtain the Fourier series of the overall response, 

OO 

y(O = Y 0 + cos (ntoot + 9 yn ) (17.31) 

n=1 

In general both \H(jna)o)\ and <f.H(jna) o) will vary with no)Q, indicating 
that the harmonic makeup of y(t) will generally differ from that of x(t). We 
describe this phenomenon by saying that as it progresses through the circuit, the 
applied signal will generally experience both amplitude distortion and phase 
distortion. 


t: 


Example 17.6 


The R-C circuit of Figure 17.12(a) is subjected to the square wave u/ 
shown in Figure 17.12(b). Find the Fourier series of its steady-state 
response vo• 
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R 

VW-1- o 

lOkfi 



(a) 


Volts 



Figure 17.12 (a) R-C circuit of Example 17.6, and 
(b) its input and output waveforms. 


Solution 

Adapting Equation (17.17) to the present case, we have 

i>/(0 = 7.854+ lO.OOOcoswof + 3.333 cos (3tuo/ + 180°) 

+ 2.000 cos 5o>of + 1.429 cos (7wQt + 180°) H-V 


where a>o — 2njT = 2nf(2tz 10 -3 ) = 10 3 rad/s. 

The transfer function of the R-C network is, by the generalized 
voltage divider formula, H(j(d) = (1/ jcoC)/(R + 1 /jcoC), or 

H U<o) = . , .) . . 

1 + ;(cu/£t> c ) 

1 

o) c =- 

RC 

where co c is the cutoff frequency, also called the half-power frequency, the 
—3 dB frequency, the comer frequency, the characteristic frequency, or 
the critical frequency of the R-C network. We denote it as to c to avoid 
confusion with the fundamental frequency o)q of the input. Using 


\H(jnco n )\ 


1 

yf 1 + ( ncoo/toc ) 2 


< H(jna>o ) — — tan 1 ( nwo/(o c ) 


with a) 0 = 10 3 rad/s and oj c = 1 /(10 4 x 50 x 10 9 ) = 2 x 10 3 rad/s, we 
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calculate 

H(0) = 1/0° 

H(j\coo) = 0.894 4/-26.57 0 
H(j3co 0 ) = 0.5547 7 -56.31° 
H(j5(oo ) = 0.371 47-68.20° 
H(j7(Oo) = 0.274 77-74.05° 


and so forth. Multiplying the amplitude of the nth component of t>/(r) by 
\H(jmof)\ and augmenting its phase angle by < HijncD^), we obtain the 
nth component of vo(t). Adding up all components, 
v 0 (t ) = 7.854 + 8.944cos(wot - 26.57°) 


+ 1.849 cos (3cuof + 123.69°) + 0.7428 cos (5«ot - 68.20°) 
+ 0.3925 cos (7wo + 105.95°) + • ■ • V 


Pause a moment to compare each component of v 0 (t ) against the 
corresponding component of Vi(t). 


.1 


Exercise 17.7 Repeat Example 17.6, but with R and C interchanged 
with each other so as to form a C-R circuit. 

ANSWER vo(t) = 0 + 4.472 cos(u>or + 63.43°) + 2.774 cos (3a)ot — 
146.31°) + 1.857 cos(5&Jot + 21.80°) + 1.374cos(7cuq - 164.05°) + • ■ • V. 


Even though Equation (17,31) provides an analytical expression for the 
response, it is not immediately apparent what kind of waveform Vo of Exam¬ 
ple 17.6 will exhibit. This can be found by calculating and plotting its Fourier 
series for different values of t within one cycle. A much quicker alternative is 
to find the response via the time-domain techniques of Section 8.3. The result 
is the waveform denoted as vo in Figure 17.12b. 

We wish to stress that in many applications the appearance of the waveform 
is less important than its harmonic makeup. It is precisely its ability to convey 
the harmonic content that distinguishes Fourier analysis from other techniques 
such as time-domain analysis and Laplace analysis. 

Input-Output Spectra 

The effect of a circuit upon a periodic signal, expressed analytically by Equa¬ 
tion (17.30), can also be visualized graphically by means of frequency spectra. 
As illustrated in Figure 17.13 for the case of the amplitude spectra, we first 
sketch the line spectrum of the input signal. Next, we plot \H(jco)\ versus co. 
Finally, we construct the line spectrum of the output by multiplying out each 
input line by the value of |//(yo>)| at the corresponding harmonic frequency. 

It is apparent that the harmonic makeup of the output depends not only on 
the makeup of the input, but also on the frequency profile of \H(ja>)\ as well as 
the location of the cutoff frequency oo c relative to the fundamental frequency wq. 
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Input amplitude (V) 







Figure 17.13 Input and output amplitude spectra for the 
R-C circuit of Figure 17.12. 

As we know, the R-C circuit tends to pass low-frequency components while 
attenuating high-frequency components. 

If we increase a> c so as to make a> c an), then a substantial number of 
harmonic components will be passed, yielding an output that is virtually an 
undistorted version of the input. A large co t can be achieved, for instance, by 
making C suitably small. 

By contrast, increasing C so as to make to, <$C too will attenuate all harmonic 
components. Since the input amplitudes decrease with frequency as 1 jn and 
\H(jna>a)\ also decreases as l/« for nco 0 w t ., the output amplitudes will 

decrease as 1 jn 1 . In light of Equation (17.28), this is the amplitude spectrum 
of a triangular wave, indicating a substantial amount of distortion. 
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We observe that the input dc component is fully passed to the output, re¬ 
gardless of w c . By making co c sufficiently small we can virtually block out all 
harmonic components and thus pass only the dc component. Needless to say, 
these observations are consistent with our findings of Sections 8.3 and 14.4. 
You are encouraged to verify also for the high-pass case, which is obtained by 
interchanging R with C. 

A similar procedure can be used for the phase spectra, except that in this 
case the output lines are obtained by adding the input lines to the values of 
<H(jco) at the corresponding frequencies. This is shown in Figure 17.14 for 
the R-C circuit of Example 17.6. 


Input phase (deg) 

,4 


90 


0 (Oq 3ciJo 5co q 7g>q 


(deg) 



Output phase (deg) 



Figure 17.14 Input and output phase spectra for the 
R-C circuit of Figure 17.12. 
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Filters 

The profiles of the \H(jco)\ and curves, collectively referred to as the 

frequency response, provide a visual indication of the manner in which a circuit 
affects the spectrum of the applied signal. Circuits intended to serve this specific 
function are referred to as filters. Following are the idealized specifications of 
the most common filter functions. 

(1) Low-Pass Filter. This filter is characterized by a frequency co c , called 
the cutoff frequency, such that 

mu«)l-{i 117.321 

(0 for (o > w c 

As shown in Figure 17.15(a), this filter passes the dc component and 
all harmonic components whose frequencies lie within the pass band 
0 < w < a) c , and it rejects all components with frequencies within the 
stop band co c < co < oo. 

(2) High-Pass Filter. This filter is the opposite of the low-pass filter, for 

fO for 0 < (o < «> c 

ff( ia>) = < . , 17.33 

1 1 [1 forft)>oj c 

As shown in Figure 17.15(b), it rejects all components within the band 
\mM |j*(jta»| 



(e) (f) 


Figure 17.15 Idealized filter responses: (a) low pass ; (b) high pass; 
(c) band pass; (d) band reject ; (e), (f) ail pass. 
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0 < a) < co c , now called the stop band , and it passes all components 
within the band co c < co < oo, now called the pass band. 


(3) Band-Pass Filter. This filter is characterized by a frequency co L , called 
the lower cutoff frequency, and a frequency coh, called the upper cutoff 
frequency, such that 


l«0'a,)l = {‘ 


for oo L < co < (Oh 
for 0 < a) < col and 


oo h < oo < oo 


(17.34) 


As shown in Figure 17.15(c), the harmonic components within the pass 
band co L < co < ao H are passed; those within the stop bands 0 < co < 
oo l and coh < co < oo are rejected. 


(4) 


Band-Reject Filter: This filter, also referred to as a notch filter, is the 
opposite of the band-pass filter, 




for col < co < oo h 
for 0 < co < <oi and 


00 H < 00 < OO 


(17.35) 


As shown in Figure 17.15(d), it rejects the components within the stop 
band ooi < co < ooh and it passes all those within the pass bands 
0 < co < col> and % < co < oo. 

(5) All-Pass Filter: This filter, also known as a delay filter, passes all 
components so that 

\H(jco)\ = 1 (17.36) 


regardless of co, but it effects their phase angles as 

<H(jco) =-t 0 a> (17.37) 


where to, having the dimensions of time, is called the time delay of the 
filter. The frequency plots of such a filter are shown in Figures 17.15(e) 
and (f). Its response to a signal x(t) is simply xit—to), a delayed version 
of x(t) itself. 


The effect of the various filters is depicted in Figure 17.16, using the signal 

jc(f) = 1 sin coot + 0.5 sin f^coot -1- 0.3 sin 20coot 

as an example. Figure 17.16(a) shows the individual harmonic components of 
x(t), while Figure 17.16(b) shows the waveform and amplitude spectrum of 
jc(r)- Figure 17.16, parts (c) through (0, shows the waveforms and spectra after 
the signal has been sent, respectively, through a low-pass, high-pass, band-pass, 
and band-reject filter. 

The idealized responses of Figure 17.15 can in practice only be approx¬ 
imated. A classical approach to filter synthesis is by means of resistances, 
capacitances, and inductances. Since these components are passive, these filters 
are called passive filters. However, since the inductor is the least ideal of the 
three elements, it is desirable to avoid it whenever possible. Active filters meet 
this goal by using resistances, capacitances, and amplifiers, but no inductances. 
Both active and passive filters are referred to as analog filters because they 
operate directly on physical signals, which are by nature analog or continuous. 

A drawback of analog filters is the tolerance and drift of their physical com¬ 
ponents, which limits the degree of accuracy with which the idealized responses 
of Figure 17.16 can be approximated and maintained with temperature and time. 
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These limitations are overcome by an alternate class of filters known as digital 
filters. In this case, the analog signal is first converted to digital form, where 
it is represented as a sequence of numbers, just as a movie action is converted 
to a sequence of picture frames. Then, a digital processor operates upon this 
numerical representation according to algorithms designed to have the desired 
effect upon the input spectrum. Finally, the results are converted back to ana¬ 
log form to reconstruct the processed signal. Audio digital recording, mixing, 
editing, and mastering are common applications of this concept. 


17.4 The Exponential Fourier Series 


The amplitude-phase and cosine-sine Fourier series of Equations (17.2) and 
(17.3) are jointly referred to as trigonometric Fourier series. An alternate Fourier 
representation utilizes exponential instead of trigonometric functions, and is thus 
referred to as the exponential Fourier series. Its form is 


where 



(17.381 


(17.39) 


Because the coefficients c n are in general complex, the exponential Fourier series 
is also referred to as the complex Fourier series, even when /(f) happens to be 
a real signal, as is usually the case. 

All the coefficients of the exponential series are found via the common for¬ 
mula of Equation (17.39), whereas the coefficients of the trigonometric series 
require the three separate formulas of Equation (17.6). Consequently, the ex¬ 
ponential series is mathematically more concise and lends itself to quicker and 
more elegant manipulations, a feature that will facilitate our introduction to the 
Fourier transform in the next section. 

We now wish to prove that Equations (17.38) and (17.39) follow directly 
from Equations (17.3) and (17.6). Letting cosno>of = (e jneoot + e~ jncuot )/2 and 
sinn&>of = (e jn<tiot — e~ jnmt )!2 j in Equation (17.3), we obtain 


CXJ i 

/(f) = ao + V + e~^ r ) + -^(e jn ^ - e^ 0 * 1 ) 


n =1 


_ ° n j b ” c inw»t _|_ a " j^n c -jna)Qt 

n=l ^ ^ 

00 

= o +Y, c ” ei " m ' +c >-‘ 


jnoiot 


(17.40) 


n—\ 
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where we have set 


cq = ao = Aq (17.41a) 

c, = a -^4h. = ^ (17 . 41b i 

n = 1, 2, 3,; moreover, c* denotes the complex conjugate of c„. Substituting 
the expressions for a n and b„ as given in Equation (17.6) and using Euler’s 
identity, we obtain 


1 

C " ~ 2 


/(r) sin/iojo^ dt 

l r>o+T 


riot/ 2 

/ /(0 cos na)Qtdt - j — / 

J f(> 1 J to 

= - / /(/)(cosnwof -y sinmuo/)** = — I f{t)e~ }nmt dt 

1 j to I 7r n 


This proves Equation (17.39). To prove Equation (17.38), we replace n with 
—n in Equation (17.39) to obtain 

"Id +T 

C-„ = — / f(t)e jn ^ dt 


1 rh+t 

-* = Tj 


that is, 


c-„ = c„ 


(17.42) 


This allows us to rewrite Equation (17.40) as 


m = Y 2 c ’ eJ " m ' = £ c " ei "“°' 

r;=0 n= 1 n=— oo 


where we have exploited the fact that summing from 1 to oo is 

equivalent to summing c n e jnw,j from —1 to —oo. This completes the proof of 
Equation (17.38). 

We observe that besides the positive-valued harmonic frequencies coo, 2a>o, 
3cuo, ..., the exponential Fourier series contains the negative-valued frequencies 

—£l»o, — 2wo, —3a>o, _ Physical frequencies are, of course, always positive. 

However, when using the exponential form we are in effect expressing two sums, 
one from 0 to oo and the other from 1 to oo, as a single sum from —oo to +oo; 
hence the need for negative frequencies. 

We also observe that the coefficients c„ and c_„ are conjugate to each other 
and are related to the coefficients of the trigonometric series by Equation (17.41). 
Moreover, we note a duality between Equations (17.38) and (17.39): Interchang¬ 
ing f(t) with c n , the operation of summation with that of integration, n with 
—n, and division by T with multiplication by T leads from one equation to 
the other, and vice versa. This symmetry becomes more significant in the next 
section, when we introduce the concept of Fourier transform pairs. 


Example 17.7 

Find the exponential Fourier series for the pulse train of Figure 17.17. 
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m 


A 

t 


—1— 


0 


W/2 

—h- 

-►- 


-T -WI2 0 T 


Figure 17.17 Pulse train waveform of Example 17.7. 


Solution 

We conveniently choose —Wj 2 < t < VP/2 as the interval of integration, 
where f(t) = A. Then, Equation (17.39) yields 




W/2 a o-jrui^l 

Ae~ inmt dt - - 

w/2 T —jna >o 


W/2 


^ e jncagW/2 _ e ~jno>oW/2 


-W/2 

_ AW sin (ncooW/2) 
T jnto o T ncooW/2 

Since moqW/I = n(2n/T)W/2 = miW/T, the coefficients are 

W sin (mtt W/T) 

C n = A -;- 

T nnW/T 

The exponential Fourier series for the pulse train is thus 


W 


YY 

no = 


sin (jitzW/T) 
httW/T 


jntaoi 


(17.43) 


(17.44) ^ 


Exercise 17.8 Find the coefficients of the exponential Fourier series 
for the sawtooth wave of Figure 17.1. 

ANSWER c 0 = A/2; c n - jA/2nn , n = ± 1, ±2, ±3, ... 


Power 


The average power delivered to a 1-S2 resistance by a real signal fit) is, by 
Equations (17.11) and (17.38), 



E 


c„e 


jruaot 


n=-OQ 


dt 
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Recognizing that the expression within brackets is c*, we obtain 


00 OO 

P\a = CnC n = \c n \ 2 

n = — OQ « = —00 


(17.45) 


This result, again referred to as Parseval's theorem for periodic signals, states 
that the average power delivered by a periodic signal to a unity resistance is found 
by summing the moduli squared of all its complex Fourier series coefficients. 
Considering that (c_„| = |c„|, Equation (17.45) can also be expressed as 


CO 

^iii = Co + 2^|c„| 2 


(17.46) 


Needless to say, this result could also have been obtained using Equations (17.12) 
and (17.41). 


Exercise 17.9 Use Equation (17.46) with a sufficient number of terms 
to estimate the rms value of a pulse train alternating between 0 V and 
5 V with a 25% duty cycle. 

ANSWER 2.5 V. 


Frequency Spectra 

Plotting |c„|, <c„, and |c„| 2 versus frequency yields, respectively, the ampli¬ 
tude, phase, and power spectra of f(t). Because n ranges from —oo to oo, the 
spectral lines now extend over positive as well as negative frequencies. More¬ 
over, since c_„ = c*, it follows that |c_„| = lc„| and < c_„ = — < c„, indicating 
that the amplitude and power spectra have even symmetry, whereas the phase 
spectrum has odd symmetry. 

As an example, let us examine the amplitude spectrum of the pulse train 
of Figure 17.17 for different values of the duty cycle d = W}T. By Equa¬ 
tion (17.43), the coefficients can be expressed as 


where 


/ W\ 
— A —Sa tux — 

T V T J 


(17.47) 


Sa(x) = 


sin* 


* 


(17.48) 


is a function of special importance in communication theory known as the 
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sampling function. The plot of Figure 17.18 indicates that Sa(0) = 1, and 
Sa(±m;r) = 0, m = 1, 2, 3, .... 


Sa(jt) 



Letting f = n/T in Equation (17.47) yields the envelope of the amplitude 
spectrum as a function of the cyclical frequency f 


\c(f)\ = Ay |Sa(;rW/)| 


(17.49) 


This function is plotted in Figure 17.19 for two different values of the duty cycle 
d = W/T. We make the following observations: 


(1) The maximum value of |c(/)|, reached for / = 0, represents the dc 
coefficients Co = AW/T. This maximum is proportional to the duty 
cycle d = W/T of the pulse train. 

(2) Since Sa(7T W/) = 0 for nWf = mtt, or / = m/W, the envelope goes 
to zero for / = ±1 /W, ±2 jW, ±3 jW, .... 

(3) The spectral lines are located at / — il/T, dL2/7\ ±3/7% .... If 
T is an integral multiple of W, say, T — mW, then the harmonics 
±m, ±2 m, ±3 m, ... will be missing. With a 50% duty cycle as in 
Figure 17.19(a), all even harmonics are missing. With a 20% duty cycle 
as in Figure 17.19(b), the fifth, tenth, fifteenth, twentieth, ... harmonics 
are missing. 


We note that if we increase the period T while keeping the pulse width W 
constant, the spacing \/T between adjacent lines will decrease, thus squeezing 
more lines between consecutive zeros of the envelope. Moreover, the amplitudes 
of all components will decrease in proportion. 

We can also use Equation (17.47) to sketch the phase and power spectra. For 
this particular waveform, the coefficients corresponding to the positive lobes of 
the function Sa(7r Wf) have < c„ =0°, and those corresponding to the negative 
lobes have = ±180°. Finally, the profile of the power spectrum is the 
curve |c(/)| 2 = A 2 (W/T) 2 x Sa 2 (7rW/). 
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l/T 

(b) 


Figure 17.19 Amplitude spectra of a pulse train with (a) W/T = 1/2, and 
(b) W/T = 1/5. 


Exercise 17.10 Consider the pulse train obtained from that of 
Figure 17.17 by shifting it toward the right by W/2 so that the leading 
edge of the central pulse occurs at t = 0. Obtain the coefficients c„ of 
the new waveform. Hence, sketch its amplitude and phase spectra for the 
case W/T = 1/5. 

ANSWER c„ = (AW/T)e~ jn * w/T S^nnW/T). 


If a circuit with the transfer function H(s ) is subjected to the periodic signal 

00 

jr(f) = J2 < 17 - 50 > 

then its steady-state response y(t) is readily obtained as 

00 

y(t)= (17.51) 
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Exercise 17.11 A periodic voltage signal having «o = 1 krad/s and 
c„ = (j 10/n)[cos{/i7r/2) — 1] V is applied to a simple R-C low-pass 
filter having R = 1 k£2 and C = \ /xF. Sketch the amplitude, phase, and 
power spectra of the output from the filter. 


17.5 The Fourier Transform 

In the last sections we have found that the periodic functions of physical interest 
admit Fourier series representations. What if a function is not periodic? Math¬ 
ematically, does it still admit some form of Fourier representation? Physically, 
does it still exhibit a frequency spectrum? We shall answer these questions us¬ 
ing the following strategy. With reference to Figure 17.20, where the aperiodic 
function of interest is denoted as /(?)> we define its periodic extension as the 
periodic function 

f P (t) = f P (t + nT) 

coinciding with f(t) over some arbitrary time interval T, say, 
f P (t) = f(t) for — T/2 < t < T/2 

We then consider the exponential Fourier series of f p {t ) and examine it in the 
limit T -> oo. We clearly have 

lim f p (t) = f(t ) for —oo < t < oc (17.52} 

r-><» 

By this process we extend the Fourier series concept to the aperiodic function 
fit) by regarding it as periodic, but with an infinite period. 


/(*) f P it) 




Figure 17.20 (a) An aperiodic function fit) and (b) its periodic extension f p (t). 


By Equations (17.38) and (17.39) we can express f p {t) as 

00 00 r i c T / 2 

/„«)= T,r MOe-^'dt 

n=—co n~— oo L J—T/2 

Exploiting the fact that T = 2jr/<uo, this can be written as 

~ r i r T/2 

* (,) = E I 2 ^ _/ fpWe-^dl 


Jltwot 


n =—oo ■- 


-T/2 


e jna *‘m 


(17.53) 
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To find a clue on how to handle this expression in the limit T —> oo, we refer to 
the frequency spectrum of f p (t), consisting of lines spaced l/T Hz apart from 
each other. As shown in the example of Figure 17.19, increasing T decreases the 
fundamental frequency as well as the line spacing. As T is increased indefinitely, 
the individual spectral components merge into a continuous spectrum and the 
fundamental frequency becomes vanishingly small. Consequently, the frequency 
nwo of each harmonic component becomes the continuous frequency variable to, 
the line spacing wo becomes the infinitesimal dto, and the operation of summation 
becomes the operation of integration. Thus, letting 


na>o w 
too —> dto 

*>/ 

fp^f 


in Equation (17.53) and rearranging yields 


e^'dto 


(17.54) 


The integral within brackets is called the Fourier transform of fit), and is 
denoted as 


/ oo 

dt 

'00 


(17.55) 


It is apparent that once we evaluate this integral, we are left with a function of 
jto, which we denote as Fijto), 


F(ja>) = 


(17.56) 


Just as we define Fijto) to be the Fourier transform of fit), we define fit) to 
be the inverse Fourier transform of Fijto), and we denote this as 


m = 117.571 


From Equation (17.54) we have 


1 

fit ) — t / F(jco)e Jcot da> 

J- oo 


(17.58) 


848 Chapter 17 Fourier Analysis Techniques 


The function /(/) and its Fourier transform F(Jw) are said to constitute a 
transform pair, and we denote this as 


/(f) F(j(o) 


(17.59) 


One can readily verify that both the Fourier transform and its inverse are linear 
operations. 

Mathematicians have shown that a sufficient set of conditions for a function 
fit) to admit a Fourier transform are again Dirichlet’s conditions, with the 
integrability condition now rephrased as 



dt < oo 


(17.60) 


Moreover, no two distinct functions have the same Fourier transform and vice 
versa, a property referred to as the uniqueness of the Fourier transform and its 
inverse. 


Fourier Transform Pairs 


Using Equation (17.55), we can readily find the Fourier transforms of commonly 
encountered signals. Conversely, given a function of ja>, we can find its inverse 
transform using Equation (17.58). 

The Fourier transform of the impulse function is 


•rim) = 



8(t)e~ jwt dt = e- jcM = 1 


(17.61) 


where we have exploited the sifting property of Equation (16.13). Exploiting 
the linearity property, the Fourier transform of an impulse of strength A is 


^{A&it)} = A 


The Fourier transform of a delayed time impulse is 


(17.62) 



The inverse Fourier transform of a delayed frequency impulse is 


(17.63) 


1 

J? 1 {8(co — too)} = -— / S(to — cooje^^dto 

J-oo 

— 1 r .i°^ 

2jt 


(17.64) 
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Exploiting once again the Linearity property of the Fourier transform, we 
can write Jj r [Ae-' t * >l } = 27rAS(a> — a>o), where A is a constant. Letting coq = 0 
so that Ae jwu> = Ae j0 ‘ = A, we find that the Fourier transform of a constant 
function is 



The apparent duality between Equations (17.62) and (17.66) is evidenced in 
Figure 17.21. 



fit ) F(jm) 



Figure 17.21 The Fourier transform of an impulse is a constant, 
and the Fourier transform of a constant is an impulse. 


We can use Equation (17.65), along with the linearity property, to find the 
transform of the cosine function, 

{ e m\t _l e -jmi 'i 1 i 

- - 2 - 1 

that is, 

J^costMof} — 7i[S(a) + t^o) 4- 8(a) — tog)] (17.67) 

This Fourier pair is depicted in Figure 17.22. Similarly, the transform of the 
sine function is 


JT'isinwQt} = j 7r [<5 (a) + coq) — 8(a) — a>o)] 


(17.68) 
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It is interesting to observe that the Fourier transform, introduced in order to deal 
with aperiodic signals, can also be applied to periodic signals such as coswof 
and sin wot. Moreover, we find that these functions possess Fourier transforms 
even though they do not satisfy the condition of Equation (17.60), which is a 
sufficient but not a necessary condition for the transform to exist. 



Figure 17.22 The Fourier transform of the cosine is an impulse 
pair. 


The Fourier transform of the positive-time exponential is 


jr{<e' 


'«(*)} = J° 


e- al u(t)e- jmt dt = f e - (a+ja}> ‘ dt = 

Jo 


. e -(.a+joi)t 


a + jco 


or 



(17.69) 


for a > 0. Likewise, the Fourier transform of the negative-time exponential is 


jr{ e at u(-t)} = 


a- jco 


(17.70) 


for a > 0. 

Another useful function is the signum function, defined as 


( +1 for t > 0 

sg n (0 = ( _j for;<0 


(17.711 


To find its Fourier transform, we write sgn(r) = lim[e al u(t) — e ai u(—t )]. 

a-i-0 

Then, 


^{sgn (0) = lim \^[e- at u(t)} - ^{e at u(-t)}] = — 
a—o L J jco 


(17.72) 


The signum function and its transform are depicted in Figure 17.23. 
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Figure 17.23 The signum function and its Fourier transform. 


Equation (17.72), along with linearity and Equation (17.66), can be used to 
find the Fourier transform of the step function. 



(17.73) 


These transform pairs are summarized in Table 17,1. 


TABLE 17.1 Some Fourier Transform Pairs 


Name 

m 

FO'oj) 

Impulse 

m 

1 

Constant 

A 

2 ttAS((o} 

Signum 

sgn (r) 

2 

ja> 

Step 

«(/) 

7tS(<o) H—— 

JO) 

Pos-r exponential 

e~ a> u(t), a > 0 

1 

a + jto 

Neg-r exponential 

e a ’u(-t), a > 0 

1 

a - jco 

Abs-f exponential 

a > 0 

2a 

a 2 + co- 

Complex exponential 

e jvoi 

2nS(co — ewo) 

Cosine 

COS (WO t 

;r[S(cw + cwo) 4- 8(co - two)] 

Sine 

sinft>of 

7jt[ 5(ct> + two) — S(<w - (wq)] 


F 


Example 17.8 

Find the Fourier transform for the single pulse shown at the left of 
Figure 17.24. 
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Figure 17.24 A pulse and its Fourier transform. 


Solution 


Since /(f) = A for — W/2 < t < W/2, and /(f) = 0 elsewhere, we can 
change the limits of integration in Equation (17.55) from —oo to - W/2, 
and from oo to W/2. Then, 


F(jto) 


/ W/2 
■W/2 




Ae~ ja>1 dt = A 

w/i —j&> 


w/2 2A e ia)W/2 — e~ Jti>w/2 

-W/2 


CO 


j 2 


2A . coW 
— — sin —— 
a> 2 


This can be put in either of the following forms 

fo)W\ 

F(jco) = AW Saf—J 
F(jf) = AW Sa(7rW/) 


(17.74a) 

(17.74b) 


where Sa(jc) = (sinx)/x is the sampling function introduced in Sec¬ 
tion 17.4, and / = a> j2it is the cyclical frequency, not to be confused 
with the function /(f) itself! As shown at the right of Figure 17.24, the 
transform has the same functional form as the envelope of the amplitude 
spectrum of the pulse train. However, instead of discrete spectral lines, 
we now have a continuous spectrum. ^ 


Exercise 17.12 Find the Fourier transform of the single sawtooth pulse, 
defined as /(f) = (A/W)f for 0 < f < W, and /(f) = 0 elsewhere. 

ANSWER F(jw ) = (jA/co)[e-^ w - e~ Sa(o)W/2)]. 

Exercise 17.13 Find the Fourier transform of the doublet, defined as 
/(f) = A for — W < t < 0, /(f) = —A for 0 < r < W, and /(f) = 0 
elsewhere. 

ANSWER F(jfo) = {j2A/oo){\ — cos a>W). 
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This result, known again as Parseval’s theorem, holds both for periodic and 
aperiodic signals, and it can also be expressed in terms of the cyclical frequency 
f = w/2tt as 



In words, the total energy delivered by a signal to a 1-!T2 resistor equals the 
total area under the magnitude squared of its Fourier transform F(jf). Consid¬ 
ering that \F(jto)\ 2 is an even function of co, the total energy of fit) can also 
be expressed as 

1 TOO pOO 

w ia = - / \F(ja>)\ 2 dot = 2 / \F(jf)\ 2 df (17.77) 

tt Jo Jq 


Since W\ & is expressed in joules (J), \F(jf)\ 2 is expressed in joules/hertz 
(J/Hz), which are the units of energy density, or energy per hertz. The curve 
obtained by plotting | F 2 \ versus frequency is called the energy density spectrum. 
While the energy of a periodic signal is concentrated at the frequencies of its 
harmonic components, the energy of an aperiodic signal is generally spread over 
the entire frequency spectrum. 

It is informative to discuss these findings in terms of simple transform pairs. 
Let us begin with the impulse function. Since = 1, the energy density 
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of <5(0 is uniform with frequency, indicating the presence of all frequency 
components in the makeup of an impulse. 

By contrast, because A } = 2tiAS(co), the energy of a dc signal A is 
concentrated at just one frequency point, co = 0. Moreover, its energy density 
must be in the form of an impulse in order to yield a nonzero area when integrated 
as in Equation (17.76). 

Since JT'lcoscuo t) = 7r[<$(o> + cuo) + 5(<w — a>o)], the energy of a purely 
sinusoidal signal is concentrated at two frequency points, a) = ±n>o- Likewise, 
the energy density must be impulsive in order to yield a nonzero total area. 

According to Equation (17.74b), the energy density of a pulse of amplitude 
A and width W is |F(/)| 2 = [AW x Sa(:rW/)] 2 . The energy is concentrated 
primarily within the main lobe, — \fW < f < 1 jW (see Problem 17.37). 
The narrower W, the wider the lobe. If we let A = 1 /W and take the limit 
W —^ 0, the pulse approaches the impulse function 8(t), and the lobe will 
become infinitely wide while retaining the amplitude AW = (1 fW) x W = 1. 
This confirms Equation (17.61). 




Example 17.9 


Find the total energy dissipated in a 10-Q resistance by the current 
i(f) = 5e“ lo3 'w(r) A. 


Solution 

Wioo = lOVkin- We can find either via Equation (17.75) or via 
Equation (17.76). Let us do both. 

/ OQ fOO 

f 2 (t)dt= / 25 e- 2 * m dt 

oo J 0 


=12.5 ml 

2 x 10 3 


W u 


25 


l f°° IF 

= -/ \F 2 (jw)\dw = - 
x Jo x J o 10 6 + Oi l 

25 tan 1 (a>/10 3 ) 


dco 


jt 10 3 

Clearly, JVi 0 a =0.125 J. 


= 12.5 mj 




Exercise 17.14 Use Parseval’s theorem to find W\ q if f(t) = Ae a|,| > 

ANSWER A 1 /a. 


17.6 Properties of the Fourier Transform 

The Fourier transform exhibits unique junctional properties that we can exploit 
to expedite our calculations or to check our results. Moreover, it affects not 
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only functions but also operations upon functions. Similarities with the Laplace 
transform are investigated at the closing of this section. 

Fourier Transform Properties 

Being a complex function, the Fourier transform admits both polar and rectan¬ 
gular representations, 

r- 1 

! F(jto) = A(o>) + jB(a>) = \F(jco)\e J<FUw) , (17.78) 


To find expressions for A(co) and we let e = coswf — j sin cot in 

Equation (17.55). Then, it is apparent that 


/ oo 

/(f) cosojf dt 

■OO 

/ OO 

/(f) sin cot dt 

-00 


Based on these expressions, one can readily prove the following: 

(1) A(co) is an even function of co; B(a>) is an odd function of w. 

(2) \F(ja>)\ = + B 2 {(d) is an even function of or, = 

tan -1 B(w)JA((o) is an odd function of w. 

(3) Negating a> yields the conjugate of the transform, F(~jco) = F*(jco). 

(4) If /(f) is an even function, B(co) = 0, so F{ja>) is real ; if /(f) is an 
odd function, A {(d) = 0, so F(ja>) is imaginary. 

(5) If /(f) is an even function, then /(f) and F(jco) have the same func¬ 
tional form, aside from the constant 27T. 

The last property stems from the fact that if /(f) is even, then F(jo>)e ja,t = 
[A(j<o) + j 0] x [cos (Dt + j sinwf]. Substituting into Equation (17.58) and 
exploiting the fact that A (j w) is also even, we have 

1 f°° 

f(t)=— A{joi) cos cotdt 

2tt J 

Except for the term 1/2 jt , this has the same form as Equation (17.79a), indicating 
that /(f) and F(jco) are interchangeable. For instance, because J?"{5(r)} = 1, 
it follows that ^ -1 {£(&>)} = 1 jin. Likewise, because the transform of a time 
pulse is a function of the form (sino>)/cu, it follows that the time function whose 
spectrum is a frequency pulse is a function of the type (sinf)/f. 


(17.79a) 

(17.79b) 


Operational Transforms 

Because operational Fourier transforms are in many respects similar to the op¬ 
erational Laplace transforms of Section 16.3, we list only the results, leaving 
their proofs as end-of-chapter problems. 
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(1) Linearity: The Fourier transform of a linear combination of two func¬ 
tions f\ it) and / 2 (r) is the linear combination of their Fourier trans¬ 
forms F[ (jco) and F 2 {jco), 


*^Wi(0 + bf 2 (t)} = aFi(jw) + bF 2 (j(o) 


(17.80) 


(2) Differentiation: Time differentiation of a function fit) corresponds to 
multiplication of its Fourier transform F{jco) by jco , 


(17.81) 


In order for this property to hold fit ) must vanish as / —»• ±oo. Unlike 
the Laplace transform, the Fourier transform does not take into account 
the initial value /(0“), owing to the fact that the lower limit in its 
defining integral is — oo instead of 0 _ . 

(3) Integration: Time integration of a function fit) corresponds to divi¬ 
sion of its Fourier transform F(jco) by jco. 


^ {^r} = 


sr \ 


l. 



(17.82) 


This property holds if fif ) df =0. 

(4) Scaling: Scaling by a > 0 in the time domain corresponds to scaling 
by 1/a in the frequency domain, accompanied by division by a. 




(17.83) 


(5) Time shifting: Shifting by f 0 in the time domain corresponds to mul¬ 
tiplication by e~^ tQ in the frequency domain, 


P\f(t - *>)) = e- jM °FUa>) 


117.84) 
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(6) Frequency shifting: Shifting by u>q in the frequency domain corre¬ 
sponds to multiplication by in the time domain, 

Sr-'{FU<o - jo) o)) = (17.85) 

(7) Modulation: The process of controlling the amplitude of a sinusoidal 
carrier, costuo t, by means of a modulating signal, f(t), is called ampli¬ 
tude modulation, and the resulting signal is the product f(t) x cos coot. 
Using Euler’s identity, along with Equation (17,85), it is readily seen 
that modulation in the time domain corresponds to shifting by ±&>o in 
the frequency domain, where co o is the carrier frequency, 



The effect of modulation is depicted in Figure 17.25. 


nt) 



Figure 17.25 When a signal /(r) with spectrum F(joj) modulates a sinusoidal 
carrier having frequency cvq, the resulting spectrum is half the spectrum of /(f), 
but shifted by ±tuo. 


(8) Convolution: The time convolution of two functions hit) and xit) 
corresponds to multiplication of their Fourier transforms H{ja>) and 


hit) * x(f) H(j(o)X(ja>) 


(17.87) 
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where convolution in the time domain is now defined as 


hit) * jc (/) = 



h(t-$)x$)d$ 


(17.88) 


Likewise, \fhz times the frequency convolution of two functions F(jia) 
and G(jco) corresponds to multiplication of their inverse Fourier trans¬ 
forms fit) and g(r), 



117.89) 


where convolution in the frequency domain is defined as 


/ oo 

FUS)G(ja»-j$)d$ 

-00 


(17.90) 


These operational transforms are summarized in Table 17.2. 


TABLE 17.2 Some Operational Transforms 


Name Time Domain Frequency Domain 


Linearity 

t differentiation 

afi(t) + bf 2 (t) 
dfit) 
dt 

t integration 

f mdti 

J—oo 

t scaling 

fiat), a > 0 

t shifting 

fit - to) 

a> shifting 

e ja,n ‘fit) 

modulation 

fit) cos cuot 

t convolution 

h(t) * jt(r) 

o) convolution 

f(t)git) 


aF i (ju j) + bF2(j(o) 

jioF(jio) 

F(jco) 

ja> 



e~ ia)tt > F(ja)) 


F(jco - ja> o) 

^F(ja> - jo o) + ^F(jto + j(OQ) 
H{ja>)X(jh>) 

^-F(jw) * GO'ftj) 
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Example 17.10 

Find the Fourier transform of the function defined as fit) = A cost for 
—tt/2 < t < tt/2, and fit) =0 elsewhere. 

Solution 

Figure 17.26 shows the function, along with its first two derivatives. By 
inspection, 

f {1 Ht) = AS(t + ir/2) + AS(t - nil) - fit) 

Because both f(t) and / (1) vanish as t —► ±oo, we can apply Equa¬ 
tion (17.81) twice. Using linearity, along with t 0 )} = e~-> m , we get 

(, j(o) 2 F(jco ) = A(e Juj7:/2 +e-j‘ aiT/2 ) - F(jco) 

Using Euler’s identity and simplifying, we have 

. . 2A it 

F{](») = - - - cos -<D 

1 — co z 2 



Figure 17.26 (a) Signal of Example 17.10, and its (b) first and (c) second 
derivatives. 


Exercise 17.15 Confirm the Fourier transforms of the single sawtooth 
pulse of Exercise 17.12 and of the doublet of Exercise 17.13 by finding 
the Fourier transforms of their derivatives and then dividing by jw. 


Relation to the Laplace Transform 

It is apparent by now that there are similarities between the Fourier and Laplace 
transforms, repeated here for convenience, 

/ OO 

dl (17.91) 

■OO 

fCQ 

^{f(0}= / f{t)e~ sl dt 
J o- 


(17.92) 
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To compare the two transforms we must first require that fit) be a causal or 
positive-time function. Then, letting s — o + jco in Equation (17.92), we can 
write 


^{f{t)u(t)} = 



f{t)u(t)e- {a+Ja))t dt 


or 





-W(0 )=^{f(t)e- at } 


(17.93) 


In words, the Laplace transform of the causal function fit) is the Fourier trans¬ 
form of the causal function f(t)e~ fft . Alternately, the Fourier transform of the 
causal function fit ) is the Laplace transform of fit) calculated for a = 0, that 
is, on the jco axis. 




(17.94) 


Thanks to the e~ at term, the Laplace integral converges for a wider range 
of functions than the Fourier integral. Equation (17.94) thus holds only for 
functions for which the Fourier integral converges. This integral will converge 
when all the poles of F(s) = Jf{f(t)} lie in the left half of the 5 plane. If F(s) 
has poles on the imaginary axis or in the right half of the s plane, then the integral 
1/(01 dt will not converge, and Equation (17.94) no longer holds. Yet, we 
have seen in the previous section that if Fis ) has simple poles on the imaginary 
axis, but not in the right half of the s plane, the Fourier transform nevertheless 
exists. To accommodate this special case we modify Equation (17.94) as 


Nt 

-Z'ifit)} = -¥{f(t)}s=ju + ^ - 0) k ) 

k=\ 


(17.95) 


where co k is the ordinate of the fcth imaginary pole, A k is the residue of F{s) 
at s = jco ki and A, is the number of imaginary poles. Let us illustrate these 
concepts with actual examples. 




Example 17.11 

Find the Fourier transform of 

fit) = £* -a '(sinaiof)«(f) 


Solution 

The Laplace transform of this causal function is 
F( S ) _^_ 

W is+a)i+a>l 
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This function has a pole pair at s = — a ± Jcoq. As long as a > 0, the pair 
lies in the left half of the s plane. We can thus evaluate F(s) at s = jco 
to find the Fourier transform of /(/), 


F{jco) - 


(Oq 

(jiO + a ) 2 + (Oq 


◄ 


Exercise 17.16 Find ^{3 (t + \)e 5f w(r)}. 
ANSWER 3(6 + j<o)/(5 + j(o) 2 . 


► Example 17.12 


Find the Fourier transform of 

f(t) = (sina^oOuf/) 

Solution 

The Laplace transform of this causal function is 

f ( j > = -—-2 

Since it has a complex pole pair at 5 = ± jcoo, we expand it as 

j/2 jj 2 

F(s) = — --- 

5 -f j(OQ S - J(Oq 

Applying Equation (17.95), we find the Fourier transform as 


F(» = 


o>o 


0)0 


ft) 


]Tt 

+ ^—[ 6 {co + (Oq) - 8 ( 0 ) — coo)] 


Comparing with the Fourier transform of the noncausal signal sin coot, we 
observe that making this signal causal by multiplying it by u(t) halves 
the strength of its spectral impulses and also adds the term coq/((Oq — (o 2 ). 


1 


Exercise 17.17 If -^{/(f)} = 2(35 + l)/[(5 2 + 1)(5 + 2)], find 

(a) f(t) and (b) ^{f(t)}. 

ANSWER (a) 2[v / 2cos(t - 45°) - e~ 2t ]u(t)\ (b) 2(1 + 3j<o)/[{\ - 
(o 2 )(2 +j(o)] + 7T[{l+jl)S(<o+\) + (l-jl)S(co-1)]. 
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Example 17.13 

Show that for the causal function 

/( f ) =^(0 

a > 0, J^{f(t)} exists, but the Fourier transform does not. 


Solution 

It is apparent that for a > 0 the Fourier integral 


/: 


e a ‘u(t)e dt 


does not exist. We justify physically by noting that generating the 
diverging signal e at u(t) would require a diverging amount of energy, 
which is impossible. However, the Laplace integral 

pOO fOC fO0 

/ e al u{t)e~ sl dt = / e at e - (a+i0>)t dt = / e 10 ^*e~ J<ot dt 
Jo- J-o- Jo- 

does exist provided (a — a) < 0, or o > a, and it converges to 

1 

F(s) = 


s — a 


which has a pole at s = a, that is, in the right half of the 5 plane. As 
expected, what makes the Laplace integral converge is the term e ~ at , 
which is not available in the Fourier case. 


17.7 Fourier Transform Applications 


Exploiting the linearity, differentiation, and integration properties of the Fourier 
transform, one can readily show that the constitutive laws of the basic circuit 
elements transform as 


V{jto) = Z(ja>)I(jco) 


(17.96) 


where Vi jco) and I( jco) are, respectively, the Fourier transforms of voltage and 
current, in V-s and A-s, and 


Zr(Jco) = R 
Zl(Jco) = jcoL 
Z c {j(i>) = \jJoiC 


(17.97a) 

(17.97b) 

(17.97c) 
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Moreover, thanks again to the linearity property, KVL and KCL hold also in 
Fourier form. The formal similarity with phasors allows us to state that if we 
subject a linear circuit to a forcing signal jc(/), its response y(r) will be such 
that 

Y(ja>) = (17.98) 

where Y(jw) = J7~{y(t)}, X(jco) = ,9^{x(t)\, and is the familiar net¬ 

work function. This function can be found via co-domain circuit analysis, except 
that we are now working with Fourier transforms (in V-s or A-s), instead of 
phasors (in V or A). Alternatively, we can find it via s-domain techniques, and 
then let s -*■ jco. 

It is apparent that the Fourier approach generalizes the phasor technique to 
aperiodic signals, subject, of course, to the constraint that they be Fourier trans¬ 
formable. Thanks to the convolution property, the Fourier transform approach 
also provides an alternate method for finding the response, which is not available 
with phasors, namely, 

y (t)=h(t)*x(t) (17.99) 

where hit) is the impulse response of the circuit. As we know, this method 
is especially useful when hit) and x(t) are known, but their transforms are not 
available analytically and the computations must therefore be carried out entirely 
in the time domain. Let us demonstrate the use of Fourier techniques with actual 
examples. 



3tl 



Figure 17.27 R-C Circuit 
of Examples 17.14 through 
17.16. 
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Thus, 


v 0 (t) = ^~ [ {V 0 (ja>)} 


_ j_ 

2 it L 


IOtt 


S(w-2) + S(co + 2) . 


JlOt 


= 5 


,j2t 


,-j* 


+ 


1 + ;6 1 - j 6 


= 5 x 2Re 


1 + j3co 


dt 


L1 + 76J 


10 

7n 


cos(2 1 - 80.54°) V 


You may want to check this result using the phasor method. 


4 


Exercise 17.18 Repeat Example 17.14 if the circuit includes also a 
0.5-H inductance in parallel with the capacitance. Hence, check your 
result using the phasor method. 

ANSWER 1 UO =-/TOcos (2f-71.57°) V. 


t: 


Example 17.15 


Using the Fourier transform approach, find v 0 (t) in the circuit of 
Figure 17.27 if 


u /(0 = 10sgn(0 V 


Solution 


Since the applied input is not of the ac type, we cannot use phasors. 
We could, of course, use the time-domain techniques of Chapter 8; 
however, we want to demonstrate the use of the Fourier approach. By 
Equation (17.72), we now have 


Voijoi) = 


-Vj(jco) = 


1/3 


20 


20 

joy 


20 


1 + j3co , '" 1 7 1/3 + jco jay joo 1/3 + ja> 

where we have performed a partial fraction expansion. Using Table 17.1 
we find, by inspection, 

vo(t) = ^ r_1 {Vo(jo))} = lOsgn (/) - 20 e~ t/3 u(t) V 


or v 0 (t < 0) = -10 V, and v 0 (t > 0) = 10(1 - 2e~ tfi ) V. You may 
want to check this result using time-domain techniques. 


1 


Exercise 17.19 Repeat Example 17.15, but with the resistance and 
capacitance interchanged with each other. 

ANSWER v Q (t) = 20e~ t/3 u(t) V. 
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^Example 17.16 

In the circuit of Figure 17.27 find the percentage rj of the input signal 
energy transferred to the output if 

vi(t) = I0e~ t/A u(t) V 


Solution 

Combining Equations (17.69) and (17.77), we find that the total energies 
of the input and output signal are 


W, 


1 f°° 1 f 

’,■ = -/ \V I (jw)\ 2 da> = — \ 

x Jo X Jo 

da) 


10 


1/4 + j co 


100 

7t 


/ 


100 , - 1 , 

= —4 tan 4co 

1T 


w, 


1/3 


(1/4) 2 +0)2 

1 1 f 

O = - / \Vo{jM)\ 2 da> = - 

Tt Jo x Jo 

1 100 f 00 1 

~~ x ~9~ Jo (1/3) 2 +£u 2 X U/4) 2 + w 2 


da> 

= 200 J 

10 


1/3 +ja> 1/4 + jco 

1 


da) 


100 
9n 
14,400 
63x~ 


r 144/7 

Jo [( 1 / 4 ) 2 +. 


144/7 


dco 

do 


a> 2 (1 / 3)2 -\- w 2 

[4 tan -1 4(d — 3 tan -1 3w]^° - 114.29 J 


Finally, /? = 100(114.29/200) = 57.14%. 


Exercise 17.20 Repeat Example 17.16, but with the resistance and 
capacitance interchanged with each other. 

ANSWER n = 42.86% 


Example 17.17 

An ideal band-pass filter with &>*, = 5 rad/s and cdh = 20 rad/s is subject 
to the input signal 

vj(t) = 30e~ 101 u(t) V 

(a) Sketch the input and output energy density spectra. 

(b) Find the percentage tj of the input signal energy that is transferred 
to the output. 
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Solution 

(a) The input energy density spectrum is, by Equation (17.69), 
IV/C/to)! 2 = 2 J/(rad/s) 

The plot of Figure 17.28, top, confirms the evenness of this 
function. Since the band-pass filter passes all frequency 
components within the pass band and rejects all components 
outside this band, the output energy density spectrum will appear 
as in Figure 17.28, bottom. 



Figure 17.28 Input and output energy spectra for Example 17.17. 


(b) The total energies of the input and output signals are 


■-/ 

x Jo 

X Ja>i 


900 , 900 1 w 


\V 0 (ja>)\ 2 dw 


-1 f 2 ° 

X J 5 


900 


100 + a> 2 


= 45 J 


dco 


900 1 


=-— tan 

it 10 


to 

To 


20 


= 18.43 J 


Consequently, rj = 100(18.43/45) =40.97%. 
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Exercise 17.21 Repeat Example 17.17, but for the case of a band-reject 
filter with a> L = 5 rad/s and a >h = 15 rad/s. 

ANSWER q = 66.95%. 


Comparing the Fourier and Laplace Approaches 

Having demonstrated that the Fourier transform approach extends the phasor 
approach to aperiodic signals, we want to clarify its relationship to the Laplace 
transform approach. To this end, we observe the following: 

(1) The Laplace approach to circuit analysis is used more widely than the 
Fourier approach because (a) the Laplace integral converges for a wider 
range of applied signals and (b) it automatically accounts for the initial 
conditions. 

(2) The Fourier transform accommodates signals that are nonzero over all 
time, that is, signals that are turned on at r = —oo. Consequently, it 
is better suited to the study of steady-state responses, that is, responses 
after all transients have had sufficient time to die out. 

(3) The unilateral Laplace transform accommodates positive-time signals, 
that is, signals that are turned on at t = 0. Consequently, it is better 
suited to the study of complete responses, that is, responses to particular 
forcing signals on the basis of the energy already present in the reactive 
elements when the source is turned on. 

(4) The Fourier transform finds application especially in the areas of com¬ 
munication and signal processing, where the emphasis is on frequency 
response and frequency spectra. 


17.8 Fourier Techniques Using SPICE 

SPICE can be used to perform both the Fourier analysis and the Fourier synthesis 
of periodic signals. 



Fourier Synthesis 

Fourier synthesis is based on SPICE’s ability to simulate sinusoidal sources. As 
seen in Chapter 14, these sources have the forms 

VXXX ND K- KIN(VO VA IRAQ TD ALPHA THETA) 

IXXX N+ N- SIN(TO IA FREQ TD ALPHA THETA) 

By specifying a sufficient number of harmonically related sources we can synthe¬ 
size and display any periodic waveform we wish. Voltage sources are connected 
in series, current sources in parallel. 
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Example 17.18 

Use PSpice to perform the Fourier synthesis of a sawtooth voltage 
waveform of the type of Figure 17.1, with A = 10 V, and T = 1 ms. 
Use Equation (17.7a) with the first six harmonics. 


Solution 


With reference to Figure 17.29, the input file is 


ONK IE!' 1 SYN 

p l n r\pi i: 

NTS i S O! 

7 A ^awtooti: 

i : p si k ( 

J .3 . 1 8 3 ; 

i . ;;e 3 o o o 

P P 3 SIN i 

J 1 . 3 9 1 j 

7 . 0 E 3 0 0 0 

3 3 3 S1N( 

) 1 .06:0 

3. ON 3 0 (J 0 

433 SIN( 

J 0.7938 

4 , 0 E 3 C 0 0 

-36 SINN 

) 0.6 3 6 6 

3 . 0 N 3 0 0 0 

6 6 / SANA 

; 0.3303 

6.0 K j G 0 0 


.TRAN 0.0 ON ;■[,] 
. PROBE 
. END 



Figure 17.29 Waveform synthesis circuit of Example 17.18 

After directing the Probe post-processor to display v (7), we obtain the 
waveform of Figure 17.30. 


4 


Exercise 17.22 Use PSpice to synthesize and display a full-wave 
rectified sinusoidal current waveform of the type of Figure 17.4, with 
A = 5 mA and T — 1 ps. Use Equation (17.10), and display the 
waveform first using the first two harmonics, then using the first six 
harmonics. 


Fourier Analysis 

Given a periodic signal, SPICE can be used to find the coefficients of a trigono¬ 
metric series representation of the form 

0 © 

f (t) = A 0 + A„ sin ( ncoot -I- fi n ) 


(17.100} 
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12V +..4-1-1..■+ 



d V(7) 


Time 

Figure 17.30 Fourier synthesis of the sawtooth wave. 


This can readily be converted to the standard amplitude-phase representation of 
Equation (17.2) by letting 

d„ = i]r n — 90° (17.101) 

Besides the Fourier coefficients, SPICE calculates also the total harmonic dis¬ 
tortion (THD) of /(f), defined as 


v/Aj 4- A\ + A 3 + • • • 

THD = 100-^- (17.102) 

Ao 

This parameter provides an indication of the degree of departure of a periodic 
waveform from a pure sine wave. 

SPICE Fourier analysis is initiated by the statement 

. ITX.h: l-RKQ O'JTVAR j (XJ T 'VAR2 ... OU7VAR8 (17.103) 

where frfq is the fundamental frequency, in Hz, and OUT VAR l through 
O'JTVAR are the voltage or current variables of interest, for a maximum of 
eight. The . FOUR statement must be used in connection with the .than state¬ 
ment, repeated here for convenience, 

.THAT TUTOR TUTOR 7UTAR7 ' I'M AX UIC (17.104) 

SPICE computes the dc component as well as the amplitudes and phase angles 
of the first nine harmonics over the interval from (tstop — T) to i s TOP, where 
T is the fundamental period. To ensure a reasonable degree of accuracy, choose 
tax ~ 7 /100. 
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A CONVERSATION WITH 

Denice Denton 

UNIVERSITY OF WISCONSIN, MADISON 



and materials science as she researches using polymers as 
insulators in memory chips. 


D enice Denton is an associate professor of 
electrical and computer engineering at the 
University of Wisconsin, Madison. She did 
both her undergraduate work and her graduate work 
at Massachusetts Institute of Technology, receiving 
her PhD in 1987, Dr. Denton attended public schools 
in Houston, Texas. She was interested in science 
and math in high school and was a member of JETS 
(Junior Engineering Technology Society). She also 
participated in a summer program in engineering at 
Rice University in Houston. These activities led her 
to choose engineering as a career. 

What is your field of research, Dr. Denton? 

My major interest is microelectronics and microelec¬ 
tric-mechanical systems (MEMS). My work in gradu¬ 
ate school was a combination of chemistry, materials 
science, and electrical engineering, and now I’m using 
all of these fields in my research. Electrical engineer¬ 
ing has become a very interdisciplinary field. Micro¬ 
electronics focuses on the fabrication of microchips. 
In integrated circuit (IC) fabrication, we work exten¬ 
sively with a wide variety of materials and processes. 
Knowledge of chemistry is essential to develop new 
processes for IC fabrication. 

MEMS is an exciting field because of all the po¬ 
tential applications. One analogy I like for MEMS 
is the “machine shop on a chip.” Imagine being 
able to build a motor on a microchip the diameter 
of three human hairs. In five to ten years, we might 
see such motors being used to clear clogged arteries 
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the same way a Roto-Rooter® cleans tree roots out of 
pipes or to “weed whack” as a form of retinal surgery. 

What’s your advice to undergraduates studying 
EE? 

Get as broad an education as you can. The field is 
changing so quickly that everyone has to be ready to 
move from one subdiscipline to another, and having 
an engineering degree is an entry to medicine, law, 
whatever. 

Force yourself to slog through the early material 
in your courses. I promise things get more interesting 
down the road. If you stick it out you are going 
to have a lot more options. Go for breadth. Take 
lots of humanities courses, literature courses, writing 
courses. My minors in undergraduate school were art 
and music, and I firmly believe that being exposed 


One analogy / like for MEMS is 
the "machine shop on a chip. ” 


to fields so far removed from the physical sciences 
taught me a different way of thinking. 

One of the main tasks of any working engineer 
is to convince management to support his or her 
projects. If your managers are not from a techni¬ 
cal background, you need to understand their way of 
thinking if you are going to plead your cause success¬ 
fully. 

Where do you see the fields of electrical and elec¬ 
tronic engineering going in the next decade? 

I think the field is going to get broader. What is 
now called the Institute of Electrical and Electronics 


Engineers (IEEE) used to be known as The Institute 
of Radio Engineers (IRE) fifty years ago. Back then 
it was a relatively narrow field. The transformation 
from IRE to IEEE still continues. Telecommunica¬ 
tions and satellite research are hot. Some futurol¬ 
ogists are predicting that what they call the “elec¬ 
tronic room” will totally change the way business is 



done in this country. Such a room would be accessi¬ 
ble via the computer. People from around the world 
could simultaneously “log on” to the same electronic 
room and it would be as though they were physi¬ 
cally together. They would have access to the same 
scratch pads and projection screens in order to share 
ideas and to manipulate those ideas using the com¬ 
puter. 

The MEMS devices I mentioned earlier may take 
off, and someone may design MEMS to act as anti¬ 
bodies that could be injected into people to fend off 
diseases we now consider incurable. 

Another area I’m intrigued by is photonics, which 
is running computers with light rather than with 
electric current. The big challenge right now in 
photonics is size. The optical switches we’re us¬ 
ing today are much larger than transistors. Some¬ 
one’s got to shrink these switches a lot if light 
is ever going to replace electricity in computers. 
There are some novel MEMS devices for fiber¬ 
optic switching, but they require relatively high op¬ 
erating voltages (70 V). We need to find ways to 
shrink optical switches and lower power require¬ 
ments. 
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Example 17.19 

Use SPICE to verify the input and output spectra of Example 17.6. 


Solution 

We have / 0 - o^jln — 10 3 /2jt = 159.154 Hz, and T = 1// = 6.2832 ms. 
With reference to Figure 17.31, the input file is 


FOURIER ANALYSTS OF R-C RESPONSE TO A SQUARE WAVE 
vl 1 0 PULSE(15.708 0 1.57 0 8M IN IN 3.1416K 6.2 8 3PM) 
K 1 2 10K 
C 2 0 50N 

.TRAN 0.05M 12.5664M 0 0.0‘iM 
.POUR 159.154 V(l) V(2) 

. END 


15.71 



© R 

^-AV- 

10 kQ 


,© 


VII 


f(ms) 


nr 


0 JC/2 JC 3tc/2 2k 1k!2 _ 

< a > (b) 

Figure 17.31 Input waveform and circuit of Example 17.19 

After SPICE is run, the output file contains the following 

FOURIER COMPONENTS OF TRANSIENT RESPONSE VC) 

DC COMPONENT = 7.9 31 7 6 2 E+ 0 0 


10 nF 


HAR- FRQNCY 

FOURIER 

NORMAL TZED 

PHASE 

NORMALIZED 

MONTC (H2) 

NO 

COMPONENT 

COMPONENT 

(DEC) 

PHASE (DEO 

1 1.392E+02 

1.OOOE+Ql 

7 . 0 0 0 F> 0 0 

9.0COE + O1 

O.OCOEfOC 

2 3 . 1B 3 E r 0 2 

I . 2 5 7 E - 0 1. 

1.257E-02 

-9 . 0 00E*07 

-■] . 8 0 0 E+ 0 2 

3 4,77bE+02 

3.334E+00 

3 . 3 3 4 E - 0 7 

-9,OG0E+C1 

-1.800E + 92 

4 b . 3 6 6 E i 0 7 

1.25SE-C[ 

1 . 2 5 8 E - 0 2 

9.OOOE-Q7 

6 . 679E ■■ 13 

5 7.968E+Q2 

2 . GDI E t-OO 

2.001E-01 

9.QQOE+Ol 

'3.68 41: - 1 4 

6 9 . 5 4 9 E d 2 

_.260E-01 

7 .2 6 0 E-02 

- 9 . O0 0E + 0 1 

-1 .80CE ■ 02 

7 7.114FC03 

1. .4.UEOO 

1.430E-01 

- 9. o o o no o: 

1 . 8 0 0 E + 0 2 

8 1 . 2 7 3 E U) 3 

1 . 263E-01. 

1.263E-02 

9 . OOOE + Ol 

: . 2 2 7. F : 2 

9 7 ,432 E + 03 

. 11 3 E - 0 0 

1.113E-0" 

9.OQOE+Oi 

2.984E-13 


■TOTAL LARMONT C DISTORTTON = 


4.2976820t01 PERCENT 
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ER COMPOSE 

NTS 

OP THAN! 

JI ENT RESPON 

SE 

V (2 ) 




cg: 

MPONENT 

7 . 853 3 58E+GI 

) 








AR- 

FRQNCY 


FOLIRT FR 

N(. 

>RMAM 

ZED 


PHASE 

NORMAL!/ 

:ED 

IV i C 

iUZj 

C 

OMPOKEKT 

Cf 

)KPONE 

NT 


(DEG) 

PHA 

SE (DEG) 

0 

1 

1.592E+02 

8 

, 9 4 6 E + C 0 

1 

0 0 0E + 

0 0 

6 

.344E+01 

-0 

. 0O0E 

+ 00 

/ 

1.18 8 E +■ 0 2 

1 

.21 8E-03 

1 

3 6 1E- 

0 4 

4 

. 3 6 6 E + C 1 

-I 

. 7 7 8 E 

- 01 

3 

4 . 775E+G2 

1 

.850E+00 

2 

0 6 BE¬ 

01 

-1 

. 463E + 02 

-2 . 

0 9 8 E 

+ 02 

4 

&.2 6 6 fcN 02 

9 

. 4 7 4 E - 0 4 


OS 9 E- 

04 

-1 

. 6 5 8 E t 0 2 

-7 , 

.293 E 

+ 01 

5 

7.358E+07 

7 

.4262-01 

8 

301E- 

02 

p 

. 1 72E + 01 

-4 

. 17 2 E 

+ 01 

6 

9 . 349K+02 

8 

.257E- 04 

9 

2 3 0 F. - 

05 

2 

.7 82E 4 00 

-6 

. 066E+01 

7 

2.114E + 03 

3 

. 920E-10 1 

4 

3 8 2 E - 

02 

-1 

. 642E-02 

-2 . 

. 2 7 6 E 

i 0 2 

6 

i ,2 73H+ 02 


.818E-04 

8 

73 9E- 

03 

1 

.712E+02 

1 

. 077F 

,+ 0 2 

9 

I . 4 3 2 E ■■ 0 3 

2 

. 404E-01 

;> 

687E- 

02 

1 

. 2 3 8 E * 0 ! 

_ 9 

. 10 6 E 

+ 01 

OAL 

HARMONIC 

DISTORTION : 

+ 2 

.2864! 

9 6 E + 

01 

PERCENT 





After subtracting 90° from the phase angles, we find a reasonable 
agreement with the data of Example 17.6. The slight discrepancies are 
due to roundoff errors in the calculations. 


Exercise 17.23 Use SPICE to verify the input and output spectra of 
Exercise 17.7. 


Piecewise-Linear Waveforms 

SPICE allows for independent source waveforms to be specified in piecewise- 
linear fashion. The general forms of the statements for these sources are 

VXXX N+ N- PWL(T1 VI T2 V2 T.3 V3 ...} (17.105a) 

1XXX N+ N- PWL {T1 'll T2 12 T3 13 ...) (17.105b) 


PWL(Ti VI 
PWL { T1 'll 


/I T2 V2 
II T2 12 


V3 . . . } 
13 . . . ) 


where VK and IK (K = 1, 2, 3, . . . ) are the source values, in V or in 
A, at the instant IK, in seconds. SPICE calculates the source values between 
consecutive data points by linear interpolation. 


Example 17.20 

Use SPICE to perform the Fourier analysis of the waveform of 
Figure 17.32. 


Solution 

The input file is 

FOUK:KK ANALYSTS OF A PIECEWiSF LINEAR WAVEFORM 
VI 1 0 PWL(0 -1 1 -1 4 3) 

RL 1 0 10 0 
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.FOUR 0.2b VC) 

. TVAN 0.04 4 0 0.C4 

. END 


m (V) 



After SPICE is run, the output file contains the following: 

FOURIER COMPONENTS OF TEAKSI EDO RESPONSE V i 1 i 

CO COMPONENT ■ 4 . 8 0 0 0 0 0 K - 0 2 


5AR- 


FRQNCY 

i- 

OJR1EK 

norma:,] mki 

PHASE 

KOREA 

2 Z F O 

)K1C 


( RE) 

V 

KPONFMT 

COKF'ONENT 

(DEC) 

PHASE 

i DEG 


2. 

5 0 0 E o: 


660F-00 

. 0 0 0 F 0 0 

2 . 7 1 6 E i 0 2 

0 . Oi. 

0F+0C 

2 

s 

ooof-o : 

G * 

42 9E■ 02 

4 . _ 2 _ hi - () l 

I .7 i 5F.+02 

3 ,47 

-E-C2 

3 

7 

5 0 OF-0 2 

J . 

932F-0: 

7 . 520F-0 1. 

2 . / 8 6 E - 0 2 

-8.00 

IE+07 

4 


000F-00 

3 t 

19 2E -02 

2 . 0 4 6 E - 0 l 

-].728F-07 

-3.44 

3 E t 0 2 

0 

1 - 

2 0 E - 0 0 

;■, 

6 T)') F - J 

; . 699E 02 

- 2 . /. j / F 0 2 

-8.45 

2E + 07 

Ei 


0 0 0 F - 0 0 

2 * 

212E-02 

2 . 3r>8F-03 

- . 73 3E-02 

3.44 

8 E t 0 2 



7-OF-O0 


7 67 F - 0 

2 . 2 3 3 E 0 2 

- 2 . 6 8 8 F - 0 2 

-3.4 0 

3 E - 0 2 

8 

T: 

0O0E■00 

1. 

6 0 0 E - 0 2 

2 . O.V. E-0 2 

- 1 . 6 5 b E ■ 0 2 

-2 .27 

_ E- (i 2 

9 

2 ■ 

2-0F-00 


4 5 8 F - j ; 

9 . 343E-02 

- i . 665F-03 

-3.37 

GE -02 

)TAL 

H 

AEKON1C 

) ■ S' 

'CRT rON = 

5 . 9 5 4 0 0 0 E 

Ci PERCEIVE 




Exercise 17.24 Use SPICE to perform the Fourier analysis of the 
waveform of Figure 17.9. 

i__ 

▼ Summary 

• A periodic signal can be expressed as an infinite summation of sinusoidal 
components called harmonic components, plus a constant term representing 
the average or dc component of the signal. 
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• The Fourier series can take on three different but equivalent forms: (a) the 
amplitude-phase series and (b) the cosine-sine series, both known as trigono¬ 
metric series, and (c) the exponential series. We use the amplitude-phase 
series when we wish to visualize the harmonic makeup of a signal via its 
frequency spectra , the cosine-sine series to calculate the Fourier coefficients, 
and the exponential series when we seek mathematical conciseness. 

• The power of a periodic signal is the sum of the squares of the dc component 
and the mis values of its harmonic components. The power spectrum consists 
of lines conveying information on how the power of a signal distributes 
among its dc and harmonic components. 

• Subjecting a periodic signal to a time shift changes the phase angle of each 
component in proportion to its harmonic number. 

• The cosine-sine series of an even periodic function contains only cosine terms 
and a constant term, and the series of an odd periodic function contains 
only sine terms. A function with half-wave symmetry contains only odd 
harmonics. 

• The effect of a circuit upon a periodic signal is visualized by means of input 
and output spectra. The amplitude (or phase) spectrum of the response is 
obtained by multiplying (or adding ), line by line, the amplitude (or phase) 
spectrum of the applied signal, and the magnitude (or phase angle) of the 
network function H{ja)). 

• Based on their frequency response, filters are classified as low-pass, high- 
pass , band-pass, band-reject, and all-pass filters. 

• The Fourier transform extends the frequency-domain attributes of ampli¬ 
tude and phase angle to aperiodic signals. The Fourier transform effects a 
transformation from a function of time /(/) to a function of frequency 
F(jco). The inverse Fourier transform effects a transformation from F( jco) 
back to f(t). 

• The physical significance of the Fourier transform is that its magni¬ 
tude squared \F(jco)\ 2 represents the energy density of the corresponding 
signal /(/). Moreover, the area under this curve represents the total energy 
of fit). 

• Some important Fourier transform pairs are A 27tA8(co), 8(t) 4 * 1, 
«(/) 44 [jt< 5(«) -f- 1 /jco], e at u(t) ++ 1 /(a + jw ), e JUM){ 44 2tt8(w — too), and 
cos ojq! 44 n [3 (co + £l»o) 4- 8{co — ruo) ]. 

• Some important functional transforms are as follows: df jdt 44 ja>F(jco), 
/!.*,/(£)<*£ ++ F(jto)/jco, /(/)cos(tuoO 44 F(ja) - jcoo) + F(jo) + 
jcoo)], fiat) 4 * (1 /a)F(ja>/a), f(t~t Q ) +* e- jt0U 'F(jco), and h(t)*x(t) 44 
H<jto)X(ja>). 

• The Fourier transform of a causal signal can be obtained from its Laplace 
transform by letting s —4 ja>, provided all the poles of the Laplace transform 
lie in the left half of the s plane. 

• Laplace techniques are better suited to circuit analysis because the Laplace 
integral converges for a wider range of functions and the Laplace transform 
also accounts for the initial conditions. Fourier techniques are better suited 
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to communication and signal processing because they emphasize the steady- 
state frequency-domain characteristics of signals and systems. 

• SPICE can be directed to perform the Fourier analysis of a periodic signal 
using the . FOUR statement. By using the PWi. feature, we can perform the 
Fourier analysis of a wide variety of piecewise-linear waveforms. 


▼ Problems 

17.1 The Fourier Series 

17.1 Derive Equation (17.6c) for the coefficient b n , 

17.2 Find the trigonometric Fourier series for the waveform 
of Figure P17.2. 


fit) 



m 



17.5 Sketch and label the periodic function defined as / (r) = 
A|r| for — 1 < t < 1, f(t) = 0 for — 2 < t < — 1 and 
1 < t < 2, and f{t + 4) = /(/); hence, show that 


17.3 Show that for the periodic function of Figure P17.3, 


1 3 . 3«jr 

ao = -, a n = — sin —— 
4 nn 2 


nn y 


i 3n;r \ 

1 - c °s~ 1 , n = E2, ... 


A 4 A ( nn \ 2A nn 

«0 = —,a„ = cos —-1H-sin —, 

4 n 2 n 2 \ 2 J nn 2 

b n = 0, n = 1, 2,... 


17,6 Find the trigonometric Fourier series for the waveform 
of Figure P17.6. 


AO 



17.4 Show that for the periodic function of Figure P17.4, 


m 



17.7 Sketch and label the periodic function defined as f{t) = 
A( 1 — t 2 ) for — 1 < t < 1, and f(t + 2) = f(t); hence, show 
that its trigonometric Fourier series is 




b n = —(-l) n+1 ,M = 1,2 ,... 
nn 


2 4 (-1)” 

3 n 2 n 2 

«=1 


fit) = A 


cos nnt 
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17.8 Find the trigonometric Fourier series for the partial sine 
wave of Figure P17.8. 


m 



(0 ot 


Figure PI7.8 

17.9 Find the rms value of the waveform of Figure PI 7.4 
using both Parseval’s theorem and the rms defining formula of 
Section 4.4. 

17.10 Let the waveform of Figure PI7.3 be a voltage wave¬ 
form, so that the vertical scale is in V. (a) Write the first five 
nonzero terms of its amplitude-phase Fourier series, (b) Find 
the power P\ q associated with each term, (c) Find the total 
average power delivered by the first five nonzero terms to a 
10-J2 resistor, (d) What percentage of the total average power 
is delivered by these terms? 

17.11 Find the percentage of the total average power deliv¬ 
ered to a l-£2 resistance by the fundamental if the waveform 
is a voltage waveform of the type of (a) Figure P17.2, (b) Fig¬ 
ure P17.5, and (c) Problem 17.7. 

17.12 Find the number of Fourier components needed to pre¬ 
dict the rms value of the waveform of Problem 17.7 with 0.1% 
accuracy. 


17.2 The Effect of Shifting and Symmetry 

17.13 Suitably modify Equation (17.9b) to obtain the ampli¬ 
tude-phase Fourier series for the voltage waveform of Fig¬ 
ure PI 7.13. 


v(V) 



Figure PI7.13 

17.14 Figure PI7.14 shows a portion of a periodic waveform 
fit). Sketch the complete waveform if (a) fit) is even and 


has only even harmonics, (b) fit) is odd and has only odd 
harmonics, (c) fit) is even and has only odd harmonics, (d) 
/(f) is odd and has only even harmonics, (e) fit) is even and 
has all harmonics, and (f) /(f) is odd and has all harmonics. 

fit) 



Figure P17.14 

17.15 Show that the waveform of Figure PI7.15 admits the 
trigonometric Fourier series 


JT* “ (2fc — l) 2 3 


/m-ttE 


jfc=l 


/(/) 



>- /(ms) 


Figure P17.15 


17.16 Find the trigonometric Fourier series for the waveform 
of Figure P17.16. 


fit) 



Figure P17.16 
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17.17 Find the percentage of the total average power deliv¬ 
ered to a 1-S2 resistance by the first five nonzero terms of the 
Fourier series of the waveform of Figure PI 7.17. 


m 



Figure P17.17 


17.18 Estimate the rms value of the waveform of Fig¬ 
ure PI 7.18 using both ParsevaFs theorem and the rms defining 
formula of Section 4.4. 


w/(V) 



3 kU 



Figure PI7.20 


m 



17.21 In the circuit of Figure P17.21(b) find the Fourier se¬ 
ries of the steady-state response vqV) if i/(r) is the waveform 
of Figure P17.21(a). 


//(A) 

* 


H--1—r(s) 

2 3 4 5 


-1 


0 1 


(a) 


17.3 Frequency Spectra and Filtering 

17.19 Sketch and label the amplitude spectrum of (a) u(r) = 
120v / 2sin27r60f V, (b) the waveform obtained by half-wave 
rectifying u(t), and (c) the waveform obtained by full-wave 
rectifying v(r). Compare the spectra and comment on the 
unique features of each. 



6 H 

w- 



(b) 


Figure P17.21 


17.20 In the circuit of Figure PI7.20(b) find the Fourier se¬ 
ries of the steady-state response vo(t ) if u/(t) is the sawtooth 
wave of Figure PI7.20(a). 


17,22 In the circuit of Figure PI7.22(b) find the Fourier se¬ 
ries of the steady-state response v 0 (t ) if t ! /(>) is the square 
wave of Figure PI7.22(a). 
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*/(V) 




f(fis) 


(a) 


10 kQ 10 kQ 



17.23 As illustrated in Figure PI7.23, subjecting an integra¬ 
tor to a square wave input with zero dc value yields a triangle 
wave output. Justify this behavior both via time-domain and 
via Fourier analysis. 



Figure P17.23 

17.24 In the circuit of Figure P17.24(b) calculate the first 
four nonzero terms in the Fourier series of the steady-state 
response vo(t) if v/ (/) is the square wave of Figure P17.24(a). 
Hence, justify the claim that this circuit converts its square 
wave input to an almost sinusoidal output. 



Figure PI 774 


17.25 In the circuit of Figure PI7.25(b) calculate the first 
four nonzero terms in the Fourier series of the load voltage 
vl, given that the source voltage 1)5 is the full-wave rectified 
sine wave of Figure PI 7.25(a). Hence, justify the claim that 
this circuit converts the pulsating source voltage to an almost 
constant load voltage. 


«s(V) 



L 



Figure P1775 

17.26 In the circuit of Figure P17.20 estimate the total av¬ 
erage power supplied by the source. 

17.4 The Exponential Fourier Series 

17.27 Find the exponential Fourier series for the half-wave 
rectified sinewave of Figure 17.2. 
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17.28 Find the exponential Fourier series for the waveform 
of Figure 17.9. 

17.29 Find the exponential Fourier series for the sawtooth 
waveform of Figure P17.2; sketch and label its amplitude and 
phase spectra. 

17.30 Repeat Problem 17.29 for the waveform of Fig¬ 
ure PI 7.4. 

17.31 Find the exponential Fourier series for the output vo 
in the circuit of Figure P17.2I; sketch and label both the input 
and output amplitude spectra. 

17.32 Using an ideal op amp, design a circuit that accepts 
the input signal 


vi 


, 4 A 


jm-m&t 


jr- {2k- l) 2 

k=—oo 


representing a triangle waveform, and yields the output signal 


2 A 1 

MO = T- > 7T-. - ~t 

^ “ ■> 


J(2k-l)[0h y 


representing a square wave. What type of circuit is this? 


17.5 The Fourier Transform 

17.33 Sketch and label the single triangle pulse, defined as 


17.37 Given the pulse of Figure 17.24(a), find its total 
1-S2 energy, as well as the percentage of this energy contained 
within the main lobe of its Fourier transform, that is, within 
the frequency range — 1 /W < / < 1/W. 

17.38 Sketch and label the Fourier transform whose magni¬ 
tude, in V-s, is 

\V(ia}) \ = { 10(1 — M/10 3 tt) for |cu| < 10 3 jt rad/s 
| 0 for |<u| > 10 3 jt 

What is the total energy delivered by u(f) to a 2-kQ resistance? 

17.39 Given that f(t) = 5{e~ ( smf)«(0, find (a) F{j(o), 
and the 1-Q energy of /(/) contained within (b) the time in¬ 
terval |/| < 1 s, and (c) the frequency range jw| < 1 rad/s. 

17.40 Given that F{ja>) = e~^, find (a) f(t), (b) the time 
interval |t| < t\, and (c) the frequency interval |&i| < a>i in 
which 50% of Wi q lies. 


17.6 Properties of the Fourier Transform 

17.41 Prove the differentiation and integration properties of 
the Fourier transform as expressed in Equations (17.81) and 
(17.82). In each case state the restrictions on f(t ) for the 
corresponding property to hold. 


{ Ad - |/|/W) for \t\ < W 
JK> lO for |r| > W 

Hence, find its Fourier transform. 

17.34 (a) Find the Fourier transform of the single trapezoidal 

pulse of Figure PI7.34. (b) Find the exponential Fourier series 
of the periodic waveform whose shape over half a period is 
that of Figure PI 7.34. 


m 



Figure P17.34 


17.35 

Find F(ja>) if (a) 

fit) 

= te at u{t), a 

e~°'\ 

a > 0, and (c) e a, u{t - 

- to), a > 0. 

17.36 

(a) Sketch and label the function 



\ A 

for |tw| < 1 


F{jw) — | 

B 

for 1 < |tu| < i 



lo 

for \a>\ > 2 


and find its inverse Fourier transform f(t). (b) Discuss the 
cases B = 0, B = A, and B = 2A. 


17.42 Prove the scaling and shifting properties of the Fourier 
transform as expressed by Equations (17.83) through (17.85). 

17.43 Find F{ja>) if (a) f{t) = 12cos 2 (2jt 10 3 /), (b) fit) = 
10cos(&>ot + 0), and (c) fit) — A[e~ at cos (codt +0)]u{t) 
a > 0. 


17.44 Starting with the Fourier transform of the single pulse 
of Example 17.8 and using the linearity and shifting properties, 
find the Fourier transforms of f\ (r) and fi (0 of Figure PI 7.44. 


/i(0 

X 



(a) 


hit) 



Figure P17.44 


17.45 Find the Fourier transform of the function of Fig¬ 
ure P17.45, defined as f(t) — A sin7rl0 3 r for |f| < 1 ms, and 
fit ) = 0 elsewhere. {Hint: Differentiate the function twice 
and apply the differentiation property of the Fourier transform.) 
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/(« 



Figure PI 7.45 


17.46 Confirm the results of Problems 17.33 and 17.34(a) by 
applying the differentiation property of the Fourier transform. 

17.47 The function of Figure PI7.45 can be regarded as the 

product /(/) = where f\(t) = /IsinTrlO 3 /, and 

f 2 {t) — 1 for |/| < W 1 2, and / 2 (f) = 0 for |/| > Wj 2, 
W — 2 ms. (a) Use convolution in the frequency domain 
to find F{jco). (b) Discuss what happens to F(ja>) as IF is 
increased to make /(/) include more and more cycles of 

(c) Verify in the limit W —► 00 . 

17.48 Find /(/) and if (a) Jf[f {/)) = 

10 /\s(s + 1) 2 1 and (b) = (25 + l )/[s(s 2 + 1)]. 


17.7 Fourier Transform Applications 

17.49 The signal 17 = V m e~ a, u(t) V, a > 0, is applied to 
an ideal low-pass filter having a cutoff frequency of 1 Hz. Find 
a so that the energy of the output vo from the filter is exactly 
half that of the input 17 . 

17.50 The signal vi = V m e~ ljf(1 V is applied to an 

ideal high-pass filter having cutoff frequency f c . Find /,■ so 
that a specified percentage tj of the input signal is transmitted 
to the output. Discuss the cases ij -»■ 0, tj = 0.5, and rj —► 1. 

17.51 Find the energy dissipated by the resistance in the 
circuit of Figure PI7.51. 


I H 



Figure P17.51 


17.52 In the circuit of Figure PI7.52 let 17 (t) = 2 S(t) V. 
Find the percentage of the total energy of voU) contained 
within the range 0 < a> < 20 krad/s. 


200 a 



Figure PI7.52 

17.53 Repeat Problem 17.52 if vj = 2.5 sgn (f) V and R is 
increased to 250 Q. 

17.54 In the circuit of Figure PI7.54 let /?i = Ri = 10 k£2 
and C| = 2C2 = 1 jttF. (a) Use Fourier analysis techniques 
to find the steady-state response vo if 17 = 10 sin 100/ V. 
(b) Check your result using phasors. 



Figure P17.54 

17.55 In the circuit of Figure PI7.54 let /?i = /?2 = 10 k£2, 

Cj = C 2 = 1 /rF, and 17 = 10u(/) V. (a) Assuming zero 

initial stored energy in C\ and C 2 , find vo(t > 0) using Fourier 
analysis techniques, (b) Check your result using time-domain 
techniques. 

17.56 In the circuit of Figure PI7.54 let R\ = Ri = 10 kf2, 

Cj = 2 C 2 = 1//F, and 17 = 5c - 200 , m(/) V. Assuming both 

Ci and C 2 are initially discharged, find the 1 -C 2 energy of vo- 

17.57 White noise refers to an unwanted, randomly vary¬ 
ing signal i> n (f) having a constant energy density spectrum, 
|V„(jw )| 2 = V, 2 , where V fl is frequency independent. If a 
white-noise voltage t>„, (/) with energy density spectrum V n 2 is 
applied to a low-pass R-C filter as in Figure PI7.57, find the 
total l -£2 energy of the noise voltage v no emerging from the 
filter as a function of the filter cutoff frequency ojq = 1/fiC. 


R 



Figure PI 7.57 

17.58 Integrated-circuit (IC) noise refers to the randomly 
varying signals found in integrated circuits such as IC op amps. 
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This type of noise exhibits an energy density spectrum of the 
type 

\V n (ja>)\ 2 = V n 2 (^ + l) 

Find the 1-S2 energy of v„(t) contained within a given fre¬ 
quency range u>i < \a)\ < con. 

V 17 8 Fourier Techniques Using SPICE 

17.59 Use SPICE to find the Fourier components of the 
waveform of Figure P17.4. Hence, direct PSpice to display the 
waveforms consisting, respectively, of the first nonzero term, 
the first two nonzero terms, the first three nonzero terms, the 
first four nonzero terms, and so forth, until all available terms 


are exhausted. 

17.60 Use SPICE to find whether the half-wave or the full- 
wave rectified sinusoid exhibits more total harmonic distortion. 
Can you justify your finding intuitively? 

17.61 Use SPICE to find the input and output spectra of the 
circuit of Figure P17.21. 

17.62 Repeat Problem 17.61 for the circuit of Figure P17.22. 

17.63 Use PSpice to display vi in the circuit of Fig¬ 
ure P17.25. 

17.64 Use SPICE to compare the total harmonic distortion 
of the input and output for the square—to—sinewave converter 
of Figure PI 7.24. Comment on your findings. 









Answers to 

Odd-Numbered 

Problems 


CHAPTER 1 

1-1 Amperes 



1.3 19.224 x 10 19 J, electron energy increases, battery releases energy. 

1.5 (a) 5(1 - 10 3 r)(? -103 ' A; 

(b) 2 ms, —0.677 A. 

1.7 (a) $0.56; 

(b) $21.90. 

1.9 10.834 J, absorbed. 

1.11 (a) 20 W, X, to X 2 ; 

(b) 10W, X 2 toX!; 

(c) 120 W, X 2 toX!; 

(d) 24 W, X, to X 2 ; 

(c),(f) 0W. 


ANS-1 



ANS-2 


Answers to Odd-Numbered Problems 


1.13 (a) 



(b) p > 0 => power from Xi to X 2 ; p < 0 =+ power from X 2 to X,; 

(c) 42.678 W. 


1.15 (a) ig — —2.5 + 2.5 sin 27rl0 3 r mA; 

(b) = -12.5 +2.5 sin 2jrl0 6 r V. 


1.17 3.642 V. 


1.19 27.87 mA. 


1.21 V av = V m /i r. 


1.23 T = 0.5 ms, 7 av = 5 A. 


1.25 7.5 V. 


1.27 (a) 



Nodes: A, B, C, D, and E; simple nodes: A, C, and E. 

(b) Meshes: X l X 2 X i , X 3 X 4 , X 4 X 5 X 6 X 7 . Loops: X^X^ XiX 2 X 5 X 6 X 7 , 
X 3 X 5 X 6 X 7 . 

(c) Series: XiX 2 , X 5 X 6 X 7 ; parallel: X 3 X 4 . 
















Answers to Odd-Numbered Problems 


ANS- 





ANS-4 


Answers to Odd-Numbered Problems 


1.37 (a) 


1 A 



2 A 


(t>) Prel = Pabs = 32 W. 
1.39 (a) 

3 A 


3 V 


(b) Prel = Pabs = 14 W. 

1.41 26 mA, 26 pA, 26 nA. 

1.43 (a) 2.5 mA; 

(b) 6.6 V. 

1.45 (a) 632.5 pAJV; 

(b) 7.5 V. 

1.47 0.25 k£2, 2 V. 

1.49 (a) 3 A (counterclockwise); 

(b) p 6 v = 18 W (absorbed), p Xl = 12 W (delivered). 

1.51 (a) 2 V (+@ top); 

(b) P3 a = 6 W (absorbed), p Xl — 4 W (absorbed). 

1.53 (a) 20 W (absorbed by the 10-V source and delivered by the 2-A source); 

(b) 20 W (absorbed by the 2-A source, delivered by the 10-V source). 

CHAPTER 2 



2.1 (a) 12 V, 6 A, 2 A; 

(b) Prel = Pabs — 72 W. 






Answers to Odd-Numbered Problems 


ANS-5 


2.3 (a) 100 V, 0.1 A; 31.6 V, 31.6 mA; 11.2 V, 11.2 raA. 

(b) 10 V, 1 A; 3.16 V, 0.316 A; 1.12 V, 112 mA. 

2.5 (a) 35.65 m£2; 

(b) 35.65 mV, 35.65 mV/m. 

2.7 0.955 (im . 

2.9 (a) 25 k£2 ± 9%; 

(b) 4k£2±6%. 

2.11 (a) 17.5 k£2; 

(b) 40 k£2; 

(c) 16.18 k£2. 

2.13 (a) 10//<10 + 10 + 10) k£2; 

(b) 10 + (10//10) k£2; 

(c) 10+10 +(10//10) k£2. 

2.15 (a) 25 Q\ 

(b) 9 W. 

2.17 (a) 4 f2; 

(b) 48 V. 

2.19 2.5 A. 

2.21 (a) 1 V, 2 V; 

(b) 10/3 £1 

2.23 (a) 15 V; 

(b) 13.5 V. 

2,25 0.731 V/V < gain < 0.768 V/V. 

2.27 Ri= 840 £2, R 2 = 600 £2. 



2.31 15 k£2, 5 k£2, 



2.35 1 £2, 4 £2. 

2.37 (b) 100 £2, 800 £2. 


ANS-6 


Answers to Odd-Numbered Problems 


2.39 General circuit: r 1 



(a) R [ = 33.3 kQ, R 2 = 0; 

(b) Ri = 0, R 2 = 25 kQ; 

(c) R\ = R 2 = 12.5 kQ. 

2.41 (a) [kQ]: R { = 10(30), R 2 = 30(10), R 2 = 40(120), R 4 = 120(40), 

Rc q = 32; R] = 10(40), R 2 = 40(10), R 3 = 30(120), R 4 = 
120(30), R tq = 37.5. 

(b) second bridge pair; first bridge pair. 

2.43 3 V (+ @ C), 4.8 W. 

2.45 89/11 V, 89/44 mW. 

2.47 (a) R = 1 kQ, R, = 9 kQ, R 2 = 10/9 kQ; 

(b) R = 2.5 kQ, R, = 7.5 kQ, R 2 = 10/3 kQ. 

2.49 15 mV, 2 MQ 

2.51 12 mA, 10 kQ. 

2.53 400 kQ, 100 kQ. 

2.55 Ri < 20 Q. 

2.57 0.4jt x 10 6 V/s 

2.59 (a) 



(b) d= 1/3. 


CHAPTER 3 

3.1 (a) 8 mA; 

(b) -8/3 mA. 

3,3 0.8 V, 16 V. 

3.5 X 2 = 4 Q, X 3 = 2 Q, X 4 = 3 Q, X; = 1 Q. 
3.7 1.1 kQ 







Answers to Odd-Numbered Problems 


ANS-7 



(c) Circuit of (b) is more wasteful. 

3.13 (a) v 4 q = 4 V (+ @ top), v 2 n = 2 V (+ @ bottom); 

(b) p 2 a = 12 W (released), pi v = 0. 

3.15 (a) i >4 o = 1.2 V (+ @ top), v 2 n = 3 V (+ @ top); 

(b) pi v = 5.4 W (released), p\ g v = 2.7 W (released). 

3.17 U 30 = 12 V (+ @ top), ueo to = 12 V (+ @ top). 

3.19 ui 6 kQ = 268/49 V (+ @ top), u 4 o kS 2 = 50/49 V (+ @ left). 

3.21 48 W. 

3.23 (a) 1.8 W (absorbed); 

(b) 4.2 W (delivered). 

3.25 40,401/1369 W. 

3.27 36 V (+ @ top). 

3.29 1.2 A (|). 

3.31 16/9 W. 

3.33 1.6 mW. 


3.35 16/3 Q. 


ANS-8 Answers to Odd-Numbered. Problems 


3.37 [V], [A], [£2]: 



3.39 p l5 v = 105 mW (released), p 5 ^ = 35 mW (absorbed). 

3.41 2 W. 

3.43 17.4 V (+ @ top). 

3.45 675 mW. 

3.47 p 5 A = 5 W (delivered), p 6 A = 600/7 W (delivered). 

3.49 pi 2 v = 60 W (delivered), p 2 A = 4 W (absorbed); (c) is easiest. 
3.51 (a) 0.17 A (4); 

(b) 0.8 V (+ @ left). 

3.53 p 3 mA = 6 mW (released), p 2 y = 4 mW (released), 

Pio v = 20 mW (released). 

3.55 41/45 A (f). 

3,57 16.25 mW (released). 

CHAPTER 4 


4.1 (a) 2 V (+ @ A), 1/7 A (A B), 14 £2; 

(b) 14 V (+ @ A), lA(A-> B), 14 £2. 

4.3 (a) 4 V (+ @ A), 0.2 mA (A -► B), 20 k£2; 

(b) 28 V (+ @ B), 28/45 mA (B A), 45 k£2. 
4.5 15 V (+ @ A), 8 A (A B), 1.875 £2, 

4.7 450/19 V (+ @ A), 5 A (A B), 90/19 £2. 


(a) 

*>oc 

= 8 V (+ @ A), R eq = 0; 


<b) 

y oc 

= 20/3 V (+ @ A), /sc = 10 A (A -► C), R eq 

= 2/3 £2; 

(c) 

Voc 

= i’sc — 0, R s q — 12/7 £2; 


(d) 

Voc 

= 4/3 V (+ @ C), ( SC = 2 A (C B), R eq = 

2/3 £2; 

(e) 

8 V 

(+ @ D), 14/3 A (D -> B), 12/7 £2. 


5 £2. 





4.13 (a) 2.5 V (+ @ bottom), 0.5 A (f); 

(b) 1 A (f); 

(c) 20 V (+ @ bottom); 

(d) 1.25 V (+ @ top), 0.75 A (f). 





Answers to Odd-Numbered Problems 
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4.15 12-V source (+ @ A) in series with 15 kQ; 0.8-mA source (B —► A) in 
parallel with 15 kQ. 

4.17 33 V (+ @ top). 

4.19 0.8 V (+ @ CG), 11/60 A (G -► C and D H). 

4.21 (a) 1/3 mA; 

(b) 0.3322 mA. 

4.23 (a) 1/3 A; 

(b) 0.3252 A. 

4.25 5.406 V, 0.9081 mA. 

4.27 8.851 mA, 1.149 V. 

4.29 3.50 mA, 2.47 V. 

4.31 10/^6 V. 

4.33 (2/3)10 V. 

4.35 0.5 VV 

4.37 V rms = - (0 -0.5sin2 

B = 0^V rm ,= V m /j2, B=itj2 =4- V ms = V m /2, 

B =71 ^ Kms = 0. 

4.39 (a) 2.25 W; 

(b) 1/6 W. 

4.41 60 kQ, 5/3 mW. 

4.43 (a) R = [3(/e, -Rl) + \/9(/f f - R L ) 2 4- 32fl,/f L ] /16; 

(b) 7.215 kQ; 

(c) 3.465 kQ. 

CHAPTER 5 

5.1 1 Q, -3.8 Q. 

5.3 ps v = 25 W (absorbed), pj n = 50 W (absorbed), pj a = 75 W (absorbed), 
Pcccs = 150 W (released). 

5.5 -10 Q. 

5.7 R b = 215.3 kQ, R c = 2.5 kQ. 

5.9 R ] = 56.57 kQ, R E = 3.311 kQ. 

5.11 = 34.9 kQ, R c = 1.89 kQ. 

5.13 2/3 mW. 

5.15 rtcvs = 20 V, fg ^2 = 8 V, V 2 q = 6 V (all + @ top). 

5.17 12 V (+ @ top). 

5.19 2.88 mW (released). 

5.21 p \2 v = 12 W (released), p$ a = 100 W (released). 

5.23 14 Q. 

5.25 4 Q, 

5.27 18 mW. 


ANS-10 
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5.29 (a) 36 W; 

(b) R = 224/19 a 47.58 W. 

5.31 (a) 7.000 V; 

(b) 6.542 V; 

5.33 (a) V64 V; 

(b) 62.5%. 

5.35 115.2 W. 

5.37 (a) 10, 180 W; 

(b) 5, 115.2 W. 

5.39 51,840/7,921 W. 

5.41 P5QO a = 4.150 W, p 20 n - 2.656 W, p w Q = 1.000 W, 

P250 a ~ 42.569 W; p m v = 50.375 W. 

5.43 1250/9 V/V. 

5.45 500 a 2.024 A/V, 400 £2. 

5.47 5,000/11 V/V. 

5.49 2750/3 V/V, 5,500/3 A/A, 61.84 dB. 

5.51 v L /v s = [Rn/(R S + *ii)M Kl i;je,2/(*»i + Ri2)]A x2 [RL/(R 0 2 + Rl)V, 
vl/v s A wl X A w 2 if Ri 1 » «: i?i 2 , and R o2 «: /?*,. 

CHAPTER 6 

6.1 (a) —3 mV; 

(b) 1.010 V; 

<c) —4 V; 

(d) 3.5035 V. 

6.3 (a) 3 V/V; 

(b) 2 V/V 

(c) 5 V/V. 

6.5 (a) R t = 20 ka R 2 = 80 k£2; 

(b) R { = 16.67 k£2, /f 2 = 83.33 k£2. 

6.7 As v f alternates between -1 V and +1 V, v 0 alternates between +9.891 
V and -9.891 V, and v N between -9.891 mV and +9.891 mV. 

6.9 (a) -0.151%; 

(b) -0.150%; 

(c) -0.0015%. 

6.11 vm = Vp = 3 V; vo = 5 V. 

6.13 ujv = vp = — 1.5 V; vo = —4.5 V. 

6.15 14 k£2. 

6.17 A = 2k — 1; 0, 1,-1 V/V. 

6.19 Use circuit of Figure 16.16(a) with R = 1 kfi, R 2 = 11.11 ka and 
R\ consisting of an ll.ll-k£2 resistance in series with the potentiometer 
connected as a variable resistance from 0 to 100 k£2. 
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6.21 -8 V/V. 

6.23 Ri ~ oo. 

6.25 (a) -10 V; 

(b) -10/3 V; 

(c) -2.25 V. 

6.27 Vo = V 2 + V 4 + v$ — Vi — U 3 — U 5 . 

6.29 (a) 14.4 V; 

(b) 25/9 V. 

6.31 Derivation. 

6.33 Derivations. 


6.35 R\ = /?2 = 402 k£2; Rq'- 806 £2 in series with the potentiometer con¬ 
nected as a variable resistance from 0 to 100 k £2 



6.39 (b) /?2 = 100 kQ, R 3 - 1 kQ. 

6.41 R = R 5 0 + Ri/R 4 )/(l +R2/R1), R 0 = RsO + Ra/RiXRa/Ri-Ri/Ri)- 
6.43 Derivation. 


CHAPTER 7 


7.1 

57.04 pF. 

7.3 

(a) 

4.84 in; 


(b) 

122.8 m, greater than a football field. 

7.5 

(a) 

C = C!(l + V5)/2; 


(b) 

C = C,(v / 5-l)/2. 

7.7 

(a) 

3 pF; 


(b) 

50/13 pF. 

7.9 

(a) 

56 /iJ, 96.43%; 


(b) 

56 M 42.86%. 

7.11 

(b) 

2 nF. 

7.13 

(c) 

100 MQ, 100 k£2. 

7.15 

(a) 

5(t 2 + 1) V; 


(b) 

5(5 -4e- 10?f ) V; 


(c) 

5(1 + sin 10 5 f) V; 


ANS-12 
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(d> 5(1+OV; 
(e) 5 V. 

7.17 mA 



7.19 i = 2.5 cos 10 3 / mA, p = 6.25sin(2 x 10 V) mW, 
w = 3.12511 - cos(2 x 10 3 /)] pi. 

7.21 (a) L = L\(l + \/5)/2; 

(b) L = Li(VS — l)/2. 

7.23 (a) -25 V; 

(b) 12.5e l0 ' f V; 

(c) OV; 

(d) 5 cos 10 2 r V. 

7.25 

mA mW 


:h 

n 


n 

50- 

_I_ _ llo t\. 

IS 

1 

_ 


0 12 

5- 

_V 4 

i -1-—^ Lta k / I 

5 6 

-50“ 

0 j 2 

1/ 


7.27 i(0) = ((1 ms) = 0; i (2 ms) = 2.5 A; /(3 ms) = 1 .t 

i (4 ms) = 11.25 A; i(t >5 ms) = 12.5 A. 

7.29 (a) 7.2sin(4 x 10 4 /) mA; 

(b) —8.8sin(6x I0 4 /) mA; 

(c) 0 mA. 

7.31 -400 Np/s. 

7.33 1.622 ms, 8.789 ms. 

7.35 (a) >’(/) = 9e~ 15t + 2(/ - 2)e - '; 

(b) y(t) = 114^ —1 5f + 3(cos2/ + 4 sin 2/)t'~']/17. 

7.37 -30.64 mA, 2.347 pi. 

7.39 (a) -5t> ' /T , 10(1 -15c" f/r , 10; 

(b) 10fT ,/r , -5(1 - c“' /r ), 15c“ ,/T , -5; 

(c) 0, 10(1 - c“' /T ),-10c- f/r , 10; 

(d) 5e~ l/T , 0, 5e~' /T , 0. All in Amperes. 

7.41 (a) l(t) = 7.071 cos( 10 6 / - 45°) - 5c^ (1 ' iS) mA; 

(b) /1 (r) = 7.071 cos(10 6 r — 45°) mA, and 12 U) = 

10(J - f /<i mA 

7.43 (a) 50 krad/s; 

(b) 2 V; 


E 
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7.45 22.14cos(3 x 10 3 f - 71.57°) V. 

7.47 (a) 5e~^ T , 0, 5e"'/ r , 0; 

(b) 4.903e -5000 ', 5cos(10 3 r - 11.31°) - 4.903e- 5000 ', 0, 
5 cos(10 3 f - 11.31°). All in volts. 

CHAPTER 8 


8.1 (a) 1 V; 

(b) 1 A, 1 kA. 

8.3 5 V, 1.839 V. 

8.5 200 k£2, 5 nF, 1 ms, 250.0 nJ, 158.0 nj. 

8.7 1.125 ii J, 20.61 nj. 

8.9 (a) 3e- f/C500 ns) V; 

(b) —7.5e-^ 200 ns > V. 

8.11 (a) v(t) = 10[3 - 2e~ tl[1 ms) ] V; 10<r f/(7 ms> V, 30[1 - ms) ] V, 

—20e _, / (7 ms) V, 30 V. 

(b) u(r) = 10[1 + 2<T ,/(3 ms) ] V; 30<r' /(3 ms) V, 10[1 - e f/(3 ms) ] V, 
20e -f/(3 ms) y, 10 V. 

8.13 i(0~) = 2 mA, i{t > 0+) = -(2/3) e - ,/(1 5 ms) mA. 

8.15 u(0") = 18 V, v{t > 0 + ) = [594 + 176e" r/(,8 ° ns) ]/35 V. 

8.17 4[2 - e - ( /< 62 - 5 V. 

8.19 10[24e-'/< 4 ^ s) - l]/23 V. 

8.21 5(1 — e~*) V. 

8.23 12[1 - e ~ tm ^ s) ] V. 

8.25 i(O-) = 0.75 mA, i(i > 0 + ) = [20 + 7e" r/(1 ms) ]/15 mA. 

8.27 u(0 + < t < 2 ms) = 40e“ f/(Z4 ms) V, u(r > 2 ms) = 40«?-°' 5 <r f/(6 ms) V. 

8.29 (a) i>{0 - ) — 0, u(f > 0 + ) = -10c _f/(8 ° ^ s) V; 

(b) (40 rnH = 20[4 + e-'/< 80 mA 4), 
i 10 mH = ^ - 1] mA (-*). 

8.31 (b) T = 16.7 s. 

8.33 (a) v 0 (t > 0) = 6 e^ (25 ^ V; 

(b) vo(0 < t < 3 /xs) = 4e f/(2,5 M5) V; 

vo{t > 3 n s) = 4(1 — e 3 / 2 - 5 ) e -'( 2 - 5 ^9 V. 



J 
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837 (a) w(0“) = 0, u(/ > 0+) = 6 e~’ /i20 ns > V; 

(b) u(0") = 0, v(t > 0 + ) = —5e~' /(20 ns) V. 

8.39 i x ( 0") = 7/25 mA, i x (t > 0+) = (7/150)[3 - 2e~ ,/(18 ms) ] raA. 

8.41 u 0 <(T) = 2V, M?>0 + ) = 5- 8e" ,/(l ° ms) V; 

—3e-'/ (, ° ms) V, 5[1 - e - '/ <10 ms >] V, -8t“ f/(1 ° ms) V, 5V. 

8.43 (a) u o (0-) = 0, v 0 (t > 0 + ) = 6[<T f ' (3 ms) - 1] V; 

(b) i> o (0“) = 0, y o (0 + < / < 5 ms) = 6k“' /(3 ms > - 1] V, 

v 0 {t > 5 ms) = 6(1 - e 5/3 )e-“' /(3 ms) V. 

8.45 (a) u 0 ((T) = 0, v 0 (t > 0+) = -4e“ ,/(3 ms) V; 

(b) u o (0") = 0, v 0 (t > 0+) = 8^- f/(3 ms) V. 

8.47 > 0") = 2[3e" ,/(60 ^ s) - 1] V; 65.92 /is. 

8.49 u o (0") = 0, u 0 (r > 0+) = -10e-' /(5 ° "■> V. 

8.51 (a) (10 ms )dvo/dt + Vo = Vi — (10 ms)dv//dt 

(b) (10 ms)dv 0 /dt + v 0 = (10 ms )dv t /dt — t>/. 

CHAPTER 9 

9.1 Derivation. 

93 (a) R = 1 kfl, L = 0.7 H, C = 1/7 /iF; 

(b) R= 1 kfl, L=1/7H,C = 0.7 //F. 

9.5 uji(0 + ) = 8 J, iu c (0 + ) = 6.4 J. 

9.7 3(5e -6f - 2e~ l ) V. 

9.9 uj L (r > 0 + ) = 1.922e _5f (l - cos 19.361 ) J, 

w c (t > 0 + ) = 1.922^- 5 '[1 + cos( 19.36/ -28.96")] J. 

9.11 (a) L = 50 mH, C = 2 nF; 

(b) L — 200 mH. C = 500 pF. 

9.13 (a) 0.1s, 67.67%; 

(b) 10 jus, 67.67%. 

9.15 4 n, (4 + 8/)e“ 4 ' V. 

9.17 400 £2 ^ 625 £2, (116/3)e“ 16 000 ' cos(12,000/ - 53.13°) mA. 

9.19 12.07 cos(3/ — 173.66°) V. 

9.21 3, 90[e -15/ - e ~ i5/3)l ) V. 

9.23 0, (20/9 )te~' A. 

9.25 Derivation. 

9.27 2,OOOre ,_10 000f + 0.4 A. 

9.29 (a) 2 - 9.014<?-' cos(2/ + 56.31°) V; 

(b) 2 A, -6 V, 

(c) 1.25 A, 6J60e~' cos(21 - 123.69°) V. 

931 1.196e -7-854xl ° 6 ' - 8.196e- ,146x10 ^ + 16 V, 3.435 /is. 

933 (2/3)(e~ 5/ - lOe” 2 ') + 12 V. 

935 6.501e“ (3625/3,/ cos( 199.8/ - 22.64°) + 3 V. 
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9.37 

(a) 

207.6 mH, 106.4 pF; 


(b) 

4%, 747.9 kHz; 


(c) 

2.794 kQ. 

9.39 

(a) 

18[1 — (2 + 3f)e -3 '] V; 


(b) 

2.478 s. 

9.41 

l>£)( 

max) = 108 V at t = 0 + , 


Voi 

'min) = 45.45 V at t = 0.9226 s. 

9.43 

1.5(2 — t)e~°' 5t V. 

9.45 

(a) 

> 

7 

1 

T“l 


(b) 

3- 12.39e- 03)r sin0.4359r V. 

9.47 

o >0 

= 10 4 /72 rad/s, £ = 1/72; 4.32%, 0.6283 ms 

9.49 

(D 0 

= 1072 rad/s, C = 2572. 


CHAPTER 10 

10.1 169.7 V, 2 ms, 10 3 ;r rad/s, 500 Hz, jt/ 6 rad; 147.0 V, -84.85 V, 

84.85 V. 

10.3 10V2 A, 10 5 /2tt Hz, 2tt/10 5 s, tt/ 4 rad; 7.854 ms, 23.56 m s. 

10.5 vi lags v 2 by 75°; vi leads u 3 by 150°; v 2 lags u 3 by 135°. 

10.7 (a) 1 0/-75° V; 

(b) 1 0/-135 0 A; 

(c) 15 7-170° mA; 

(d) 1 27-45° mV; 

(e) 10 07 -22.5° fiA. 

10.9 (a) 2 jt 10 3 rad/s, 120°; 

(b) 12 mW, 36 mW. 

10.11 60cos(10 5 / — 60°) V, 6 07-60° V; 40cos(10 5 r - 150°) V, 4 07-150° V. 

10.13 (a) 7.5 W, absorbed; 

(b) 43.3 W, released; 

(c) 173.2 W, absorbed. 

10.15 (a) 10.65 mW, released; 

(b) 10.32 mW, absorbed. 

10.17 4 kfi in series with 3 mH. 

10.19 60.36 mW, 50 mW, 25 mW; 1.178 ms, 0.7854 ms, 1.571 ms. 

10.21 V 2 /Vo = (wL/R) v/1 + (a>L/R) 2 , <p 2 = 90° - tan 1 (a>L/R). 

10.23 (200/V48l) cos( 10 3 r - 24.73°) V, (200/7481) 7-24.73° V. 

10.25 V20cos(10 3 r - 153.43°) V, 72 07-153.43° V. 

10.27 30[1-e“^ (625 ^ s> ] mA. 

10.29 (a) 25 kQ; 

(b) 10 krad/s; 

(c) 951.49 krad/s, 1,050.98 krad/s. 

10.31 100 krad/s, 40 V. 

10.33 V 2 /Vo = w 2 LC/yJ{\ - co 2 LC ) 2 + (a>RC) 2 , <p 2 = 90°+tan- 1 [(l - at 2 LC)/(toRC)]. 
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10.35 11.09 cos( 10 6 r +56.31°) mA. 

10.37 2coslO'VmA. 


CHAPTER 11 


ii.i 

11.3 


11.5 


11.7 


11.9 


11.11 

11.13 

11.15 


11.17 

11.19 

11.21 

11.23 

11.25 


11.27 

11.29 

11.31 

11.33 

11.35 

11.37 


5 0/105° V/s, 2/—75° V-s, 25 07-165° V/s 2 , 0. 4/-165° V-s 2 . 

(a) 6cos(5f — 90°); 

(b) 5V29cos(5? + 111.80°), 25^29cos(5f - 158.20°); 

(c) (l/V5)cos(5f+ 108.43°), (1/5^5) cos(5/ + 18.43°). 

(a) 10yi9 cos (cot + 36.59°); 

(b) 31.27cos(10f - 112.84°); 

(c) 5.020 cos(2tt10 3 / - 75.79°). 

(a) 1 /120° , -0.5+ 7\/0?75; 

(b) 1 /-120° , -0.5 - jj 075; 

(c) 73/30°, 1.5+ / 70/75; 

(d) 73 /-30° , 1.5- /70/75. 

A +B = 4.039 /57.98° = 2.141 + j'3.424; 

AB = 1.61 2/127.88° = -0.9900 + ; 1.273; 

A — B = 3.17 6/54.19° = 1.859 + y 2.576; 

A/B = 8.062 7-15.26° = 7.778 - j2. 122. 

4cos(fDf - 171.87°). 

d 2 y/dt 2 -\-5dy/dt + 2y = dx/dt - x) 1.501 cos(5/ -61.30°). 

(a) 15.92 /xH, 0.1 

(b) 3.183/iF, 50 

(c) 100 Q. 

(a) 12.5 + j 12.5 £2, inductive; 

(b) 5 — j 573 Q, capacitive. 

(a) R = R l + R 2 /( 1 + w 2 R 2 C 2 ), X = a)[L — (R 2 C)/( 1 + co 2 R 2 C 2 ) 1; 

(b) oj = 0, Ri+R 2 ; to = Vtl - (£./* 2 )/(/? 2 /C)]/(LC), R ] +L/(R 2 C). 
2 rad/s, 10/7 A. 

3cos(2jrl20r - 23.13°) A. 

(a) (l/2/?)(l — (o 2 LC + ja)3RC)/(l —co 2 LC + ja>RC)', 

(b) 1/27?, 1/2 R; 

(c) 15/Of mST 1 . 

(a) R s = 2.5 kQ, L s = 4.330 mH; R p = 10 kQ, L p = 5.774 mH; 

(b) R s = 8.660 kQ, C s = 2 nF; R p = 11.55 kQ, C p = 500 pF. 

2 £2 in series with 2.5 /zF. 

0.332 0/35.86° Q~ l , 0.2690 Q~\ 0.1945 Sir 1 . 

(a) 1.961 cos(2^ 10 5 * - 57.56°) mA; 

(b) 6.703 cos(27rl0 5 r + 12.95°) mA. 

47.27 cos(10 3 / - 99.93°) V. 

1 £2 at left: 2.5 /180° V (+ @ top); 1 Q at right: 2.5/0! V (+ @ top). 












Answers to Odd-Numbered Problems 


ANS-17 


11.39 16.64 /-56.31° V. 

11.41 I x = 7.428 /68.20° A. 

11.43 u(f) = 17.65 cos(10 6 f + 11.31°) V (+ @ top). 

11.45 -4 + 711 A 4). 

11.47 102 6/—24.88° A (out of positive terminal), 8.836 /27.74° V (+ @ top). 

11.49 100 + /500 £2. inductive. 

11.51 1.213 /75.96° A. 

11.53 Voo = (50A/2) /—15° V (+ @ A), Z eq = V325/18 /-11.31° £2, 

J sc = (18/vl3) /-3.69 c A (out of A). 

11.55 V oc = -76 V (+ @ A), Z eq = (4A/10) /18.43° £2. 

11.57 (a) 44.65 cos(10 5 /— 7.13°) mA; 

(b) 26.38cos(10 5 r - 98.43°) mA; 

(c) 144 cos(10 5 t + 143.13°) mA. 

11.59 (b) 1 k£2 in series with 0.1 /iF; 2 k£2 in parallel with 50 nF. 

11.61 (b) 34.54 £2, 2.345 raH, 

11.63 (a) Unbalanced; 

(b) balanced. 

11.65 (b) R = 100 k£2, C = 1 nF. 

11.67 (b) Ri = R 2 = R = 100 k£2, C = 50 nF. 

11.69 (a) cos(10 2 f - 8.13°) V; 

(b) 7.07 cos(10 3 r — 90°) V; 

(c) 99.95 cos(10 4 t - 171.87°) mV. 

11.71 V 0 = [—jcoRC/(\ - (d 2 RC + jcoRC)]Vi ; 1 krad/s, 1. 

CHAPTER 12 

12.1 p Vs — 6.923 mW (delivered), pr =2.130 mW (absorbed), 
p L = 7.988 mW (absorbed), pc = 3.195 mW (delivered). 

12.3 (a) 948.9 VA, 688.3 W, 0.725 (leading); 

(b) 812.9 VA, 688.3 W, 0.847 (lagging). 

12.5 P source = 519.2 mW, Pgoo £2 — 173.1 W, Pioo n = 346.1 mW. 

12.7 52.02 £2 in series with 12.83 mH; 72 £2 in parallel with 46.23 mH, 

12,9 (a) 14.42 W; 

(b) 20.83 W. 

12.11 50-720 £2, 36 W. 

12.13 90 W, 1+71 £2. 

12.15 Derivation. 

12.17 (b) 1395 VA, -344.4 VA. 

12.19 150 W (delivering), 259.8 VAR (absorbing). 
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12.21 (a) 20 W, -15 VAR, 20 - j 15 VA; 

(b) 25/3 H. 

12.23 (a) 141.2 #F; 

(b) 251.9/iF. 

12.25 237. 4/6.32° V. 

12.27 17.0 4/51.95° kVA. 

12.29 282.3 - / 24.88 m£2, 0.996 

12.31 (a) 0.8688; 

(b) 244.7 /xF. 

12.33 551.7 mW. 

12.35 —3 mW (downscale). 

12.37 (a) Vab = 208 /120° V (rms), V bc = 208/0/ V (rms), 

V ca = 20 87-120° V (rms); 

(b) V an = 120.1/30° V (rms), V bn = 120.1 /-90° V (rms), V cn = 
120.1 /150° V (rms). 

12.39 48/7 £2. 

12.41 1 + j2 £2. 

12.43 (a) Zab = j 2 £2, Zbc = 0.4 £2, Zca = ~/2 £2; 

(b) Zan =5-/5 £2, Zbn = 5 + j5 £2, Zcn = —j5 S2- 

12.45 Zy (composite) = ^^Atcompositc) = 10(1 + j 1) £2. 

12.47 (a) 6.405 A (rms); 

(b) 410.8 V (rms). 

12.49 0.6101 + /0.5906 £2. 

12.51 I nN = 11.43 /-16.67° A (rms). 

12.53 (a) I aA = 6.69 07-8.20° A (rms), I bB = 6.69 0/-128.20° A (rms), 

l cC = 6.69 0/111.80° A (rms); 

(b) V ab = 209.5 /3.53° V (rms), V bc = 209.5 /-116.47 0 V (rms), 
V ca = 209.5 /123.53° V (rms). 

12.55 (a) I aA - 14.0 0/—26.57° A (rms), l bB = 14.0 0/93.43° A (rms), I cC = 

14.0 07-146.57° A (rms); 

(b) V ab = 180.7/30° V (rms), V BC = 180.7 /150° V (rms), V CA = 
180.7 7 -90° V (rms). 

12.57 (a) 121.24/20° V (rms); 

(b) 1.250 + j 1.323 £2; 

(c) 75.00+ ;41.50 £2 

(d) 197.95 /48.96° V (rms). 

12.59 Derivation. 

12.61 (a) 1.844+ /1.383 kVA; 

(b) 96.38%. 

12.63 (a) C A = 49.74 \x F; 

(b) Cy = 149.2 fiF. 

12.65 0.8253, lagging. 

12.67 283.6 V (rms); 0.9283, lagging. 
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12.69 

(a) 

0.997, lagging; 


(b) 

0.613, leading. 

12.71 

Pab 

= 1,113.4 W, P CB = -614.5 W 

12.73 

(a) 

64.9 £2; 


(b) 

37.46 £2; 


(c) 

32.45 + /56.20 £2; 


(d) 

32.45 - ;56.20 £2; 


(e) 

64.90 - j'37.47 £2. 

12.75 

(a) 

17.96 W; 


(b) 

C A = 17.68 pF. 


CHAPTER 13 

13.1 5 W, 1 Mrad/s, 1 kV. 

13.3 (a) 50 mH, 0.8 /xF; 

(b) 4950.25 rad/s, 5050.25 rad/s, 100 rad/s. 

(c) 572 /-45° £2, 572/45° £2. 

13.5 1.0513 Mrad/s, 9.990, 100.1 krad/s, 10.01 £2, 100 pH. 

13.7 (a) 400 £2, 972.5 ju,H, 2.605 nF; 

(b) 58.26 kHz, 171.65 kHz. 

13.9 160 Q, 8 mH, 316.6 pF. 

13.11 Derivation. 

13.13 (b) = w 0 : |V*| = 10 V, \V L \ = \V C \ = 12.5 V, pf = 1; 

co = co m : |V*| = 8.997 V, \V L \ = 9.274 V, |V C | = 13.64 V, 
pf = 0.8997, leading. 

13.15 (a) 100 k£2, 15.92 fiH, 15.92 pF; 

(b) 9.976 Mrad/s < m < 10.024 Mrad/s, 25.84° > 0 ( - > -24.84°. 

13.17 (a) 200 /xH, 50 pF; 

(b) 25 /xJ, 3.142 pJ. 

13.19 (a) 2.5 krad/s, 8, 2.349 krad/s, 2.661 krad/s; 

(b) |/ fi] | = |/ fi2 | = 1 mA; \I L \ = |/ c | = 10 mA. 

13.21 8.660 krad/s, 200 £2. 

13.23 100 k£2, 1.9992 nF. 

13.25 (b) 1.2 k£2, 6 cos cot V. 

13.27 o>0 = 1/(737*10, Q = 7*7*72, - + (* 2 /*i). 

13.29 Derivation. 

13.31 80 k£2, 20 k£2, 0.2 H, 50 nF. 

13.33 10 k£2 -* 30 k£2; 100 k£2 300 k£2; 1 /xF -* 167.8 /xF; 

100 pF -► 16.78 nF. 
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CHAPTER 14 

14.1 (a) 5 /0° V, 0 complex Np/s; 

(b) 2/CF V, -0. L Np/s; 

(c) 5 /30° A, —3 + JA complex Np/s; 

(d) 2/-120° A, /IQ 5 rad/s. 

14.3 (a) -e“ 5 711 A; 

(b) 134.5 cos(5f - 160.35°) mA; 

(c) 82.59c -3 ' cos(4r — 67.33°) mA. 

14.5 v^Stor' cos (t - 45°) V. 

14.7 (a) v 0 = v,/(2 + 3s + 2 s 2 + 5 3 ); 

(b) (1 / v' 8 )e _f cos(2r + 45°) V. 

14.9 v 2 q = (16/7)c -2 ' V (+ @ top), i>i n = (-48/7)e -2/ V (+ @ top). 
14.11 V*. = 10.31 /14.04° V (+ @ A), Z eq = 5.15 4/14.04° ft. 

14.13 (a) zi = —0.25 Np/s; p\ = —1 Np/s, p 2 .3 = — 1 ±/2 complex Np/s; 

(b) d^y/dt 1, + 3d 2 y/dt 2 + Idyjdt + 5y = 20dx/dt + 5x. 

14.15 (a) 50/(5 + 5); 

(b) 10 -3 5 + 1; 

(c) ( 0 . 95 2 + 2 . 75 )/( 5 3 + 95 2 + 155 + 7); 

(d) — (4s 2 + 36)/(5 5 + 65 4 + 265 3 + 65 2 + 255). 

14.17 2 x 10 5 (5 + 6 x 10 3 )/( 5 2 + 6 x 10 3 5 + 10 7 ) V/A; 

Z\ = —6 kNp/s, p\'i = —3 ± 7 1 complex kNp/s. 

14.19 s/(s 2 + 2s + 5); z\ = 0 complex Np/s, p \ t2 = -1 ± j2 complex Np/s. 

14.21 2 x 10 6 /( 5 2 + 10 3 5 + 10*); p U2 = 500(—1 ± jV 3) complex Np/s. 

14.23 — lO^j/fs 2 + 1,2505 + 6.25 x 10*); z\ = 0 complex Np/s, 

p i ,2 = —625 ± /2421 complex Np/s. 

14.25 u(l) = 3.354e“ 3x ,o5/ cos(4 x 10 5 t + 26.57°) V. 

14.27 11.71<?- 382 ' - 1.71c -2618 ' V. 

14.29 3(4e" 2 ' - 3e -3 ') A. 

14.31 17.01(e -0 - 7847 ' - e ~ 2 549 ') V; (60/735)c - " 6 sin(V35r/6) A. 

14.33 (a) 5.386^“ l 340 ' - 0.3868c" 18 - 660 ' V; 

(b) 5(1 + 10 4 Oe“ 104 ' V. 

14.35 -4.492c- 6 ' 667 ' + 8.515 cos(2tt 10 3 / - 58.16°) V. 

14.37 1.224e -7 ' coster + 36.16°) + 2.5 + 3.993 cos(5/ - 150.88°) V. 

14.39 2.5 [2 - (1 + ]0 4 r)c -104 ' - cos 10 4 f] V. 

14.41 (a) 52 dB; 

(b) 49 dB; 

(c) -27 dB; 

(d) 2 V 20 ; 

(e) 1/50; 

(f) V20/10 5 . 

14.43 (a) 1 + j(a>/ 10 5 - 10 5 /w) kQ\ 
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(b) (1 kC2)/[l +j(a)/]Q 5 - 10 5 /^)]- 
IZl(n) 



14.45 0.1/(1 +s/10 3 ); pi = -1 kNp/s, a> P] = 1 krad/s. 


iHl(dB) 



co/ro^tdec) 


<H( deg) 



-45" 

-90- 


©/tOp (dec) 


14.47 (a) z\ = 0, oj Zi = —10 rad/s; p\ = —100 Np/s, co Pt 


lHt(dB) 



(0(rad/s) 


<ff(deg) 


1 10 10 2 10 3 10 4 

h- 1 - 1 —ro(rad/s) 



(b) z\ — 0, tw Z) = — 10 rad/s. 


IffltdB) 



to(rad/s) 


<ff(deg) 


0 


-90 


H-1-1— 

1 10 100 


100 rad/s; 


to(rad/s) 
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14.59 (a) 





14.61 (a) 4,244 tt (5 + 100tt)/(s 2 + 4,344^5 4-4.244t r 2 x 10 5 ); 

(b) 17.03 dB, 2.732 dB, -2.778 dB. 

14.63 (a) 



10 -' 1 10 10 2 10 3 10 4 
rad/s 


(b) 



rad/s 
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.801-1- 1 - 1 -1—j 

ir' 1 10 io 2 io 3 io 4 


rad/s 


CHAPTER 15 

15.1 Zja = 1 £2 in series with 1 pF, Ztb = 1 £2 in series with 1 pH., 

Zjc = 1 &■ 

15.3 Zx A = jS Q, Z nB = -j 5 a Znc = 25 a 
15.5 (a) 4 V; 

(b) 4 V, reciprocal network. 

15.7 zn = 20/9 a Zn = Z 21 = 25/18 £2, 222 = 157/72 £2; reciprocal. 

15.9 Z 21 —2z\\= 2 z22 = 60 k£2, 212 = 0; not reciprocal. 

15.11 zn = 3 k£2, Z 12 = 10 £2, Z 21 = 2 M£2, Z 22 = 20 ka 
15.13 j? n = s + n 2 /(n 2 + 1), > 12 = - [s + n/(n 2 + 1)] = y 2 i> 

3>22 = 5 + l/(« 2 + 1); reciprocal. 

15.15 a u = 0.625, a n = 1.5 a « 2 i = 0.1875 Q~\ a 22 = 1.25. 

15.17 a u = -2/9, a 12 = 19/9 a a 2 \ = 1/9 £2"\ « 22 = 13/9. 

15.19 /t n = (111/11) 10 4 a Ai2 = 10/11, A 2 i = 9999990/11, 
h 22 = 10011001/(11 x 10 5 ) £2 _1 . 

15.21 (a) A n = R 3 , A 12 = 1, A 2 , = -1, h 22 = -R 2 /(RiR 4 ); 

(b) R 4 /R 2 = ^ 3 /^ 1 - 

15.23 g n = 1/3 £T‘, g l2 = -2/3, g 2l = 11/3, * 22 = 5/3 Q. 

15.25 (a) Hoc = 0, R^ ~ 124/7 £2; 

(b) Hoc = 2000/159 V, R tq = 6.8 £2. 

15.27 (b) 10 nF. 

15.29 (a) 1000/19 £2; 

(b) 13.16 W. 

15.31 y u =y 22 = (s 2 + 1)/ [s(s 2 + 2)] + s(s 2 + l)/(2s 2 + 1), 

y i2 ~y 2 1 = -1/ [j(j 2 + 2 )] - s^/iis 2 + i). 

15,33 a\\ = 5 2 +3.5s+2, a\ 2 — 5+2 £2, a 2 \ = s 2 +2.5s+0.5 £2 -1 , a 2 2 = 5+1. 

15.35 3538.6 V/V. 

15.37 1.55/(5 2 + Is + 6); 21 = 0, p\ = -1 Np/s, p 2 = -6 Np/s. 
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15.39 i 2 (r > 0+) = —267.3c -1,25 * l0 ' f cos(66.14 x 10V - 62.11 )+ 125 mA. 

15.41 h £2 = (0.3279 /0.05- V s <-►), 

/, f = (0.1646 /8.53- )V t (-»■), / 5 n = [(2/^3730) 792.82- ] V, (|). 

15.43 7.5 + jl £2. 

15.45 (a) 1 and 3; 

(b) 1 and 4; 

(c) 1 and 3. 

15.47 (a) 250 nJ; 

(b) 187.5 nJ; 

(c) 190 nJ. 

15.49 49.87 - y 269.8 £2, 3.787 W. 

15.51 (a) 5.701 cosOOO/ + 82.87-) A, 3.162cos( 100/ - 153.40°) V; 

(b) 5.005 W, from right to left. 

15.53 (a) 10/3 krad/s; 

(b) 5 £2: 

(c) |V/_,| = 2|V/., | = 200/3 V. 

15.55 (a) 20 + 7 30 £2, 1.57 6/-23.20' A. 2.228/-1 58.20° A, 56.81 /33.11 

V, 31.51 /156.8 0° V; 

(b) Z\, V], and /\ remain the same; V 2 and / 2 change polarity. 

15.57 45 x 10 4 & 2 /(4706 + 738(t 2 + 8 U 4 ). 

15.59 v(t > 0 + ) = 8.770 (V 25,44 * l0 ’' - e" 426,ftx 1 " ,< ) V. 

15.61 0.866, 150 mA. 

15.63 43.40 krad/s, 62.84 krad/s. 

15.65 204.3 /6.49° V (rms). 


CHAPTER 16 

16.1 (a) (1 +e~ ,/Q - 5 )u(t) V; 

(b) (1 ~ 0.5e~’ /2 )u(t) V; 

(c) lu(f) V. 

16.3 (a) v(z) = 4e- ,/{250 ' iV> kV. 

16.5 (a) 


f\ 
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(b) 


h 



16.7 (a) 5e~ s - 

(b) 5 e~ s /s, s > 0; 

(c) e~ s — e~ 3s ; 

(d) e~ 3l (s + l)/s 2 , s > 0. 

16.9 (a) 5(e -J — e~ 3s )/s\ 

(b) */2e~ s/4 \ 

(c) 20e -2t /[y/e(2s 4- 1)], s > —0.5; 

(d) (1 -e~ s -e~ 2s +e~ 3s )/s 2 . 

16.11 (a) 5(s 2 + 5s + 8)/(s + 3) 3 , s > —3; 

(b) 2 x 10 6 /[s(s 2 +4 x 10 6 )]; 

(c) 10/{s 2 4- 400). 

16.13 (a) 10 3 /(s 4 +10 4 ); 

(b) 3/(s + l) 4 ; 

(c) (e -101 ' sin 10 3 0«(0. 

16.15 (A/s 2 ) {1/7, + [e-' T > - (K/TOe-’ 7 '} /{T 2 - T,)} 

16.17 5(fT' - e~ 3, )u(t). 

16.19 (20/s 2 )(l - 2e~ s/z + e~ s )/{\ - e~ s ). 

16.21 ( A/s 2 dT ) [1 - (sdT + l)e~ sdT ] /(I - e~ sT ). 

16.23 2(s + 1)/ [s(s 2 + 2s + 2)]. 

16.25 /(0 + ) = 0, f(oo) = 1.875, / (1) (0 + ) = 5, / (1) (oo) 
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16.27 (a) [1.1 I8e f cos(2t + 26.57°)]u(f); 

(b) (4sinf + sin2r)«(f); 

(c) 5[1 - (f 3 /6 + t 2 /2 +1 + 

16.29 (a) [e~ f (2 — 1.5f) sin r]u(f); 

<b) 7.55(f) + 0.5dS(t)/dt\ 

(c) 3dS(t)/dt - 125(f) + 50fT 4f w(r). 

16.31 (a) e~ 2, u(t) — e~ 2 ^~ ]) u(t — 1); 

(b) (2e~ 2(t ~ l} — e~ u ~ l) )u(t — 1); 

(c) (0.5 sin2f)[«(f) — u(f — 1)]. 

16.33 y„ atura i = (3e -3f - 2 e~ At )u(t); 

ytorcri = (1/144) X (12f + 41 - 176e" 3 ' + 135e" 4 >(f). 

16.35 (1 — 3e“ f H- 3 e~ 2t - e~ 3, )u(t). 

16.37 (a) y(f > 0) = cos 3f + cos f; 

(b) y(t > 0) = 0.5(6/ - 7 + 28e -r - 1 \e ~ 2t ). 

16.39 >](r > 0) = — (1/12)(11 + I6e" 3 ' + 9 e~ 4 ‘y, 

y 2 (t > 0) = — (1/12)(11 - 8*- 3f -4<r 4 '). 

16.41 3(e~‘ + e~ 3 ‘)u(ty, (4 - 3e~' - e~ 3, )u(t). 

16.43 10 4 /(5 2 + 2 x 10 3 s + 2 x 10 6 ); 

[5 x 10- 3 f + 5 x 10 _6 (c _lo3f cos 10 3 / - l)]u(f). 

16.45 v(t > 0) = 5 -4e~ 100t V. 

16.47 [(40/v / 29)cos(10 6 f - 68.20°) - (80/29)<r 4xl ° 5 ' «(/) V. 

16.49 u(f > 0) = 10(2e -20 ' - e~ 5t ) V. 

16.51 (a) —2c _8, (sin6f)«(f) A; 

(b) 0.4(<r f - 6 e~ 6, )u(t) A. 

16.53 v(t > 0) = 2.5 1 + \f2e~* cos(f — 45°) V. 

16.55 u(f > 0) = 3(3 - 8fc _2f ) V. 

16.57 (a) 2 £2, 1; 

(b) 5 1 + s/2e~‘ cos(r - 135°) «(/) V; 

(c) 20c -f (r — sin/)«(/) V. 

16.59 4(e~ 6 ' — e~ 2t )u(t) V. 

16.61 1/3 J. 

16.63 (8 x 10 3 r + OAB)e~ 10 *' + 0.8cos(5 x 10 3 / + 126.87°) «(/) V. 

16.65 5/s 2 , 10/5, 25f 2 «(f). 

16.67 / * g = 6/ 2 for 0 < t < 3, 

6(12/ - f 2 - 18) for 3 < t < 4, 6(20f - 2r 2 - 34) for 4 < t < 6, 
6(8f - t 2 + 2) for 6 < t < 7, 

6(f 2 — 20/ + 100) for 7 < t < 10, 0 for t < 0 and t > 10. 
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16.69 v 0 = 0 for t < 0, 10e - ' V for 0 < t < 1, 
10(1 — 2e)e~ c V for 1 < t < 2, and 
10(1 +e 2 — 2e)e~‘ V for 2 < / < oo. 


CHAPTER 17 


17.1 Derivation. 

17.3 Derivation. 

17.5 Derivation. 

17.7 Derivation. 

17.9 Afy/ 6. 

17.11 (a) 15.20%; 

(b) 16.05%; 

(c) 15.40%. 

17.13 v(t) = 0.5 + f Etlt 5PT cos [ (2fc 
17.15 Derivation. 

17.17 97.55% 

17.19 (a) 


l)^r + (5 -4jt)30° 


V. 


Amplitude (V) 



/(Hz) 


(b) 


Amplitude (V) 
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(C) 


Amplitude (V) 



17.23 v/(t) = ±A,; v 0 (t) = (¥Ai/RC)t + t>o(0); 

Vi(t) = fi ZZ i 2FTT cos K 2fe - 1 w - 90°] V; 
v o(0 = ~kc ££l (2i3T)Tcos{2* - 1)0 *t V. 

17.25 10 + 0.1183sin(240jn - 7.69°) + 5.876 x 10“ 3 sin(4807H - 3.81°) 4- 

1.118 x 10“ 3 sin(720jrf - 2.54°) V. 

17.27 A(* ■ ■ — e-^ r /15 n - /3jt + je~ Jm ‘/A + 1/tt - je^‘/4 - 

e j2m! /37T - e j4a>ot /I5ir -). 

17.29 fit) = A( -h je~^ jAn + je~^ */2 jt ± 1/2 - je Jai ° l /2jt 

-je^/An -). 

17 31 Vn(t)=^- T°° )[c°s(n^-/2) — ] ] ynjr?/2 y / q 

— 3^ Zjn=-oo rKI+j**) e y, n 

17.33 2A(1 - cosftjW)/aj 2 W. 

17.35 (a) l/(o + ;co) 2 ; 

(b) JWJde ^ !4a ; 

(c) e-^j^/ia + jco). 

17.37 A 2 W, 90.28%. 

17.39 (a) 5/(2 - co 2 + 2jco); 

(b) 3.561 W; 

(c) 1.902 W. 

17.41 fit -+ ±oo) = 0; /<£) d$ = 0. 

17.43 (a) 6tz [25(tw) A- S(co + Ajt 10 3 ) + S(co — Ajt 10 3 )]; 

(b) (IOj t /—9 )8(<d + ft)p) + (10 7t/6)S(co - ojq); 

(c) A [(a + jco) cos 0 - a>d sin 6] / [(a + jco d ) 2 + co 2 ^. 

17.45 O’2A/10 3 tt) [sin(&j/10 3 )] / [(g>/10 3 jt ) 2 — l]. 

17.47 (a) j2An 10 3 (sin 10 -3 w)/(oj 2 — 7T 2 10 6 ); 

(b) Hmw^oofiMOfiit)} =f{fi(t)}. 

17.49 a =27T Np/s. 

17.51 6 J. 

17.53 95.95% 

17.55 10[1 - (lOOf + l)<? _100( ]u(r) V. 

17.57 V 2 co 0 /2. 



Standard Resistance 
Values 


A s a rule, you should always specify standard resistance values for 
the circuits you design (see Table A.l). In many applications 5% 
resistors are adequate; however, when a higher precision is required, 
1% resistors should be used. When even this tolerance is insufficient, 
the alternatives are either 0.1% (or better) resistors, or less precise resistors in 
conjunction with potentiometers to allow for exact adjustments. 

The numbers in the table are multipliers. As an example, suppose your cal¬ 
culations indicate the need for a resistance value of 3.1415 k£l Then, Table A.l 
indicates that the closest usable resistance in the 5% tolerance range is 3 k£2, 
while the closest 1% resistance is 3.16 k£X 

To facilitate the identification of their values and tolerance, resistors are 
often equipped with multicolored bands as shown in Figure A. 1. The numerical 
values associated with these bands are shown in Table A.2. Bands x, y, and z 
give the nominal resistance value, while the percentage band gives the maximum 
percentage deviation from this value. The rule for calculating a resistance value 
from its color bands is 

R = (10* 4- y)10 ; ± % tolerance (A.l) 


% 



Figure A.1 Color coding for resistors. 
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Appendix 1 Standard Resistance Values 


TABLE A.1. Standard Resistance Values 


5 percent 1 percent resistor values 
resistor values 


10 

100 

178 

316 

562 

11 

102 

182 

324 

576 

12 

105 

187 

332 

590 

13 

107 

191 

340 

604 

15 

110 

196 

348 

619 

16 

113 

200 

357 

634 

18 

115 

205 

365 

649 

20 

118 

210 

374 

665 

22 

121 

215 

383 

681 

24 

124 

221 

392 

698 

27 

127 

226 

402 

715 

30 

130 

232 

412 

732 

33 

133 

237 

422 

750 

36 

137 

243 

432 

768 

39 

140 

249 

442 

787 

43 

143 

255 

453 

806 

47 

147 

261 

464 

825 

51 

150 

267 

475 

845 

56 

154 

274 

487 

866 

62 

158 

280 

499 

887 

68 

162 

287 

511 

909 

75 

165 

294 

523 

931 

82 

169 

301 

536 

953 

91 

174 

309 

549 

976 


TABLE A.2 Color Code for Resistances 


Bands x. 

y, and z 

% Tolerance band 

Color 

Value 

Color Value 

Black 

0 

Gold ± 5% 

Brown 

1 

Silver ±10% 

Red 

2 


Orange 

3 


Yellow 

4 


Green 

5 


Blue 

6 


Violet 

7 


Gray 

8 


White 

9 
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APPENDIX 


Solution of 
Simultaneous Linear 
Algebraic Equations 


C ircuit analysis via either the node or loop method involves the formula¬ 
tion and solution of a set of n linear algebraic equations in n unknowns, 
having the general form 

a \ L *1 + ^12*2 + 013 *3 + ■ ■ • + Uln X n = b\ 

a 2 \ *1 + ^2 2*2 + ^23 *3 + * ' * + 02 n^n = £>2 

^3 1 *1 + £32 *2 + £*3 3 *3 + • * * + 03 „ X„ = b 3 


a n \x\ + a n 2 *2 + 3 xi + • • ■ + a„ „ x n =b n 

where x\ through x n are unknown node voltages (or mesh currents), a i ; 
(i,j — 1,2are known admittances (or resistances ), and b\ through b n 
are known source voltages (or currents). Note that the double-subscript notation 
uses the first subscript to identify a row and the second subscript a column. 
The two most common methods of solving these equations are the Gaussian 
elimination method and Cramer’s rule. 


Gaussian Elimination 

The Gaussian elimination technique repeatedly combines different rows in such 
a way as to transform the original system of equations into a system of the type 

1 x\ +0112*2 +<*13*3 H- +C(i n X„ = Al 

“22 *2 + “23 -*3 + -- \~Ct2nXn = 

“33 -*3 + 1 * 1 + “3 n X„ = /*3 


“n n X n — 
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that is, into a system in which all coefficients with i > j are zero. This allows 

us to solve for x n directly, and to solve for *„_i, *„~2 .all the way down 

to JC] by successive back-substitutions. As an example, consider the following 
system of equations: 


2x\ - 1jc 2 - 1*3 = -5 (A.1a| 

4*i — 3*2 + 2*3 =—8 (A.lb) 

—3*i + 1*2 4- 1*3 = 6 (A.lc) 


Multiplying the first equation through by —2 and adding it pairwise to the second 
equation, and then multiplying the first equation through by 2/3 and adding it 
pairwise to the third equation, we obtain 


— 1*2 + 4*3 = 2 (A.2a) 

= <A.2b) 

Multiplying the new first equation through by —1/2 and adding it pairwise to 
the second we obtain 



(A.3) 


This yields *3 = 1 . Back-substituting into Equation (A.2a) yields *2 = 4*3 — 2 = 
4 x 1 - 2 = 2. Back-substituting into Equation (A.la) yields *1 = (1/2) (*2 + 
*3-5) = 1/2(2 + 1 -5) = -l. 


Cramer s Rule 


Cramer’s rule allows us to find the ;-th unknown (j = 1,2, 3. n) directly 

as 


Xi 


A 


where A is the determinant of the matrix of the coefficients a, ; (i, j — 1,2, 
3,..., n), and A j is the determinant of the matrix obtained from the matrix of 
the coefficients a\ j by replacing the coefficients of the y-th column with the 
coefficients bj(j = 1,2, 3,, n). It is apparent that for Cramer’s rule to work 
it is necessary that A ^ 0. 

For n = 2 and n = 3, the A determinants are found as 


Ol1 

«21 

012 

022 

— Oi \022 ~ 02)022 

a \\ 

012 

0)3 


02 1 

02 2 

023 


03 [ 

03 2 

03 3 



= 0| |022033 + ^12^2 3^31 + ^13^21^32 — 
(^3I«22«13 +«3 2^23^1 1 +«33«2lfll2) 

Similar groupings apply to the calculation of the A ; determinants. 
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A convenient method of visualizing the above patterns is by means of ar¬ 
rows, as follows: 

/ 

Oil «12 

X 

021 «22 

\ 


Figure A 2 

To obtain A, we first sum the products of the coefficients on the diagonals 
identified by the upward arrows; next, we sum the products of the coefficients on 
the diagonals identified by the downward arrows; finally, we subtract the second 
sum from the first. Note that for this visual method to work for n = 3, the first 
two columns must be repeated to the right of the third column, as shown. 

As an example, let us solve Equation (A.l) via Cramer’s rule. 

2 -1 -1 
A = 4 -3 2 

-3 1 1 

= 2(-3)l + (-l)2(-3) +(-1)4(1) 

- [(—3)(—3)(— 1) + 1(2)2 + 1 (4)(— 1 )J = 5 

-5 -1 -1 

A, = -8 -3 2 

6 1 1 

= (—5)(—3)1 + (-1)2(6) + (—1)(—8)1 

- [6(—3)(— 1) + 1 (2)(—5) + 1 (—8)(—1)] = -5 

2 -5 -1| 

A 2 = 4-8 2 

-3 6 1 I 

= 2(-8)l + (-5)2(-3) + (-1)4(6) 

- [(—3)(—8)(— 1) + 6(2)2 + 1 (4)(—5)] = 10 

2 -1 -5 

A 3 = 4-3 -8 

-3 1 6 

= 2(—3)6 + (— 1) (—8)(—3) + (-5)4(1) 

- [(—3)(-3)(-5) + 1 (—8)2 + 6(4)(— 1)] = 5 


/ / / 


a {i a 12 o l3 a i2 



021 «22 «23 021 022 



«3I a 32 O33 O31 «J2 



Consequently, *1 = Ai/A = —5/5 = —1, *2 = A 2 /A = 10/5 = 2, and 
x 3 = A 3 /A = 5/5 = 1, thus confirming the results obtained via Gaussian 
elimination. 












Euler s Identity and the 
Underdamped Response 


EULER'S IDENTITY 


T his important identity, named for the Swiss mathematician Leonhard 
Euler (pronounced Oiler) (1707-1783), can be proved using the power 
series expansion of cos 9 , sin #, and e-* 6 , 

„ , 9 2 9 4 

cos 9 = 1 -1-- 

2! 4! 

# 3 9 s 

si „ @ = e —_ + 

e /» = 1 + ) , + w!w! + w! + w! + ... 

2! 3! 4! 5! 

Since j 2 = —1, the last identity can be written as 

ie , ° 2 6,3 6)4 Q 5 

e - l+je ~2i~ J y. + 4\ +J 5<-'" 


Finally, 


q 2 q4 q5 

cos 9 + j sin $ = 1 + jO - j -1-1- j -- ■ ■ = e je 

2! J 3! 4! J 5! 

that is, Euler’s identity, 

e je = cos # + j sin# (A.4) 

The above identity, in turn, allows us to express the sine and cosine functions 
in terms of exponentials, as follows. Consider the function obtained by replacing 
j with — j in Equation (A,4), 

e~i e = cos 9 — j sin# (A.5) 

Adding Equations (A.4) and (A.5) pairwise and dividing through by 2, 

cos# = - (e* e + e~ je ) (A.6) 
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Likewise, subtracting Equation (A,5) from (A.4) pairwise and dividing through 

by A 

sin# = ( e j9 - e ~ je ) (A.7) 

We use these expressions in various parts of the book, 


The Underdamped Response 

The expression for the underdamped response is obtained by substituting Equa¬ 
tions (9.20) into Equation (9.10), 

y(t) = Aie^ a - Jo>d)t + A 2 e~ (a+jt ° d)t (A.8) 

Factoring out the common term e~ at , 

y(t) = e~ at (Aie Ji,Jdt + A 2 e~ j0)dt ) (A.9) 

We wish to prove that this expression can be put in the form 

y(t) = Ae~ at cos (co d t + <f>) (A.10) 

The proof is based on Euler’s identity of Equation (A.4), which in the present 
case becomes 

e JWdt = cos <o d t + j sin a> d t (A.lla) 

e-jvdt _ cos Wdt _ j sin ^ (A .1 1b) 

Substituting into Equation (A.9) and collecting yields, on the one hand, 

y(t) = e~ at [(Ai + A 2 ) cos co d t + j (A x ~ A 2 ) sinter] 

Expanding Equation (A. 10) yields, on the other hand, 

y (t) = e at A [cos <j> cos co d t — sin (f> sin co d t] 

For the above expressions to be equivalent, the coefficients of the terms cos co d t 
and sin co d t must be equal, 

A cos0 = A] + A 2 {A.12a> 


A sin0 = j (A 2 — AO (A. 12b) 

Squaring each side of Equations (A. 12a, b) and adding terms pairwise, 

A 2 (cos 2 0 + sin 2 0) =(Ai 4-A 2 ) 2 + j 2 (A 2 -A x ) 2 

Using the identities cos 2 (j) + sin 2 <f> = 1 and ; 2 = -1, and simplifying, 

A = 2\f~A\A 2 (A. 13a) 

Likewise, dividing Equation (A.12b) by Equation (A, 12a) pairwise, we obtain 
tan <f> = j(A 2 - Ai)/(A, + A 2 ), or 


(f> = tan 


,A 2 — A\ 
A] + A 2 


(A.13b) 


The initial-condition constants A and <j> can be determined either by finding A i 
and A 2 via Equation (9.14) and then substituting into Equations (A. 13), or by 
direct calculation as in Example 9,4. 















Summary of Complex 
Algebra 

P hasors, impedances, and ac transfer functions belong to a class of vari¬ 
ables known as complex variables, so called because they involve real 
numbers as well as the imaginary unit j = 1. 

• A complex variable Z can be represented in either one of three forms: 
1. The shorthand form, also called the polar form: 

Z = Z m (& 

2. The rectangular form, also called the cartesian form: 

Z = Z r + j Zi 

3. The exponential form: 

Z - Z m e j * 

• In the above expressions, Z m is the length or magnitude of Z, and 0 
is the angle or argument of Z. They are denoted as 

Z m = |Z| 

0 = <Z 

and are called the polar coordinates of Z. Moreover, Z r is the real 
part of Z, and Z, is the imaginary part of Z, expressed as 

Z r = Re [Z] 

Zi = Im [Z ] 

They are called the rectangular or cartesian coordinates of Z. 

• Given Z m and 0, Z r and Z, are found as 

Z, — Z m cos 0 
Zi = Z m sin 0 
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Conversely, given Z r and Z, , Z m and (f> are found as 

z m = y/z? + zf 

1 Zi 

<p - tan -1 — if Z r > 0 
Z r 

1 Z, 

0 = tan' 1 -f- ± 180° if Z r < 0 

The ± sign is chosen in such a way as to keep —180° < <f> < 180°. 

• Given two complex variables, X = X r + jX t and Y = Y r + jYi, their 
sum and difference are 

X +Y = ( X r + Y r ) + j (Xi + Y,-) 
X-Y=(X r -Y r )+j(Xi-Yi) 

• Given two complex variables, X = X m /6 x and Y — Y m f6 y , their prod¬ 
uct and their ratio are 


XY=X m Y m /9 x +6 y 



• Given a complex variable Z = Z r + }Z t = Z m j4>, its complex conju¬ 
gate is 

Z* - z, - jZi = ZJ-(f> = Z m e~ j + 

A complex variable and its conjugate satisfy the properties: 

zz* = zl 

z/z* = yi<p 
z + z* = 2 z r 

Z-Z* = 2Z,: 

• The reciprocal of a complex variable Z = Z r + j Z ; = Z m l4> is 

I = ±/_^ = ZL = ~ J z - 

z Z m \z\ 2 z 2 + zf 

• If a complex variable Z — Z r + jZ t is such that \Z r \ » |Z,|, then it 
can be approximated as 

Z ^ Z r [Qf if Z r > 0 

Z ~ I Z r 1 /180° if Z r < 0 

Conversely, if |Z,*| » |Z r j, then 

Z ^ Z, /90° if Zi > 0 

2 - |Z, I/—90° if Z ( - < 0 

• Given an ac signal x(t) having angular frequency a> and phasor X, 

1. The phasor of the derivative dxjdt is ja>X 

2. The phasor of the integral / x(t)dl is (1/ jco)X 














Index 


A 

a parameters, 693, 707 
ABCD parameters, 693 
Abscissa of convergence, 751 
AC conductance (G), 481 
AC coupling, 642 
AC power, 520 
average, 521, 524—5 
complex, 529 
conservation, 535 
instantaneous, 521 
measurements, 537, 561 
reactive ((?), 529, 558 
real (P), 529, 558 
triangle, 534 
AC resistance (/?)* 478 
AC response, 319, 420 
of basic elements, 428 
of 1 st-order circuits, 432 
limiting cases, 432 
relation to transient response, 443, 
451 

of 2nd-order circuits, 444 
using SPICE, 504 
Active sign convention, 13 
Admittance (Y), 474, 610 
Ammeters, 85 
Ampere (A), 8 
Amplifiers, 227, 233 
current, 227, 273 
difference, 262 
ideal, 231, 233 
instrumentation, 266, 283 
operational, 245 
summing, 262 
transconductance, 232, 270 
transresistance, 232, 268 
voltage, 227 


Amplitude, 19 
Apparent power (5), 522 
Argument, 427 
Asymptotes, 650-3 
Average value, 4, 21 
half-cycle, 22 
full-cycle, 22, 815 

B 

b parameters, 680 
Band-pass function, 446, 579 
Bandwidth (BW), 449, 579, 586 
Battery capacity, 9 
Biasing, 102 

of transistors, 142 
of LEDs, 142 
Blocking, 354, 640-2 
AC, 640 
DC, 354, 641 
Bode plots, 643 
piecewise linear, 656-62 
using PSpice, 665 
Branch, 24 
currents, 25 
voltages, 25 

Break frequencies, 647, 651 
Bridges, 72, 516 
balanced, 73, 266, 272, 516 
capacitance, 516 
Hay, 516 
Maxwell, 516 

in null measurements, 73, 516 
Wheatstone, 73 
Buffer amplifier, 254 

c 

Capacitance (C), 287 


bypass, 641 
energy, 297 
i-v characteristic, 289 
Laplace models, 783 
in parallel, 298 
practical, 300 
rules, 327, 328 
in series, 299 
v-i characteristic, 295 
Capacitance multiplication, 501 
Cascade connections, 244, 257, 707 
Central peak, 423 

Characteristic equation, 308, 361, 380 
Characteristic frequencies, 309, 380, 
438, 441, 446, 483 
Charge (<?), 4, 9 
Circuit, 23 
planar, 113 

Circuit elements, 23, 36 
active, 11, 40 
bilateral, 684 
energy-storage, 286, 715 
comparison of, 306 
i-u characteristics, 36 
Laplace models, 783 
nonlinear, 37-9, 173, 191, 288 
passive, 11 
v-i characteristics, 37 
Closed-loop gain, 250, 254, 256 
Color codes, A2 
Complete response, 314 
to an AC function, 318 
to a DC function, 315 
using H(s), 632-38 
using Laplace, 772, 786 
of RC and RL circuits, 638 
using PSpice, 664 
Complex conjugate, 385, 471 
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Index 


Complex frequency, 606 
Complex plane, 461 
Complex pole pairs, 617, 625, 765 
Complex power (S), 529, 534, 558 
conservation, 535 
in 3 -<j> systems, 558 
Complex variables, 385 
summary of, A9 
Conductance (C), 53 
Conduction, 54 
Continuity conditions, 327 
Convolution, 757, 797, 857 
graphical, 798-802 
numerical, 802 
Comer frequencies, 651, 653 
Coulomb (C), 4 
Coupling coefficient (k), 717 
Cramer’s mle, 106, A5 
Critical damping, 387 
Critical frequencies, 309, 380, 616, 

635 

computation using H(s), 627 
Current, 8 
dividers, 68, 71 
gain, 68, 227 
mirrors, 273 
Current sources, 41 
practical, 82 

Cutoff frequencies, 440-3, 486-7, 
837-8 

D 

Damped sinusoids, 385, 607 
Damping coefficient (a), 385, 391 
Damping ratio (£), 379, 397, 407, 410, 
652 

in active circuits, 410 
effect on Bode plots, 652 
negative, 411, 595 
in passive circuits, 407 
relation to Q , 451 
effect on transient response, 401 
D’Arsonval meter movement, 88 
Decade, 643 
Decay times, 310 
Decibels, 233, 644 
A-Y transformations, 546 
Dependent sources, 42, 199 
circuit analysis with, 208 
CCCS, 43 
CCVS, 43 

in modeling, 204, 222, 228 
VCCS, 43 


VCVS, 43 
Determinant, A5 

Differential equations, 307, 378, 614 
1st order, 307 
homogeneous, 308, 379 
2nd order, 378 
solution using phasors, 472 
solution using Laplace, 771 
Differentiation, 290, 301, 460, 649, 
753, 856 

circuits, 356, 487, 498 
Diodes, 37-9 
light-emitting (LED), 142 
rectifier, 37 
zener, 39 

Dirichlet’s conditions, 815, 848 
Discriminant, 378 
Distortion, 352, 355, 832, 835 
pulse, 353, 355 
total harmonic, 869 
Diverging responses, 360, 411, 595, 
626 

Dot convention, 220, 712 
Doublet, 741 

Driving-point admittance, 616, 628 
Driving-point impedance, 616, 627 
Duality, 304, 328, 378-379, 432, 
450-1, 584-7 
Duty cycle 18, 843 
Dynamic conductance (g), 36 
Dynamic elements, 286 
Dynamic resistance (r), 36, 41 

E 

Effective value, 181 
Efficiency (rj), 187, 559 
Electric field (E), 5-9 
Electric signals (see Signals) 
Electrons, 5, 9, 54 
Energy (u;), 11 
dissipated per cycle, 583, 587 
capacitive, 297 
in coupled coils, 715 
inductive, 304 
maximum stored, 583, 587 
of a signal (Wi n), 853 
Equivalence, 44, 57-61, 80-3, 129, 
161 

Equivalent impedance (Z e q), 493, 527 
Equivalent resistance (/S C q)» 61, 151, 
161, 169, 339, 393 
calculation of, 152, 156 


with dependent sources, 214, 271, 
361 

Euler’s identity, A7 
Even functions, 826 
Exponential transients, 309, 315 

F 

Fall time (/y), 349 
Farad (F), 288 
Faraday’s law, 709-10 
Feedback, 249, 409 
negative, 249 
positive, 409, 592 
Filters, 837 
all-pass, 838 
averaging, 353 
band-pass, 592-96, 838 
band-reject, 455, 838 
delay, 838 
effects of, 839 
high-pass, 455, 487, 837 
low-pass, 455, 486, 837 
prototypes, 600 
Final-value theorem, 761 
Flux linkage (X), 301, 709-10 
Forced response, 314, 773, 786 
to an AC function, 317 
to a DC function, 314, 742 
using H(s), 635 
using Laplace, 773, 786, 797 
Forcing functions, 307, 607 
AC, 317, 607, 633 
DC, 314, 607, 632 
Fourier, 420 
Fourier series, 814-46 
amplitude-phase, 814 
coefficients, 815 
cosine-sine, 815 
discontinuities, 830 
exponential, 840 
mean square error, 823 
shifting, 824 
using SPICE, 869 
trigonometric, 814-5 
Fourier transform, 846 
applications, 862 
functional table, 851 
inverse, 847 
operational table, 858 
properties of, 855 
relation to Laplace, 859, 867 
Frequency, 18, 317 
angular (cu), 317, 385, 422, 607, 635 
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complex, 606 
cyclical (/), 18, 422 
neper (cr), 607 
radian (co), 607 

Frequency-domain analysis, 457, 484 
AC dividers, 485 
nodal/loop analysis, 489 
of op amp circuits, 496 
proportionality analysis procedure, 
488 

Thdvenin/Norton equivalents, 495 
finding Z eq , 493 
Frequency modulation, 857 
Frequency plots, 438, 619, 648-61 
magnitude, 438, 442, 447, 619, 
648-62, 835 

phase, 438, 442, 447, 619, 648-61, 
836 

using PSpice, 508 

Frequency response, 438-43, 446-50, 
577 

using H(s ), 642 
Frequency shifting, 756 
Frequency spectra, 830 
amplitude/phase, 831, 843 
energy density, 853 
input/output, 834, 866 
power, 831, 844 
Fundamental frequency, 815 
Fuse, 52 

G 

g parameters, 680 
Gain, 66, 68 

polarity control, 260 
power, 233 

source-to-load, 229, 231, 232 
unloaded, 229, 231 
Gaussian elimination, 106, A4 
Graphical analysis, 176 
Ground, 5 
Gyrator, 703, 734 

H 

h parameters, 696, 703 
models of, 698 

Half-power frequencies, 440, 443, 448, 
579, 586 

Half-wave symmetry, 828 
Harmonic frequencies, 814 
Henry (H), 301 
Hertz (Hz), 18 


High-frequency limits, 432, 438, 442, 
447, 450, 483, 486-7, 621 
High-pass function, 438, 454 
with gain, 500 
Holes, 5, 8, 55 
Howland circuit, 270 
Hybrid parameters, 680 
Hydraulic analogies, 42, 288, 290, 298 

I 

/-V converters, 268-9 
Ideal transformer, 219, 723 
isolation, 221 
model of, 222, 238 
in power transmission, 222 
practical considerations, 226 
in resistance transformation, 224 
step-down, 221 
step-up, 221 

Imaginary part, 385, 462 
Imaginary unit (_/), 385, 459 
Immittance parameters, 680 
Impedance (Z), 473, 610 
and AC power, 524 
capacitive, 479 
of element pairs, 482 
inductive, 479 
limiting cases, 475, 621 
phase, 551, 561 
reflected, 722, 724 
in series/parallel, 476 
triangle, 478, 534 
Impulse function (5), 741 
physical significance of, 742 
Impulse response, 742, 778 
using PSpice, 804 
Inductance (L), 300 
energy, 304 
t'-v characteristic, 303 
Laplace models, 783 
in parallel, 305 
practical, 305 
rules, 327, 328 
in series, 305 
v-i characteristic, 301 
Inductance simulation, 502, 517 
Initial conditions, 309, 314, 381-8, 
772, 783-5 

Initial-value theorem, 761 
Input port, 198 

Input resistance, 86, 228, 251-7 
using SPICE, 189 
Instantaneous power (p), 10 


of a resistance, 53, 180 
in 1-0 systems, 521 
in 3-0 systems, 557 
Integrating factor, 313 
Integration, 295, 303, 460, 649, 754, 
856 

circuits, 353, 357-62, 486, 497-8 
Inverting op amp configuration, 255 
Inverting integrators, 357, 497 
Iterative techniques, 175 

J 

j operator, 459 
Joule (J), 6 

K 

Kilowatt-hour (kwh), 11 
KirchhofPs laws, 24, 28, 484, 785 
KCL, 29, 484, 785 
KVL, 31, 484, 785 
KRC circuits, 410, 595 

L 

Ladders, 76, 708 
design of, 100 
R-2R, 78 

Laplace transform, 746 
bilateral, 746 
in circuit analysis, 782 
convergence, 750 
in differential equations, 771 
functional table, 750 
inverse, 763 
operational table, 762 
relation to Fourier, 859, 867 
unilateral, 747 
Line currents, 554, 557 
Line voltages, 542, 557 
Linearity, 120, 751, 856 
Loading effect, 83 
in measurements, 86 
in amplifiers, 229, 254—7 
Loads, 40, 41, 83, 198, 

AC, 520 
3-0, 545 

Logarithmic scales, 643 
Loop, 27 

Loop analysis, 112 

with dependent sources, 209 
a> domain, 489 
s domain, 611 
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Low-frequency limits, 432, 438, 442, 
447, 450, 483, 486-7, 621 
Low-pass function, 441, 454 
with gain, 499 

M 

Magnetically coupled coils, 709 
dot assignment, 714 
energy in, 715 
Laplace model, 784 
measurements, 718 
models of, 711, 785 
in parallel, 718 
in series, 718 
in SPICE analysis, 728 
Magnetic flux (<p), 301, 709-10 
Magnetizing current, 227, 738 
Matching, 186, 225, 527 
Matrix, 680, A5 
Maximally flat response, 652 
Maximum power transfer, 185, 526 
in resistive circuits, 186 
in AC circuits, 526 
Maximum stored energy, 583, 587 
Measurements, 85 
AC, 88 

AC power, 537, 561 
DC, 88 
current, 86 
loading in, 86 
null, 73, 516 
phase difference, 426 
voltage, 85 

Mechanical analogies, 386, 389, 391, 
582 

Memory function, 290, 313, 331, 337 
Mesh, 27 
current, 113 
Miller effect, 502 
Mobility (/u), 55 

Modeling, 80-3, 204, 222, 228-32, 
247, 688-99, 711, 738, 783 
Modulus, 427 
Moment function, 741 
Multimeters, 88, 185 
Mutual inductance ( M ), 710 

N 

Natural frequency, 309, 379 
damped, 385, 392, 407, 410 
undamped, 379, 392, 397, 652 
Natural response, 306, 314, 379, 743 


in lst-order circuits, 308 
in 2nd-order circuits, 379 
using H(s), 624 
using Laplace, 773, 786 
relation to pole location, 626 
Negative impedance converter, 703, 
734 

Negative resistance, 203 
converter, 261 
applications of, 273, 360 
Neper (Np), 309, 385, 607 
Network function (H), 614, 772, 778, 
863 

AC rule, 634 
asymptotic check, 620 
calculation of, 620-24 
DC rule, 632 
dimensional check, 620 
properties of, 645 

Network function building blocks, 648 
complex root pair, 652 
corrections, 654 
frequency invariant, 648 
multiple roots, 656 
real negative roots, 650 
root at the origin, 648 
Neutral, 541, 550 
Nodal analysis, 103 

with dependent sources, 209 
co domain, 489 
s domain, 611 
Node, 25 
datum, 25 
reference, 25, 550 
simple, 25 
voltage, 25, 103 
Noise, 881-2 

Noninverting op amp configuration, 
249 

Noninverting integrators, 359, 498 
Norton’s theorem, 169, 

with dependent sources, 214 
co domain, 495 
using SPICE, 188 


0 

Octave, 650 
Odd functions, 826 
Ohm (£2), 51 
Ohm’s law, 51 
co domain, 473 
s domain, 611 
Ohmeters, 85 


One-ports, 148 

i-v characteristics, 149 
modeling, 161-73 
Open circuit, 42, 52, 328, 432, 483 
gain factor, 229, 232 
voltage, 80, 149, 161, 495, 628 
Open-loop gain, 250 
Operational amplifiers, 245, 356, 406, 
496, 592 

applications, 262, 268, 356 
basic configurations, 248 
in lst-order circuits, 356, 496 
model of, 247 
op amp rule, 258, 496 
in resonant circuits, 592 
in 2nd-order circuits, 406 
terminology, 247 
Oscilloscopes, 18, 89 
Output port, 198 

Output resistance, 81-3, 228, 251-7 
using SPICE, 189 
Overdamped response, 382 
Overshoot (OS), 403 

P 

Parallel connections, 27 
of capacitances, 298 
of coupled coils, 718 
of current sources, 44 
of impedances, 476 
of inductances, 305 
of resistances, 50 

Parallel RLC circuits, 378, 450, 584 
Parseval theorem, 823, 843, 853 
Partial fraction expansion, 763, 864 
Pass band, 440-3, 449, 837-8 
Passing, 354, 640-2 
AC, 642 
DC, 353, 640 

Passive sign convention, 13 
Peak and peak-to-peak value, 4 
Peaking, 652 
Period ( T ), 18 
Periodic functions, 759, 813 
Phase angle, 385, 423, 607 
difference, 425 
Phase currents, 545, 552, 557 
Phase sequence, 542 
Phase lag, 425 
Phase lead, 425 
Phase voltages, 541, 545, 557 
Phasors, 426, 607 
argument of, 427 
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diagrams, 429-31, 433, 440, 468, 
580 

modulus or length of, 427 
Phasor algebra, 457 
addition, 464, 468 
approximations, 468 
complex conjugate, 471 
in differentia] equations, 472 
differentiation, 460 
division, 470 
exponential form, 469 
integration, 460 
inversion, 458 
multiplication, 469 
polar coordinates, 463 
rationalization, 471 
rectangular coordinates, 462 
scaling, 458 
subtraction, 464, 469 
71 networks, 681 
Pole-zero plots, 617, 648-51 
Poles (see also Roots), 616, 625-7, 
635, 763-70 

physical significance of, 619, 628 
Port, 148 

Potential energy, 5 
Potentiometers, 8, 57 
Power (see also AC and Instantaneous 
power), 10 

average ( P ), 179, 521, 524—5 
calculations, 179 
conservation, 34, 535 
of periodic signals (P] n)> 822, 842 
rule, 12 

Power factor (pf), 521 
correction, 531 
lagging, 523 
leading, 523 

Proportionality analysis procedure, 63, 
488 

Pulse, 17, 852 
train, 17, 183, 760, 841 
width, (W), 17 
response, 350, 353, 792, 800 
Pulse-train response, 351, 354, 369, 
833 

of R-C and L-/f circuits, 351, 354 
of C-R and R-L circuits, 353 

Q 

Quadrature, 425 
Quality factor (Q), 446, 583-4 
in active circuits, 594 


of a coil, 589 
negative, 595 
parallel RLC, 450, 585 
in passive circuits, 593 
relation to 451 
series RLC, 446, 578 


R 

Radian (rad), 317, 385 
Ramp, 295, 358, 360 
Rational functions, 615, 763 
improper, 763, 770 
proper, 763 
Reactance, (3f), 478 
Real part, 385, 462 
Rectangular wave, 18, 183 
Residues, 764 
Resistance (/?), 50 
negative, 203 
in parallel, 59 
power, 53, 179 
practical, 56 
in series, 57 

series/parallel combinations, 61 
standard values, A1 
transformation, 201, 224 
Resistivity, (p), 55 
Resonance, 447, 483, 527, 532, 576 
energy at, 583, 588 
frequency, 577, 585 
with op amps, 594 
parallel, 584 
in practical circuits, 588 
series, 577 

signal rise, 576, 581, 587, 652 
unity power-factor, 579, 577 
Right-hand rule, 709 
Ringing, 403 
Ripple, 641 
Rise time (r r ), 349 
RMS value, 4, 19, 89, 181, 823 
Root locus, 363, 391, 408, 412 
Roots, 308, 361, 380, 407, 616, 763 
complex-conjugate, 380, 385, 617, 
625, 652, 765 

effect on the natural response, 626 
on the imaginary axis, 380, 389 
in the left-half plane, 312, 391 
multiplicity of repeated, 617, 767 
at the origin, 312, 648 
real and coincident, 380, 387 
real and distinct, 380, 382, 625, 650, 
763 


repeated, 617, 626, 656, 767-70 
in the right-half plane, 362, 411 

s 

s domain circuit analysis, 611, 782 
s plane, 311, 361-3, 617, 626 
Sampling function (Sa), 843 
Sawtooth wave, 18, 23, 182, 760, 817 
Scaling, 458, 596, 744 
frequency, 597, 600, 757 
magnitude, 596, 600 
time, 756, 856 
Self-inductance, 710 
Series connections, 27 
of capacitances, 299 
of coupled coils, 718 
of impedances, 476 
of inductances, 305 
of resistances, 57 
of voltage sources, 44 
Series RLC circuits, 378, 444, 577 
Settling time (f 5 ), 405 
Shifting, 745, 755-6, 856-7 
Short circuit, 41, 52. 328, 432, 483 
current, 82, 151, 169, 495, 628 
gain factor, 231, 232 
SI units, 2 
Siemens (S), 53 
Sifting property, 745 
Signals, 13 
AC, 19, 423 

AC component of, 4, 89, 184 
analog, 16 
causal, 746 

complex exponential, 606 
DC, 16, 353 

DC component of, 4, 89, 184 
digital, 21 

instantaneous value of, 4, 13 
notation, 4 
periodic, 18 
time-varying, 16 
Signum function (sgn), 826, 850 
Sinusoidal function, 19, 385, 423, 
amplitude, 19, 317, 423 
damped, 385, 607 
diverging, 412, 607 
frequency, 20, 317, 385, 423 
half-cycle average, 23 
instantaneous value, 20, 423 
offset, 20 

peak value, 19, 423 
peak-to-peak value, 19 
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(Sinusoidal function, continued) 
period, 18 

phase angle, 319, 385, 423 
rectified, 818, 821 
RMS value, 19, 181 
Source-free response (see Natural 
response) 

Source transformations, 129 
Sources, 40-2, 80-2, 541 
controlled, 42 
current, 41 
dependent, 42, 199 
independent, 42 
practical, 80, 82 
3 -<j>, 541 
voltage, 40 

SPICE analysis, 133, 188, 234, 274, 
363, 413, 504, 565, 663, 725, 
804, 867 
AC sources, 504 
. AC statement, 504 
controlled sources, 234, 236 
coupled coils, 728 
DC sources, 136 
. DC statement, 139 
dummy sources, 138, 238 
. END statement, 135 
. ENDS statement, 277 
energy-storage elements, 363 
. FOUR statement, 869 
LAPLACE, 666 
nonlinear resistors, 191 
. PLOT AC statement, 505 
, plot TRAN statement, 365 
, PRINT AC statement, 505 
. PRINT DC statement, 139 
. PROBE statement, 367 
PULSE function, 368 
PWL function, 873 
resistors, 135 
scale factors, 136 
SIN function, 664 
. SURCKT statement, 277 
.TP statement, 188, 275 
title statement, 135 
.TRAN statement, 365 
Spike, 329, 337, 

Square wave, 19, 820 
Steady-state response, 316, 318, 392 
AC, 318, 633, 832 
DC, 316, 392, 632 
Step function (w), 17, 741 
physical significance of, 742 


Step response, 348, 396 
of R-C and L-R circuits, 348 
of C-R and R-L circuits, 353 
of second-order circuits, 396 
Stop band, 440-3, 449, 837 8 
Supermeshes, 117 
Supemodes, 109 
Superposition principle, 121 
Susceptance (B), 481 
Switch, 42, 52 

T 

T networks, 269, 681 
Tank circuit, 588 
Thevenin’s theorem, 161 
with dependent sources, 214 
w domain, 495 
using SPICE, 188 
Three-phase (3-0) systems, 539 
balanced, 539 
loads in, 545, 557 
1-0 equivalents, 552, 555 
power in, 556, 561 
sources in, 541 
Y-A, 554 
Y-Y, 550 

Three-terminal networks, 681 
Time constant (r), 308, 310, 339 
Time domain analysis, 432, 444, 456 
Transducers, 16, 68, 73 
Transfer characteristics, 199 
Transfer function (//), 615 
Transformers, 219, 719 
ideal, 219, 723 
linear, 717, 719 
perfect, 717 

Transient response, 317, 318 
of lst-order circuits, 338 
of 2nd-order circuits, 392 
relation to ac response, 443, 451 
using SPICE, 365 
Transistors 38, 142, 173, 204 
biasing of, 142 
modeling of, 204, 698, 734 
as nonlinear resistors, 38, 173, 192 
Transmission parameters, 680 
Triangle wave, 18, 23, 829 
Turns ratio («), 219 
Two-ports, 198, 678 
cascade connected, 707 
interconnected, 704-9 
nonexistence of parameters in, 686 
parallel connected, 705 


parameters, 678 
parameter conversion, 682 
reciprocal, 684 
series connected, 704 
single-element, 696 
symmetrical, 685 
terminated, 699 
Two-wattmeter method, 561 

u 

Undamped response, 389, 411 
Underdamped response, 384, A8 
Unit prefixes, 3 
Unity-gain frequency, 649 

V 

V-I converters, 270, 359 
VAR, 530 
Virtual ground, 256 
Virtual short, 258 
Volt (V), 6 
Voltage, 6 
dividers, 65, 70 
followers, 254 
gain, 66, 227 
Voltage sources, 40 
practical, 80 
3-0, 541 
Voltmeters, 85 

w 

Watt (W), 11 
Wattmeters, 537 
Windings, 219, 541 
primary, 219 
secondary, 219 
Wires, 23, 550 

Y 

>* parameters, 690, 705 
models of, 691 
Y-A transformations, 546 

z 

z parameters, 686, 699, 704 
models of, 688 

Zero-input response (see Natural 
response) 

Zero-state, 773 

response (see Forced response) 
Zeros (see also Roots), 616 

physical significance of, 619, 628 






